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Siméon Denis Poisson
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* Laplace, Lagrange, ...
* [l Poissont % AY1E)C

* Poisson's equation

* Poisson's integral

* Poisson distribution

* Poisson brackets

* Poisson's ratio

* Poisson's constant

1781-1840, France



Siméon Denis Poisson (JH#A)

“Life is good for only two
things:

to study mathematics
and to teach it.”

1781-1840, France
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Siméon Denis Poisson (JH#A)

“Life is good for only two
things:

to study mathematics
and to teach it.”

1781-1840, France



Life is good for only two things:
to study mathematics

and to apply it.
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#include <stdio.h>

int main ()

{

itk

for (i=1; i<=100; i=i+1)
printf"%d\”"

retum(D);
}
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because it teaches you how to think.”
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Color Spaces: Different Basis

* RGB
* CMY
* CIE XYZ

*slaf
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continuous colors
mapped to a finite,
discrete set of colors.

discrete color output

continuous color input
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Color Image and Gray Image
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class Clmage

{

public:

int GetWidth();

int Get Height();

CColor GetPixelAt(int x, inty);

void SetPixelAt(int x, int y, CColor c);
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* C/C++

. QT

* OpenCV (Open Computer Vision)
* Matlab

* Matlab5C++R & RIE
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* Binary images (O or 1)
* Gray images (0~255)
* Color images

* indexed color images

* full color images (24 bits per pixel, 8-red, 8-green, 8-
blue) )



A Binary Image (—{EE®&
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Gray Images

* 8 bits per pixel
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Full Color Images (&% &%)

* 24 bits per pixel, and the three channels R G B are
three gray images respectively
* Each of the channels is encoded by 8 bits

* 32 bits
* (R, G,B,a)
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Blz,y] = T [Alz, y]]

Array A Array B
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(Color2Gray)

* MY

https://www.rapidtables.com/convert/image/rgb-to-grayscale.html
https://ieeexplore.ieee.org/abstract/document/5445596
https://users.cs.northwestern.edu/~ago820/color2gray/
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Color Spaces: Different Basis

* RGB
* CMY
* CIE XYZ
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Example: RGB=> laf

Ir!l lo3s11
M |=|0.1967
S

0.5783 0.0402/ R/

0.7244 0.07 SZJ{

g

0.0241 0.1288 0.8444| B
L =logl
M =logM
§ =logs
1
— 0 0
" . 1 1 1L
aj=l0 — 0|1 1 -2j|M
p V6 1 -1 0j)g
o o L
L 2
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Reinhard et al. Color transfer between images. IEEE CG&A, 2001.
https://ieeexplore.ieee.org/abstract/document/946629
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[Reinhard et al. Color Transfer between Images. IEEE CG&A, 2001]
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red intensity
green intensity
blue intensity
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o FeEGRNEN
(Color2Gray)

MR APEMTAEEEE)E?

https://www.rapidtables.com/convert/image/rgb-to-grayscale.html
https://ieeexplore.ieee.org/abstract/document/5445596
https://users.cs.northwestern.edu/~ago820/color2gray/
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1. %%/

\/-II— % ,H/J ;I:E :Iaﬂ_J pooling

: R" > R!
f - ”
f(x)=Za,-xl-=a-x x=<5>
xn
FiEL
R'=G'=B'=(R+G+B)/3=0.333R +0.333G + 0.333B
T2
R'=G'=B'=0.2126R +0.7152G + 0.0722B
FiE3:
R'=G'=B'"=0.299R +0.587G + 0.1148B
Tk

y = max{R, G, B}
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3D-> 1D

300 400
|

200
!

0 20 40 60 80 100



Principal Component Analysis (PCA)

20+

40t

80+

807

100+

120+

50 100 150 200 250 300 350 400 450



Principal Component Analysis

* PCA is the most commonly used dimension
reduction technique.

* (Also called the Karhunen-Loeve transform).
* PCA —data samples Z1,,ZTN-

* Compute the mean = (1/N) Z?Z\le x;.
* Computer the covariance:

K = (1/N) X (@ — p) (e — )t



Principal Component Analysis

» Compute the eigenvalues \
and eigenvectors € of the matrix K.
* Solve Ke = \e.
* Order them by magnitude:
A1 2 A2 2 AN

* PCA reduces the dimension by keeping direction €

suchthat )\ < T,



Principal Component Analysis

* For many datasets, most of the eigenvalues )\ are
negligible and can be discarded.

The eigenvalue A\ measures the variation

In the direction e \/1
€,

Example:

A % 0, \> = 0.



Principal Component Analysis

* Project the data onto the selected eigenvectors:

M
xTr — —|— - 1 Q€5
* Where H Zz_l [

a; = (& — p) - ;.
Mo\

N
. Zi:l Ai is the proportion of data covered by
the first M eigenvalues.
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* RGB
* CMY
* CIE XYZ

s laf

b scane ploc
RGB st ploc

o Har, Ve

" T e

50 03, i
o i
03,
1 ®
s

§ =3 o5 s

5o w0 E w0 s

https://blog.csdn.net/daocaokafei/article/details/125194403

=[g)




Example: RGB—> laf

Ir!l lo3s11
M |=|0.1967
S

0.5783 0.0402/ R/

0.7244 0.07 SZJ{

g

0.0241 0.1288 0.8444| B
L =logl
M =logM
§ =logs
1
— 0 0
" . 1 1 1L
aj=l0 — 0|1 1 -2j|M
p V6 1 -1 0j)g
o o L
L 2




Example: RGB>HSV

The R,G,B values are divided by 255 to change the range from 0..255 to 0..1:
R'=R/255

G'=G/255

B'=B/255

Cmax = max(R, G, B")

Cmin = min(R', G', B")

A = Cmax - Cmin

Hue calculation:
60° x (E=£ nu)(lﬁ) .Cmaxr =R'
H =1 60° x (BA" +2) .Cmaxr=G'

60° x (5% +4) ,Cmaz =B

Saturation calculation:

S _ 0 (vrnur = ()
N ?"—‘ (m(u % 0

max

Value calculation: V = Cmax
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Channel: [ Red

Mean: 107.05 Level
StdDev: S0.57 Count;
Median: 94 Percentile:

Pixels: 514500 Cache Level: 1

Channel: | Green

Iviean,
S1d Dey:
Median:
Pixels:

10579
4448

£
514500

2

h

le

Level

Count:

Percentile:
Cache Level: |

Channet: [ Blue

Mean: 9076 Level
Std Dev: 44.81 Count;
Median: 77 Percentile

Pixels: 514500 Cache Level: |
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Color |

CIE CAM 97

Photoshop LAB

CIE XYZ

_ YCrCb .

o>
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New Algorithm
Color

Grayscale
Gooch et al. Color2Gray: Salience-Preserving Color Removal. Siggraph 2005.
https://users.cs.northwestern.edu/~ago820/color2gray/
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Color lllusion by
Lotto and Purves

http://www.lottolab.org



A=A

min 2 2 ((gi-gj)-6i’j )2



R o QR )

u= entire image



RG] o BV E R




Photoshop Grayscale

A



Grayscale

o>



6. B KRS HTANEL
T M R



Ambient points always has
low-dimensional structure!




How about these points?




2D manifold in 3D
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HENAEREBBLAZG?

61.562198 21.702432
69.589896 23.116031

69.689998 30.561331

63.219798 29.909931

78.298497 24.213831

77.958698 31.596431

77.822498 39.146431

70.139797 38.301631 o
64.147498 37.712831 .
96.651898 26.682431 |:> ®
95.903298 34.240231

86.893197 32.779931 »
87.502498 25.348631 .
95.225397 41.707531 .
86.403297 40.250431

94.292697 56.312032

85.767398 55.206031

86.029197 47.734331

77.722297 46.807731 LS (4R

ML 45K
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SR SUERIEPR R4S
F B > 58
R = 58 + TARXHIR

- Bix: MAZ2EEH HEUES (51)




HHER

* WA BETR
« H3ERIL (representation)
s RZELEA (intrinsic structures)

* WPMES
o B23K (clustering) : unsupervised
e /22 (classification) : supervised
* Regression/fitting, deep learning...
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HABRLT #FIF)F . Wavelets

Coefficient Magnitude

°

* Feature map
. H. °(550ne(‘1) Coé:ﬂcienflnde;& «10°

image [(v) wavelet coefficients x: [ = ¥[z].




Principal Component Analysis (PCA)

* Find linear subspace projection which
preserves the data locations (under

quadratic error)
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Principal Component Analysis (PCA)

* Find linear subspace projection which
preserves the data locations (under

quadratic error)




Manifolds

low-D surface
embedded in

high-D space



Manifolds

(b) ()

* PCA : works for (a)

» Doesn’t do much good for (b) or (c)
* Linear subspace doesn’t explain it well

* What do we mean by “consistent locations™?
* Preserve local relationships and structure

* One possibility : preserve distances



Manifold learning

Find a low-D basis for

X ~v=X
S.t.
dim(X") << dim(X)

uncovers the intrinsic.—
dimensionality

Dimension Reduction



why do manifold learning?

1. data compression

2. “curse of dimensionality”
3. de-noising

4. visualization

5. reasonable distance metrics



Manifold Learning & Dimension

Reduction

* Given a set of data points XX, € R

x = f(z)+e,i=1-N

* Dimension Reduction: Find
T.
* Manifold Learning: Find f '




Key Difficulty

* data points unorganized (no adjacency relationship
known )




If we knew all pairwise distances...

Chicago Raleigh Boston Seattle S.F Austin ~ Orlando

Chicago 0
Raleigh 641 0
Boston 851 608 0
Seattle 1733 2363 2488 0

S.F. 1855 2406 2696 684 0
Austin 972 1167 1691 1764 1495 0
Orlando 994 520 1105 2565 2458 1015 0

Distances calculated with geobytes.com/CityDistanceTool



Multidimensional Scaling (MDS)

For n data points, and a distance matrix D,

...we can construct a m-dimensional space to
preserve inter-point distances by using the top
eigenvectors of D scaled by their eigenvalues



MDS result in 2D




Actual plot of cities

o>



Don’t know distances




Don’t know distnaces




Taxonomy of Dimension Reduction Techniques

Dimensionality
reduction

Nonlinear

PCA Preserving global Preserving local Global alignment
LDA properties properties of linear models
Distance Reconstruction
| preservation Kernel-based Neural networks weights
Euclidean Geodesic Neighborhood
distance distance | | Diffusion distance | l Tangent space | | graph Laplacian |

Laplacian
Eigenmaps

Dmusnon lessian LLI
maps LTSA

Figure From: L.J.P. van der Maaten et. al., Dimensionality Reduction: A
Comparative Review




Methods of Manifold Learning



1. Locally Linear Embedding (LLE)

[Science, 2000]

Find a mapping to preserve
local linear relationships
between neighbors




Locally Linear Embedding

° e Cuq @ Select nelghbors
° <]
° oL,
o © ° Tre.l
° X ~
e ® o N
o .
06? o o
o o
Reconstruct with
linear weights

-

o
el
——

Map to embedded coordinates




LLE: Two key steps

1. Find weight matrix W of linear
coefficients:
2

EW)=>

1

X; — ijij)?j

Enforce sum-to-one constraint.



LLE: Two key steps

2. Find projected vectors Y to
minimize reconstruction error

2

(YY) =)

)

Yi - ZjWij?j

must solve for whole dataset
simultaneously



LLE: Result

preserves local

topology BCA

LLE




LLE: pro and con

no local minima, one free parameter

incremental & fast

simple linear algebra operations

can distort global structure



2. lsomap

[Science, 2000]

* Build a data graph G.

* (u,v) is an edge iff SSD(u,v) is small

* For any two points, we approximate the distance
between them with the “shortest path” on G



Isomap

1. Build a sparse graph with K-nearest neighbors

(distance matrix is
sparse) .




Isomap

2. Infer other interpoint distances by finding
shortest paths on the graph (Dijkstra's
algorithm).




Isomap

shortest-distance on a graph is easy
to compute

Dijkstra’s algorithm

[ - b4 . .
. ]
. .
y L ]
* " *
.
P L
. ” ) *e
e *
...
.
’ »
. s . *
. *
L
. ¥ .

W . combinatorica . com



Isomap: pro and con

- preserves global structure
- few free parameters
- sensitive to noise, noise edges

- computationally expensive (dense
matrix eigen-reduction)



Leakage problem

0.6
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02
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-06 -04 -02 0 02 04

0.6

0.4

02

-02

o4 ‘e

-0.61

-06 -04 -02 0 02 04
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f: R3 —)R3

£)-(:)



+ brightness + gamma

histogram mod - contrast original + contrast histogram EQ



512 Color Transfer

Erik Reinhard et al. Color Transfer between Images. |EEE CG&A, 2001.

o>



ParaniitN

5

R RBM (BEMTEZR)
r=1-() B
=o{a) o

p-(s) aprad
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15153 Color Harmonization

Daniel Cohen-Or et al. Color Harmonization. Siggraph 2006.



Harmonic templates on the hue wheel

i type V type L type | type







Bl74. BETRASERNEESS

0EEE<

o

0 Palette extraction

Source

Input

. 4L RGB (1
BN b

Jianchao Tan et al. Palette-based image decomposition, harmonization, and color transfer. arXiv preprint
arXiv:1804.01225 (2018).

Jianchao Tan et al. Efficient palette-based decomposition and recoloring of images via RGBXY-space
geometry. Siggraph Asia 2018.

Yili Wang et al. An Improved Geometric Approach for Palettebased Image Decomposition and Recoloring.
Computer Graphics Forum, 2019.



BT U EIE S RIEE

[Tan et al. 2017; Tan et al. 2018; Wang et al. 2019]

< FERERITA
Xﬁﬁ’ﬁ,\ (YRGB 3D B
B MO R

WAER RGBEI = 8] RGBHi %= 8] féfLhy RGB 8
SN2l (AER)
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« Mixing weights: »=>wv 1=>w  Recoloring: » =) wv



ETJUTLENERGRIENEEE

« Mixing weights X7 5# 2

s FFHMVC (Mean Value Coordlnates)
. _Qﬁl‘iﬂ, w; = Em = tan —i=1 +tan(—) “‘

- EENE: REltEE s, %%L%ﬁ#
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ETHeRNINEEEEE
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- VB e RENERAE, BAREHRTERBRERL
* IR SR A BT R
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Input video Palette Recolored video

Du et al. Video Recoloring via Spatial-Temporal Geometric Palettes. Siggraph 2021.



75 REREEMNE

User input Photoshop This method

Chen et al. Manifold Preserving Image Editing Propagation. Siggraph Asia 2012.



Manifold Preserving Propagat|on

(f) Our result

Chen et al. Manifold Preserving Image Editing Propagation. Siggraph Asia 2012.



More Results




REEG

Colorization




f: R?
- R3



Levin et al. Colorization Using Qptimization. Siggraph 2004..



Propagation using Optimization

Y=U,V
Intensity channel Color channels

“Neighboring pixels with similar intensities should have
similar colors”




Propagation using Optimization

Y=U,V

Intensity channel Color channels

J(U):Z U(r)_ Zwrsu (S)

r seN (r)

¢ Minimize difference between color at a pixel and an affinity-
weighted average of the neighbors



Affinity Functions
B B 2, 2
W, oce (Y (r)-Y (s))?/ o}

()'r proportional to local variance




Affinity Functions in Space-Time

2 2
W, oc e~ (Y(N=Y(s)" /207

— @

T | 1+1




Minimizing cost function

Minimize:

IW)=>|um)— S wU(s)

r seN (r)

Subject to labeling constraints

Since cost is quadratic, minimum can be found by
solving sparse system of linear equations.



Color Interpolation

[m]

=

o>






Bl5-2: RIS TT A

Colorization

Chen et al. Manifold Preserving Image Editing Propagation. Siggraph Asia 2012.



B3 EFERENRRLS

Hertzmann et al. 2001, Welsh et al. 2002



Colorization by Analogy

Hertzmann et al. 2001, Welsh et al. 2002



Feature Space?

(r,g,b)

(r,g,b,u,v)
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intensity
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1 5 4 4.5 ? 3.9
2 ? 45 ? 4.5 CO .
3 4.5 ? 4.4 4 4

4 ? 4.3 ? 45 .
5 4 ? 4.5 5 ?

https://zhuanlan.zhihu.com/p/34497989
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Netflix Challenge
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Matrix Decomposition (Factorization)

» LU decomposition

* QR decomposition

* Cholesky decomposition

« Jordan Decomposition

* Spectral decomposition (Eigendecomposition)
» Singular value decomposition (SVD)

 Low rank decomposition

[ )
.



ey
QII column rank

Rectangular

| B 1
Boymmeic>
(Symmetric) /\ —

Jordan
Decomposition

LU decomposition
Not always unique

PD

Diagonalization
PLAP=A

Cholesky
Decomposition

Spectral
Decomposition




SVD

BR £



SVD

A



mXn

mxr

rXr

rxn

Approximation of A
using k Factors

o



Image Compression Example

This image is 600x465 pixels

14



Singular values of flowers image

100 150
I I

singular_value

50
|

(-

0 100 200 300 400

Indesx

Plot of the singular values



Low rank Approximation to flowers image

Rank-1 approximation Rank-5
approximation .



Low rank Approximation to flowers image

Rank-20 approximation Rank-30 approximation

17



Low rank Approximation to flowers image

Rank-50 approximation Rank-80 approximation

18



Low rank Approximation to flowers image

Rank-100 approximation Rank-120 approximation

19



Low rank Approximation to flowers image

Rank-150 approximation True Image

20
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1 5 4 4.5 ? 3.9
2 ? 45 ? 4.5 CO .
3 4.5 ? 4.4 4 4

4 ? 4.3 ? 45 .
5 4 ? 4.5 5 ?

https://zhuanlan.zhihu.com/p/34497989
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item 1 |item 2 |item 3 |item 4

class 1 [class 2 | class 3

item 1 |item 2 |item 3 |item 4
user1 | R11 | R12 | R13 | R14

_|user1| P11 P12 P13 class1| Q11 | Q12 | Q13 | Q14

user2 | R21 | R22 | R23 | R24 - user2 | P21 P22 P23 x class2| Q21 | Q22 | Q23 | Q24

userd | R31 | R32 | R33 | R34 user3 | P31 P32 P33 class3| Q31 | Q32 | Q33 | Q34
R P Q

o>
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Topics

Topic importance

indicators
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(Non-negative Matrix Factorization, NMF)

https://www.biaodianfu.com/matrix-factorization.html

[m]

=

o>
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Low Rank Matrix

A=lay |- |ay € R™",  rank(4) < m.
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Visual data exhibit low-dimensional structures
due to rich local regularities, global symmetries,
repetitive patterns, or redundant sampling.



Low Rank + Sparse

M = low-rank matrix XY -+ sparse matrix S
(robust PCA)



ROBUST PCA — Problem Formulation

D - observation o — low-rank E\)— sparse

Problem: GivenD = Ay + FEjy, recover 4, and Ej.

Low-rank component

Numerous approaches in the literature:

. Multivariate trimming [Gnanadesikan and Kettering 72]

. Power Factorization [Wieber’'70s]

. Random sampling [Fischler and Bolles ‘81]

. Alternating minimization [Shum & Ikeuchi’96, Ke and Kanade ‘03]
. Influence functions [de la Torre and Black ‘03]

Key question: can guarantee correctness with an efficient algorithm?




Implications: Highly Compressive Sensing of Structured Information!

