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1�Ù XØ

ù�Ù0��Ö¤�9��Ü©êÆVgÚóä"�Ö?n�é�áu,�

�þ�m(vector space)"�þ´d�X�5�¤û½�é�§§�¹Â���L

·�Ï~¤`�/��k���þ0"�´vk?ÛN\á5��þ�m3¢S

¥´vk^?�"SÈ(Inner product) �Ú\¦�þ�m�±�AÛ$�Ú©Û"

Ïd§§´���þ�m���Vg§´¢SA^�Ä:"SÈ�±p�Ñ5�

ê(Norm)§?�Ú�±p�Ñål(Distance)"n<â�m(Banach space) ´�¹

¤kS��4�:�8Ü"3ù��m¥§�È©�$�´k¿Â�"òSÈÚn

<â�m(Ü3�å§Ò��
F�ËA�m(Hilbert space)"

§1.1 SÈ�½Â

SÈ�m´�5�êp�Ä�Vg§§��þ�mOV
���	(�"ù�

�	(���SÈ"SÈò�é�þ���Iþë�å5§#N·�î�/!Ø�

þ�/Y�0Ú/�Ý0§¿?�Ú!Ø�þ���5"SÈ�y
ü��þ�m�

�'5"

½Â 1.1 ��E�¥þ�mVþ�SÈ´lV × V�EêC�¼ê〈∗, ∗〉§Ï~�
P�〈∗, ∗〉V½ö〈∗, ∗〉"SÈ÷ve¡5�§

1. �5µé¤k�v ∈ V§〈v, v〉 ≥ 0§�〈v, v〉 = 0��=�v = 0"

2. �Ýé¡5µ〈v, w〉 = 〈w, v〉§é¤k�v, w ∈ V"

3. àg5µé¤k�EêcÚv, w ∈ V§〈cv, w〉 = c〈v, w〉"

4. �\5µé¤k�u, v, w ∈ V§〈u+ v, w〉 = 〈u,w〉+ 〈v, w〉"

e¡�ÑA�SÈ�~f§§��±�¤SÈ�m�y²3�SK"

~ 1.1 3n�E�5�mCn¥§év = (v1, v2, . . . , vn)§w = (w1, w2, . . . , wn) ∈ Cn§
½ÂSÈ

〈v, w〉 =

n∑
i=1

viwi.

KCn�¤��SÈ�m"

~ 1.2 32�E�5�mC2¥§�½���½�HermitianÝ
A£=A��Ý=

�Ý
�uA��¤§é?¿�v = (v1, v2)§w = (w1, w2) ∈ Cn§½ÂSÈ

〈v, w〉 = (w1, w2)A(v1, v2)T .

KC2�¤��SÈ�m"

1



2 1�Ù XØ

~ 1.3 �V´4«m[a, b]þ¤këYE¼ê|¤�E�þ�mC[a,b]§é?¿�¼

êf(x) ∈ C[a,b]§g(x) ∈ C[a,b]§½ÂSÈ

〈f(x), g(x)〉 =

∫ b

a

f(x)g(x)dx.

KC[a,b]3TSÈe�¤��SÈ�m"

SÈ�±g,p�Ñ�êÚål"

½Â 1.2 �½��SÈ�mV§§�SÈ〈∗, ∗〉V�±g,p�Ñ���êÚål"

1. p��êµ||v|| =
√
〈v, v〉§é?¿�v ∈ V"

2. ålµd(v, w) = ||v − w||§é?¿�v, w ∈ V"

k
ål§Ò�±½ÂÂñ"��S�{vk, k = 1, 2, . . . , }Âñ�v´�

||vk − v|| → 0.

é?��D��5�mX§�½a ∈ X§XJ�3��Ã¡õ�pØ�Ó�S
�{ai}¦�limi→∞ ai = a§K¡a´X�à:"X��Nà:�8ÜP�X

′
§PX =

X
′ ∪X¡�X�4�"XJX = X§K¡X�48§XJX = W§K¡X3W¥È

�"

�½��D��5�mX¥�S�ai§XJ?¿�½ε > 0§�3��êN§

�m,n > N�§||am − an|| < ε§K¡TS�´��Ä��"XJ��D��5

�mX�?¿��Ä��ÑÂñ�X�,����§K¡T�m´���§·��

¡T�m´��Banach�m"XJ��SÈ�m3¦¤p�Ñ5��ê¥¤��

�Banach�m§K¡TSÈ�m�Hilbert �m"

§1.2 L2�mÚl2�m

�!ò?Ø�aÃ¡�¥þ�m§§3&Ò�©Û¥AOk^§Ï�§�±L

«¤kUþk��&Ò£�Ü©&ÒÑ÷v¤"

½Â 1.3 éua ≤ t ≤ b§�mL2([a, b])L«¤k²��È¼ê|¤��m§=

L2([a, b]) =

{
f : [a, b]→ C,

∫ b

a

|f(t)|2dt <∞

}
.

I�`²�´§�Ö?n�È©Ä�þ´|^RiemannÈ©§�´3L2([a, b])�

m¥È©�½ÂI�^LebesgueÈ©5n)"Ï�·�@�f(t) = 0��=�f(t)3
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«m[a, b]¥Ø
��ÿÝ�0�8Ü	Ñ�""Ïd§
∫ b
a
|f(t)|2dt = 0�duf(x) =

0"
l&Ò?n��Ýwù�½Â�´Ün�§Ï���&Ò3,��á:��

�A5A�vk�od�§
3���mã¥�5�â­�"

½Â 1.4 �mL2([a, b])þ�L2SÈ½Â�

〈f, g〉L2 =

∫ b

a

f(t)g(t)dt, f(t), g(t) ∈ L2([a, b]).

3L2([a, b])�m¥§·��±?Ø¼ê�Âñ¯K§ùpkn«ØÓ�Âñ"

½Â 1.5 1. ��¼êX�{fn(t)}Å:Âñ�f(t)´�éz��t ∈ [a, b]Ú?¿

�½�ε > 0§�3����êN§¦��n > N�§k|fn(t)− f(t)| < ε.

2. ��¼êX�{fn(t)}��Âñ�f(t)´�é?¿�½�ε > 0§�3����

êN§¦��n > N§é?¿�t ∈ [a, b]Ú§k|fn(t)− f(t)| < ε.

3. ��¼êX�{fn(t)}��êÂñ�f(t)´�é?¿�½�ε > 0§�3���

�êN§¦��n > N§k||fn(t)− f(t)||L2 < ε.

��S���Âñ�±�ÑS��Å:Âñ§��Ø1"Å:ÂñÚ��êÂ

ñvk���'X"3?¿«mþ§��ÂñÚ��êÂñ�vk���'X§�

´3k�«mþ§��Âñ�±�Ñ��êÂñ"

½n 1.1 3��k�«ma ≤ t ≤ bþ§XJ��S�fn(t)��Âñ�f(t)§KS

�fn(t)��êÂñ�f(t)"��Øý"

y²���"

§1.3 ��Ú��ÝK

3îª�m¥§{u½né·�z�<ÑØ))§§£ã
n�/¥?Û��

Y�Ún�>�'X§�é{`§�½n�/�n^>§·��±^{u½n¦Ñ

n�/�����Ý"b½n�/�n^>�a§bÚc§éA�n���A§BÚC§

@o�A�{uµ

cosA =
b2 + c2 − a2

2bc
(1.1)

XJ·�òn�/�ü>bÚcw¤´ü��þ~b§~c§@oþãúª�du:

cosA =
〈~b,~c〉
|~b||~c|

(1.2)

ù�!òîª�m�{u½nÚ�ÝVgí2"�
½Â�Ý§I�ky²e

¡�Cauchy − SchwarzØ�ª"
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½n 1.2 �½SÈ�mV§é?¿�v, w ∈ V§·�k

〈v, w〉2 ≤ 〈v, v〉〈w,w〉, (1.3)

Ù¥�Ò��=�v, w�5�'�¤á"

y² w,§�w = 0�§du〈v, w〉2 = 0 = 〈v, v〉〈w,w〉§Ø�ª¥��Ò¤á"±
e�w 6= 0§l
〈w,w〉 > 0"�〈v, w〉 = |〈v, w〉|eiφ§dSÈ�5��§é?¿�¢
êt§k

0 ≤ ||e−iφv − w||2

= 〈e−iφv − w, e−iφv − w〉

= ||v||2 − t
(
〈e−iφv, w〉+ 〈w, e−iφv〉

)
+ t2||w||2

= ||v||2 − 2t
(
Re(e−iφ〈v, w〉)

)
+ t2||w||2

= ||v||2 − 2t|〈v, w〉|+ t2||w||2

u´§�Oª÷v

4|〈v, w〉|2 − 4〈v, v〉〈w,w〉 ≤ 0.