Recover low-dimensional structures from a fraction of missing
measurements with structured support.

compressive samples Low-rank Structures Sparse Structures




Exagnple 1: Image Completion

Low-rank Texture A Corruptions F




Low-rank Method

Input

Output

I
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Repairing (Distorted) Low-rank Textures
d




Repairing Video Frames: background modeling from video

Surveillance video

200 frames,
144 x 172 pixels,

Significant foreground
motion

Candes, Li, L\/Ig,

<



Sensing or Imaging of Low-rank and Sparse Structures

Fundamental Problem: How to recover low-rank and sparse structures from

corrupted data Low-rank Structures Sparse Structures




Reconstructing 3D Geometry and Structures

D — deformed observation A—low-rank structures FE — sparse errors

Problem: GivenD o7 = A, + FE,, recover 7, Ag and E|; simultaneously.

Low-rank component Sparse component
(regular patterns...) (occlusion, corruption, foreground...)




Transform Invariant Low-rank Textures (TILT)

D) - deformed observation A— low-rank structures I’ — sparse errors

[0 S g g g
D S P
R s
b i

= O
P N e S
v dp e dp g
_L;;t;fj‘;":;":;'{"
P8 2% 2% 5% 4% A

Objective: Principal Component Pursuit:

min ||All« + A|E|; subj A+ E=Dor

Solution: lteratively solving the linearized convex program:

<min ||A

|« + A|E||s subj A+E=Dor,+J-Ar

Or reduced version:  subj Pg[A+ E] = Pg|D o 1%, PolJ] =0

Liang, Gapesh, Ma, AC



TILT: Shape from texture

Input (red window )

Output (rectified green window A )
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Object Recognition: Rectifying Pose of Objects

Input (red window )

Output (rectified green window A )

=

[/

-

A AL ;
( . e
\
T aqtt spger’ &

X

Zhang, Liang, Ganesh, Ma, ACCV’1Q.an



Object Recognition: Regularity of Texts at All Scales!

Input (red window 1D )

Zhang, Liang, Ganesh, Ma, ACCV’1Q.a



Recognition: Street Sign Rectification

4
min » || Aill« + M|l

i=1

subj DOTZ[A1A4]+[E1E4]

Xin Zhang, Z{hmoy(:‘hgq Lj



Sk SVD

* https://zhuanlan.zhihu.com/p/36546367

* https://zhuanlan.zhihu.com/p/29846048

* https://www.zhihu.com/question/22237507
* https://zhuanlan.zhihu.com/p/360980054

* https://math.mit.edu/classes/18.095/20161AP/lec2
/SVD_Notes.pdf




&k Low rank

* Robust PCA

* Emmanuel J. Candes, Xiaodong Li, Yi Ma, John Wright. Robust principal
component analysis? Journal of the ACM, 58 (3), 2011.

 https://arxiv.org/pdf/0912.3599.pdf
¢ https://dl.acm.org/doi/10.1145/1970392.1970395
¢ https://proceedings.neurips.cc/paper/2009/file/c45147dee729311ef5b5¢30039
46c48f-Paper.pdf
* Repairing Sparse Low-rank Texture

* Xiao Liang, Xiang Ren, Zhengdong Zhang, and Yi Ma, European Conference on
Computer Vision (ECCV), October 2012.

* https://people.csail.mit.edu/zhangzd/papers/recover_low-
rank_texture_final.pdf
e TILT: Transform-Invariant Low-rank Textures,

¢ Zhengdong Zhang, Arvind Ganesh, Xiao Liang, and Yi Ma, Volume 99, Number 1,
page 1-24, the International Journal of Computer Vision (IJCV), August 2012.

* https://arxiv.org/pdf/1012.3216.pdf
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SHETERE f:R" >R
MiNgecRn (513) BARRE or BEEREK
s.t.g(x) = ERAR
h(x) 2 FERAK

* Two roles

* Client: Which optimization tool is relevant?
* FEIARALE BRI TTE
* Designer: Can | design an algorithm for this problem?

s FEMRAEBRBELHFE NN TTEL B &EMRE
* Optimization is a huge field.



1B = (Gradient): —( &S24

f:R" >R

_(9f 9f of
—>Vf— (a—wl,a—xz,,a—%)

Courtesy of Justin Solomon and David Bommes
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¥ = (Critical point)

Vix)=0

(unconstrained)

Saddle point

Local max

Local min

Critical points may not be minima.
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* BTTIEKE!
« BIEKR
* NEFMEFIE, FHHEMMENRIME
barrier to local search

starting —

/ i
‘
|
|
N

point !
descend
direction / ;

local minima

' global minima
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v (1 - o)+ ay 1) T (l —a)r+ ay zj

(a) Convex (b) Quasiconvex

Murzerical Algorithms, Sclomon
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* Constrained / Unconstrained
* Linear / Nonlinear
Global / Local

» Convex / Nonconvex

* Continuous / Discrete
 Stochastic / Deterministic
* Single objective / Multiple objectives

minimize (El(x),Ez(x),..,Ek(x))
E= )‘1E1 + AzEz + -+ AkEk
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Unconstrained Optimization
min f(z)

* Gradient descent
* Newton
* Quasi-Newton

* Coordinate descent



(RN

(Gradient descent)




7% » BEF /jE_

(Gradient descent)

1(66.0,) o

“ oo~ Line search

!
Tpt1 = Tk — OV f(Tk)
Gradient descent



A 5% (Newton’s method)

Tit1 = T — [Hf (@) 7'V (a)

Line search
3 for stability



P ATRSE (Quasi-Newton)

Lk+1 — Tk — M,;1Vf(xk)

I

Hessian
approximation

* Estimate the Hessian based on previous gradients
* Recursively inverse Hessian

* BFGS (Broyden—Fletcher—Goldfarb—Shanno algorithm)
* L-BFGS



MAER TN 5K (Coordinate descent)

Obj: minimize, , E(x,y)
* Alternating variables
Repeat

L Yies1 = min E(xe, )

2. Xy = mxin E(x, Y1)



Software

* Matlab: fminunc orminfunc
* C++: 1ibLBFGS, d1lib, others

Typically provide functions for function and gradient
(and optionally, Hessian).
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Lagrange Multipliers: Idea




Lagrange Multipliers: Idea

- Decrease f: —Vf
- Violate constraint: +Vg




Lagrange Multipliers: Idea




Use of Lagrange Multipliers

Turns constrained optimization into
unconstrained root-finding.

Vf(z) = AVg(z)
g(xr) =0



Many Options

*Reparameterization

Eliminate constraints to reduce to unconstrained case

*Newton’s method

Approximation: quadratic function with linear constraint

*Penalty method

Augment objective with barrier term, e.g. f(x) + p|g(x)|



Alternating Projection
Po Il’gﬂ d(p:p())

S.t.pEClﬂCQH"'ﬂck
P1
P2

C1

Ca



Augmented Lagrangians

min, f(x)
s.t. g(x)=0

|
min, f(x)+ 5llg(x)]3
s.t. g(x)=0

Add constraint to objective




Alternating Direction
Method of Multipliers (ADMM)

min, . f(z)+ g(2)
s.t. Ax +Bz=c

Ap(@,22) = £(@) +9(z) + AT (Az + Bz — c) + £|| 4z + Bz — |}
r < argminA,(z, z, \)
T
z « argmin A, (z, z, \)
z

A A+ p(Ax + Bz — ¢)

https://web:stanford.ecu/~boyd/papers/pdf/admm_slides,pdf



The Art of ADMM “Splitting”

. min ; 7 (Tl + 2l|J; — J;||2
miny 3, 7] 5.7 L (Il §1 2 Al)
S.t. ﬂf[,] e b u J -

Want two easy subproblems
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objective function

/_f:]R"—HR

minimize f(z)

subject to gi(z) <0 i=1...

constraint functions

gi:R" =R
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minimize f(z)
subject to  gi(x)

<0

i=1...

m



minimize f(z)
subject to gi(x) <0



L2

minimize f(z)

subject to  gi(x)

<0

i=1...

m
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subject to gi(z) <0 i=1...m
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subject to gi(z) <0 i=1...m
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feasible
region

L2

Ty

minimize f(z)

subject to  gi(x)
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feasible
region

L2

Ty

minimize f(z)

subject to  gi(x)

f(z)

I1

<0

i=1...

m



JUIeT e RE

feasible
region

L2

Ty

minimize f(z)

subject to  gi(x)

<0

i=1...

isoline

m



JUIeT e RE

feasible
region

L2

Ty

minimize f(z)

subject to  gi(x)

f(z)




J—L/{ﬂ %jl‘-lj: / /:F minimize f(z)

subject to gi(z) <0 i=1...m

/"‘T
feasible

region f(x)

AN

Ty

isolines with



JUfer
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minimize f(z)

subject to gi(z) <0 i=1...m

optimal point \

/"‘T
feasible

region A f(x)

\ T

Ty

isolines with



First-Order Optimality Conditions

* Necessary condition for minimum of minimize  f(x)

subject to gi(z) <O i=1...m

« langrangian: L(z, ) = f(z) + 252, Aigi(z)

* Karush-Kuhn-Tucker (KKT) without constraints just
*
conditions for minimum % Vf(gg) =0
1. Stationarity: Vf(z*)+ 21", AiVgi(z*) =0
2. Primal feasibility: gi(z*) <0
3. Dual feasibility: Ai>=0

4. Complementary slackness: )\z’gi(I*) =0



First-Order Optimality Conditions

* Necessary condition for minimum of minimize  f(x)
subject to gi(z) <O i=1...m

* Langrangian: L(z,A) = f(z) + >3, Aigi(z) active
M =0
[Recall Lagrange Multiplier| nz?) =0
* Karush-Kuhn-Tucker (KKT) Vf=—-AVyg
*
conditions for minimum % J
1. Stationarity: Vf(z*) + 31", AiVgi(z*) =0
2. Primal feasibility: gi(z*) <0
3. Dual feasibility: Ai>=0
4. Complementary slackness: )\igi(m*) =0




M T7%

e Active set method

Repeated update active set
1. active set define equality constraints
2. compute the Lagrange multipliers of the active set
3. remove constraints with negative Lagrange multipliers
4. search for infeasible constraints

* Barrier method (Interior Point Method)

------------------- 00
i <
I (w)= 0 Tf u<0 U'
oo ifu>0 ,
I
u
u=0

minimize f(z) constrained <:> unconstrained
subject to gi(z) <0 i=1...m minimize f(z) + 3.7, I-(g:i(z))

equivalent



Convex Optimization



R HRERIEE 2 BR/IME

* Searching globally optimal solutions usually requires convexity!
« feonvexif: f((1—t)a+tb) < (1 —t)f(a)+tf(b) te]0,1]

f(z)

T T T T
a non-convex b L a convex b €T



LA ie) it

minimize f(z) is convex optimization problem if
subject to gi(z) <0 i=1...m f(z) and all g;(z) are convex functions

consequences

 feasible region is convex set

convex
feasible région

non-convex
feasible region



LA ie) it

minimize f(z) is convex optimization problem if
subject to gi(z) <0 i=1...m f(z) and all gi(z) are convex functions

consequences
 feasible region is convex set
* equality constraints can only be affine, —g1(z) <0

) T .
i.e. gz(I) =a'x+ b since
convex concave

_ gi(z) <0
a(@)=0 = {_gi(I) <0
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° L|nea|" PrOgramm'ng mi)rcgﬁ%izeqTx subject to gizz

a

* Quadratic Programming miggmmnize%x’oﬂfx subjectto 1% =

* Conic Programming /Z’f ¥ < xp

* Semidefinite Programming (SDP)

minimize E(A)  subjectto A >0
eRmXH

Ais SPD
4,(4A) > 0,vi
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Nonlinear Least Squares

Obj: minimize }; e?(x)

* Gauss-Newton

* Levenberg-Marquardt
V2e? ~ 2(Ve)Ve;

V2~ )T



Mixed-Integer Optimization

ey

ER" €Zd
4 local optimum '
continuous
vs. A
/N
mixed-integer Ta P,

—/J//

Feasible,/”
—

Feasible region .
B region ~—__
RxZ



(RE&GEESENET

* Eigen — linear algebra

* IPOPT — fast opensource C++ interior point method
* Mosek — commercial (convex) optimization in C, Java, Python...
* Gurobi — commercial mixed-integer optimization
* CPLEX — commercial mixed-integer optimization
* Matlab — many algorithms, good for prototyping
* CVX — prototyping for convex optimization

* CoMISo — unified interface to above algorithms



ﬁ}%:ﬁ H  Optimization is a huge field!

convex
Optimization

S. Boyd and L. Vandenberghe J. Nocedal and S. J. Wright G. L. Nemhauser and L. A. Wolsey
Convex Optimization Numerical Optimization Integer and Combinatorial Optimization
Cambridge University Press, 2004. Springer, 2006. John Wiley & Sons, 1999.

Get PDF online:
http://stanford.edu/~boyd/cvxbook/
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Clustering Analysis
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(—) HRHHA

PP L AR Apf B AEW2- K D9 (w.L.Grogna) FI4E/RIE (W.W.Wirth)
T 1981 AEMRIEEANR ALK (mm) K (mm) MILELX2r, 6 K Apf Fil9 K
Af i ) M, SR B R
Apf: (1.14,1.78), (1.18,1.96), (1.20,1.86), (1.26,2.00), (1.28,2.00),
(1.30,1.96)
Af: (1.24,1.72), (1.36,1.74), (1.38,1.64), (1.38,1.82), (1.38,1.90),
(1.40,1.70), (1.48,1.82), (1.54,1.82), (1.56,2.08).
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(=) BRI
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N AZAE ST 2 2078k, BT s,
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Test shape
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(T S AP Geometric feature space Test shape with labeled parts
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BX K47 (cluster analysis)
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What is Cluster Analysis?

* Finding groups of objects such that the objects in a group will
be similar (or related) to one another and different from (or
unrelated to) the objects in other groups

Inter-cluster
distances are
maximized

Intra-cluster
distances are
minimized




What is Cluster Analysis?

* Cluster: a collection of data objects
* Similar to one another within the same cluster
* Dissimilar to the objects in other clusters
* Cluster analysis
* Grouping a set of data objects into clusters
* Clustering is unsupervised classification: no
predefined classes
* Typical applications
* As a stand-alone tool to get insight into data distribution
* As a preprocessing step for other algorithms



General Applications of Clustering

* Pattern Recognition

* Spatial Data Analysis
* create thematic maps in GIS by clustering feature spaces
* detect spatial clusters and explain them in spatial data
mining
* Image Processing
* Economic Science (especially market research)

* WWW
¢ Document classification

* Cluster Weblog data to discover groups of similar access
patterns



Examples of Clustering Applications

* Marketing: Help marketers discover distinct groups in their customer
bases, and then use this knowledge to develop targeted marketing
programs

* Land use: Identification of areas of similar land use in an earth
observation database

* Insurance: Identifying groups of motor insurance policy holders with a
high average claim cost

 City-planning: Identifying groups of houses according to their house
type, value, and geographical location

» Earth-quake studies: Observed earth quake epicenters should be
clustered along continent faults
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Notion of a Cluster can be Ambiguous

o0 o LIPS ++ o * 4
° o (¢} |
° ° ° v o |
[} CX N J v oo O
[ o0 v o0
How many clusters? Six Clusters
mE A ++ *
EE m A, ++ + * 4
[ A + o
-] u A v + <o
| AA A v o0 O
[] A A v o0

Two Clusters Four Clusters



What Is Good Clustering?

* A good clustering method will produce high quality clusters
with

* high intra-class similarity
* low inter-class similarity
* The quality of a clustering result depends on both the

similarity measure used by the method and its
implementation.

* The gquality of a clustering method is also measured by its
ability to discover some or all of the hidden patterns.
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HHEEE  a,0)= zpzlx,.,( — x|

) 12
X [G(Euclidean) i g~ 44(2)= [Z:,(xk-x )]

1) %5 K (Chebychev) i d;(e0) =max|x, —x,

p 1/q
W IC (Minkowski) #H % d,(g) = (Z|x,.k -x, \")

k=1
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BXEBKTiE: Hierarchical Clustering — final
clusters are built following a distinct set of
sequential steps

« EEXBH]KFE: Non-Hierarchical Clustering —
Clusters are built in such a way that if M clusters

are built there is no guarantee that putting
together two of the clusters would give rise to the
same (M-1) clusters built separately by the method.
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o BREBEI K F7E: Hierarchical Clustering — final
clusters are built following a distinct set of
sequential steps

« EEXBH]KFE: Non-Hierarchical Clustering —
Clusters are built in such a way that if M clusters

are built there is no guarantee that putting
together two of the clusters would give rise to the
same (M-1) clusters built separately by the method.



Hierarchical Clustering

* Produces a set of nested clusters organized as a
hierarchical tree

* Can be visualized as a dendrogram

* Atree-like diagram that records the sequences of
merges or splits




Strengths of Hierarchical Clustering

* No assumptions on the number of clusters

* Any desired number of clusters can be obtained by
‘cutting’ the dendogram at the proper level

* Hierarchical clusterings may correspond to
meaningful taxonomies
* Example in biological sciences (e.g., phylogeny
reconstruction, etc), web (e.g., product catalogs) etc



Hierarchical Clustering

* Two main types of hierarchical clustering
* Agglomerative:
* Start with the points as individual clusters

* At each step, merge the closest pair of clusters until only one cluster (or
clusters) left

* Divisive:
« Start with one, all-inclusive cluster

* At each step, split a cluster until each cluster contains a point (or there
are k clusters)

* Traditional hierarchical algorithms use a similarity or
distance matrix
* Merge or split one cluster at a time



Agglomerative versus Divisive Approaches

A

Agglomerative

Divisive




The Dendrogram of

Hierarchical Clustering

Dendrogram(Average linkage)
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Complexity of hierarchical clustering

* Distance matrix is used for deciding which clusters
to merge/split

* At least quadratic in the number of data points

* Not usable for large datasets



Agglomerative clustering algorithm

*  Most popular hierarchical clustering technique

*  Basicalgorithm

1. Compute the distance matrix between the input data points
2. Let each data point be a cluster

3. Repeat

4, Merge the two closest clusters

5 Update the distance matrix

6. Until only a single cluster remains

* Key operation is the computation of the distance between
two clusters

. Different definitions of the distance between clusters lead to
different algorithms



Input/ Initial setting

* Start with clusters of individual points and a

distance/proximity matrix 01| p2 | p3| palps
pl
O O O p2
O O =
pa
O p5
O |
Distance/Proximity Matrix
O

=X
X J
20
=
o
o
[



Intermediate State

* After some merging steps, we have some clusters
Cl|C2| C3| C4|C5

C1

Cc2

c5
@ Distance/Proximity Matrix

®6 11n2




Intermediate State

* Merge the two closest clusters (C2 and C5) and update the

distance matrix. ci|c2| cs| calcs
Cl
@ o
C3
C4

c5
@ Distance/Proximity Matrix

I
89 117t



After Merging

* “How do we update the distance matrix?”

&

S @

c2
U
ci ] cs| c3 | ca
c1 2
ceucs | 2| 7| 7| 7
c3 2
c4 2
® ®

[l &5



Distance between two clusters

* Each cluster is a set of points

* How do we define distance between two sets of
points
* Lots of alternatives
* Not an easy task



Similarity?
A——

Min Avg

Max Group



Distance between two clusters

* Single-link distance between clusters C. and C.is
the minimum distance between any object in
and any object in

* The distance is defined by the two most similar
objects

Ds,(Ci,Cj)z minx,y{d(x, y)‘XECi, yeCj}



Single-link clustering: example

* Determined by one pair of points, i.e., by one link
in the proximity graph.