Ïd§Cauchy − SchwarzØ�ª¤á",��¡§XJ�Ò¤á§K�§||e−iφv −
w||2 = 0kV­¢�t0§l
e−iφv − t0w = 0§=v = eiφt0w§ùL²v, w�5�'"

��§XJv, w�5�'§éN´�yØ�ª�Ò¤á" #

�âCauchy − SchwarzØ�ª§�±½Âü��"�þv, w�Y�

θ = arccos
〈v, w〉
||v||||w||

.

~ 1.4 ù�~f5gÇ�P��5êÆ�{6¥�{u�q½nÚ#ª©a [1]"

{u½nÚ#ª�©aq�´ü�l\f�ØX�¯§�´§�(k;��éX"

äN`§#ª�©aé�§Ýþ��{u½n"Google �#ª´gÄ©aÚ�n

�"¤¢#ª�©aÃ�´�r�q�#ª���a¥£àa¤"O�ÅÙ¢ÖØ

Ã#ª§§�U¯�O�"ùÒ�¦·��O���{5�Ñ?¿ü�#ª��q

5"�
��ù�:§·�I���{^�|êi5£ã��#ª"

·�5wwN�é�|êi§½ö`���þ5£ã��#ª"éu��#ª

¥�¤k¢c§·��±O�Ñ§��ü©�c®ªÇ/_©�ªÇ�£TF/IDF)"

ØJ��§Ú#ªÌKk'�@
¢cªÇp§TF/IDF �é�"·�Uìù
¢

c3c®L� �é§��TF/IDF �üS"'X§c®Lk64000�c§3��

#ª¥§ù64,000 �c�TF/IDF �"XJücL¥�,�c3#ª¥vkÑy§

éA���"§@où64,000 �ê§|¤��64,000���þ"·�Ò^ù��þ
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5�Lù�#ª§¿¤�T#ª�A��þ"XJü�#ª�A��þ�C§K

éA�#ªSN�q§§�A�83�a§��½,"Þ��äN�~f§bX#

ªXÚ#ªYéA�þ©O´x = (x1, . . . , x64000) Úy = (y1, . . . , y64000)§@o¦�

�Y�θ�

cos θ =
x1y1 + · · ·+ x64000y64000√

x2
1 + · · ·+ x2

64000

√
y2

1 + · · ·+ y2
64000

�ü�#ª�þY��{u�u��§ùÒ`²ü�#ªéA�c®±9c

®Ñy�gê�����§=§���­E£^ù��{�±íØ­E���¤¶�

Y��{u�Cu��§ü^#ª�q§l
�±8¤�a¶Y��{u��§ü

^#ª�Ø�'"

~ 1.5 ã 1.1�Ñ
��¼êÚÚü�ØÓ��u¼ê�SÈ�ã�"5¿�3

ù�~f¥§XJ¼êCz�ª³Ú,�A½ªÇ��u¼êØ��§@o¦È�

¼êÒ¬k�kK§l
È©��Ø¬��",��¡§XJ¼êCz�ª³Úù

��u¼ê��§@o¦È�¼êÒ¬Ñyéõ��ê§l
È©��Ò¬'�

�"lù�~f�±wÑ§SÈ�N
ü�ØÓ&Ò��q5"

ã 1.1 ¼êÚü�ØÓ�u¼ê�SÈ§l��m©O´�©¼ê§�u¼êÚ

¦È¼ê�ã�"·��±wÑùü��u¼ê�OØ�§�´§�Ú�½¼ê�

SÈ�O'��"

3�Ý�½Â¥§k��AÏ�/§Ò´θ = π
2§=〈v, w〉 = 0§·�¡���

�"
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½Â 1.6 �V´��SÈ�m§

• V¥ü��þvÚw§XJ〈v, w〉 = 0§K¡vÚw��¶

• ü�f�mV1, V2 ⊆ V¡���§´�V1, V2¥�?����Ñ�p��¶

• ���þ8{vi, i = 1, 2, . . . , n}¡�IO��8´�||vi|| = 1�i 6= j�§viÚvj�

�¶XJ{vi, i = 1, 2, . . . , n}´V��|Ä¼ê§@o{vi}¡�V��|IO�
�Ä"

��5��5�m�ÐmÚÝKJø
O�þ�B|§Ì�(JXe"

½n 1.3 �V0´SÈ�mV���n�f�m§b�{e1, e2, . . . , en}´V0 ��|I

O��Ä§Ké?¿�v ∈ V0§k

v =

n∑
i=1

〈v, ei〉ei.

y² duv ∈ V0§¤±�3αi¦�

v =

n∑
i=1

αiei.

3þªüãÓ�éek�SÈµ

〈v, ek〉 =

n∑
i=1

〈αiei, ek〉

du{e1, e2, . . . , en}´V0��|IO��Ä§¤±þª�mà�ki = k��"§l


k

〈v, ek〉 = 〈αkek, ek〉 = αk.

=µv =
∑n
i=1〈v, ei〉ei" #

�±wÑ3�5�mV0�?����3IO��ÄeÑk�~{'�L�/

ª"XJv ∈ V, v 6∈ V0§�,ØU^{e1, e2, . . . , en}��5|Ü5L«"¤±��g
,�¯K´XÛ^�Ð�|Ü5L«vQºù�¯K�JÑÚ)ûÑ�±8��²

;�%CØ
"

½Â 1.7 b�V0´SÈ�mV���k���f�m§é?¿�v ∈ V§v3V0þ

���ÝK´����þv0§¦�

||v − v0|| = min
w∈V0

||v − w||.
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½n 1.4 XJV0´SÈ�mV���k��f�m§�v´V¥�����§Kv0´v3V0þ

���ÝK��=�v − v0ÚV0¥?¿����Ñ��§

y² P'ut�¢¼ê

f(t) = ||v0 + tω − v||2, t ∈ R.

é?¿�t§v0 + tω ∈ V0§,	§v0´v3V0þ���ÝK§¤±�t = 0�§f(t)�

�§�Ù�ê3t = 0?�0"q

f(t) = 〈v0 − v + tω, v0 − v + tω〉

= ||v0 − v||2 + 2t〈v0 − v, ω〉+ t2||ω||2.

l


f
′
(t) = 2〈v0 − v, ω〉+ 2t||ω||2.

¤±0 = f
′
(0) = 2〈v0 − v, ω〉"dd�Ñ(Øv − v0ÚV0¥?¿����Ñ��",

��¡§XJv − v0ÚV0¥?¿����Ñ��§Ké?¿�ω ∈ V0§

||v − ω||2 = 〈v − ω, v − ω〉

= 〈v − v0 + v0 − ω, v − v0 + v0 − ω〉

= 〈v − v0, v − v0〉+ 〈v0 − ω, v0 − ω〉

≥ 〈v − v0, v − v0〉.

l
v0´v3V0þ���ÝK" #

½n 1.5 XJV0´SÈ�mV���k��f�m§�§��|IO��Ä´{e1,

. . . , en}§�v´V¥�����§v0´v3V0þ���ÝK§Kv0 =
∑n
i=1〈v, ei〉ei"

y² duv0 ∈ V0§¤±�3αi, i = 1, . . . , n¦�v0 =
∑n
i=1 αiei",	§v−v0ÚV0¥

�z����Ñ��§l
v − v0ÚeiÑ��"=é?¿�i§

0 = 〈v − v0, ei〉 =

〈
v −

n∑
j=1

αjej , ei

〉
= 〈v, ei〉 − αi.

¤±αi = 〈v, ei〉" #

~ 1.6 �V0´d�mL2([−π, π])¥¼êcosxÚsinxÜ¤��m§¼êe1 = cos x√
π
Úe2 =

sin x√
π
3L2([−π, π])¥´IO���"-f(x) = x§Kf(x)3V0þ�ÝK´deª�

Ñµ

f0 = 〈f, e1〉e1 + 〈f, e2〉e2.
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Ù¥§

〈f, e1〉 =
1√
π

∫ π

−π
f(x) cosxdx = 0,

〈f, e2〉 =
1√
π

∫ π

−π
f(x) sinxdx = 2

√
π,

Ïdµf0 = 2 sinx§Xã1.2 a¤«"

~ 1.7 �V0´d�mL2([0, 1])¥¼êφ(x) = 1, 0 ≤ x < 1Ú

ψ(x) =

{
1, 0 ≤ x < 1

2 ;

−1, 1
2 ≤ x < 1.

Ü¤��m§ùü�¼ê´IO���"-f(x) = x§Kf(x)3V0þ�ÝK´de

ª�Ñµ

f0 = 〈f, φ(x)〉φ(x) + 〈f, ψ(x)〉ψ(x).

Ù¥§

〈f, φ(x)〉 =

∫ 1

0

f(x)dx =
1

2
,

〈f, ψ(x)〉 =

∫ 1

0

f(x)ψ(x)dx = −1

4
,

Ïd§f(x)3T�m���ÝKf0 =

{
1
4 , 0 ≤ x < 1

2 ;
3
4 ,

1
2 ≤ x < 1.

§Xã1.2 b¤«"

a. b.

ã 1.2 ��ÝK.

½Â 1.8 �V0´V�f�m§V0���Ö�m§P�V ⊥0 §´Vþ¤k�V0���

�þ8Ü§=

V ⊥0 = {v ∈ V : 〈v, ω〉 = 0, ω ∈ V0}



§1.3 ��Ú��ÝK 9

½n 1.6 �V0´SÈ�mV�k��f�m§éz���þv ∈ V§�±���L
«�v = v0 + v1§Ù¥v0 ∈ V§v1 ∈ V ⊥0 "=µ

V = V0 ⊕ V ⊥0 .

ù�½n�y²3���"

§1.3.1 Gram-Schmidt��z�{

�±wÑµIO��Ä¼êéO�¼ê�L�±9��ÝK�O�þÑ�5

4��B|§l
'�¯K´XÛ�E�|IO��Ä¼ê"e¡�Ñ�(J`

²§?¿�|Ä¼ê�±ÏLe¡�ã�Gram-Schmidt��z�{)¤�|IO

��Ä"

�v1(t), v2(t), · · · , vn(t)´L2[a, b]¥�|�5Ã'¼êX§Pψ1(t) = v1(t),

ψn(t) =

∣∣∣∣∣∣∣∣∣∣
〈v1, v1〉, · · · , 〈v1, vn−1〉 v1

〈v2, v1〉, · · · , 〈v2, vn−1〉 v2

· · · · · · · · · · · · · · ·
...

〈vn, v1〉, · · · , 〈vn, vn−1〉 vn

∣∣∣∣∣∣∣∣∣∣
±9∆0 := 1,∆n := det (〈vi, vj〉)ni,j=1§K

ϕk(t) =
ψk(t)√
∆k∆k−1

, k > 1´�|5���X§�

span{ϕi}k1 = span{vi}k1 , k = 1, 2, · · · , n (1.4)

y² dψn(t)�½Â§w,k〈ψn, vk〉 =

{
4n k = n

0 k < n
§Ï
§�k 6 n�§

〈ϕn, ϕk〉 = 〈ψn,ψk〉√
4n4n−14k4k−1

= 1√
4n4n−14k4k−1

〈
ψn,

k−1∑
i=1

βivi + 4k−1√
4k4k−1

vk

〉
= δk,n.

(1.5)

ùÒy²
{ϕk}nk=1�IO��5§qÏ�

ϕk+1 =
4k√
4k+14k

vk+1 +

k∑
i=1

αivi ∈Mk+1

�ϕk+1 6∈ span{vi}ki=1, ¤±§span{ϕi}k+1
i=1 = span{vi}k+1

i=1 . #
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e¡ÏL��{ü�~f5n)þã��z�O�L§"

~ 1.8 �½��Ä¼ê{v1, v2, v3}§�E�|IO��Ä{E1, E2, E3}"
Äk§½ÂE1 = v1

||v1||§K||E1|| = 1"-p1´v23E1¤Ü¤�mþ���ÝK§

=

p1 = 〈v2, E1〉E1.

Pe2 = v2−p1§K〈e2, E1〉 = 〈v2, E1〉−〈p1, E1〉 = 0§l
e2ÚE1��§�E2 = e2
||e2||§

KE1ÚE2IO��"

Ón§-p2´v33E1, E2¤Ü¤�mþ���ÝK§=

p2 = 〈v3, E1〉E1 + 〈v3, E2〉E2.

Pe3 = v3−p2§K〈e3, E2〉 = 〈v3, E2〉−〈p2, E2〉 = 0§〈e3, E1〉 = 〈v3, E1〉−〈p2, E1〉 = 0§

l
e3ÚE1, E2��§�E3 = e3
||e3||§KE1, E2, E3|¤�|IO��Ä"

�� 1.1 1. Áy²SÈ�V�55Ú�Ýàg5µ

(a) é?¿�u, v, w ∈ V§〈u, v + w〉 = 〈u, v〉+ 〈u,w〉"

(b) é?¿�c ∈ C§v, w ∈ V§〈v, cw〉 = c〈v, w〉"

2. y²©¥�Ñ�n�SÈ�m�~f÷vSÈ5�"

3. y²©¥�mL2([a, b])þ�L2SÈ÷vSÈ5�"

4. y²½n1.1"

5. én > 0§-fn(t) =

{
1, 0 < t < 1

n ;

0, Ù¦.
§y²3L2[0, 1]þkfn(t)Å:Âñ�0§

�´fn(t)Ø��Âñ�0"

6. én > 0§-fn(t) =

{ √
n, 0 < t < 1

n2 ;

0, Ù¦.
§y²3L2[0, 1]þkfn(t)��êÂñ

�0§�´fn(t)Ø´Å:Âñ�0"

7. y²SÈp��ål÷vn�Ø�ª"=µ�½SÈ�mV§é?¿�v, w ∈ V§
k

||v + w|| ≤ ||v||+ ||w||.

8. y²SÈp���ê÷v²1o>/úª"=µ�½SÈ�mV§é?¿�v, w ∈
V§k

||v + w||2 + ||v − w||2 = 2(||v||2 + ||w||2).
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9. y²½n1.6"

10. O��þ(1, 2, 1)Ü¤�R3f�m���Ö�m"

11. XJf(t) = 1, 0 ≤ t ≤ 1§K3L2[0, 1]þf(t)���Ö�m´þ��0�¤k¼

ê|¤��m"

12. |^Gram-Schmidt��z�{¦d{1, x, x2}Ü¤�L2[0, 1]�f�m�IO�

�Ä"

13. ¦sin(x) + cos(x)3d{1, x, x2}Ü¤�L2[0, 1]�f�m���ÝK"

14. �e1, . . . , ek´n�SÈ�mV��|üü���ü �þ§�½v ∈ V§Pαi =

〈v, ei〉§K
k∑
i=1

|αi|2 ≤ ||v||2


�v −
∑k
i=1 αiei ⊥ ei§i = 1, . . . , k"

15. �e1, . . . , en´n�SÈ�mV��|�þ§y²e¡�^��dµ

• {e1, . . . , en}´V��|IO��Ä¶

• é?¿�α, β ∈ V§

〈α, β〉 =

n∑
i=1

〈α, ei〉〈ei, β〉

• é?¿�α ∈ V§

||α||2 =

n∑
i=1

|〈α, ei〉|2
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1�Ù Fp�?ê

§2.1 Úó

ù�Ù0�½Â3[−π, π]þ�¼êf(x)�n�¼êÐm§=ò¼êÐm¤Xe

/ª

a0 +
∑
k

(ak cos kx+ bk sin kx),

þãÐm/ª�¡�Fp�?ê"

@��o�ò¼êÐm¤ù��/ªQºù��Y�X¤'5�+�ÚA^

ØÓ
ØÓ"�Ù¬�Ñ��l&Ò?n��Ý5w�Fp�?ê�Ðm"

318­V§n�¼ê�ÐmÚ{��Ä�ïÄk'§�´@�vk<é§?1

XÚ�ïÄ"1808c§Fp��¤
Í¶�9åÆØ©8�1��§=/9�©Û

nØ0"3TÍ�¥§�ö�[�ïÄ
n�?ê§¿|^§)û
Nõ9D�¯

K"�´§lêÆþw§TÍ��k
(ØÃ(=�â§Ïd�É�Æ§
©Ù�

�1822câ�±Ñ�"��§3Ø©pk�3��äk�Æ5�ûäµ?ÛëY±

Ï&ÒÑ�±d�|·���u­�|Ü
¤"��"�ù�Ø©�Æö.�K

Fjû�édØ©�uL§
�3C50c��mp§.�KFj±@�Fá���

{Ã{L«�kc��&Ò§'X�Å&Ò"@oX´é�QºlnØþù.�K

F´é�µ�u­�Ã{|Ü¤���kc��&Ò"�´§·��±^�u­�

5%C�L«§§%C�ü«L«�{Ø�3Uþ�O§Äud§Fá�´é�"

lêÆþù§.�KF�(Ø´ÄuFp�?ê���Âñ§
Fá��(Ø´Ä

uFp�?ê���êÂñ�"

�,Fp��ØyØ���(§�´Fp�3©¥Ú\
��é­��Vgµ

ªÌ§ù�g��5
�ÆÚEâþ�4��?Ú"Fp�?ê±9�A�Fp�

C��A^ºX
VÇÚÚO!&Ò?nÚþfåÆ�Æ�"3êÆþ§iùÈ©

ÚV��È©Ñ´å
éFp�?ê�ïÄ"

¼êÐm¤n�¼ê�Úª/ªå
é �©�§�ïÄ"e¡�Ä��é

{ü�´é­��~fµ�Fþ�9åÆ�§"

~ 2.1 ¦)e¡� �©�§µ

ut(x, t) = uxx(x, t), t > 0, 0 ≤ x ≤ π

u(x, 0) = f(x), 0 ≤ x ≤ π

u(0, t) = 0, u(π, t) = 0

T �©�§�)u(x, t)L«3��π��Fþ§:x?3��t�éA�§Ý§ÙÐ

©§Ý£=t = 0�¤d¼êf(x)�Ñ§
3à:?£=x = 0Úx = π¤�§Ý�±0"

13
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b�3«m−π ≤ x ≤ πþ§u(x, t)äkXe�L«/ªµ

u(x, t) = A0(t) +

∞∑
i=1

Ak(t) cos kx+Bk(t) sin kx.

duu(x, 0) = u(x, π) = 0§¤±Ak = 0, k = 0, . . . ,+∞"2�\��§¥§k

ut(x, t) =

∞∑
i=1

B′k(t) sin kx

uxx(x, t) = −
∞∑
i=1

k2Bk(t) sin kx (2.1)

l
§��

Bk(t)k2 +B′k(t) = 0.