1 12 13 14 15 ‘
11| 1.00 0.90 0.10 0.65 0.20

121 0.90 1.00 0.70 0.60 0.50
13| 0.10 0.70 1.00 0.40 0.30 |(_‘
14| 0.65 0.60 0.40 1.00 0.80
15[ 0.20 0.50 0.30 0.80 1.00 1 2 3 4 3




Single-link clustering: example

0.2r

0.15-

0.1-

0.051

Nested Clusters Dendrogram



Strengths of single-link clustering

Original Points Two Clusters

» Can handle non-elliptical shapes



Limitations of single-link clustering

.
Lol T

Original Points Two Clusters

* Sensitive to noise and outliers
* It produces long, elongated clusters



Distance between two clusters

* Complete-link distance between clusters C. and
is the maximum distance between any object in
and any object in

* The distance is defined by the two most dissimilar
objects

DC,(Ci,Cj)z maxxly{d(x, y)‘XECi,yECj}



Complete-link clustering: example

* Distance between clusters is determined by the
two most distant points in the different clusters

11/ 1.00 0.90 0.10 0.65 0.20
12/ 0.90 1.00 0.70 0.60 0.50
13| 0.10 0.70 1.00 0.40 0.30

14| 0.65 0.60 0.40 1.00 0.80 F_‘
15/ 0.20 0.50 0.30 0.80 1.00 L 2 34




Complete-link clustering: example

0.4f

0.351

0.3
0.251

0.2

0.15F

0.1-

0.05F

Nested Clusters Dendrogram



Strengths of complete-link clustering

Original Points Two Clusters

* More balanced clusters (with equal diameter)
* Less susceptible to noise



Limitations of complete-link clustering

Original Points Two Clusters

» Tends to break large clusters
» All clusters tend to have the same diameter — small
clusters are merged with larger ones



Distance between two clusters

* Group average distance between clusters C. and
is the average distance between any object in
and any object in




Average-link clustering: example

* Proximity of two clusters is the average of pairwise
proximity between points in the two clusters.

1 12 13 14 15 ‘
11] 1.00 0.90 0.10 0.65 0.20
121 0.90 1.00 0.70 0.60 0.50
13 0.10 0.70 1.00 0.40 0.30
14| 0.65 0.60 0.40 1.00 0.80
151 0.20 0.50 0.30 0.80 1.00 1 2 3 4 5




Average-link clustering: example

0.2

0.15

0.1r

0.051

0.25F

Nested Clusters Dendrogram



Average-link clustering: discussion

 Compromise between Single and Complete
Link

e Strengths
* Less susceptible to noise and outliers

* Limitations
* Biased towards globular clusters



Distance between two clusters

* Centroid distance between clusters C. and C.is the
distance between the centroid r. of C. and the
centroid r. of

Dcentroids(ci ! Cj ): d (r| ! rj)



Distance between two clusters

* Ward’s distance between clusters C. and C. is the
difference between the total within cluster sum of
squares for the two clusters separately, and the within
cluster sum of squares resulting from merging the two
clusters in cluster

Dw(Ci’Cj): Z(X_ri)zJ’Z(X‘rJ)Z‘ Z(x—rij)z

XECi XECJ XEC"—

: centroid of
: centroid of
: centroid of



Ward’s distance for clusters

Similar to group average and centroid distance

* Less susceptible to noise and outliers

Biased towards globular clusters

Hierarchical analogue of k-means
* Can be used to initialize k-means



Hierarchical Clustering: Comparison

Ward’s Method

Group Average




Hierarchical Clustering: Time and Space
requirements

* For a dataset X consisting of n points

space; it requires storing the distance matrix

time in most of the cases

* There are n steps and at each step the size n? distance
matrix must be updated and searched

* Complexity can be reduced to time for
some approaches by using appropriate data structures



Divisive hierarchical clustering

* Start with a single cluster composed of all data points
* Split this into components
* Continue recursively

* Monothetic divisive methods split clusters using one variable/dimension at a
time

* Polythetic divisive methods make splits on the basis of all variables together
* Any intercluster distance measure can be used

* Computationally intensive, less widely used than agglomerative methods



I F EREE L

BXEBKTiE: Hierarchical Clustering — final
clusters are built following a distinct set of
sequential steps

« EEXEHK % Non-Hierarchical Clustering —
Clusters are built in such a way that if M clusters

are built there is no guarantee that putting
together two of the clusters would give rise to the
same (M-1) clusters built separately by the method.



K-Means Clustering

* K-Means Clustering is a non-hierarchical method in
the sense that if one has 2 clusters, say, generated
by pre-specifying 2 means (centroids) in the K-
means algorithm and 3 clusters generated by pre-
specifying 3 means in the K-means algorithm, then
it may be the case that no combination of any two
clusters of the 3 cluster group can give rise to the 2
cluster grouping.



The K-Means Clustering Method

K=2

Arbitrarily choose K
object as initial
cluster center
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Steps in the K-Means Clustering Approach

* Given a set of observations (X4, X5, -**. X,,) where each observation
is a d-dimensional real vector, then K-means clustering aims to
partition the n observations into K sets (K<n), § = {S;,5,, .Sk}
so as to minimize the within-cluster sum of squares (WCSS):

. K 2
argmin ¥ Bees 2 — (1)
where u; is the mean of the points in S; . Now minimizing (1) can,
in theory, be done by the integer programming method but this

can be extremely time-consuming. Instead the Lloyd algorithm is
more often used.



Lloyd Algorithm

. Th{eljsteps owae Lloyd algorithm are as follows. Given the initial set of K-means
my’, -, which can be specified randomly or by some heuristic, the algorithm proceeds by
alternating Between two steps:

* Assignment Step: Assign each observation to the cluster with the closest mean
® _ . ) ) o
§7 = {xj. ”x]- -m; ” < ”x]- - my ”} foralli* =1,2,--,K. (2)

* Update Step: Calculate the new means to be the centroids of the observations in the
clusters, i.e.
(t+1) _ 1 . C
m; = |Si(t)| Zx,-esi(‘) xj fori =12, K. (3)

Repeat the Assignment and Update steps until WCSS (eguation (1)) no longer changes. Then the
centroids and members of the K clusters are determined.

Note: When using random assignment of the K-means to start the algorithm, one might try
several starting point K-means and then choose the “best” starting point to be the random K-
means that produces the smallest WCSS among all of the random starting points tried in the K-
means procedure.

Regardless of the clustering technique used, one should strive to choose clusters that are
interpretable and make sense given the domain-specific knowledge that we have about the
problem at hand.



Variations of the K-Means Method

* A few variants of the k-means which differ in
* Selection of the initial k means
* Dissimilarity calculations

 Strategies to calculate cluster means

* Handling categorical data: k-modes (Huang’98)
* Replacing means of clusters with modes
* Using new dissimilarity measures to deal with categorical objects
* Using a frequency-based method to update modes of clusters

* A mixture of categorical and numerical data: k-prototype method



What is the problem of k-Means Method?

* The k-means algorithm is sensitive to outliers !

* Since an object with an extremely large value may substantially distort the distribution of the

data.

* K-Medoids: Instead of taking the mean value of the object in a cluster as a reference

point, medoids can be used, which is the most centrally located object in a cluster.
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Importance of Choosing Initial Centroids
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Solutions to Initial Centroids Problem

* Multiple runs
* Helps, but probability is not on your side

* Sample and use hierarchical clustering to
determine initial centroids

* Select more than k initial centroids and then select
among these initial centroids
* Select most widely separated

* Postprocessing

* Bisecting K-means
* Not as susceptible to initialization issues



Limitations of K-means: Differing Density
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Limitations of K-means: Non-globular Shapes

Original Points K-means (2 Clusters)



Model-based clustering

* Assume data generated from k probability
distributions

* Goal: find the distribution parameters
* Algorithm: Expectation Maximization (EM)

* Output: Distribution parameters and a soft
assignment of points to clusters



Model-based clustering

* Assume k probability distributions with parameters:
(6,,.., 0,

* Given data X, compute (6,,..., 6,) such that
Pr(X|0,,..., ©,) [likelihood] or In(Pr(X|6,,..., 6,))
[loglikelihood] is maximized.

* Every point xeX need not be generated by a single

distribution but it can be generated by multiple
distributions with some probability [soft clustering]



EM Algorithm

* |nitialize k distribution parameters ; Each distribution
parameter corresponds to a cluster center

* Iterate between two steps

* Expectation step: (probabilistically) assign points to clusters

* Maximation step: estimate model parameters that maximize
the likelihood for the given assignment of points



EM Algorithm

* |nitialize k cluster centers

* |terate between two steps
* Expectation step: assign points to clusters

Prix, C)=Pr(x|C,) / Y Prx )
ZPI‘( X, €C,) J

W, =— .
* Maximation step' estimate model parameters
- i Pr(x, €C,)
Z Pr(x; €C))




Cluster Evaluation



Cluster Validity

* For supervised classification we have a variety of measures
to evaluate how good our model is
* Accuracy, precision, recall

* For cluster analysis, the analogous question is how to
evaluate the “goodness” of the resulting clusters?

* But “clusters are in the eye of the beholder”!

* Then why do we want to evaluate them?
* To avoid finding patterns in noise
* To compare clustering algorithms
* To compare two sets of clusters
* To compare two clusters



Clusters found in Random Data
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Different Aspects of Cluster Validation

1. Determining the clustering tendency of a set of data, i.e.,
glstmgwshmg whether non-random structure actually exists in the
ata.
2. Comparing the results of a cluster analysis to externally known
results, e.g., to externally given class labels.

3.  Evaluating how well the results of a cluster analysis fit the data
without reference to external information.
- Use only the data

4. Comparing the results of two different sets of cluster analyses to
determine which is better.

5. Determining the ‘correct’ number of clusters.

For 2, 3, and 4, we can further distinguish whether we want to
evaluate the entire clustering or just individual clusters.



Measures of Cluster Validity

* Numerical measures that are applied to judge various aspects of
cluster validity, are classified into the following three types.
* External Index: Used to measure the extent to which cluster labels
match externally supplied class labels.
* Entropy
* Internal Index: Used to measure the goodness of a clustering
structure without respect to external information.
e Sum of Squared Error (SSE)
* Relative Index: Used to compare two different clusterings or
clusters.
« Often an external or internal index is used for this function, e.g., SSE or entropy

* Sometimes these are referred to as criteria instead of indices

* However, sometimes criterion is the general strategy and index is the
numerical measure that implements the criterion.



Measuring Cluster Validity Via Correlation

* Two matrices
. Proximity Matrix
. “Incidence” Matrix
. One row and one column for each data point
. An entry is 1 if the associated pair of points belong to the same cluster
. An entry is 0 if the associated pair of points belongs to different clusters

Compute the correlation between the two matrices

. Since the matrices are symmetric, only the correlation between
n(n-1) / 2 entries needs to be calculated.

* High correlation indicates that points that belong to the
same cluster are close to each other.

* Not a good measure for some density or contiguity based
clusters.



Measuring Cluster Validity Via Correlation

* Correlation of incidence and proximity matrices for
the K-means clusterings of the following two data sets.
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Using Similarity Matrix for Cluster Validation

* Order the similarity matrix with respect to cluster labels
and inspect visually.
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Using Similarity Matrix for Cluster
Validation

* Clusters in random data are not so crisp

Points

Points X

DBSCAN



Using Similarity Matrix for Cluster Validation

* Clusters in random data are not so crisp

Points

3 -*jh

: 0
100similarity

K-means
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Using Similarity Matrix for Cluster Validation



Internal Measures: SSE

Clusters in more complicated figures aren’t well separated

Internal Index: Used to measure the goodness of a clustering structure

without respect to external information

e SSE

SSE is good for comparing two clusterings or two clusters (average SSE).
Can also be used to estimate the number of clusters
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Internal Measures: SSE

* SSE curve for a more complicated data set

12000
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2000

0

SSE of clusters found using K-means



Framework for Cluster Validity

* Need a framework to interpret any measure.
. For example, if our measure of evaluation has the value, 10, is that good,
fair, or poor?
*  Statistics provide a framework for cluster validity

. The more “atypical” a clustering result is, the more likely it represents
valid structure in the data

. Can compare the values of an index that result from random data or
clusterings to those of a clustering result.
. If the value of the index is unlikely, then the cluster results are valid

. These approaches are more complicated and harder to understand.

*  For comparing the results of two different sets of cluster
analyses, a framework is less necessary.

. However, there is the question of whether the difference between two
index values is significant



Statistical Framework for SSE

* Example
* Compare SSE of 0.005 against three clusters in random data

* Histogram shows SSE of three clusters in 500 sets of random data
points of size 100 distributed over the range 0.2 — 0.8 for x and y values
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Statistical Framework for Correlation

* Correlation of incidence and proximity matrices for the K-
means clusterings of the following two data sets.
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Internal Measures: Cohesion and Separation

* Cluster Cohesion: Measures how closely related are
objects in a cluster

* Example: SSE
* Cluster Separation: Measure how distinct or well-

separated a cluster is from other clusters

* Example: Squared Error
* Cohesion is measured by the witEin cluster sum of squares (SSE)
S=3Y Z(x—m;)
i xeC,
. Sepﬁration i asu[ed by the beitween cluster sum of squares

SS=) C,|(m—m,)

* Where |G| is the size of clusteri



Internal Measures: Cohesion and Separation

* Example: SSE
* BSS + WSS = constant

m
x4 X o—x—o
1 m, 2 3 4 m, 5
K=1 cluster: WSS= (1-3)* +(2-3)* +(4-3)* +(5-3)* =10

BSS=4x(3-3)°=0
Total =10+ 0=10

K=2 clusters: WSS=(1-1.5)2+(2-1.5)2+(4-4.5)2+(5-457°=1
BSS=2x(3-1.5)"+2x(45-3)°=9
Total =1+9=10



Internal Measures: Cohesion and
Separation

* A proximity graph based approach can also be used for cohesion and
separation.
* Cluster cohesion is the sum of the weight of all links within a cluster.

* Cluster separation is the sum of the weights between nodes in the cluster and
nodes outside the cluster.

cohesion separation



Internal Measures: Silhouette Coefficient

* Silhouette Coefficient combine ideas of both cohesion and separation,
but for individual points, as well as clusters and clusterings
* For an individual point, i

Calculate a = average distance of i to the points in its cluster
Calculate b = min (average distance of i to points in another cluster)
The silhouette coefficient for a point is then given by

s=1-a/b ifa<b, (ors=b/a-1 ifa>b, notthe usual case)

b
Typically between 0 and 1. 7
The closer to 1 the better. —

¢ Can calculate the Average Silhouette width for a cluster or a
clustering



External Measures of Cluster Validity: Entropy
and Purity

Table 5.9. K-means Clustering Results for LA Document Data Set

Cluster | Entertainment | Financial | Foreign | Metro | National | Sports | Entropy | Purity
1 3 5 40 506 96 27 1.2270 | 0.7474
2 4 7 280 29 39 2 1.1472 | 0.7756
3 1 1 1 7 4 671 0.1813 | 0.9796
4 10 162 3 119 73 2 1.7487 | 0.4390
5 331 22 5 70 13 23 1.3976 | 0.7134
6 5 358 12 212 48 13 1.5523 | 0.5525
Total 354 555 341 943 273 738 1.1450 | 0.7203

entropy For each cluster, the class distribution of the data is calculated first, i.e., for cluster j
we compute p;;, the ‘probability’ that a member of cluster j belongs to class ¢ as follows:
Pij = my;/my;, where m; is the number of values in cluster j and my; is the number of values
of class ¢ in cluster j. Then using this class distribution, the entropy of each cluster j is
calculated using the standard formula e; = ZiL:lpij log, pi;, where the L is the number of
classes. The total entropy for a set of clusters is calculated as the sum of the entropies of each
cluster weighted by the size of each cluster, i.e., e = Zfil Tiej, where my is the size of cluster
j, K is the number of clusters, and m is the total number of data points.

purity Using the terminology derived for entropy, the purity of cluster j, is given by purity; =
max py; and the overall purity of a clustering by purity = Zf:l i purity;.



Final Comment on Cluster Validity

“The validation of clustering structures is the most
difficult and frustrating part of cluster analysis.

Without a strong effort in this direction, cluster
analysis will remain a black art accessible only to
those true believers who have experience and great

courage.”

Algorithms for Clustering Data, Jain and Dubes
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Spatial vs Object Partitions

Spatial partition (e.g.KD-tree)
® Partition space into
non-overlapping regions
® An object can be contained
in multiple regions

Object partition (e.g. BVH)
® Partition set of objects into
disjoint subsets

® Bounding boxes for each set
may overlap in space
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Yi Ma: Deep (Convolution) Networks from First Principles



FZ318)8% 3K (Subspace clustering)

* Input:
* high dimensional datasets having low intrinsic dimensions
* {xj}j=1,..n Xt € RP R3 \ P,

* OQutput: % L\\

— multiple low-dimensional linear subspaces
—L,P;, P,



Sub-manifolds




High-Dim Data with
Mixed (multiple) Low-Dim Structures




Sparse subspace clustering(SSC)

[Elhamifar and Vidal 2009]

* Based on the observation:

* each point can always be represented as a linear
combination of the points belonging to the same subspace

N X
xj = Zwijxi'j =1..,N o 56
=1 0 39
0 88
X = XW, where
X = (xq, ..., xy) € RDXN 56 0
45 0
87 0
135 0

https://www.cis.jhu.edu/~ehsan/Downloads/SSC-CVPR09-Ehsan.pdf



Sparse subspace clustering(SSC)

[Elhamifar and Vidal 2009]

* Based on the observation:

* each point can always be represented as a linear
combination of the points belonging to the same subspace

N W »
Xj =Zwijxi,j = 1,...,N
i=1

X = XW, where Wij

X = (xl, ...,XN) € RDXN

W = (WU) € RNXN



Sparse subspace clustering(SSC)

[Elhamifar and Vidal 2009]

* Based on the observation:

* each point can always be represented as a linear
combination of the points belonging to the same subspace

min |Wll;1 min [IXW = X|lp" + AWll1,1
N w
s.t. X =XW, diag(W) =0 s.t. diag(W) =0

where [Wlly 1 = Sllwjll, = Z|wy]



SSQP

min [IXW = Xlle" + AMWllyy | | min IXW = XIlz* + AW W,

[Wang et al. 2011]

s.t. diag(W) =0 s.t. W >0, diag(W) =0

* W = 0: provides better interpretations
« |IWTW||1,: more efficient than SSC
* Block diagonal property:

W*=T"Wrl = _
0 Wk

NXN

where ' is a permutation matrix, submatrix W*; € RVe*Nk

Wang et al. Efficient Subspace Segmentation via Quadratic Programming. AAAI 2011.



Supervised learning (DL)

| 0 0

Figure: Black Box Classification: v is the class label of @ represented as a
“one-hot” vector in R¥. To learn a nonlinear mapping f(-.f) :  — vy, say
modeled by a deep network.

In a supervised setting, using cross-entropy (CE) loss:

m

mm CE(0.x,y) = —E[(y, log[f(x.0)])] ——Z (yi, log[f(x:.0)])



A Principled Computational Approach

For high-dim data with mixed low-dim structures:

learn to compress, and compress to learn!