¤±§

Bk(t) = Cke
−k2t.

?
��§

u(x, t) =
∞∑
i=1

Cke
−k2t sin kx.

·�½Âfo(x)§¦�3«m−π ≤ x ≤ 0§fo(x) = f(−x)§3«m0 ≤ x ≤ πþ§fo(x) =

f(x)"¿�fo(x) =
∑∞
i=1 fk sin kx§òu(x, t)�L�ª�\�Ð�^�§��Ck = fk§

=

u(x, t) =

∞∑
i=1

fke
−k2t sin kx.

�±wÑ§XJ·�b�¼êu(x, t)Úf(x)äkFp�?ê/ª�Ðm§Kþã�

9åÆ�§¯KÒ�±��¦)"ù�´Fp�3©z/9�©ÛnØ0¥�Ñ�

(J"

Fp�?ê�,	��A^´3&Ò?n¥"3Nõ¢S�A^I�ò¼ê

Ðm¤n�¼êÚª�/ª"XJf(t)���&Ò§@o©)f¤���n�?ê

Ò�±£ã��ªÇ©þ"'X§XJ��&Ò�±�¤

f(x) = 2 sinx+ 200 cos(5x) + 50 sin(200x),

3ù�&Ò¥�¹
n�ªÇ©þ§©O3��2π±Ï¥�Ä1g§5gÚ200g",

	§�âXê���§�ÄªÇ�5�©þ�Ó`³"

&Ò?n¥kü�é­��ó�µ�DÚØ "XJòf(x)L«¤n�?ê�

/ª

f(x) = a0 +
∑
k

(ak cos kx+ bk sin kx),
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K�±A^u&Ò��DÚØ "'X§XJI��KpªD(§�I�òv
�

�k¤éA�XêakÚbk��"=�"êâØ ���8IÒ´^¦�U��êâ

ux&Ò§Ó�F"�±�±&Ò�Cz¦þ�"��ò&Ò�¤n�?ê�/

ª§�I�uxýé�'�½z���@
Xê=�§,�|^ù
�½�Xê�

±��­��©�&Ò"

o�§ò��¼êL«¤n�?ê�/ª�±JõÑù�¼ê3ØÓªÇe

�©þ§
ªÇ´g,.éõé���ÓA�§Ï
Fp�?êäké��Ê·

5"e¡ò�Ñù«L«/ª�êÆÄ:§=Fp�?ê�êÆÄ:"

§2.2 Fp�?ê�O�

§2.2.1 ±Ï´2π¼ê�Fp�?ê

3ù�!¥§·�I�O�[−π, π]þ�±Ï¼êf(x)�Fp�?ê

a0 +
∑
k

(ak cos kx+ bk sin kx) (2.2)

�XêakÚbk"�d§·�Äk�Ñe¡���5(J"

Ún 2.1 8Ü {
1√
2π
,

cosx√
π
,

sinx√
π
, . . . ,

cos kx√
π

,
sin kx√

π
, . . .

}
�¤L2[−2π, 2π]��|IO��8"

3ªf2.2�ü>Ó�¦±cos kx§,�È©Ò�±��∫ π

−π
f(x) cos(kx)dx =

∫ π

−π

(
a0 +

∑
k

(ak cos kx+ bk sin kx)

)
cos(kx)dx

5¿��k 6= 0§m>�kak 6= 0§l
m>�uπak§l
��

ak =
1

π

∫ π

−π
f(x) cos(kx)dx.


�k = 0�§m>�u2πa0§l


a0 =
1

2π

∫ π

−π
f(x)dx.

Ón§·��±¦�

bk =
1

π

∫ π

−π
f(x) sin(kx)dx.

þã(Ø�±o(�e¡�½n"
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½n 2.1 XJ±Ï�2π¼êf(x)3[−π, π]þf(x) = a0 +
∑
k(ak cos kx+ bk sin kx)§

K

a0 =
1

2π

∫ π

−π
f(x)dx (2.3)

ak =
1

π

∫ π

−π
f(x) cos(kx)dx (2.4)

bk =
1

π

∫ π

−π
f(x) sin(kx)dx (2.5)

ùpakÚbk¡�Fp�Xê"

Fp�?ê�Ðm��±ÏL��ÝK5n)"̄ ¢þ§XJ·�PVn´d{1,

cos(kx), sin(kx), k = 1, . . . , n}Ü¤��5�m§Pfn(x) = a0 +
∑n
k=1(ak cos kx +

bk sin kx)§Kfn(x)´f(x) 3�mVnþ���ÝK§l
é?¿�g(x) ∈ Vn§·�
k

||f(x)− fn(x)||L2 ≤ ||f(x)− g(x)||L2 .

§2.2.2 ?¿±Ï¼ê�Fp�?ê

·�5O�[−a, a]þ±Ï�2a�±Ï¼ê�Fp�Ðm"d�§Ä���¤¬

´cos kπxa Úsin kπx
a "|^È©��éN´��e¡?¿«m�Fp�?ê�O�

�{§äNO�L§����"

½n 2.2 XJ[−a, a]þ�±Ï¼êf(x) = a0 +
∑
k

(
ak cos kπxa + bk sin kπx

a

)
§K

a0 =
1

2a

∫ a

−a
f(x)dx (2.6)

ak =
1

a

∫ a

−a
f(x) cos

(
kπx

a

)
dx (2.7)

bk =
1

a

∫ a

−a
f(x) sin

(
kπx

a

)
dx (2.8)

~ 2.2 ���±Ï�2�¼ê�f(x) =

{
1, −1 < x < 1;

0, {−2 ≤ x ≤ −1} ∪ {1 ≤ x ≤ 2}.
§e

¡O�§�Fp�Xê"

a0 =
1

4

∫ 2

−2

f(x)dx =
1

2
.

éuk ≥ 1�µ

ak =
1

4

∫ 2

−2

f(x) cos
kπx

2
dx =

2 sin kπ
2

kπ
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�k´óê��ÿ§an = 0"�k = 2n− 1´Ûê�§a2n+1 = 2(−1)n

(2n+1)π"aq�

bk =
1

4

∫ 2

−2

f(x) sin
kπx

2
dx = 0.

¤±§f(x)�Fp�?ê´

F (x) =
1

2
+

∞∑
k=0

2(−1)k

(2k + 1)π
cos

(2k + 1)πx

2
.

T¼êf(x)�ã�ÚFp�?êÐm�110§30Ú50��ã�3ã2.1¥"

ã 2.1 ~f2.2¥�f(x)�ã�ÚFp�?êÐm�110§30Ú50��ã�

§2.2.3 �u?êÚ{u?ê

3Fp�?êÐmª¥§XJ�½�¼êf(x) = f(−x)§=f(x)´ó¼ê§@

of(x) sin(kπxa )Ò´Û¼ê§l
§bk = 1
a

∫ a
−a f(x) sin(kπxa )dx = 0"¤±Fp�?

ê¥��¹{u��?ê§ù��?ê¡�{u?ê"

Ó�§XJ�½�¼ê´��Û¼ê§@of(x) cos(kπxa )Ò´Û¼ê§l
§ak =
1
a

∫ a
−a f(x) cos(kπxa )dx = 0Úa0Ñ�"§l
?ê��¹�u�?ê§ù��?ê¡

��u?ê"

b�¼êf(x)´½Â3[0, a]þ�¼ê§@okü«ØÓ��{òf(x)òÿ¤±
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Ï�2a�¼ê"XJòf(x)Ðm¤{u?ê§ÒI�óòÿ§=

fe(x) =

{
f(x), 0 ≤ x ≤ a;

f(−x), −a ≤ x < 0.

dufe(x)´½Â3Rþ�ó¼ê§l
§�Fp�?ê´{u?ê§l
3[0, a]þ§

�¼êÒÐm¤{u?ê"

XJòf(x)Ðm¤�u?ê§ÒI�Ûòÿ§=

fo(x) =

{
f(x), 0 ≤ x ≤ a;

−f(−x), −a ≤ x < 0.

dufo(x)´½Â3Rþ�Û¼ê§l
§�Fp�?ê´�u?ê§3[0, a]þ§�

¼êÒÐm¤�u?ê"

~ 2.3 �Ä[0, π]þ�¼êf(x) = x§b�·�é§?1Ûòÿ§l
Ðm¤�u

?ê§3ak = 0,

bk =
1

π

∫ π

−π
x sin kxdx =

2(−1)k+1

k
.

¤±§§éA��u?ê�

F (x) =

∞∑
k=1

2(−1)k+1

k
sin kx.

d�¼êéA�Fp�?êÐm¤10, 30, 50��(JXã2.2Ú2.3¤«"

ã 2.2 ~f2.3¥�f(x)�ã�ÚFp��u?êÐm�110��ã�

b�·�é§?1óòÿ§l
Ðm¤{u?ê§3bk = 0,

ak =
1

π

∫ π

−π
x sin kxdx =

2(−1)k+1

k
.
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ã 2.3 ~f2.3¥¼êFp��u?êÐm�130�Ú150��ã�

¤±§§éA��u?ê�

F (x) =

∞∑
k=1

2(−1)k+1

k
sin kx.

d�¼êéA�Fp�?êÐm¤10, 30, 50��(JXã2.4Ú2.5¤«"

ã 2.4 ~f2.3¥�f(x)�ã�ÚFp�{u?êÐm�110��ã�

ã 2.5 ~f2.3¥�f(x)�Fp�{u?êÐm�130�Ú150��ã�
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ã 2.6 ~f2.4¥�f(x)�ã�ÚFp�{u?êÐm�110§30,50��ã�

~ 2.4 �¼êf(x) = x2 + 1, 0 ≤ x ≤ 1"XJò¼ê�óòÿ�±��fe(x) =

x2 + 1,−1 ≤ x ≤ 1"òfe(x)w¤±Ï�2�±Ï¼ê¿?1Fp�Ðm�±��§

�Fp�Xê"

a0 =

∫ 1

0

(x2 + 1)dx =
4

3
.

ak = 2

∫ 1

0

(x2 + 1) cos(nπx)dx =
4
((
π2n2 − 1

)
sin(πn) + πn cos(πn)

)
π3n3

.

d�¼êéA�Fp�?êÐm¤10, 30, 50��(JXã2.6¤«"

�´XJ·�é¼ê?1Ûòÿ¿w¤±Ï´2�±Ï¼ê§·��±O�Ñ

§�Fp�Xê

bn = 2

∫ 1

0

f(x) sin(nπx)dx = 2

∫ 1

0

(x2 + 1) sin(nπx)dx

|^©ÜÈ©üg�±��

bn =
4(nπ)2(−1)n+1 + 4(−1)n − 4 + (nπ)2

(nπ)3
.

d�¼êéA�Fp�?êÐm¤10, 30, 50��(JXã2.7¤«"

§2.2.4 Fp�?ê�Eê/ª

duE�êeikt, i2 = −1, k = . . . ,−2,−1, 0, 1, 2, . . .äk{ü�O�5�§Ïd§

3�
E,�$�¥§òFp�?êL«¤E�ê/ª¬��B
"ÄuE�ê�

Fp�?ê�Ðm�´Äu§���5"
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ã 2.7 ~f2.4¥�f(x)�ã�ÚFp��u?êÐm�110§30,50��ã�

Ún 2.2 ¼ê8 {
eikt√

2π
, k = . . . ,−2,−1, 0, 1, 2, . . .

}
3L2[−π, π]þ´IO���"

|^��5§·��±��e¡�Fp�Eâ�E�ê/ª"

½n 2.3 XJ[−π, π]þ�±Ï¼êf(t) =
∑
k αke

ikt§K

αk =
1

2π

∫ π

−π
f(t)e−iktdt (2.9)

~ 2.5 ���±Ï�2π�¼êf(x) =

{
1, 0 ≤ x < π;

−1, −π ≤ x < 0.
§Ù1k�E�Fp

�?ê�Xê�

αk =
1

2π

∫ π

−π
f(x)e−ikxdx (2.10)

=
1

2π

∫ π

0

e−ikxdx− 1

2π

∫ 0

−π
e−ikxdx (2.11)

= − (1− cos(kπ))i

kπ
(2.12)

=

{
−2i
kπ , k�Ûê;

0, k�óê.
(2.13)
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¤±§f(x)�Fp�?ê´

∞∑
k=−∞

αke
ikx =

∞∑
k=−∞

−2i

(2k + 1)π
ei(2k+1)x.

½n 2.4 ¼ê8 {
eikπt/a√

2a
, k = . . . ,−2,−1, 0, 1, 2, . . .

}
3L2[−a, a]þ´IO���"XJf(t) =

∑
k αke

ikπt/a§K

αk =
1

2a

∫ a

−a
f(t)e−ikπt/adt (2.14)

§2.3 Fp�?ê�Âñ5

Fp�?ê�Âñ5�±ln��¡5�ãµÅ:Âñ§��ÂñÚ��êÂ

ñ"�!ò3�½�^�e§©O�ãFp�?ê3�½�^�e�Âñ1�"

ïÄFp�?êÂñ¯K�Ì�óä´e¡�RiemannÚn"

Ún 2.3 �f(x)´[a, b]þ�È�ýé�È�¼ê§K

lim
k→∞

∫ b

a

f(x) cos(kx)dx = lim
k→∞

∫ b

a

f(x) sin(kx)dx = 0. (2.15)

y² ·�ÏLe¡nÚ5y²ù�Ún"

£�¤µb�f(x)´���F¼ê§=

f(x) = T (x) =

{
ci, xi−1 ≤ x < xi, i = 1, 2, . . . , n

cn, x = xn.
(2.16)

ùpci´~ê§�a = x0 < x1 < . . . , < xn = b"éuù��f(x)§∣∣∣∣∣
∫ b

a

f(x) cos(kx)dx

∣∣∣∣∣ =

∣∣∣∣∣
n∑
i=1

∫ xi

xi−1

ci cos(kx)dx

∣∣∣∣∣
=

∣∣∣∣∣
n∑
i=1

ci
k

(sin(kxi)− sin(kxi−1))

∣∣∣∣∣
≤ 2

k

n∑
i=1

|ci|.

l
éu�F¼ê§Ún¤á"
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£�¤�f(x)´[a, b]þ�k.�È¼ê§·�Äky²é?¿�ε > 0§�3�

F¼êT (x)§¦� ∫ b

a

|f(x)− T (x)|dx < ε

2
.

¯¢þ§duf(x)�È§¤±�3[a, b]���©�a = x0 < x1 < . . . , < xn = b§¦

�
n∑
i=1

(Mi −mi)∆xi <
ε

2
,

Ù¥§Mi,mi´f(x)3«m[xi−1, xi]þ�þe(."½Âe¡��F¼ê

T (x) =

{
f(xi−1), xi−1 ≤ x < xi; , i = 1, 2, . . . , n

f(xn−1), x = xn.
(2.17)

K ∫ b

a

|f(x)− T (x)|dx =
n∑
i=1

∫ xi

xi−1

|f(x)− f(xi−1)| dx

≤
n∑
i=1

(Mi −mi)∆xi

<
ε

2

¤±§ ∣∣∣∣∣
∫ b

a

(f(x)− T (x)) cos(kx)dx

∣∣∣∣∣ ≤
∫ b

a

|f(x)− T (x)|dx < ε

2
. (2.18)

q∣∣∣∣∣
∫ b

a

f(x) cos(kx)dx

∣∣∣∣∣ ≤
∣∣∣∣∣
∫ b

a

(f(x)− T (x)) cos(kx)dx

∣∣∣∣∣+

∫ b

a

|T (x)| cos(kx)dx→ 0.