Sa \_ S3 /7 = 8 USaU Sy

a) sample points b) noisy samples <) noisy samples with outliers

Generalized PCA for mixture of subspaces [Vidal, Ma, and Sastry, 2005]



Clustering via Compression
[Yi Ma, Harm Derksen, Wei Hong, and John Wright, TPAMI'07]
A Fundamental ldea:

Data belong to mixed low-dim
structures should be compressible.

Cluster Criterion:
Whether the number of binary bits
required to store the data:

#bits(XUY) > #bits(X)+#bits(Y)?

“The whole is greater than the sum of the parts.”

— Aristotle, 320 BC




Coding Length Function for Subspace-Like Data
Theorem (Ma, TPAMI'07)

The number of bits needed to encode data X = [x1,x9
up to a precision || — x||2 < € is bounded by:

> log det <I + %XXT) .
me

This can be derived from constructively quantifying SVD of X or by
sphere packing vol(X) as samples of a noisy Gaussian source.
Linear subspace

L(X,e) = (m—{—D

Gaussian source
T = Ub,




Cluster to Compress

L(X) > LX) = L(X1) + L(X2) + H(1X1], | Xz])?

partitioning:

sifting:

H °
. o —D |syes% 90;'.0.7'-50. v o




Represent Mixed Data

Given

samples = € RP drawn from < .

a mixture of & submanifolds s aia
M= (MY, we b,
seek a good representation 2 Ss

z € R? through a continuous
mapping: f(x.0) : RP — R4,

Goals of “re-present” the data f(x.0): @+ =:
e from non-parametric (samples) to more compact (models).
® from nonlinear structures in @ to linear in z.

e from separable @ to maximally discriminative =.

What is a good representation? (Why a deep neural network?)



Seeking a Linear Discriminative
Representation (LDR)

Desiderata: Representation z = f(x,f) have the following properties:

@ Within-Class Compressible: Features of the same class/cluster should
be highly compressed in a low-dimensional linear subspace.

® Between-Class Discriminative: Features of different classes/clusters
should be in highly incoherent linear subspaces.

©® Maximally Informative Representation: Dimension (or variance) of
features for each class/cluster should be as large as possible.

Is there a principled measure for all such properties, together?



Measure of Compactness for a
Linear Representation

Consider a feature mapping:

X = [ml-,- . ~:l:n1‘] E RDXWI LB)) Z(ﬂ) = [ZI.Z').. . ?znl] E Rd)('ln'

4

The average coding length per sample (rate) subject to a distortion e:

1 I
R(Z,¢) = 5 log det (1 3 ,,f€QZZT> . (3)

Rate distortion is an intrinsic
measure for the volume of all features.

vol(2)



Learning Representation to
Cluster and Classify

A Fundamental ldea: maximize the difference between the coding rate
of all features and the average rate of features in the classes:

k
1 > P tr(IL,) d .
AR(Z,1,e) = —logdet (I + —ZZ' | — 72 logdet ( I Z11,Z ;
( =g e ( * me2 ) Z om  Boe ( * tr(I1;)e2 ? )

'
F e

e [?: expand all features Z as large as possible.

® R° compress each class Z; as small as possible.

Slogan: similarity contracts and dissimilarity contrasts!



Sphere Packing and Counting

Example: two subspaces Sy and Ss in R2.

® log #(green spheres + blue spheres) = rate of span of all samples R.
® log #(green spheres) = rate of the two subspaces R¢.
® log #(blue spheres) = rate reduction gain AR.

o>



Maximal Coding Rate Reduction (MCR?)
[Yu, Chan, You, Song, Ma, NeurlPS2020]

Learn a mapping f(x.0) (for a given partition IT):

x 10 ; 200y Ty AR(Z(),10, ¢) (5)

so as to Maximize the Coding Rate Reduction (MCR?):
max AR(Z(0),I1.€) = R(Z(0),€) — R°(Z(0), ¢ | II),
subject to || Z;(0)||% = m;, TT € Q. (6)

Since AR is monotonic in the scale of Z, one needs to:
normalize the features z = f(x.0) so as to compare Z()) and Z(0')!

Batch normalization, Sergey loffe and Christian Szegedy, 2015.

Layer normalization'16, instance normalization'16; group normalization'18...



RV —
Compared to conventional deep neural networks: [/ i

TR

” Conventional DNNs ‘ Compression ReduNets |

Objectives

label fitting

rate reduction

Deep architectures

trial & error

iterative optimization

Layer operators

empirical

projected gradient

Shift invariance

CNNs-+augmentation

invariant ReduNets

Initializations

random /pre-design

forward computed

Training/fine-tuning back prop forward /back prop
Interpretability black box white box
Representations unknown incoherent subspaces




See more...

« O3 (MR RF AR IR)
c ETE-FRENRE (BTR) HENL
* https://mp.weixin.qq.com/s/JopCQgqoFq5CDI6nikrQ7yw
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Problems and Challenges

* Considerable progress has been made in scalable clustering methods
* Partitioning: k-means, k-medoids, CLARANS
* Hierarchical: BIRCH, CURE
* Density-based: DBSCAN, CLIQUE, OPTICS
¢ Grid-based: STING, WaveCluster

* Model-based: Autoclass, Denclue, Cobweb

* Current clustering techniques do not address all the requirements
adequately

* Constraint-based clustering analysis: Constraints exist in data space
(bridges and highways) or in user queries



Constraint-Based Clustering
Analysis

+ Clustering analysis: less parameters but more user-desired

constraints, e.g., an ATM allocation problem




Clustering With Obstacle Objects

T T B Ot i
A AL

5
N

(s Tk
3 =o€ . £5 o]
o s TR Rl SR o

Not Taking obstacles into account  Taking obstacles into account




Summary

* Cluster analysis groups objects based on their similarity and
has wide applications

* Measure of similarity can be computed for various types of
data

* Clustering algorithms can be categorized into partitioning
methods, hierarchical methods, density-based methods,
grid-based methods, and model-based methods

* Outlier detection and analysis are very useful for fraud
detection, etc. and can be performed by statistical, distance-
based or deviation-based approaches

* There are still lots of research issues on cluster analysis,
such as constraint-based clustering
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Regression problem:
Input: Given training set (X, y;), (X5, ¥5), (X3, Y3 ), -
Output: Adjust parameters 6 (for every node) to make:

h(x;) = y;
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Deep Learning Frameworks
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Machine Learning
= Looking for a Function

* Speech Recognition

f( ~—i%— )= “How are you”

* Image Recognition
f( \&':‘JE )= “Cat”

* Playing Go

f(

* Dialogue System
f( “Hi” )= “Hello”

(what the user said)  (system response)

): //5_5”

(next move)

o

Courtesy of Hung-yi Lee (Z=%%%



Different types of Functions

Regression: The function outputs a scalar.

Predict PM2.5 today PM2.5 of
temperature — :
PM2.5 . tomorrow
Concentration
of O,

Classification: Given options (classes), the function outputs
the correct one.

Spam eMAlL)
filtering ’ »» Yes/No



Different types of Functions

Classification: Given options (classes), the function

outputs the correct one. .
P Each position

— is a class

.o
'nnouo:u,

: gt “:%%E:‘: (19 x 19 classes)
: ) H AT :
i H E .
5 : : 5 a position on
: a¥elel ! ~ the board
» _’J :
: L :
Tex9 10 M 213 Tna T R
Next move

Playing GO






Binary classification with KERAS - epoch: 000
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R — o)

A simple function Sigmoid Function  &(z)'

Xn | weights b

Z = WX, + o+ W, X, + e

o(z) —v
Activation
function

bias

+w x. + b



Neural Network - = =

S
Different connections lead to o

different network structures i
a N\
I
>a(z) / -

/ ] The neurons have different values of
B weights and biases.

Weights and biases are network parameters 6
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Activation Function
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output

artificial neuron

Input ‘ sum

» weight
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Activation Functions (U &%)

0(z) = oies max(0.1z, z)

tanh Maxout i

tanh(z) max(wi z + by, wd z + by)
ReLU ELU |
max(0, z) {,L}(( ~1) ; ig ‘

FERAERTRALEEEmM “BER” (33—
[tk: EmEE K% (RBF) ]
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Regression problem:
Input: Given training set (xy, y;), (X5, ¥5), (X3, Y3 ), -
Output: Adjust parameters 6 (for every node) to make:

h(x;) = y;



HE% (BPEZ)

SRE T —HEUIZREURE TS0 2R X 25 1 il LA A 0 T /N 457 % B ROR AR B I 255+ 11 i 4 A
2% (AFEMESED o XASREATT_EHURF XA P2 N 45 iR BORI A IX e HHE, XN
FEthFRA IR B “222]7 .

VR 2 I A& 572 (Error Back Propagation, BP) 2148 W 44 ill ki K F () — Al Fl i A
JFAEBEHUBERE TP, e T Fig s

[8-1] David E. Rumelhart, Geoffrey E. Hinton, and Ronald J. Williams. Learning internal
representations by back-propagating errors. Nature, 323(99): 533-536, 1986.
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hidden layer 1 hidden layer 2 hidden layer 3

L. ¢

i : BHRIFIE. TMITNRE!
BAETHINERE (midim) !



Key: Extracting Feature Hierarchies

Features learned from training on different object classes.

Chairs

Elephants

= :.'r?f’. o, g el
el '% kalfl Lt

Sl o UE

:ﬁEEiEEE

I‘NHIV P INNAT A
b LN
Awums\

=INSmE

ll .
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| G—HRE W EAESR !

G B3 Hi GF B HY
Wo
/™ 1‘ 1‘ 1 n‘ n gn
X Gt B Hj ces Gi' BT Hf wy
y
1 63 By H}  GFBRH
o ] e
G B} H} ... G3 B} HY
1 1
input layer Oy, hidden layer 1, hidden layer ny, hidden layer  output layer
Traditional DNN RBF ELM

function network



Recap: VR & 22 ) 28 2K 20

P T T """ T TToooosooosooso- ~.

hidden layer 1 Hic 1
'{\puclayer dden layer }ﬁddenlaye:\z hidden layer 3

oF = -

R
o FRE] AR — B2 B &R BT LAE R4HE

« RIS 3 B 2 A — 1 T
(function blocks), AJLMEELHE SH#E

N
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A maostly complete chart of
o= Neural Networks ...
< i o i
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[
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ship link concatemation.




Unsupervised Feature Learning
(Auto-Encoder)

Encoder Decoder

h(x) =x



Variational Auto-Encoder (VAE)

input » Encoder » » Decoder »output

code
VAE —
my
oo
input ‘ Encoder = @
01 exp c, » Decoder »output
[P €3
03
c; = exp(o;) X e; +my
€
From a normal
€2

distribution
€3



Z ML TT

EF#Z 5T (Convolutional cells)

A TTRERE#Z T (Pooling and

interpolating cells)

BLEHEZIT: HERETIMERE®SZTT
(Mean and standard deviation cells)

@2t (Recurrent cells )

i’t%ﬁfﬂiﬂ'l‘lﬁéﬁ: (Long short term memory

cells

I JHEEIA L T (Gated recurrent cells)
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* Convolutional Neural Network (CNN)

* Recurrent Neural Network (RNN)

* Generative Adversarial Network (GAN)
* Reinforcement Learning

* Transfer learning

* Metric learning T P
=L NHEIHTEF
* -machine “4"
* -net “"
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For example, you can do .......

“monkey”
B/ ‘fr “monkey”
v

V llcat”
» Network »
’ \; .. llcatll
=

* Image Recognition

\ " ”
dog

Q é lldogll




For example, you can do .......

“Talk” in e-mail\

j% F\’W » Network » 1/0

(Yes/No)

“free” in e- mall/v

1 (Yes)

(http://spam-filter-review.toptenreviews.com/)



For example, you can do .......
“ Boa
stock” in document N

Z((( N3

7
g ’ Network [ 29

o © ~

\ (3=

swn “president” in document

DpoC DpoC " poc

e BUa ek

http://top-breaking-news.com/
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« 1Z 4803

* SVM

* KNN

« JREHY

* BEHLARK

e Clustering (37 #)
* Boosting

o DU HT 4%

. E”EIV—+2-—4



=

cTRF (AEKRZE) , (W=ssFS)
* https://speech.ee.ntu.edu.tw/~hylee/ml|/2021-
spring.html

K
V]
=i

+ Andrew Ng  (Coursera, IZFL 53R %)
* https://www.coursera.org/learn/neural-networks-deep-
learning
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Machine Learning

Machine learning is to find a function f

f: XY

Regression: output a scalar
Classification: output a “class” (one-hot vector)

Class 1 Class 2 Class 3



Recap: VR & 22 ) 28 2K 20

P T T """ T TToooosooosooso- ~.

hidden layer 1 Hic 1
'{\puclayer dden layer }ﬁddenlaye:\z hidden layer 3

oF = -

R
o FRE] AR — B2 B &R BT LAE R4HE

« RIS 3 B 2 A — 1 T
(function blocks), AJLMEELHE SH#E

N
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Regression problem:
Input: Given training set (xy, y;), (X5, ¥5), (X3, Y3 ), -
Output: Adjust parameters 6 (for every node) to make:

h(x;) = y;
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% F3 (Convolution)



B~ BFETEN

foxg) = | f@)-gx-1)dr
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Gaussian Convolution (Filtering)




Gaussian Convolution (Filtering)

@ £ ®) o(d)
1o} 1of
osf 08
o6k 06
04 04
02} 0.
00 00

q
(c) C;)nvolutilon proceltdure or (d) h&‘l)

04}

02

0.0




+o0
(F % g)(2)"& / fla—t) - g(t)dt
£ / T HT) - gz - T)A(=T)

£ /_ " H(T) - g(z— T)dT



2D Convolution

If a MW transformation is linear then it is a convolution:
J(r,c)=E1*hl{(r,c)=0 0 I(r- r,c- c)h(r,c)drd c,
—¥-¥
for areal image (I: R x R — R), or for a digital image (I: Zx Z — 2):
o & &
J(r,c)=eI*hli(r.c)=aQ A l(r- r,c- ¢c)h(r, c)

r=-s c=-d

15



Convolution by Moving Window

16



Another example

Moving Window Transform: Example

original 3x3 average

17
[m] [ = = = o>



Moving Window Transform: Example

original 3x3 average

18
[m] [ = = = o>



Moving Window Transform: Example

original 3x3 average

19
[m] [ = = = o>



Moving Window Transform: Example

[

original 3x3 average

20
[m] [ = = = o>



Moving Window Transform: Example

[

original 3x3 average

21
[m] [ = = = o>



Moving Window Transform: Example

[

original 3x3 average

22
[m] [ = = = o>



Moving Window Transform: Example

[

original 3x3 average

23
[m] [ = = = o>



Convolution Examples: Original Images

2/22/2025 24
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Convolution Examples: 5x5 Blur

2/22/2025 26



111111111
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111111111
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Bl111111111
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v Convolution Examples: 9x9 Blur
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11111111111111117
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11111111111111111
11111111111111111

511111111111111111

HES

11111111111111111
11111111111111111
11111111111111111
11111111111111111
11111111111111111
11111111111111111
11111111111111111
11111111111111111
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Convolution Examples: 17x17 Blur
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Vertical Edge Detection

1(5,0)
Image I r
0 _ Y
C

I(r,,¢)—1I(r,,c -1
Backward H (1, ¢) 1%, )
Difference
J C
M I(r,,¢)=1I(r,,c+1
Forward (5,0) 1, d|
Difference

C
21(ry, €)= 1(ry,c =1) - I(r5, c +1))

Sum of r
Differences | 0

2/22/2025 29




Symmetric Edge Detection

(r.c) 21(r,c)—-1(r,c-1)
%I —I(r,c+1)

— 41(r,c)—
I 21(r,c)-I(r ]-,C)I I(r-1,¢)—I(r+1c)—
S+ LOF e i(re+)

-1 -1
1211 2 114 -1
-1 -1
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Convolution Examples: Original Images
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3

Convolution Examples: Vertical Difference
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Convolution Examples: Horizontal Difference
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Convolution Examples: Diagonal Difference
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Convolution Examples:

Diagonal Difference
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Convolution Examples: D + D Difference
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Convolution Examples: H+V + D Diff.
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Convolutional Neural Network (CNN)

Couresty of Hung-yi Lee
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The whole CNN

\
Convolution

0 % > Can repeat
Fully Connected many times

Feedforward network

Max Pooling




The whole CNN

PrOperty 1

Convolution
PrOperty )

Max Pooling
Property 3

> Can repeat
many times

Convolution

Max Pooling

Ha



The whole CNN

(L ‘ Max Pooling
oot iax Pooing|
Fully Connected
Feedforward network
Max Pooling

J

> Can repeat
many times




CNN — Convolution

Those are the network
parameters to be learned.

1(-1]-1
1]0j0j0j0]1 111 [-q| Filterl
o(1(0l0|1|0 1|-1|1 | Matrix
o|joj1(1|0|0
1(0|0j0|1]0 -1 -1
ol1lolol1lo0 1111 FiIter'2
olof1]of1]0 |1 [-q| Matrix

6 x 6 image

Each filter detects a small
berty pattern (3 x 3).



Filter 1

-1
-1

-1

-1

1
;1)1

CNN — Convolution

=1

stride

0

0

1

110(0j0}J0 |1
0j1/0J0p11]0

0j]0 1

1/0{0|0]|1|0

0/(1/j0(0|1|0

0/jo0j1(0|1/0

6 x 6 image



CNN — Convolution  [3T7T2! Fiter1

1(-11(1
If stride=2
1|10jojojo]1
o|1jJ0j0]|1}0 3 -3
o|ofj1J1|0}oO '
1|10(0|0|1]0
o|1|0(|0]|1]|0
We set stride=1 below
o|o|1(0]|1]|0

6 x 6 image



CNN — Convolution TRI1| Fiter:

stride=1
olofofof1 ,
0 ofof1]o 1 (3 (4
0]fo 1lo0]o , :
ofof1]o0 3/ 1)L0 -3
0 ofof1]0 i
0|0 o[1]0 3 3 0 1

6 x 6 image 2 -2 1
Property 2



CNN — Convolution 201 1] Filter2

stride=1

1J0J0jojo0y1
ofji1jo0gj0j130
ojoj1y1y0y40
1000|110
oj1/0jJ0|1]0
ojo|j1j0|1]0

6 x 6 image

;1)1 )-1

Do the same process for
every filter

[ r b x\\‘ ‘/,/ TN \‘ ‘// S n\\‘ ‘// S
-1 -1 -1 -1
Y Y WY

NEERIE RIS RIS

47x4 ima;ge



CNN —Zero Padding 1771121 Fitters

111
00O
Ol1/o0fo|o|0]1
Olo|1]o|0|1]|0
o(oj1]1]0]0 You will get another 6 x 6
1/0l0|0|1]|O images in this way
ol1]/o0|of|1]0]p
olol1lol1]l0]0 ‘ Zero padding
6x6ima_‘cO 09




CNN — Colorful image

Colorful image

Filter 1

Filter 2

1

4|n|n

|r\|n|4|

~

A

I
o|lo|r|o|o|r

O|FRr | OO | |O

OO |0, |O|O

A1
0
1
0
1
1
1

O|l0O|O0O|O0|OC |




Convolution v.s. Fully Connected

e

convolutio

110|110

image

1{0l0|0|0]|1
o|j1f{o|o0f1|0

1{o|l0|0|1]0
oji1{o|of1|o0

0|0

A e
, ) /,, ...... ( )
. \\ N 4 N 4
SN A
o~ [{]
Xl 5K seeees X3
—|Oo|lOo|O|O|O
Ol |O |||
o|OoO|H|O|O|O
oO|CO|H|O|O |
o|lH|Oo|Oo|+H|O
—|OoO|lO|+H|O|O
©
Q
—
(@)
, O
> C
= C
> O
L o




Less parameters!