£n¤�f(x)´[a, b]þ�Ã.�´ýé�È§Ø��b´×:§Ké?¿�ε > 0§

�3η > 0§¦� ∫ b

b−η
|f(x)|dx < ε

2
,

l
 ∫ b

a

f(x) cos kxdx =

∫ b−η

a

f(x) cos kxdx+

∫ b

b−η
f(x) cos kxdx.
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éu1�Ü©È©
∫ b−η
a

f(x) cos kxdx§du§vk×:§d£�¤�y²��

§�Xkª�0
ª�0"éu1�Ü©È©
∫ b
b−η f(x) cos kxdx§dfâ�½Â�∣∣∣∣∣

∫ b

b−η
f(x) cos kxdx

∣∣∣∣∣ < ε

2

∣∣∣∣∣
∫ b

b−η
cos kxdx

∣∣∣∣∣
k→∞

→ 0 (2.19)

ù���±Ó�y²TÚn" #

½n 2.5 é?¿�x0 ∈ (−π, π)§XJ�3s¦�¼êϕ(t) = f(x0 + t) + f(x0 − t)−
2s÷vµé?¿��êδ§¼êϕ(t)

t 3[0, δ]þ�È�ýé�È§3f(x)�Fp�?ê

3x0?Âñ�s"

y² ·�kwFp�?ê�Ü©Ú

Sn(x) =
a0

2
+

n∑
k=1

(ak cos(kx) + bk sin(kx))

=
1

2π

∫ π

−π
f(t)dt+

n∑
k=1

1

π

∫ π

−π
(f(t) cos(kt) cos(kx) + f(t) cos(kt) sin(kx)) dt

=
1

π

∫ π

−π
f(t)

(
1

2
+

n∑
k=1

cos(k(x− t))

)
dt

=
1

π

∫ π

−π
f(t)

sin
(
(n+ 1

2 )(t− x)
)

2 sin(1
2 (t− x))

dt

=
1

π

∫ π

0

(f(t+ x) + f(t− x))
sin(n+ 1

2 )x

2 sin(x2 )
dx

l
§

Sn(x0)− s =
1

π

∫ π

0

(f(x0 + t) + f(x0 − t)− 2s)
sin
(
n+ 1

2

)
t

2 sin( t2 )
dt

=
1

π

∫ π

0

ϕ(t)

2 sin( t2 )
sin

((
n+

1

2

)
t

)
dt

Ï��t→ 0�§2 sin( t2 ) ∼ t§qdb½ϕ(t)
t 3[0, δ]þ�È�ýé�È§¤± ϕ(t)

2 sin( t2 )
�

3[0, δ]þ�È�ýé�È§Ï
3[0, π]þ��È�ýé�È§dRiemannÚn§·

��þª3n→∞�ª�0"ù�Òy²
T½n" #

AO�§3e¡�©ã���^�e§Fp�?êÒ´Âñ�"
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½Â 2.1 b���¼êf(x)½Â3«m[a, b]þ§XJ�3��©�a = x0 < x1 <

· · · < xn = b§¦�¼ê

gi(x) =


f(xi−1 + 0), x = xi−1;

f(x), x ∈ (xi−1, xi);

f(xi − 0), x = xi.

(2.20)

Ñ´���§K¡¼êf(x)3«m[a, b]þ´©ã���"

½n 2.6 XJ��¼êf(x)3[−π, π]þ´©ã���§3f(x)3z��:x0ÑÂ

ñ� f(x0+0)+f(x0−0)
2 "

·��±wÑ§�
¦Fp�?êÂñ�¼ê��§Ø
�¦¼ê3��:?

ëY§��¦¼ê3ù�:?k���ê½ö�m�ê"��g,�¯K´µXJ�

këY5§́ Ä�yÙFp�?êÂñ���Qº̄ ¢þ§Fp�?ê�Å:Âñ´

���~(J�¯K§=¦éëY±Ï¼ê�´Xd"1876c§Du Bois-ReymondÞ

Ñ
��ëY¼ê�~f§§�Fp�?ê3,
:´uÑ�"�5§ëY¼ê�u

Ñ:??È��~f�®²é�"XJ3Lebesgue�È¼ê¥�Ä§KolmogorovÞ

Ñ
f�Fp�?êA�uÑÚ??uÑ�~f"1966c§Carlesony²)û
�

��Ï�ß�µ²��È¼ê�Fp�?êA�??Âñ"

3�ëY�^�e§Fp�?ê��Ø´��Âñ�"@o§3�o^�e§

Fp�?ê´��Âñ�Qº̄ ¢þ§3ëY�©ã���^�e§Fp�?ê´

��Âñ�"

½n 2.7 b�ëY¼êf(x)�±Ï´2π�©ã1w§@o§�Fp�?ê3«

m[−π, π]þ��Âñ�f(x)"

y² �½n�^��f ′(x)�3�f ′(x)éA�Fp�?êÂñ"Ø��f(x)�Fp

�?ê�Xê´an§bn§f ′(x)�Fp�?ê�Xê´cn§dn§@oØJy²

c0 = 0, cn = nbn, dn = −nan.

l


|an|+ |bn| =
∣∣∣cn
n

∣∣∣+

∣∣∣∣dnn
∣∣∣∣

≤ 1

2

(
1

n2
+

1

c2n

)
+

1

2

(
1

n2
+

1

d2
n

)
=

1

n2
+

1

2

(
1

c2n
+

1

d2
n

)
2d��8�§�Fp�?ê��Âñ" #
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,
§XJ¼êf(x)Ø´��ëY¼ê§ù��ÿ¦�Fp�?ê´Ø��Â

ñ�"@où�Ø��Âñ¬���o��1�QºJosiah W. Gibbs31899c�k

ïÄ
Ø��Âñ��3mä:NC�y�§��
��<¡��Gibbsy�"

ã 2.8 ~f¥�f(x)�ã�ÚFp�?êÐm�120��ã�

ã 2.9 Fp�?êÐm�150�Ú1100��ã�

~ 2.6 �Ä¼ê

f(x) =


1, 0 < x < π;

0, 0,±π;

−1, −π < x < 0.

(2.21)

rf(x)òÿ¤±Ï2π�Û¼ê§§�Fp�Xê

bn =
1

π

∫ π

−π
f(x) sin(nx)dx

=
1

π

∫ π

0

sin(nx)dx− 1

π

∫ 0

−π
sin(nx)dx

=

{
4

(2k−1)π , n = 2k − 1;

0, n = 2k.
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¤±§�Fp�?ê�Ü©Ú�

S2n−1(x) =
4

π

n∑
k=1

sin(2k − 1)x

2k − 1
.

dÂñ½n§·���S2n−1(x)Å:Âñ�f(x)"e¡·��	S2n−1(x)3x = 0N

C�1�"

5¿��x 6= 0§

S
′

2n−1(x) =
4

π

n∑
k=1

cos(2k − 1)x =
2

π

sin(2nx)

sin(x)

¤±S2n−1(x)3x = 0�m>�1��4��:´xn = π
2n§Ù4���

S2n−1(xn) =
2

π

∫ xn

0

sin(2nt)

sin(t)
dt

=
2

π

∫ π

0

sin(t)

2n sin( t
2n )

dt

=
2

π

∫ π

0

sin(t)

t

t
2n

sin( t
2n )

dt

dd��

lim
n→∞

S2n−1(xn) =
2

π

∫ π

0

sin(t)

t
dt = 1.17989 . . . .

¤±ÃØnõ�§Ñ���3��:§xn = π
2n§¦�

|S2n−1(xn)− f(xn)| > c ≈ 0.17989 . . .

�±wÑ§ØëY¼ê�Fp�?ê¿ØUéÐ�%C�¼ê"@o3ù��

ÿ§·�TNo�ÝþFp�?ê�%CQºùÒ´Fp�?ê���êÂñ�(

J"Äk·��Ñ��¯¢§é?¿��L2[−π, π] �¼êf(x)§é?¿�ε > 0§�

3ëY¼êgε(x)§¦�||f(x) − gε(x)||L2 < ε"Ød�	§·���ÑWeierstrass%

C½n"

½n 2.8 XJ¼êf(x)3[−π, π]þëY§�f(−π) = f(π)§K§�±^n�õ�ª

��%C"
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y² P

σn(x) =
1

n

n−1∑
k=0

Sk(x)

=
1

nπ

∫ π

0

(f(x+ t) + f(x− t))
n−1∑
k=0

sin(k + 1
2 )t

2sin t2
dt

=
1

2nπ

∫ π

0

(f(x+ t) + f(x− t))
(

sin(nt/2)

sin(t/2)

)2

dt

K

σn(x)− f(x) =
1

2nπ

∫ π

0

(f(x+ t) + f(x− t)− 2f(x))

(
sin(nt/2)

sin(t/2)

)2

dt

.
=

1

2nπ

∫ π

0

ϕx(t)

(
sin(nt/2)

sin(t/2)

)2

dt

duf(x)3Rþ´��ëY¼ê§¤±3[−π, π]þ��ëY§éu�½�ε > 0§�

3δ ∈ (0, π)§�0 ≤ t < δ�§

|f(x+ t)− f(x)|, |f(x− t)− f(x)| < ε

2

é¤k�x ∈ [−π, π]¤á"

Ï
ϕx(t) < εé¤k�x ∈ [−π, π]¤á"P

I1 =
1

2nπ

∫ δ

0

ϕx(t)

(
sin(nt/2)

sin(t/2)

)2

dt,

I2 =
1

2nπ

∫ π

δ

ϕx(t)

(
sin(nt/2)

sin(t/2)

)2

dt.