_;1Filter1
-1 (K1

A0 g
1]o]o]ot0]=
ol1lobo]1]s
0(0]1]|1]|0],
1/0[0]|0| 1o
oj1{0|l0|1]0
ojo[1|l0[1]0
6 x 6 image

I >

10:

13:
14.

15:
16:

Only connect to 9
input, not fully
connected




©)
1 (11

1 Filter 1
I@-l : 3
140/0|0]0
ofli1]{olofa}s
0joj1]1|of,
110(0]|0]| 1t
o/(1/0(0|1]0
o/(0(1(0|1]0

6 x 6 image

Less parameters!

Even less parameters!

I >

© ®

10:

13:
14.

15:
16:

Shared weights




The whole CNN ﬁ
‘

> Can repeat
many times

Fu||y Connected
Feedforward network Convolution

| Max Pooling

Flatten



CNN — Max Pooling

1(-1(-1
-1 1 |-1| Filterl
-1(0-1]1

3 -1 -3 -1

-3 1 0 -3

-3 -3 0 1

3 -2 -2 -1

1 1
-1 -1 | Filter 2
1 1
1 (a2 (a2
) (al le2e @i
1 (a2 (1
1 (o |l-4 (3




CNN — Max Pooling

New image
11o0lololol1 but smaller
o/1]|0|0|1]0 p
olol1]1]o0]o0 @ @
110(0|0|1]0
o[1]/olo|1]0 @ @
0|0|1(0|1|0

2 x 2 image

6 x 6 image .
Each filter

is a channel



The whole CNN

&

«

> Can repeat
many times

Smaller than the original

image
The number of the channel Max Pooling

is the number of filters




The whole CNN

Convolution

)
/A ‘)A )
200N
GAAS

Max Pooling




Flatten

o
> g

Flatten

Fully Connected
Feedforward networ




Convolutional Neural Network

Step 2:
Convolutional y
Neural Network

goodness of

function

Step 3: pick
the best
function

E» an [

| — “cat

2 _a

<

| —“monkey”<=>[i]

Convolution, Max

Pooling, fully connected

[m]

=

target
Learning: Nothing special, just gradient descent

lldogll m

»H
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Recurrent Neural Network (RNN)



Recurrent Neural Network (RNN)
Y1 Yo

!
The output of hidden layer
are stored in the memory. I I

store

Memory can be considered X, X,
as another input.



RNN

The same network is used again and again.
Probability of Probability of
“arrive” in each slot

Probability of
“Taipei” in each slot

“on” in each slot

[m]

=




RNN

=

Prob of “leave”  |Prob of “Taipei”]  Prob of “arrive” | Prob of “Taipei’
in each slot in each slot in each slot in each slot

arrive

The values stored in the memory is different.



Of course it can be deep ...

Y A
T T




Bidirectional RNN




AutoEncoder (AE)

(Unsupervised Learning)



Auto-encoder
Usually <784

Compact
» » code  representation of
Encoder the input object

28 X28=784
Learn together

Can reconstruct
code » » . .
coae Decoder the original object

As close as possible

m» Encoder » » Decoder ».




Deep Auto-encoder

* NN encoder + NN decoder = a deep network

v As close as possible
c [l — — - —
:'T 22 _y-—;%—»—» —>
Q - = -
Encoder l Decoder
X Code

Reference: Hinton, Geoffrey E., and Ruslan R. Salakhutdinov. "Reducing the
dimensionality of data with neural networks." Science 313.5786 (2006): 504-507



Deep Auto-encoder
i 0 / 2 3 U
PCA 6 / & 3 4
AutoD:r?f:)oder [, / ‘; ?) q
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Generative Adversarial Network (GAN)



Auto-encoder

input » Encoder » » Decoder »output

code

VAE

m,
m,

ms; c
input » 3 NN »out ut
Encoder 01 exp €2 » Decoder P

() C3
03

c; = exp(o;) X e; + m;
€1
€2
€3

From a normal
distribution

3
D (exp(o) = (1 + ) + (mp)?)
i=1



Network as a Generator

X

N

Simple Network Emmd
Distribution

— Generator

Complex
Distribution

Y . .
We know its formulation,
so we can sample from it.



Generative Adversarial Network
(GAN)

Training set

Discriminator

. = | [Red
— ' Fake

Generator

Random
noise

Fake image




Images Generated by GAN




Images Generated by GAN




All Kinds Of GAN ... httpsy/github.com/hindupuravinash/the-gan-zoo

* SeUDA - Semantic-Aware Generative Adversarial Nets for Unsupervised Domain Adag
GAN Segmentation

ACGAN ® SG-GAN - Semantic-aware Grad-GAN for Virtual-to-Real Urban Scene Adaption (githt
2SG.GAN _sparsely Grouped Multi-task Generative Adversarial Networks for Facial Att

BGAN ® SGAN - Texture Synthesis with Spatial Generative Adversarial Networks
® SGAN - Stacked Generative Adversarial Networks (github)
CGAN ® SGAN - Steganographic Generative Adversarial Networks
DCGAN ® SGAN - SGAN: An Alternative Training of Generative Adversarial Networks

® SGAN - CT Image Enhancement Using Stacked Generative Adversarial Networks and 1
EBGAN Segmentation Improvement

fGAN ® sGAN - Generative Adversarial Training for MRA Image Synthesis Using Multi-Contras
o SiftingGAN - SiftingGAN: Generating and Sifting Labeled Samples to Improve the Ren
Classification Baseline in vitro
GoGAN '
® SiGAN - SiGAN: Siamese Generative Adversarial Network for Identity-Preserving Face

SimGAN - Learning from Simulated and Unsupervised Images through Adversarial Tra

* SisGAN - Semantic Image Synthesis via Adversarial Learning

Mihaela Rosca, Balaji Lakshminarayanan, David Warde-Farley, Shakir Mohamed, “Variational Approaches for Auto-Encoding
Generative Adversarial Networks®, arXiv, 2017

[m] [ = = o>
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Reinforcement Learning



Scenario of Reinforcement
Learning

Observatlon . Action
N Agent? E‘ "\ ; =
Lij ", 1
| 7 7'«?:: =
- Don’t do ‘ Reward :
that

Environment

o [



Scenario of Reinforcement

Learni Ng Agent learns to take actions to
maximize expected reward.

Observation .ﬁ Actlon
AU

| -2k

‘ Reward

http://www.sznews.com/news/conte Environment

nt/2013-11/26/content_8800180.htm



Supervised v.s. Reinforcement

8] ww
Sﬁ “Bye bye”| Say “Good bye”

* Supervised

Learning from
teacher

e Reinforcement

Hello ©




Scenario of Reinforcement
Learning

Observation

Agent learns to take actions to
maximize expected reward.

Action

Reward

If win, reward =1

If loss, reward = -1

Otherwise, reward = 0

Environment

[m] [




Supervised v.s. Reinforcement

* Supervised:

Next move: Next move:
115_511 113_3”

* Reinforcement Learning

Alpha Go is supervised learning + reinforcement learning.




Difficulties of Reinforcement
Learning

* [t may be better to sacrifice immediate reward to
gain more long-term reward

* E.g. Playing Go

* Agent’s actions affect the subsequent data it
receives

* E.g. Exploration




Deep Reinforcement Learning

— —_—
D
Observation Action
Function Function
Input Output

Used to pick the
best function

Environment




Application: Interactive Retrieval

* Interactive retrieval is helpful. [Wu & Lee, INTERSPEECH 16]

“Deep Learning”

user

\

“Deep Learning” related to Machine Learning?
“Deep Learning” related to Education?




Deep Reinforcement Learning

* Different network depth

Some depth is needed. N

Better retrieval
performance,
Less user labor

The task cannot be addressed
/by linear model.

2

lore Interaction =——————




More applications

* Alpha Go, Playing Video Games, Dialogue

* Flying Helicopter
* https://www.youtube.com/watch?v=0JL04JJjocc

* Driving
* https://www.youtube.com/watch?v=0xo1Ldx3L
5Q
* Google Cuts Its Giant Electricity Bill With

DeepMind-Powered Al

* http://www.bloomberg.com/news/articles/2016-07-
19/google-cuts-its-giant-electricity-bill-with-deepmind-
powered-ai



To learn deep reinforcement
learning ......

* Lectures of David Silver

* http://wwwoO.cs.ucl.ac.uk/staff/D.Silver/web/Te
aching.html

* 10 lectures (1:30 each)

* Deep Reinforcement Learning

* http://videolectures.net/rldm2015_silver_reinfo
rcement_learning/



Structured Learning



Deep Learning in One Slide (Review)

. » Fully connected feedforward network
Many kinds of

. » Convolutional neural network (CNN)
network structures:

» Recurrent neural network (RNN)

Different networks can take different kinds of input/output.

Vector U D
Matrix m X ) y m
gt || Wl

(speech, video, sentence)
How to find Given the example inputs/outputs as
the function?  training data: {(x,,Y1),(X,,¥5), s (X1000:Y1000)}




Structured Learning

Machine learning is to find a function f

f: XY

Regression: output a scalar
Classification: output a “class” (one-hot vector)

Class 1 Class 2 Class 3
Structured Learning/Prediction: output a
sequence, a matrix, a graph, a tree ......

Output is composed of components with dependency



Output Sequence f: X Y

Machine Translation

X 1 egsreaa g e Y o “Machine learning and
SR having it deep and structured”

(sentence of language 1) (sentence of language 2)

Speech Recognition

X M Y ! R AR ERR

(speech) (transcription)

Chat-bot

X : “How are you?” Y . “Ymfine”
(what a user says) (response of machine)



Output Matrix f: X >Y

Image to Image Colorization:

X:

Text to Image

X “this white and yellow flower Y
have thin white petals and a
round yellow stamen”

ref: https://arxiv.org/pdf/1605.05396.pdf



Decision Making and Control

¢
4+? 44-‘
3

GO Playing is the same.



ik
Y
Bt

=

cFRE (BERE) . (HHEFED)

* https://speech.ee.ntu.edu.tw/~hylee/ml|/2021-
spring.html

* BUGHUARN (ZFRFR2021FY2FFT1RE)
https://www.bilibili.com/video/BV1Wv411h7kN?p=1
- Andrew Ng  (Coursera, MZM% 5RES )

* https://www.coursera.org/learn/neural-networks-deep-
learning
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Mathematical Modeling

X1 F B
HEMERARAE



RS2 S B e B

Mathematical Theory of Deep Learning

Courtesy of resources from many other courses and the internet



Two fundamental approaches of Al

* Rule-based (logical approach, symbolism, expert system, ...)
— very effective for easy problems
— interpretable
— does not require a lot of training data
— ineffective for hard problems: combinatorial explosion
* Learning-based (particularly deep learning)
— much more accurate
— not very interpretable
— requires a lot of training data
— vulnerable to attacks

2025/2/22
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Supervised learning:
Approximating functions using samples

@ Object of interest: (f*, ), where f*: R? — R!, p is a prob measure on R”.
o Given a set of samples from p, {z;}"_,, and {y; = f*(z;)}}_,
o Task: Approximate f* using S = {(z;,y;)}/_,

@ Strategy: Construct some “hypothesis space” (space of functions) H,, (m ~ the
dimension of H,,).

o linear regression: f(x)=73-x+ 3
o generalized linear models: f(x) = 3|, cxéi(a), where {¢;} are linearly independent functions.
o two-layer neural networks: f(x) = ZA_ ao(bg - & + ¢i), where o is some nonlinear function, e.g.

o(z) = max(z,0)
o deep neural networks (DNN) : compositions of functions of the form above.

@ Minimize the “empirical risk”:
1

n
J

2025/2/22



Three important aspects to study

@ hypothesis space: what kind of functions can be approximated efficiently,
generalization gap (= difference between training and testing errors)

@ loss function (the variational problem): landscape?
@ training: can we optimize? does the solution generalize?

Important parameters:
@ m =: number of free parameters
@ n =: size of training dataset
@ t =: training steps
o d =: dimensionality
typically interested in the case: m,n.t — oo,d > 1.

Main goal: Error estimates

R(fum:_l) < m® -+ n_‘j + t

~

Want: free of curse of dimensionality (CoD): a. 3, ~ are independent of d.



Classical numerical analysis (approximation theory)

@ Define a “well-posed” math model (the hypothesis space, the loss function, etc)
o splines: hypothesis space = C'! piecewise cubic polynomials the data

1 n 5 g "
L(f) =;;(f<r,>—y,») +/\/|D f(2)dz

o finite elements: hypothesis space = C"” piecewise polynomials
o |dentify the right function spaces, e.g. Sobolev/Besov spaces
o direct and inverse approximation theorem (Bernstein and Jackson type theorems):
f can be approximated by trig polynomials in L? to order s iff f € H*. || f||7. = Y5, [IV*7|3..
o functions of interest are in the right spaces (PDE theory, real analysis, etc).
@ Optimal error estimates
o A priori estimates (for piecewise linear finite elements, a = 1/d, s = 2)

fm = £l < C= (1 f* |1+

o A posteriori estimates (say in finite elements):

”fm = f‘””‘ = C'Tn_“”fm”’l



Classical approximation theory:
approximating functions by polynomials or piecewise polynomials

Example: Piecewise linear approximation
e d = dimensionality
e m = number of free parameters
o h = size of the mesh: h ~ m~'/¢

" . 2 g
/,..1275,.. If* = fall 2y S RV Nl 22y

N
o Curse of Dimesionality (CoD): If we want to reduce the error by a factor of 10, we
have to increase m by a factor of 107,

This is the case for all grid-based or fixed basis-based algorithms.

2025/2/22 10



Classical approximation theory:
approximating functions by polynomials or piecewise polynomials

Approximation by piecewise polynomials: (1 = number of free parameters)

fil,}{f If = full 2y < Coh®l|fllpacx)y,  h~m™/4

@ Sobolev (Besov) norm is the right quantity for the right hand side.
@ They suffer from CoD: m ~ e ¢ where € is the error tolerance.

The number of monomials of degree p in dimension d is C;»’—(l

2025/2/22 11



mE4EF 5. Monte Carlo /714
Example: Monte Carlo methods for integration

I _‘—‘rml ;1: m 213
(9) 9l (9) ,”Zq i)

{x;,j € [m]} is i.i.d samples of p.

i/ var(g) = Eznpg’(@) — (Egnpg(T))®

E(I(’/) - Im(.(/))z =

m

The best we can expect for function approximation in high D:

o o 12
.fl»"]%}.,, R(f) = f"}} If = £ ke =

@ What should be the norm || - ||, (associated with the choice of #,,)?

ToHEBUR X (0] 35

2025/2/22



Multi-layer Neural Networks

Hidden Layers

yWi)

(Wo, Wy, - -

0=

)

-oo(Wyx

Wi o0(--

=Woof

f(=z,0)

o is a scalar function.

“o" means acting on each components, the W's are matrices.

13
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Exploding and vanishing gradients
f(@,0)=Wioo (Wi 100(---00(Wiz)), 0= (Wy,W,,--- W)

Vef Wi -Wi_---Wy~kl, L>>1
exploding or vanishing gradients problem (see Hanin (2018)).

Solution: Using residual networks (He et al. (2016))
z().L(z) = va

I
ziaL(®) = zL(x) + ZUIU o(Wizii (=), l=0,1,---,L—1

f(x,0)=a-z,.(x)

2025/2/22



Approximating functions using two-layer NN:
An lllustrative Example

Traditional approach for Fourier transform:
1
y " i(wa) - et WssT)
flx) = A‘{n{w) ldw, fm(x)= - Ej a(wj)e

{w;} is a fixed grid, e.g. uniform.

v . —afd
”f o fm”/.fl.\'l < CU’" £l ”f”l/"!,\W

“New" approach: Let 7 be a probability distribution and

f(m;/ a(w)e'“®r(dw) = Eyra(w)e' @
Rd —

Let {w;} be an i.i.d. sample of 7, fr(x) =L _’/”l a(wj)e' i),

E|f(x) — fu(x)]* = m 'var(f) FoHEERHMED) !

Fmlx) = yi’ Z'“ ajo(w; Te) = two-layer neural network with activation function o(z) = e'*.

2025/2/22 A E BB R 15



Two-layer neural network model: Barron spaces

E, Ma and Wu (2018, 2019), Bach (2017)

1 T ;
Hm = {fm() = po=y 0/(7(11‘_,];1?|}. 0 = {(aj,w;j),j € [m]}
j

Consider the function f: X = [0, 1] = R of the following form
flx) = /(IU(IU x)p(da, dw) = E“,_w,&/,[(lﬂ(ll’r.‘[‘)], rzeX
0

— BEEERH
Q=R'x R pis a probability distribution on €.

I£lls = inf (Eyla’lleel))"”
where P; == {p: f(z) = E,Jac(wz)]}.

B={feC":|fls <o}

Related work in Barron (1993), Klusowski and Barron (2016), E and Wojtowytsch (2020)

2025/2/22 16



What kind of functions admit such a representation?

Theorem (Barron and Klusowski (2016)): If [, [|w||?|f(w)|dw < oo, where f is the
Fourier transform of f, then f can be represented as

f(x) = f(x) — (F(0)+x - Vf(0)) = /(w(bT:lt + ¢)plda, db, dc)

Q

where o () = max(0, x). Moreover f € B,,. Furthermore, we have

IFlls. <2 / |21 ()] deo
RLI

o I'(f) = [z l|wl|?| f(w)|dw is Barron's spectral norm. This condition depends on
dimensionality.
o Let fi(z) = ||z|, fo(x) = dist(x, S "), then f; is in B, f» is not in B.
I

2025/2/22 17



KTBarronR EIE T 16 € B

Theorem (Direct Approximation Theorem)
There exists an absolute constant Cy, such that

Coll £ |5,
= S P J 2
”f flu”l_—l_\j > \/m
Theorem (Inverse Approximation Theorem)
Forp > 1, let
1 m 1/p
Noc = {E;”LUU)A T + cr) ( Z laxl?(||bx]lr + cx) ) <C,meN*}.

Let f* be a continuous function. Assume there exists a constant C' and a sequence of
functions f,, € N, ¢ such that

Jm(x) = [ ()
for all € X. Then there exists a probability distribution p on €, such that

= /aa(br‘v +¢)p(da, db. dc),

for allz € X.
2025/2/22 18




Estimation of error: overfitting

2.0 i
—— Target function
— Interpolant

1.5 4 e Training data

1.0 4

0.5

0.0 1

-1.0 -05 00 0.5 10

Figure: The Runge phenomenon: f*(z) = ——

14+25x2
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Training and testing errors

In practice, we minimize the training error:

- 1 2
Ra(6) =~ > (f(=;,0) — f*(z;))*
J

but we are interested in the testing error:

R(0) = Egp(f(x,0) — f*(x))?

H = a set of functions, S = (@), @3, ..., ;) = dataset. Upto log terms,

~ Radg(H)

sup
heH

1 n
E; [h(z)] — ;z h(x;)
i=1

where the Rademacher complexity of H with respect to S is defined as

Radg(H) = lES [s11pZ£,-h(a‘,-)] ;

n heH i=1

where {&}7 | are i.i.d. random variables taking values =1 with equal probability.

2025/2/22 20



Complexity Estimates

Theorem (Bach, 2017)

Let Fo = {f € B.||f|lz £ Q}. Then we have

2
Rzl(ls(.rq) =7 2ini3g)
n
where n = |S)|, the size of the dataset S.
In contrast, if F = {f € C”, ”f”Lip < 1}, then
Rads(F) < <4
n'/e 1

This is another form of CoD: the size of the dataset needed.

2025/2/22 21



A priori estimates for regularized model

L,(0) =R.(0)+ A Log ||f)|| 6, = argmin L, (6)

where the path norm is defined by:

1 m
16llp = EZ |a|([|bklls + |ex]) (= [[£(56)8)
k=1

Theorem (Weinan E, Chao Ma, Lei Wu, submitted)
Assume that the target function f* : [0,1]? —

[0,1] € Bs. There exist constants Cy, Cy, Cs,
such that for any & > 0, if A\ > C;, then with probability at least 1 — & over the choice of

tralnlng set, we have
log(2d) log(4C5/48) + log(n)
1y ) 3/ P .

R(6,) < C, (

n

2025/2/22 22



Approximation theory and function spaces for other ML models

@ random feature model: Reproducing kernel Hilbert space (RKHS)
@ Residual networks (ResNets): Flow-induced space (E, Ma and Wu (2019))

o Multi-layer neural networks: Multi-layer spaces (E and Wojtowytsch (2020))

Up to log terms, we have

||f || Al C
f) S — 7

"where m = number of free parameters, n = size of training dataset.

The error constant (the “norm™) decreases as the depth increases. This partly explains why
deeper neural networks tend to perform better (although due to other reasons, they are also
harder to train in general).

2025/2/22 23



Summary

One key reason behind the success of deep neural networks is
that they provide an effective tool for approximating functions
in high dimension for numerical analysis.
— Theoretical foundation of machine learning = high dimensional
numerical analysis
We can then use deep neural networks to solve many
problems in high dimension.

A reasonable mathematical picture for deep learning is
emerging, from the perspective of numerical analysis.

The key to this understanding is CoD: deep neural networks
are the right replacement of polynomials in high dimensions.

2025/2/22 24



What we don't know?

Why does GD/SGD converge to good minima?

Other general representations of functions?
— It has to be some kind of expectation.

— Each such representation may lead to a new kind of ML
model.

Note: In a way, neural network models are also very natural:
They arise naturally when considering continuous
formulations in high dimensions.
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Machine Learning
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classification with deep convolutional
T lossg = Z L(fo(xi), ¥i) neural networks{C] 2012: 1097-1105
e [2] He K , et al. Deep Residual Learning
SIWE , et M iEe i=1 for Image Recognition{J]. 2015
& SRFEE, TFIRERES: R Em [3] Jia Y, ot al. Cafte: Convolutional
Architecture for Fast Feature

Embedding(s]. 2014
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SR8 D, - m:lxilog Da(x) + i log (1 - D, (Gg(z,)))
EPIBIE D, TSRS : fo(z) =108 (1 - Do (Golz)))
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fo= E(ln_r:')‘U(D)[(r + ymaxQ(s,a(og)))l *“
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Hlas 2 S A S

e S CEREBISHFRNRE. 86 BAESENT X8
mesy BB FURUL : AT A—NEROBEMIEE— MR
ISRIER; . RO MEERRE AR AR

[
BaRY ® B o il
RZF8 e 53 (IR3) o (&4 (HMHRW)
A=A
min{l(fo(x),y) : (x,y) € M} + AR(lfel) 5: Wa=m
e fo<¥ . M : FRIWES(E)

E% SETERR fo : B

min (e (Lo (1),)} + R (6)
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Machine Learning: Problem and Formulation

Given a dataset D = {x;,y,}, find the possibly existed mapping f*:x - y
to fit D. To formulate the problem, choose a hypothetical space §, a
loss function [, and a regularizer p, we find the approximate
mapping f- such that

e

for = argmin ;g {Ep[I(fo(x) )’ ]+ lp(f 0)}

where fg: A function in § with parameter 6

2025/2/22 36
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Machine Learning: Problem and Formulation

SO

for = argmin (2o {Ep[I(fo(x),3)] + Ap(fo)}

Data: Pairwisely collected, corresponding to supervised learning mode
(otherwise, unsupervised). A pair (x;,y;) represents a sample consisted of an input-
output observation.

. o
: ® g L ;
yi € R! normally is label Y AN N
0 0 X /
X = [x",xu, ...,x“.] € Rm, with ' “als \ /

each x;; being j-th feature of x;

ceemmee———n
L I

)
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Machine Learning: Problem and Formulation

for = argmin s cx{Ep[I(fo(x), ¥)] + Ap(fe)}

Hypothetical space §: A parameterized family of functions,
F={fo(x):0 € QcR"}

.. .0.‘ v ’\“\V; f N

data hypothetical space Loss function

fe(x) may be:

® Lincar functions
® Polynomial functions
® Deep neural networks

| Oy ———
.
.
-
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Machine Learning: Problem and Formulation

=D @ fO =

= argmin /,es[Ev[l(f 0(x), Y] + Ap(fe)}

Loss function [: A measure quantifies the amount of the prediction deviates from
the actual values. It determes the sense of optimality with which the solution finds.

® Lest square loss
® Cross entropy

® Hinge loss

e oo o |
T
]

o
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Machine Learning: Problem and Formulation

for = argmin ;g {Ep[l(fo(x),¥)] + Ap(fo)}

Regularizer p: A term to regularize the property of solution to be found, which is

determined principally by the prior of problem.

® Lest square regularizer (Tikhonov
regularization)

® L, regularizer (Lasso)

® TV norm regularizer

9 -

T
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-

{

\_ HypothesisI )

~N

The Independence Hypothesis on loss function

The loss function [ is preset before implementation, independent of the data
(the data distribution) in problem (application-independent setting).

Typical preassumption:
Lest square loss:
Lmﬁ=m—w2

Task.

® Denoising
® Derain
® Deblur
® Super
resolution

2025/2/22

Cross entropy :
L(x,y) =~ z xlog(yy)

Analysis
@ Classification Segmentation

o s.gmntlﬁon
; Emll NES
: IEIIII

Classification
21
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Hlas = A R a2

9

Hypothesis II )
The Large Capacity Hypothesis on hypothetical space

J
The hypothetical space § should be large enough in capacity to embody the
optimal solution. It is preset independent of the problem.

foc@=[h(we (s hlw,-2))) 10 = (wy ws - wo)]

2025/2/22

Full connected neural network
(assuming sufficient layers)

Y
foe® = [h(c.®(-c: ® hic, ®0))10 = (cr.c2-c))
Convolutional network

[m]

5 =

(assuming sufficient lavers)
4

2
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Plas 2 > BB a3

= N
( Hypothesis III )

The Completeness Hypothesis of training data

Samples in training data should be well labeled, low level noised, class
balanced, sufficient number (high quality labeled).

Typical preassumption:

.—‘T‘:E‘a-‘ml

B g
B B e !!Hl
S L

Wol labeled data Enough number of samples

rrren AT oo
2025/2/22 43
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{ HypothesisIv )
The Regularizer Hypothesis
adjusted.

Regularizer p is fixed and preset by a prior, while only the parameter 1 is
Typical preassumption:

form = argmin 7,5 {Ep[I(fo(x),¥)] + Ap(fo)}

® Lest square regularizer

(Tikhonov regularization)
® Sparsity promotion

® TV norm regularizer

® L(P) norms

L
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Hlas = S R %S

i N
{_ HypothesisV )

The Euclidean hypothesis on analysis
The performance of ML can be analyzed in Euclidean space, which means
that the parameters can be naturally embedded in R" with Euclidean norm

Typical preassuption: Euclidean Space
(SO TP« & 5 5 5 o o 5 ) kmnnlhl“ a
1 order ko v Semearvinmiliden pies
D N E | ,v,;‘ .

oo mleeoviy

2025/2/22

MG ‘_”if “’\Q\\\

A B lb(-.o( -.ou-.on))n [ |

gl st Vayz€V
* glxy) = gly.x)
« glx+y2)=glx2)+
#n.2)
* glkx.y) = kg(x.y)
* glex)z0,
#rx)=0erx=0
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F FH AISK fi# PDE 7] /i (1)

—_—r

PDERY

Ju
E(t,u’) + Lu(t,x) =0,(t,x) € [0,T] x 2,

8aFst : u(t =0,x) = uy(x),

u(t,x) = g(t,x),x € aQ.

EREMERE : ERBENZRFRE
o BRENHE o RSN
o BHTE AR MBI B4
: AL LRI RAECER
i LA (MBI
EREETSERIRR : ALEEESE :
o XHEE BEuKER o FBNZTEAREFCEEEYL

o ZRTWHDRFM

(RS9I

2025/2/22

47




) FH ALK fi# PDE 1] E@(Z)

BFRE: '
L RIS (SR ) TR
% BRSNS

FI2A0RE | el
RS (RYEF0EE) ) |
ﬁ?@ﬁ%&lm{l(l

2. FBRSHEROFRFE (FH)
RTHRARE ()

3. NeSESEPREOARE , 1§

mmlmtﬁ&/j\ﬂ; : ;_L: :’ )
' e SERERAG

R - RORTEE (RKHR)

P11, BWREREN (¢, x; w)E RIEERu(L, x): z—‘:(t,x) + Lu(t,x) =0

[1) Singnane Justin and Konstantinos Spdopacios DGM A deep learming akporthm for solving u(t: o'x) =uo(x),
partal difterential equations * mucwmmusmm 13391364
[2] Lagars | E, Likas A Fotiadis D | Ariicial newal networks

-n—-mmmm:w | u(t,x) — g(t,x),x € aN.

|
I. Lagaris et al. Artificial neural networks for solving ordinary and partial differential equations. 1997.
https://arxiv.org/abs/physics/9705023

J. Sirignano, K. Spiliopoulos. DGM: A deep learning algorithm for solving partial differential equations. 2018
https://arxiv.org/abs/1708.07469




FI| FHAISK i PDE ] 25 (3)

BFEE .
1 FUDMSRIE (R ) RS TTRAR |
FIERMSH ( BEE

RIBAIBA RS
6) , AN HERORME (S8 )

2. FIBNSHERARSY (R ) @iHR%E
()

3. NeHEEPRIHOARSE , EEERMEIELL
{ERBHHTR/ MRS (RIN) | (EERE
WS TEA0R,

2. ARERERFEEXRLES

J(t,x;w)

2

2
vy

aN
a(l. x;w)+ LN(t,x;w)

+|INGEx:w) - g€ D15, +[INO,x:w) - ug(D)|
L

[0.T]x2,vy

2025/2/22 19



FI| FHAISK it PDE ] 25 (4)

B8 :

1 FUBMERIE (R ) NS 7R
BRI NG T TERAVSE ( Fiimes
8, A SEMAEIE ( He) ;

2 HERALSERLAG: () @R

3. NBHEEPREEAARE , EEREIELL
(ERBHHTR/IMUIRSRE (RIN) | (EBRE
Vi Copatiin) 8

¥3, REFECIRIERE
J(spw) = -Z(a' (e, x;;w) + LN(t;, x; W)) + -Z(”(ﬂ z;w) - g(1,2)) ""‘Z(N(o Yow) - “o()’l))z
= =

Heps, = {(t, xp), (71, ), yiYie1 AV, vo, v PREEFRBER, w < al'zm‘en](sl.u')
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BUE T VR IR S I DLT (1)

BF38 :
1 ﬁﬁ@ﬁﬁ% F RS RIEIT BT E ( BRASES ) PRELAT

2. ﬁﬁﬁ%ﬁ%ﬁﬁﬂﬁﬁﬁ%m.
3. RTHRERE)ISHEMS , FERIELNS R,
1. R CUEETT AP AR
e A YAl -] FUFARIBIL B v u SHELAH VIR
3—1:(t,x) + Lu(t,x) = 0,(t,x)
€[0,T]x0Q
u(T,x) = g(x) @_‘ et
BRALISIER

Upsy = Up + At(—Lu(t,.,x))

B ruhBMaEu R Sl BB,
AT,
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MEHE I T 1

5 -
BRNSHEERN , CHMNMIE , FENSIRPRANSHE. RMNEIEH
{u(t,):t = to, by, } , SURR FEAETERNSHETE

ue(t,x,y) = F(x, 5,8, Uy, Uy, Uy, Uyy, Uy, ), (x,) €A R%, L €[0,T]
Ber SRR NN T,

MEN SRR RN ENEF R

1. BUESTIRMESHOMGIXR |
2. FBEEY 5 ZERNARE RS MBS DS ES AR
3. BEIERREMENEEIERNS .

[5] Bin Dong, Qingtang Jiang, and Zuowei Shen. Image restoration: wavelet frame shrinkage, nonlinear
evolution pdes, and beyond. Multiscale Modeling & Simulation, 15(1):606-660, 2017.
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[8] Xu ZB and Sun J, Model driven deep learning, National
Science Record (NSR),5: 1 (2018) , 22-24

[9] Xu ZB, Gao ZQ & Yang Y, Physical principle incorporated
autoencoder for inverse problems (2019)
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Simulate Learning Methodology (SLM)
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o FIGECRMFEISEN—NBSRENN.
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Y(z): Algebraic invariants

X(z): Geometric invariants
Jones polynomial

Volume Chern-Simons Meridional translation Signature

z: Knot

@ 2.0299 0 i 0 2ot -t
@ 2.8281 -0.1532 0.7381+0.8831i ) t-420 -t

@ 3.1640 0.1560 -0.7237 + 1.0160i 0 22—t 42 -2+ R A B T2 7]
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® Experimental result

® Computational prediction

https://mp.weixin.qq.com/s/95rG-vBJDOtdP4ymIECPgw
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Partial Differential Equation
(PDE)



Image as a Surface

single-edge image 3D visualization

If image can be viewed as a surface, it is then natural
to ask: can we apply tools to process this
surface (or its equivalent image signals)?

Courtesy of Xin Li



Geometric Formulation

* Image I: R°>->R may be viewed as a two-dimensional
surface in three-dimensional space, i.e.,

M:S(x,y) = (XY, 1(xy) cR®
1
ds® =dx* +dy® +dI* =dx® +dy® + (I, dx+ 1 dy)*
= (1+17)dx? + 21,1 dxdy + 1+ 17)dy?
]

d 1412 1
ds?=[dx dylG| . |.G=|" X
dy L1, 1+17

G: symmetric and positive definite matrix



PDE-based Image Processing

* Image as a function (surface)

The solution of a PDE Equation is uniquely

determined in Q) , if Dirichlet boundary conditions or
Neumann boundary conditions are specified on 0Q)

o>



Numerical Implementation of PDEs

n-1 n n+l Al _Im+Ln)-I(m-1n)
m-1 OXl(mm) or 2h
al ~ﬁl(m+1,n)fl(m71,n)
m O Kl 2h
1-4 I(m+ln+)-1(m-1n+1)
m+1 A ( oh
+I(m+1,n71)7l(m71,n71))
2h
Al _Im+Ln)+I(m=1n)+1(mn+1)+1(mn-1)—41(m,n)
‘(m.n)~ hz
or
I(m+Ln)+1(m-Ln)+1(mn+1)+1(m,n-1)—4I(m,n)
Al ~4 -2

Im+Ln+D)+I(m-L,n+)+1(m+Ln+)+1(m-L,n-1)—4I(m,n)
h2

+@1-2)
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Poisson Image Editing

Perez et al. Poisson image editing. Siggraph 2003.
https://www.cs.jhu.edu/~misha/Fall07/Papers/Perez03.pdf
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Poisson Equation

AD =—-4zGp(X,Y)




Siméon Denis Poisson

* His teachers:
* Laplace
* Lagrange

* Poisson’s terms:
* Poisson's equation
* Poisson's integral
* Poisson distribution
* Poisson brackets
* Poisson's ratio 1781-1840, France
* Poisson's constant




Siméon Denis Poisson

“Life is good for only two
things:

to study mathematics
and to teach it.”

1781-1840, France



Background

* Partial Differential Equations (PDE)
ECF, f. £, fo fyr £,,) =0

X1 y1 XX 1 Xyl

* The PDE's which occur in physics are mostly second
order and linear:

A-f,+2B-f,+C-f +D-f,+E-f +F-f+G=0



A f,+2B-f +C-f +D-f,+E-f +F-f+G=0

A.C < B2: * Hyberbolic

* wave equation: —iaz—f
Af = 2 42
Ve ot
A.C = B2 * Parobolic
* heat equation:
g—: =k - Af
, Elliptic
A-C>B": * Laplace equation:
Af =0

* Poisson equation:

Af =—p



Poisson Equation

Af =—p

o> 0
=—+
o°x 0%y

p=p(XY)



Boundary conditions
* Dirichlet boundary conditions: f |aQ

of
E |6Q

* Neumann boundary conditions:

o>



Existence of solution

The solution of an Poisson Equation is uniquely
determined in Q) , if Dirichlet boundary conditions or
Neumann boundary conditions are specified on 0Q

o 5 = = = VAl



Discrete Poisson Equation

4 L] L] L]
3 o 0 o °
7] 2 ™ o o 0 ™
1 o o) o °

0 ° . .
T — 0 1 2 3 4

Af =—p
a

fi+1,j + fi—1,j -2 f', fi,j+l T fi,j—l B




Matrix Nature of Poisson Equation

* Sparse linear system

-4 1
1 -4 1
1 -4 1
1 -4 1
1 -4
1

w N
=3 =

iy
N

T W
w N

nN
w

Tho TP Th TP TP Th Th Th —h
N




Poisson Equation Solver

* Direct method

* |terative methods
* Jacobi, Gauss-Seidel, SOR

* Multigrid method



Gradient Image
Processing



mage gradient

* The gradient of an image:
— [of Of
VI =55

* The gradient points in the direction of most rapid change in intensity

I v =[50 vi=[4
Vf_ f?f k

The gradient direction is glven by:
g = tgn—1 <8f /5L
* how does tnis relate to the dlrectlon of the edge?

The edge strength is given by the gradient magnitude

IVl = /(3D + (3




Gradient (£ E)




Gradients

X-gradient Y-gradient



Why gradients?

* Human visual system is very sensitive to gradient
* Gradient encode edges and local contrast quite well

* Method
* Do your editing in the gradient domain
* Reconstruct image from gradient



Cloning Gradient

sources/destinations

seamless cloning

o>



Variational interpretation

f*=argmin, HQHVf—VHZ St o= T o
F

0 0
1 Euler Equation: Fy T fo _5 ny =0

Af =div(v) st 7| ,= T |

V is a guidance field, needs not to be a gradient field.






Al =-p(X)

bOUndary

div of gradient




Poisson Image Editing

[Perez et al., Siggraph 2003]



Seamless Cloning

1 Precise selection: tedious and unsatisfactory

m  Alpha-Matting: powerful but involved

B Seamless cloning: loose selection but no seams?




Cloning by solving Poisson Equation

Al =div(Vl,) st 1 ]g= 15 |

| A lg




compose




Cloning Gradient

source/destination cloning seamless cloning



Cloning Gradient




change texture

=) 5 = = =z vao



conceal

A



mix lights




change colors




change colors




Seamless Tiling

T N G i R
rrrrr ﬁmaﬁ %i 4o %




More on Gradient-based
Method



Gradients and grayscale images

Grayscale image: nx n scalars

Gradient: nx n 2D vectors

Overcomplete!

What’s up with this?