K

|I1| ≤
ε

2nπ

∫ π

0

(
sin(nt/2)

sin(t/2)

)2

dt =
ε

2
.

,	§�3M§¦�|f(x)| ≤M"u´|ϕx(t)| ≤ 4M"¤±

|I2| ≤
1

2nπ

∫ π

δ

|ϕx(t)|
(

1

sin(t/2)

)2

dt ≤ 2M

n sin2( δ2 )
,

l
�n > 4M
ε sin2( δ2 )

�§

|σn(x)− f(x)| ≤ |I1|+ |I2| < ε,

=σn(x)��%Cf(x)"5¿�σn(x)´��n− 1gn�õ�ª§l
y²
½n"

#
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½n 2.9 f(x)�Fp�?ê��êÂñ�f(x)"

y² b�f(x) ∈ L2[−π, π]§é?¿�ε > 0§�31w¼êg(x)§¦�

||f(x)− g(x)||L2 < ε (2.22)

�gn(x)´g(x)�Fp�?ê�Ü©Ú§3gn(x)��Âñ�g(x)§l
�3n0§�n >

n0�§é?¿�x ∈ [−π, π]§Ñk|gn(x)− g(x)| < ε√
2π
§=

||gn(x)− g(x)||2L2 ≤
∫ π

−π

ε2

2π
dt = ε2,

¤±�n > n0�§

||f − gn|| = ||f − g + g − gn|| ≤ ||f − g||+ ||g − gn|| < 2ε

dufn(x)´f(x)3�mVn���ÝK§¤±||f−fn|| ≤ ||f−gn|| < 2ε§=fn(x)

��êÂñ�f(x)" #

3Fp�Ðm¥§·�ò��¼ê£&Ò¤f(x)L«¤��?ê�/ª§ù�

?ê��d§�XêakÚbk(½"3Ôn¥§·���Uþ´Åð�"&Ò�L2�

êÏ~)º¤&Ò�Uþ§
?ê�ÐmATØ¬��Uþ§Ïd§?ê©)��

��ªÇ�UþÚATÚ�©Uþ�Ó"ù�(JÒ´e¡Í¶�Parseval�ª"

½n 2.10 Parseval�ª�¢ê/ªµ�

f(x) = a0 +

∞∑
k=1

ak cos(kx) + bk sin(kx) ∈ L2[−π, π],

K
1

π

∫ π

−π
|f(x)|2dx = 2|a0|2 +

∞∑
k=1

|ak|2 + |bk|2.

½n 2.11 Parseval�ª�Eê/ªµ�

f(x) =

∞∑
k=−∞

αke
ikx ∈ L2[−π, π],

K
1

2π

∫ π

−π
|f(x)|2dx =

∞∑
k=−∞

|αk|2.

?�Ú�§éuL2[−π, π]�mþ�¼êf(x)Úg(x)§ÙFp�?ê�Xê©O´αkÚβk§

K
1

2π

∫ π

−π
f(x)g(x)dx =

∞∑
k=−∞

αkβk.
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y² ·�ùp�y²Eê/ª§¢ê/ª��aq"-

fN (x) =

N∑
k=−N

αke
ikx,

gN (x) =

N∑
k=−N

βke
ikx,

©O´f(x)Úg(x)�Fp�?ê�Ü©Ú"3L2[pi, π]þ§�Nª�Ã¡��ÿ§·

�kfN (x)→ f(x)§gN (x)→ g(x)"l
k

〈fN (x), gn(x)〉 =

〈
N∑

k=−N

αke
ikx,

N∑
k=−N

βke
ikx

〉
= 2π

N∑
k=−N

αkβk.

,	µ

|〈f, g〉 − 〈fN , gN 〉| = |(〈f, g〉 − 〈f, gN 〉) + (〈f, gN 〉 − 〈fN , gN 〉)|,

= |〈f, g − gN 〉+ 〈f − fN , gN 〉|

≤ ||f ||||g − gN ||+ ||f − fN ||||gN ||

du3L2�mþ§||fN − f || → 0§||gN − g|| → 0§l
�N →∞�§þ>Ø�ª�
m>Âñ�0§Ïd§T½n�y" #

~ 2.7 �¼êf(x) = x, π ≤ x < π§ò§wÑ±Ï´2π�¼êÐm¤Fp�?ê

�

F (x) =

∞∑
k=1

2(−1)k+1

k
sin(kx).

|^Parseval�ª�
∞∑
k=1

4

k2
=

1

π

∫ π

−π
x2dx =

2

3
π2,

l
·���
∞∑
k=1

1

k2
=
π2

6
.

~ 2.8 �¼êf(x)�ç¸Å¼ê§ÙFp�?ê�

F (x) =
π

4
− 2

π

∞∑
k=0

1

(2k + 1)2
cos((4k + 2)x).
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duf(x)3x = 0?ëY��m��§¤±F (0) = f(0)§l
�±��
∞∑
k=0

1

(2k + 1)2
=
π2

8
.

|^Parseval�ª�

π2

8
+

4

π2

∞∑
k=1

1

(2k + 1)4
=

1

π

∫ π

−π
|f(x)|2 dx =

π2

6
,

l
·���
∞∑
k=1

1

(2k + 1)4
=
π4

96
.

§2.4 Fp�?ê�?�Ú@£

ù�!·�­#"ÀFp�?ê"Fp�?ê�Ðm�±w¤��C�µÑ

\��¼êf(t)§ÑÑù�¼êéA�Fp�?êXê�S�{αk}"ù�C��¿
Â´�oQº�
ÐÚ£�ù�¯K§·�Äk0��Ö�e5¬²~¡é�é

�—&Ò�&E"

&Ò´L«�E�Ônþ§´$1�E�óä§´�E�1N"l2Âþù§

§�¹1&Ò!(&ÒÚ>&Ò�"~X§��<|^:-¼»�
�)�EEH

ë§����èD4'<\���E§ùáu1&Ò¶�·�`{�§(ÅD4�

¦<��ù§¦¦<
)·��¿ã§ùáu(&Ò¶Òi����«Ã�>Å!

oÏl��>{�¥�>6�§Ñ�±^5���L��«�E§ùá>&Ò"

&EK´L«é��ÔnXÚG�½A5�£ã"Í¶�Æ[�à(Shannon)@

�/&E´^5�Ø�ÅØ(½5�ÀÜ0"
��ØM©<�B(Wiener)@�/&

E´<�3·A	Ü­.§¿¦ù«·A��^u	Ü­.�L§¥§Ó	Ü­.

?1p����SNÚ¶¡0"lêÆþù§&Ò½Â���½õ�ÕáCþ�¼

ê, T¼ê¹kÔnXÚ�&E½L«ÔnXÚG�½1�"<�ÏLé1!(!

>&Ò?1�Â§â��é��L���E§ùÒ´&E"¤±§&Ò©Û�?n

�����?Ö´J�&E"

Fp�?êÚJ�&Ek�o'XQºþ¡`�§lêÆþ§·��±@�&

ÒÒ´��¼ê"��·���ù�¼êf(t)§@où�&Ò¤�¹�¤k�&E

ÑAT��",
§=¦·�����¼ê3z��:��§¿Ø�u·�
)ù

�¼ê"'X·�we¡ù�~f"�
�*
)��¼ê§·��Ñù�¼ê�

ã�§Xeã2.10¤«"lù�ã�¥·�ATéJwÑù�¼ê´�o"

�´XJ·�we¡o�ã�§AT��z��ã�Ñ´,�{u¼ê"
¯

¢þ§ã 2.10¥�&ÒÒ´ã 2.11¥o�&Ò�Ú"�,ùü�ã¥�&Ò�¹�

&E����§�´é·�
ó§L«¤ã 2.11�/ª�\|uJ��A�&E"
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ã 2.10 ��¼ê�ã�

Fp�?ênØw�·�?¿�½��±Ï¼ê§3L2�ê¿Âe§�±L

«¤�X��uÚ{u¼ê�Ú"Ïd§�½���½«m[0, T ]þ���¼ê£&

Ò¤§Äk·�éù�&Ò?1±Ïòÿ§Ò�±����±Ï�T½ö2T�¼ê"

dFp�?ênØ§ù�¼ê�±©)¤�
�Å�Ú§Ù¥1k��ÅéA�X

êαk"K{αk}�¹
�©�½&Ò�¤k&E"�,§&Ò��ÚXêS�{αk}
�¹�&E´�����§�´��Ûõ3¼ê¥��
&E�±ÏLXêS�

��"'X§Xêαk´Eê§¤±��±^�ÌÚ� 5L«ù�Xê"��5`§

�Ì�N
T&ÒÚ1k��Å��q5"ù´��l�©&Òvk�{���&

E"Fp�?ê�AÛ¿Â�«¿ãXã??¤«"