Not all vector fields are the gradient of an image!
Only if they are curl-free (a.k.a. conservative)

— But it does not matter for us



Example: Image Stitching










Pyramid blending



PDE based Image Processing



1. Mean Curvature
Envolution



Mean Curvature

Unit normal of this surface is
S, xS |, ,— v
N y) =S Ell D

15,78, I ,/1+|5+|5

@+12)-21,1

Mean curvature is ,
+1,@+1)

H ( ) _ XX y Xy
2 3/2
21+ 1, + Iy)
Theorem
Surfaces of zero mean curvature have minimal areas
2
(1+I )=2L 1L + 1, A+17) _

2 3/2
201+ 15 +Iy)




Discrete Mean Curvature
S(M) = [[J/det(G)dxdy = 1+ 17 +12dxdy

) @ minimize S(M) leads to
Euler-Lagrange Equation:

d | d I
—| —=2—=|+—| —=——=|=0
6x{,/1+|f+|§} 5}’[,/1+If+lf] )

Lo @+17) =211, +|yy(1+|f)_O

Xy xy

2 2\3/2
20+ 1, +15)

(B)



Mean Curvature Diffusion

Diffusion equation

_ IXX(1+Iy2)—2IXIyIXy+Iyy(1+lf)

!
t 200+ 17+12)%

Before post-processing After post-processing



Further Diffusion

After 3 iterations After 10 iterations



2. Image Inpainting



Image Inpainting

“Image Inpainting : An Overview”,
Guillermo Sapiro



Image Inpainting

“Digital Image Inpainting is an iterative method for
repairing damaged pictures or removing
unnecessary elements from pictures”

“Fast Digital Image Inpainting”,
Manuel M. Oliveira, Brian Bowen, Richard McKenna and Yu-Sung Chang



Image Inpainting: Modeling

Image example
QF Extended inpainting domain
Assumption: inpainting domain is local and does not

contain texture (complimentary to texture-synthesis
based inpainting techniques)



2.1 Level Line Based Method

* Joining with geodesic curves the points of the
isophotes (lines of equal gray values) arriving at the
boundary of the region to be inpainted

* Drawbacks
* Inpainted region should have simple topology
* Angle of level lines is not preserved



Example

ap




=3
LA

Extension i A2 '
[Siggraph 2000]

* Apply diffusion to the original image to avoid noise

* Updates to the values of pixels inside the region are made,
information propagated in the direction of the isophotes

* After every few iterations, diffusion process is applied

* Propagation of gray values and the isophotes direction is
critical

* Color images are considered as a group of 3 images and this
technique is applied independently to them



ldea

Propagate information

Evolutionary form




Comparison

aw




Examples




Examples




2.2 Variational Method

min J () =jQIE|va | dxdy%jQF\Ql |G —u[? dxdy

Total variation (TV)

U Restored image U degraded image

Rational:

The first term describes the smoothness constraint
within the extend inpainting domain

The second term describes the observation constraint



How to obtain the corresponding PDE?

Euler-Lagrangian Equation

—v-( vu ij(n—u):o

|Va|
E
Where ﬂE = A (X’ y) < QI \QI
0 (X,y) eQ,
!
TV-inpainting: a_u —-V. Vlf + Az (U—0)
ot |V |



Total Variation (TV)

vt = [ v

160] 200

10|

of
20|

0 100 150 200 250 300

Clean (TV small)

o 100 150 200 250 300

noisy (TV large)

Key idea: it is L, instead of L, norm
(minimizing L, will not preserve edges)



Inpainting Example

Image to be inpainted Inpainting domain (or mask)

llello! We are I’'enguin
A and B. Yon gnys 4
musl think (hal so many
words have made a
large amounl of image
information lost.

Is this rue? We
disagree. We are

more optimistic. The

(Courtesy: Jackie Shen, UMN MATH)



PDE: Thin Plate Energy

* Thin plate:
minimize second derivative

Data

minf/./ 2.+ 22,4 f2,dxdy

Membrane interpolation

Thin-plate interpolation
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“Life is good for only two

things: @ @

to study mathematics .
and to apply it.”
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Unit of £ is pixel/world unit.
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Image Unit: Pixels
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X, = KéRl\tng
x, =KER, \tzgx
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Point 1 Point 2 Point 3
Imagel x;= KéRl|tlHX1 X, = KSR1|t1E|X2
Image 2 x;=KER,|t,4X' x;=KER,|t,HX* x;=KER,|t,}X’
Image 3| x;=KER,|t;§X" x; = KER, |t,hX°

Same Camera Same Setting = Same K
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* Input: Observed 2D image position
ii X,
ilz X; ig

* Output: X; X3

Unknown Camera Parameters (with some guess)

ER, [t HER, [t,H ER,[t,H
Unknown Point 3D coordinate (with some guess)

Xl’XZ, X3,---
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A valid solution£R, [t,HER, [t,H,ER,[t,H and X' X X°,---
must let
x; =KER [t BX"  x{ =KER |t HX°
Re-projection - x;=KER,[t#X' x}=KER,[6,{X* x]=KER,|t,§X’

x; = KER, |t AX" x; = KER|t,4X°
X%

Observation OGS
~1 =3
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A valid solution R, [t,H.ER,|t,H,ER,|t,} and X' X* X°,---

must let the Re-projection close to the Observation,
i.e. to minimize the reprojection error

i)

. O O </ 1oé
minaalx/ - KER,
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A valid solution gR |ti.€R, |t,H.ER;|t.4 and X' X* X°,.--

must let the Re-projection close to the Observation,
i.e. to minimize the reprojection error

min Q& (5! - KER |t fx7)

J

Question: What is the unit of this objective function?



Fundamental Matrix

x,Fx, =0




Estimating Fundamental Matrix

* Given a correspondence
X, X,
* The basic incidence relation is s
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Estimating Fundamental Matrix

XlTFXZ =(Q for 8 point correspondences:

1 1 .2 2 3 3 L4 4 5 5 6 6 7 7 8 8
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Direct Linear Transformation (DLT)



Algebraic Error vs. Geometric Error

* Algebraic Error
min Af]|
* Geometric Error (better) Unit: pixel
o . )2 . 2
min ad(x{, Fxg) + d(xg, FTX{)
J

Solved by (non-linear) least square solver (e.g. Ceres)



Solving This Optimization Problem

* Theory:
The Levenberg—Marquardt algorithm

http://en.wikipedia.org/wiki/Levenberg-Marquardt algorithm

* Practice:
The Ceres-Solver from Google

http://code.google.com/p/ceres-solver/




Ceres-solver: A Nonlinear Least Squares Minimizer

Toy problem to solve  min (10 _ x)2

class SimpleCostFunction
: public ceres::SizedCostFunction<l /* number of residuals */,
1 /* size of first parameter #/> {
public:
virtual “SimpleCostFunction() {}
virtual bool Evaluate(double const* const* parameters,
double* residuals,
double** jacobians) comst {
const double x = parameters[0] [0];
residuals[0] = 10 - x; // f(x) = 10 — «x
// Compute the Jacobian if asked for.
if (jacobians != NULL && jacobians[0] != NULL) {
jacobians[0] [0] = -1;
}

return true;



Ceres-solver: A Nonlinear Least Squares Minimizer

Toy problem to solve  min (10 _ x)z

int main(int argc, char** argv) {
double x = 5.0;
ceres: :Problem problem;

// The problem object takes oumership of the newly allocated
// SimpleCostFunction and uses it to optimize the value of .
problem.AddResidualBlock(new SimpleCostFunction, NULL, &x);

// Run the solver!

Solver: :Options options;
options.max_num_iterations = 10;
options.linear_solver_type = ceres::DENSE_QR;
options.minimizer_progress_to_stdout = true;
Solver: :Summary summary;

Solve(options, &problem, &summary);

std::cout << summary.BriefReport() << "\n";
std::cout << "x : 5.0 -> " << x << "\n";
return 0;



Ceres-solver: A Nonlinear Least Squares Minimizer

Toy problemtosolve  min (10 _ x)z

0: £: 1.250000e+01 d: 0.00e+00 g: 5.00e+00 h: 0.00e+00 rho: 0.00e+00 mu: 1.00e-04 1i:
1: f: 1.249750e-07 d: 1.25e+01 g: 5.00e-04 h: 5.00e+00 rho: 1.00e+00 mu: 3.33e-05 1li:
2: f: 1.388518e-16 d: 1.25e-07 g: 1.67e-08 h: 5.00e-04 rho: 1.00e+00 mu: 1.11e-05 1i:
Ceres Solver Report: Iteratioms: 2, Initial cost: 1.250000e+01, \

Final cost: 1.388518e-16, Termination: PARAMETER_TOLERANCE.

x:5->10
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SIFT Matching
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Keypoints Detection

& keypoints

match . [UNCOONAL essentel ~[RIY — triengulation 1
|

T A matrix matrix A kb
keypoints 2 )
ket | @



Descriptor for each point

SIFT
descriptor

SIFT
descriptor

7 keypoints

fundamental
match—

T matrix
ﬁ%keypomts 7

essential
matrix

—[R|t] — triangulation —:

e =



SIFT SIFT
descriptor descriptor

SIFT SIFT
descriptor descriptor

> keypoints

match— fundamental_) essential —[R|t] — triangulation —: 'Uﬂ
\

T A matrix matrix A kb
keypoints 2 )
ket | @



Point Match for correspondences

SIFT SIFT
descriptor descriptor

SIFT SIFT
descriptor descriptor

> keypoints

match . fundamental_essentil —[R|t] — triangulation —: Iuﬂ
|

T A matrix matrix A kb
keypoints 2 )
ket | @



Point Match for correspondences

SIFT SIFT
descriptor descriptor

SIFT SIFT
descriptor descriptor

> keypoints

match . fundamental_essentil —[R|t] — triangulation —: Iuﬂ
|

T A matrix matrix A kb
keypoints 2 )
ket | @
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Another Example
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Other Intrinsic Camera Parameters

* Principle point offset
* especially when images are cropped (Internet)

* Skew
JAEY YRS
K=¢0 f 0 ~K=§Ofypl}
§0 0 13 §0 0 1§
* Radial distortion (due to optics of the lens)

2 _ 2 _ 2 2
=[x =2ty

X' =+ kg’ +r)x

" before after



Other Camera Models
o 2,

* Fisheye

* Mirror

* Panorama

* Tilt-Shift Lens
* Biological Eyes

in .;Qlk;uufy;ulg‘;;".

B e —

http://sun360.csail.mit.edu




Recap: SFMedu Program with Code

Download from:

http://3dvision.princeton.edu/courses/SFMedu/

COLMAP: SIMFIMVSHEIFIEE
https://github.com/colmap/colmap

https://colmap.github.io/tutorial.html
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FFEER - agpeR
g - LtHEBEafaREKARM Logistichl{E
x(t) = f (x) = rx(l—%)
r~EHEKE N-RAKEE
- BB R ES RSB EMIEL
h(x)=Ex, E~###738%
2R i F(x)= f(x)-h(x)

BEERAT v EOo) = re(l— X
Mif B HE X(t) F(X) I’X(l ) EXx

* NREKRMEX®), 5 %‘%’»‘ﬂﬁﬂ%%%ﬂ’]%#
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X=F() () —BiEsi (88) HE

FOO=08tx, WATRIM TR X =0=X=X,
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F'(x,) >0=> x, N (4(2), (1)
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Discussion
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BUNES yRIELL ) )
Z ST RIS R d y = —dy
REZHOFETERRD, |

t) =—(d —bx)y = - 2
s mEE W (d-bxy=-dy+by ()

a~HRERNREESN b-REHFHREED
71E(1).(2) TTREHTRE



VolterrafRBIASEE m R EISE

X(t) = (r—ay)x=rx—axy REMSF
y(t) =—(d —bx)y =—dy + bxy _{r—ax _ax }
/R p(d /b, r/a), P'(0,0) by —d+bx

A‘ B 0 —ad/b p=0, g>0
" “lbr/fa 0 P: 55N

A‘ |r 0 q<0
" 1o -d P Rz

PR EEAEAIELIZEERES T



t

0
0.1000
0.2000
0.3000

5.1000
5.2000

9.5000
9.6000
9.7000

X(t)
20.0000
21.2406
22.5649
23.9763

9.6162
9.0173

18.4750
19.6136
20.8311

y(t)
4.0000
3.9651
3.9405
3.9269

16.7235
16.2064

4.0447
3.9968
3.9587

RAEBFRAEMATLABRM 2 77 R EERE

a 20 40 B0 S0

x~y H B



RiE-#HRERE(Volterra)

%(t) = (r—ay)x y(t)=—(d —bx)y
HHAR (HE, B
1L Bg, BN

x(), yOZ BRI, HEXy)2HF %
x(1), ORI IS 49.6
Xmax® 09.9, Xpin® 6, Ymax® 20.5, Ypin= 3.9
REERDTHEE x(1), yO—FHRF5{E:
X()EYEELY A 25, y(O)RIFIIEL A 10,



AtEZE S P(d /b, r/a) SRz
X=X gdr dx _ x(r—ay)
yt)=(-d+bx)y = dy y(-d +bx)

ﬁ> d)—(kbde: r yay

:> —dInx+bx=riny-ay+c,

o (xfe)(y'e ™) =c
LSt C BI¥IIAKHTE

dy



FBIEIME ST P(d /b, 1/ a) SHSEN

(Xde—bX)(yre—ay) —C
I

f (x) a(y)
Bk f(X)g(y)=c

EEF I LLieiEhZaER
£(0)=f(x)=0, f(x)=f % =d/b On

9(0)=9(x)=0, g(¥y) =9, Yo=r/a

0 yo y
c>f 0, BEHEHELE UT& c<f,0,



B f (Qg(y)=c

B e m g e
0 X % X X 0 Y1 Yo Y2 y 0 xX X % XX
c="f.0, 0 Xx=X.y=Y, [ HEHLZBLAPR P-Hil
c< 0y ) Be=pg, 2y=Y,0)9(¥) =09, f(X)=p<f,
E> FFAEX XXy, 15 f(X1)=F(x,)=p E> Q1(X1,Y0),Q2(X2:Y0)
Fgxelx,x,] fXa(y)=p9, f(x)>p 9(Y)=a<9,

O Y <Yo<YofEO0)=005)=0E  Qa(xyr), Qu(x.y)




FRHESESHT P(d /b, r/ a) SisEtt
S Emmg () X0 yORBHEKELIC T)

RKx(1), y(t) E—EEINFEHE X, Y y(t)=(—d +bx)y

:-j (t)dt_—j ( +d)dt x(t)——(y+d)

1 Iny(T)—In y(O) dT o
__I_( - + b) E>X—d/b
XA)=(r—ay)x [ «eee ny=rla

9 oy

s 0 Yo) X =d/b, yo=rla 0 X=Xy, Y=Y,



1RBIRERE

X(t) = (r —ay)x
y(t) =~(d -bx)y

FE (%0, Y0)
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N

x) Ty T
x4 y@) T
x4y d
x() Ty

0 20 40 60 80 100 120

x(t) By “FEAC" G5 (1)




ﬁﬁ!ﬁﬁ% 20— P(d/b,r/a)
weE " =/
¥82 °  a . |
r~ A R T ——
A HAEEBAEES .

o 200/ba 60 80 100 120
BRERESREN, SahEHk

B 0 oWEERLR

5 b~ R B
SEKESIRE, SoRKH



BRI shs W A R TR,
R ERRhReWLAMERN, KA
BARHE P(X,Y) >‘<=d/b,y=r/ay

P(X.§
Wi ror-g, dod+g ng)

| X >X%, ¥, <Y PP o
A L ey B
wis e dod+s,, 6 < g s

)%, <%,y,>y, Rop REEGED,
WRE(Ra)En

PP ZERA: ¥ER(RE—FRGERSE) RS,

FERARBMANREF, SESHREM, SHED.



BiE-HaEIEE (Volterra) HER = S
ZHRIEHRERGEUERZBHES,
EEEENTERS, IFERELES

Volterrat&®  X(t)=(r—-ay)x y(t)=—(d-bx)y
X,

X |,
_-’ ()= ”‘(1 UNJ z(t)=r2x2[—1+alej

MLogisticR 1.1

X,(t) = rx(l_Nl Gl)\(lzjx(t) rx[—1+a l)\(|_l)\(|2j

1 2

AREFES



RIB-AREERE(Volterra) BRI S5ER#H
- ERZLRH A MZ, SHIFIRE—BEBRXE
— &M%, MHAND—FARL, FREFRR.
- BAFFAENBAUTTEESRAEREMREN,
BR=AEER, ARBHAERERERR.

X X X
x()=rx|l-—=*—-0 —2 x,()=rx|-1+0c 1
1() 11[ N1 11‘|‘WX1) 2() 2 2[ 21+lej
r,=1, N1=20, 0'1=O.1, 30 S

W=0.2, r2:0.5, 0'220.18 20 E\\
HMSHERRE - K > S
() gEiateE o

10 15 20



FAFREHRERIRI LR

tHE=RSH
) _ XX . B X X
Xl(t) - rlxl(l Nl O, NZJ Xz(t) - rzxz[l o, Nl sz
tHE&E

X, X, X
X, (t)=rx|£l-—+ X, X,t)=rx,|tl+0, =+ -
,(t) [ N ) (1) [ y J

1 2

Xl(t):rlxl 1_i_01_2 Xz(t):rzxz —1+O'2i—£
N, 'N N, N
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*1) BEESAEEZEUABLERR,

*2) ZUEAGAEZEREGE, BREIMENFTEN,
°3) GMEANFEEFEGR. ESTEFMEA
%, RAZWINE,

«4) ZEHEUBMRIHITENTZE, €56

THENTRENBHECRERE, SERUEFRE

HIHEARTRE,

°5) AGAEZNTERENELT, BT UEREE
BEE, EEIRENESHIEEREFRERN
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2. Logistic[g] )3

Logistic Regression Example

20

15

10
« Boundary

s « False samples
« True samples

0

-




Logistic[o] 3
. LogIStIC[EE”_/Z_}Eﬁ:.F/\*I—JEE

K Iﬁﬁ’l iog ﬁ%ﬁ
ﬁm@%ﬁgﬁﬁ ﬁﬁﬁﬂ% mm?h

.E#E @ﬁ E%ﬁﬂ%ﬁ%§%%§x§

-@%l Emﬁ EFEE, NFE HFLogistic[l



3. I¥[E] 7 (ridge regression)

* XIREEE, HERENE (Tikhonov
regularization)

C B ABARHER—MREE, KRR
BEiRZE (T£E)

BN _TRAR

= argmin ||y — X313 + A |33
BERP N et ——

Loss Penalty




I=qEVE

« 1) BREHEISN, BEEHARE SR/ ZEE
V348 =],

«2) ERSGETHXRELDNE, BEXERIEF, X
FIAEANEBFIEIRFEINGE,

. ?Ji XE—PNENETE, FEFEAE L2 EN



A4 E%Z O]9 (Lasso regression)

« BfR E—ESEETERSTE. FANED
EEX, HIHESEELTE,

s MEEMNNEEZPIEETE (FDEF)

= argmin |y — X813 + A |13l
BERP N, \V}

Loss Penalty

=
A
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« 1) BREHISN, XFEEMARESRNFE
EVEES S

*2) ERRBEREBERE
BB T4 L,

*3) XE—ANENLTE, FHNZ L1 ENYL,
«4) MR—ATNAFESEEXH, ERES
SEEHEP—PMRFHEBEECETREAE.

(FTE) , X#HEL
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5. ElasticNet [@] )3

* ElasticNet B I3 & R [ F3FIE B3 A9H 51,
CEELFEA LL A L2 B ENCEERE#TTISk

.
[N
S~—

ERERREENBRAT, ERFEREN

>

~—

EFETENE B LHRS;

*3) UK NEWLE.
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 FIERE RAITENXRNFN

s LRAEREPINEHN R PIABRIEIRSE,
MABEITTEXNSE, R- ~square, JE#X R-square, AIC,
BICAZIZEIN, H—E Mallows’ Cp AN

« ZAXIGUE: T ET 9”]7]‘%#”???9']733 HBREIEE
DRI (—hRTZ, —hBETRIE) . &H
%/I)-[ME%D%H/)HMEZ 8] El]i/jﬁ%ﬁﬂj- |5'%L1§TE§’H/)HIJ7FE

« BFIENMLTTE (ER, I§HElasticNet) 724K
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HFERNBELFGE  nEsic WMo

HTEUENABRENERRAMAREERBRE,
TENTERENERENERKR, B ATFHEN
ERNBFRE,

BE N BRI GE T, HHSEEU S RFNRE
EAREZRGT T E I AR E A — KRR
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1 FEREEE

B 2IFEHEESNE. MERAZERER

M NEREN SRS SRA TR T EHER
KR TIONMHERMALRITEHER. Hirig.
ITERA, REREE REXFEFNFEHIEH

wWE | A23H | HEIR | TEHA | filgx | HEER
Bf | &Gt | EGe) | BAx®) | B | (EFEX)
1 3.85 3.80 5.50 -0.05 7.38
2 3.75 4.00 6.75 0.25 8.51
29 3.80 3.85 5.80 0.05 7.93
30 3.70 4.25 6.80 0.55 9.26




HAE8
y~AEFEHEE
x-HE REAATHEE
Xf’&ﬂf%ﬁﬁﬁ

Yy =By + BiX + BoX, +183X§ +é&
y-ERETE (BETE)

X1 X2~ﬁg$¥7ﬁ<§(ﬁl)3 TE, ?E)

Bos By By B ~EIRR I

&ﬁﬂﬁ%(ﬂﬁ%gﬁ
IEEN YL E

le

95
9
85

8

-0.2 0 0.2 0.4 0.6

Xy
y:ﬂ0+ﬂlxl+g

le
95¢ o
8 6
9 %8
8.5 o o
s
8 o o v - -8
O
75F —g—
7 0]

5 55 6 6.5 7 XS

2
Y =060+ 05X+ BX; +é&



fEBIKRAE  MATLAB Gt TR
Y=L+ BiX + SoX, + ﬂ:;xz2 +& BB yx IETTA
[b,bint,r,rint,stats]=regress(y,x,alpha)
WA y-nHEEE W o~A A
x=[1 X X X| ~nx4# bint~bfyE{SX[d]
R B AL1mE r~FZEEy-xb
alpha (Ef§7K¥,0.05) rint~rfEEX[8]

S SEETHE BEXE

Bo 17.3244 [5.7282 28.9206] Stats~
By 1.3070 [0.6829 1.9311] | HRGITE
B -3.6956 [-7.4989 0.1077] RZF, p
Bs 0.3486 [0.0379 0.6594 ]

R?=0.9054 F=82.9409 p=0.0000



SRR = By + BX, + BoXy + BXo + &

S8 SEEHE EfEXE

Bo 17.3244 [5.7282 28.9206]

B 1.3070 [0.6829 1.9311]

i3 -3.6956 [-7.4989 0.1077]

s 0.3486 [0.0379 0.6594 ]

R?=0.9054 F=82.9409 p=0.0000

yA990.54% ] HIEETE FZiBidFREIETE
piz/NFa=0.05 RENER F B
LHERXEERTR X, X EEEY i
(Gim=EET SRIE) -2 RN E
XS E & xR B AR



HESEFM -5 + s+ B, + Bx
MrigEX =K e RIS 1rigx,
faitx, WX, [ #BHx, O EiEdx, x iy
EHNigEX=0.27T, VAT EHHEX,=65077 7T
Y = By + BiX + %, + ox2 =8.2933 (A )
HEEWMX 8% [7.8230, 8.7636] (E{FE95%)
FRRACEFEENBEIRE TRAXEEAINAER

=Hh1x,=3.9, ®EX,=3.7, M [L95%HyEiE%n
BT 7.8320x3.7229 (BAxE) WME



=Bl
X, FIX, 3y
A9 8 M Sk 7
L
X, FAX, Xy
MEmA
XEHEEA

2
y ::Bo +ﬂ1X1 "‘ﬂzxz "‘:83)(2 t+é

S8 SEETHE EfEXE

Bo 17.3244 [5.7282 28.9206]
B 1.3070 [0.6829 1.9311]
B, -3.6956 [-7.4989 0.1077]
bBs 0.3486 [0.0379 0.6594 ]

R2=0.9054 F=82.9409  p=0.0000

2
Y =0y + BX + BoXy + BX; + B X, + &

S SEHITHE EfEXE

B 29.1133 [13.7013 44.5252]
b 11.1342 [1.9778 20.2906 ]
B -7.6080 [-12.6932 -2.5228]
Bs 0.6712 [0.2538 1.0887]
B -1.4777 [-2.8518 -0.1037 ]

R2=0.9209 F=72.7771  p=0.0000



PIRBHE SRS
EHMEEX=027T, BN EHX~65BAT

y=8.2933 (BAX)
X j&] [7.8230, 8.7636]

- S 5 52
Y =By + BX + ByX, + BoX

A L y=832T2(EFR)
Y =By + X+ BoX + BaXs + BiXX,
X |g] [7.8953, 8.7592]

y BRHLEHN TN X &) K 2 52



PRIRBLY 5x,,x, K RAILLER
y= :Bo + :81)(1 + :82)(2 + :83)(22 =5 +ﬁ1x1 +B2X2 + 183)(22 + :84X1X2
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&E‘lﬁm%uﬁlﬂgiﬂi‘e y = ﬂO + lel +IBZX2 +IB3X22 + B4X1X2

#1362 x,=01  9],0, = 30.2267 — 7.7558x, + 0.6712x’
#4652 x,=03  I|,-05 = 32.4535—8.0513x, +0.6712x;
() () 105 y
X, < 7.5357 ) 9503 > J|x01 y
| s BaERE R _
I N 03 7/x1=01
AT SN E EIE M 6
( ij(:.F6E7i7TC) 75, . . s X2
IR &SN R MEERINERER &

B E A ) SRS R AR



LIRSS

y = [y + BiX, + BoX, + BoX X, + 184)(12 + 185)(22 +é
MATLABHH S rstool HIE KR

10
95
Predicted Y
8.3028 or
- 85+ B
0.25502 o
8t
75
0 0.2 04 55 6 6.5 7
Export >
0.2 [
Full Quadratic  +
Close Xt]_ MZ

M&i Export o[1% IB = (ﬁO’ﬁl’ﬁZ’ﬁS’B4’ﬁ5)
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AR HFEANRERER
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2 BHFARARRIFHE
BEUYRBMRFESHD. BERE. HEFEENXR
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PSR v-#E, x-HF (F)
X,=1~ EBAR, x,=0~ FEEAR

5 TF¥ o«

By 2=KF

3:E_I%_ X, = {l’

i

oo [> KE¥: X,=0, x,=1;
o EE: X,=0, x,=0

REEM—EHSNEKEEEG
B, HE. AHZELXEER
LHEIFEB y=a, +ax +a,X, +aX; +a,X, +&

B0, Ay - AEIFETEARE, EREHIRE



=1 I~ J—
IRBIKAE y=a, +ax +a,x, +aX, +a,X, +¢&

8 SRIHHE BfEXE

a, 11032 [ 10258 11807 ]

a, 546 [ 484 608]

a, 6883 [6248 7517]

a, -2994 [-3826 -2162]

a, 148 [-636 931]
R2=0.957 F=226 p=0.000
R2F, po> HREVE(K | o] A

x,~# 7 (5F) B x=1,X,=0;K

X, =1~ EH, X, 2 x,=0,x,=1; EG:

=0~ JFEE X3=0, x,=0.

R h1ES
EHEK546

EEARFES
6883

FEREEHEILE
= A9/2994

AFREFHSIULE
BH% 148

L, BEEXEHEETR,
BEATE!



CEEOME  BEMITAE EESHEMNAS
N~ A o . . n HE& 1 2 3 4 5 6
y=ao+a1x1+a2x2+a3x3+a4x4 %EE 01010 1
HEe=y-y BB 112 2 3 3

e 5RFBxMER e 5EHE HEFHANXR
0 1++1+* . i . ) 1 0 * $
:2000 M * - :2000 $

RESHNIE, SEHRA, B

BZ RT3 KE, B BEEALERY
6 EE B EHARE

NMERBRIEMER,SHE

—#, RERRM . X, X, B3 ELI



H—PAEE whnEEcSEEX, X, ER

Y =a,+aX +a,X, +a,X; +a,X, +a:X,X, +3;X,X, + &

S8 SEGIHE BEEXg m++¢ .

a, 11204 [11044 11363]  ofifssivi d.3%0.5,

a, 497 [486 508] ...

a, 7048 [6841 7255] e~x ()

a3 1727 [_1939 _1514] 10095 5 10 15 20

a, 48  [545-152] ;

a, -3071 [3372-2769] f * i £

a, 1836 [1571 2101] = = e-w& O
R?=0.999 F=554 p=0.000 sl =/ |

R FERUHE, FREEEPRKER HBRTAERRR
RESBrAZETR, EREELTH SERE (338) ki



ZEREHIRRNER

S8 S¥HIHE EEXE
a, 11200 [11139 11261]
a, 498 [494 503]
a, 7041 [6962 7120]
a, -1737 [-1818 -1656]
a, -356 [-431 —281]
a -3056 [-3171 —2942]
a, 1997 [1894 2100]

R?=0.9998 F=36701 p=0.0000
R?: 0.957 — 0.999 - 0.9998
F: 226 — 554 — 36701
BEFXEKEEME
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-200
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FRBINIE  §=4, 4% +8,% + 4, +8,X, +&X,X + &%,
HITRMEE —HEFHEA RN EfM"#H <€ KHA0)

x=0; x,=1~EH, x,=0~ FEE
R x,=1,x,=0 5 K%¥: x,=0,x,=1; EE&: X,=0, x,=0

e EBE #HB E% “EAl#E
1 0 1 ay,ta, 9463
2 1 1 a,ta,ta,ta, 13448
3 0 2 a,ta,
4 1 2 a,ta,+a,+a, 19882
5 0 3 a,
6 1 3 ayta, 18241

AREEEEEARNLESEEEBARNHESS
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HABERN (BEARY) TERBENR
REESEY (R TRE 2% RGHH
BUMSER, RBIBERNNEESE
MIRENRAELBRMESE Y GHXER
B i TEASE : MATERBRLE; Bk
xE CERERLE. SBREELTR
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L IRE

X
y:L E> l:i+&£:91+g21
B2 +X Yy B BX X

B, BAELE () X6, 0%kt
ZIERBERLEEILREREOMLTER

2 | SEMhTHE (X103) | BEffX[E (X103)

5.107 [3.539 6.676]

01
6, 0.247 [0.176 0.319]

R2=0.8557 F=59.2975 p=0.0000

b, =1/6,=1958027  f3,=6,/6,=0.04841
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EEMHERSHGIT vaTLAB g TER
[beta,R,J] = nlinfit (x,y,’model’,beta0)

WA x-BEBEEEE | AX  peta0-fifif

y ~-EEEXERE L, +X EBEHITER
model ~EBERHNFRHEMXHFR X L y=
betal ~%E RS K W1E beta0=[195.8027 0.04841];

B beta ~S¥HEIHE [beta,.li,J]=nIir.1fit(x,y,’f1 ’,.betaO);
R~B2, J & betaci=nlparci(beta,R,J);
MR =pyJacobidEpe  beta, betaci

betaf B X g function y=f1(beta, x)

betaci =nlparci(beta,R,J)  Y~Petall)x/(beta(2)+x);
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A simple question

Q: How to see inside the human body noninvasively?

Tomography
(BT =/ BT ER)

Courtesy of Prof. Chao Tian

o>



Computed Tomography (CT)
TEVREES . (TEVIMENR
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CT: A. Cormack and N. Hounsfield
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1979, #®B T IHIURK



Medical imaging techniques

Biomedical
Imaging
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Principle

Anatomy of a CT scan

CT scanners give doctors a 3-D vi
a dose of radiation that can be

w of the body. The images are exquisitely detailed but require
0 times that of a standard X-ray.

Direction Computed tomography
of rotation are ridE b vokaling
am around the
Rotating X-ray ging the

fy
source ies of slices that a

er stitches together.

Fan-shaped —

X-ray b
Motorized o

platform

CT scan

machine

|
Craeze Rotating X-ray
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Solution

* Tomography
* Reconstructs a function using line integrals
* Goal: recover the interior structure of a body using
exterior measurements
* Routine for medicine, earth sciences

Image taken from http://media-2.web.britannica.com









Necessary Mathematics

* Line integrals are integrals along a line

* Coordinate system: (x,y)->(6,t)

©: Angle, t: distance along source
* Fourier Transform: F(w) = [f(t)ei™wtdt

F(u,v)=[ff(>

Rl 1)

Image taken from http://www.mindef.gov.sg



Image reconstruction through backprojection

Problem description: Reconstructing an image from a series of projections

Forward projection Back projection

Absorptic nprml

\ e

00 Beam

90°



Image reconstruction through backprojection
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1. The Radon Transform (EFZ&4rik)

A. Forward projection , o

3 A poin{ 8(pj %) in
The normal form of a line Somplete projeaion. £00. 90

for a fixed angle — N\ A
xcosf + ysinf = p .' o\

The line integral is the Radon transform

L(pj, 0x)

g(p,6) = / / f(x,y)d(xcosf + ysinf — p)dxdy

= The right side indicates that the integral is computed only
along a line.

= The Radon transform is the cornerstone of reconstruction
from projections.

In the discrete case L

M—-1N-1 \
g(p,0) = 2 2 f(x,y)8(xcos @ + ysin® — p)

x=0 y=0




Example: Interpreting sinograms
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B. Back projection

The image from a single backprojection is

V' A point g(pj. 8;) in

~_Q the projection

GA\
X

L\ /L(p,‘ )

Complete projection, g(p, 0;),

for a fixed angle — N\ ) \
fo(x,y) = g(xcosB + ysin @, 0) ¢ X\ ;

The final image can be formed by integrating all
back-projected images

f(x.y)=£fe(X-)’)d0

In the discrete case,

Fous) = Sihlr)
=0




Examples: Back Projection
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3. Image Reconstruction: Filtered Back Projections

A. The Fourier-slice theorem

G(p’ 0) = [F(ua v)]u:mcos 0; v=wsin

= F(w cos 6, @ sin 0)

2-D Fourier

Proiecti transform
rojection ~ . F(u, v)

1-D Fourier
transform




A. The Fourier-slice theorem

The 1-D Fourier transform of a projection with respect to p is

G(w,0) = / g(p, 9)(’*’.27‘"/7 dp g(p,0) = / / f(x,y)8(xcos@ + ysin® — p)dxdy

00

» OO p OO » OO
G(w, 0) = / / f(x, y)8(xcos @ + ysin — p)e ™ dx dy dp

o OO OO p OO
/ / f(x, _\-‘)[ / 8(xcos 6 + ysin@ — p)e>mr dp:| dx dy
J=00 J=0C J=-0

» OO p OO

/ f(-\', ’\r’)()_/3ﬂ<.)(\'c()\'ﬂ1 y sin 6) dx (i)’

—00 J=-0c

I

‘ Let u = wcosO and v = wsind

o< p OC
Y
/ fx, y)e 2™ gy dy
—00 J—00 u=wcos B; v=wsin

G(w0) = [F(ll‘ U)]u:mcos 0; v=wsin §

= F(w cos 0, w sin 0)

G(w, 0)

The 1-D Fourier transform of a projection is a slice of the 2-D Fourier

transform of the object.



How to reconstruct an image?

https://en.wikipedia.org/wiki/Radon transform

The Radon transform
Output: reconstructed image

Input: sinogram

—

Step 1
Fourier transform
each row

Step 3
2-dimensinal
Fourier transform

Step 2.
Rearrange rows
as diameters
of a circle




B. Filtered Back Projection (FBP)

The 2-D inverse Fourier transform of F(u, v) is
00 oo
flx,y) = / / F(u, v)e>™) qy dy
—-00 J=-00
‘ u = wcosh, v = wsing dudv=owdodd
2 00
flxy) = / / F(w cos 0, w sin §)e 27X <03 0+¥5in0) g, 44 df
0o Jo

The Fourier-slice theorem

2w o0
f(x. y) _ / / G(w 0)ej27r<u(.\' cos +y sin H’wdwd@
JO 0

‘ G(w, 0 + 180°) = G(~w, 0)

f(x. ,V) - / / |w|G(w. e)t,iZmU(.r cos 6+ y sin ) dw do
0 —00

[ poo Frequency
flxy) = / |: / |0|G(w, 8)e>m? de do domain
0 =69 p=xcosf+ysinp

* |wl|isaramp filter (R IEFEES) .




Filtering

Windowing with a smooth function helps decrease ringing.

>+ (¢ — 1) cos 2mw
Hw) ={° ¢ M- 1

0 otherwise

O=w=WM-1)

= ¢ = 0.54, Hamming window;
= ¢ = 0.50, Hann window.

Box filter

Frequency Spatial
domain domain

Hamming filter

Frequency
domain

Frequency
domain

v VSpaliaI

domain



Example: Image reconstruction using FBP

Direct
Backprojection

E [FE]

Blurring present No blurring No blurring
Ringing present No ringing

Original FBP (ramp) FBP (Hamming)




C. Iterative Reconstruction (IR)

Linear equations

»
:‘Q\\
o, f+o,f,+of+0,fy =D “\
onfi+o,f, +oyf+w,fy =p,
5
&
oy, L+ @y, T+ oy T+ ou Ty = Py s‘:,.‘\:sy‘
S (k)
pi_za)lnfn
foD = §00 4 o p=l w, i=12,--- M

X 2
> o,

n=1

* Algebraic reconstruction technique (ART)

* Simultaneous Iterative Reconstruction Technique (SIRT)

* Simultaneous Algebraic Reconstruction Technique (SART)
* Multiplicative algebraic reconstruction technique (MART)

V4

/

|t 4
L f30
4
A B 3 -
é I / C
TN
area of ABC

wj; for this cell =




FBP vs. IR

e FBP is much faster

* IR needs fewer projections than FBP and have improved image quality.

IR FBP

Geyer, Lucas L., et al. "State of the art: iterative CT reconstruction
techniques." Radiology 276.2 (2015): 339-357.



Example

* The imradon function reconstructs images from
projection data



Example

* Reconstruction with 36 projections




Example

* Reconstruction with 36 projections




Example

* Reconstruction with 90 projections
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* MR imaging time can be reduced (taking fewer
frequency measurements)

(nobelprize.org)
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ElRShSRE R
class Graph
{
public:
Graph ();
void InsertVertex ( Type & vertex );
void InsertEdge (intvl, intv2, intweight);
void RemoveVertex (intv);
void RemoveEdge (intvl, intv2);
int ISEmpty ();
Type GetWeight (intvl, intv2);
int GetFirstNeighbor (intv);
int GetNextNeighbor (intvl, intv2);

[m] [
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