ã 2.11 o��Å¼ê�ã�

,
§Fp�?êkü�6à§��´§�U?n±Ï&Ò§,	��´§ò
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1

3
2

1 2 4 8 1 2 4 8

ã 2.12 ò��±Ï¼êL«¤�
�Å�Ú"�I�Fp�?êXê��ÌÚ�

 �ã�Ò�±L«¡E�©¼ê�ã�"

ã 2.13 n)Fp�?ê«¿ã§ùÚ­�L«�½�¼ê§7ÚÜ©´òT¼ê

L«éùÚ¼êØÓªÇ�©)§ÙXêw«3,	��²¡þ"
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��ëY�þC¤
��lÑ�X�"ùü�6à�±3e�Ù^Ó��Eâ�

Ñ"

�� 2.1 1. Áy²Ún2.1"

2. �Ñ?¿«m�Fp�XêO�úª�y²"

3. Áy²Ún2.2"

4. Áy²½n2.3"

5. XJf(t)´��¢¼ê§§�E�Fp�?ê�Xê�αk§§�¢�Fp�?

ê�Xê´ak, bk§Áy²

α0 = a0 (2.23)

αk =
1

2
(ak − ibk) (2.24)

6. ¼êf(x)½ÂXe

f(x) =

{
x, 0 ≤ x ≤ π

2 ;

π − x, π
2 ≤ x ≤ π.

òf(x)óòÿ�[−π, 0]þ¿ò�¤��±Ï�2π�±Ï¼êÒ�±��ç¸

Å§ÁO�ç¸Å�Fp�?êÐm"

7. y²Fp�Ü©Úí�¥�����ª"

8. �¼êf(x)3[−π, π]þ�È§ÙFp�?ê�Xêan, bn§K?ê

a2
0

2
+

∞∑
i=1

(a2
n + b2n)

Âñ§�
a2

0

2
+

∞∑
i=1

(a2
n + b2n) ≤

∫
R

f2(x)dx

9. ¦)e¡�9åÆ�§µ

ut(x, t) = uxx(x, t), t > 0, 0 ≤ x ≤ 1

u(x, 0) = x− x2, 0 ≤ x ≤ 1

u(0, t) = 0, u(1, t) = 0
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10. ¦)e¡�9åÆ�§µ

ut(x, t) = uxx(x, t), t > 0, 0 ≤ x ≤ 1

u(x, 0) = 2− x2, 0 ≤ x ≤ 1

u(0, t) = 2, u(1, t) = 1

11. y² ∫ π

0

sin(n+ 1
2 )t

2 sin t
2

dt =
π

2
, (2.25)

¿|^§y² ∫ ∞
0

sin(x)

x
dx =

π

2
.

12. y²µ ∫ π

0

(
sin(nt/2)

sin(t/2)

)2

dt = nπ.

13. �é~f2.3¥�¼ê§©ÛÙFp�?ê3mä:�Gibbsy�"

14. y²½n2.6"

15. y²µXJf(x)3«m[−π, π]þ����§K§�Fp�?ê��Âñ�§�

�"

16. �Ñ©¥Fp�?ê¤éA�Parsevalð�ª"
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1nÙ Fp�C�

ù�Ù�[?ØFp�C�ÚFp�_C�"þ�Ù0�Fp�?ê�±w

¤ò��¼êC¤Fp�Xê¤éA�ê��C�"Fp�C��±w¤Fp�

?ê�ëY/ª"§ò��¼ê©)¤ªÇ´λ�¼ê§ùpλ�±´?¿¢ê§$

�´Eê"Fp�C���äké­��¿Â§
�é�Y�ÅC��n)��~

­�"

§3.1 lFp�?ê�Fp�C�

Fp�?êÐmI�¼êf(x)´��±Ï¼ê",
§3¢SA^¥�&Ò�

�ÑØ´±Ï¼ê"·���¬3¼êf(x)½Â�¥ÀJ��4«m§,�òf(x)�

½Â±Ïòÿ�Rþ"�´§��g,�¯KÒ´XÛÀJù��4«m§ù�4

«m�ÀJéFp�?ê�Ðmk�oK�"e¡·�ÏL��{ü�~f5w

wù�L§"

~ 3.1 �

f(x) =

{
1, −1 < x < 1;

0, else.
,

fT (x) =

{
1, −1 < x < 1;

0, [−T,−1] ∪ [1, T ].
.

duf(x)Ø´±Ï¼ê§·��±òf(x)òÿ¤±Ï´2T�¼êfT (x)§l
�±

O�fT (x)Ðm¤Fp�?ê�XêcTn"ØJO�

cTn =
1

2T

∫ 1

−1

e−iw
T
nxdx

=
1

T

sin(wTn )

wTn
,

ùpwTn = nπ
T §c

T
0 = 1

T"�Nlù
ê�þéJwÑ�o5Æ§e¡�ÑØÓ�T¤

éA�Xê�ã¡"

þ¡8�ã©Ow«
T = 4§T = 8§T = 16§T = 32§T = 64ÚT = 256´X

ê�ã¡"·��±éN´uy�,fT (x)éuØÓ�T±ÏØ��§�´ù
¼ê

Ðm¤Fp�?ê��Xê/¤�ã�%A���"5¿�§-��±Ï¼ê�±

Ïª�Ã¡�§ù�¼êÒ¬ª����±Ï¼ê§=�Tª�Ã¡�§fT (x)Òª

�f(x)"¤±§ïÄ±Ï´Ã¡�Fp�?ê�XêAT�±�ÑFp�?êS%

��
5�"

37
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ã 3.1 T = 4ÚT = 8

ã 3.2 T = 16ÚT = 32

ã 3.3 T = 64ÚT = 256
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y3lFp�?êÑu§4¼ê�±ÏTª�Ã¡§·�ww¬u)�o"b

��½��±Ï�2T�±Ï¼êf(x)§Kf(x)�±Ðm¤Xe�Fp�?ê/ªµ

f(x) =

+∞∑
k=−∞

αke
i kπxT (3.1)

Ù¥§

αk =
1

2T

∫ T

−T
f(t)e−i

kπt
T dt (3.2)

-Tª�Ã¡§òαk�\c¡�Úª§��

f(x) = lim
T→∞

[
+∞∑

k=−∞

(
1

2T

∫ T

−T
f(t)e−i

kπt
T dt

)
ei
kπx
T

]

= lim
T→∞

[
+∞∑

k=−∞

1

2T

∫ T

−T
f(t)ei

kπ(x−t)
T dt

]
(3.3)

·�F"òm>�Úª�¤È©�iùÚ�/ª"¤±§-λk = kπ
T , ∆λ = λk+1 −

λk = π
T§k

f(x) = lim
T→∞

[
1

2π

∫ T

−T
f(t)ei

kπ(x−t)
T dt

]
∆λ (3.4)

-

FT (λ) =
1

2π

∫ T

−T
f(t)ei

kπ(x−t)
T dt,

K

f(x) = lim
T→∞

FT (λ)∆λ = lim
T→∞

∫ ∞
−∞

FT (λ)dλ. (3.5)

,��¡§�T →∞§FT (λ)=�È© 1
2π

∫∞
−∞ f(t)ei

kπ(x−t)
T dt§Ïdk

f(x) =
1

2π

∫ ∞
−∞

∫ ∞
−∞

f(t)eiλ(x−t)dtdλ.

P

f̂(λ) =
1√
2π

∫ ∞
−∞

f(t)e−iλtdt

¡��¼êf(t)�Fp�C�"3�Ö¥§·�k��¬^��#�PÒ

F[f ](λ) = f̂(λ).
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Fp�C��O�´äk�~²(�AÛ¿Â"b�f(t)´��¢�¼ê§�½λ§

P

xλ(t) =
1√
2π
f(t) cosλt, yλ(t) =

1√
2π
f(t) sinλt,

K(xλ(t), yλ(t))éAëêt��^ëê­�"

a. ¼êf(x) b. ëê­�(x−3(t), y−3(t))

c. ëê­�(x−0.5(t), y−0.5(t)) d. ëê­�(x−0.33(t), y−0.33(t))

e. ëê­�(x−1(t), y−1(t)) f. ¼ê�Fp�C�

ã 3.4 {u¼êÚ§éAëê­�3λ = 3§λ = 0.5§λ = 0.33§λ = 1�ã�§��

��ã´§�Fp�C��ã�"
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5¿�Fp�C��±�¤

f̂(λ) =
1√
2π

∫ ∞
−∞

f(t) cosλtdt+ i
1√
2π

∫ ∞
−∞

f(t) sinλtdt

=

∫ ∞
−∞

x−λ(t)dt+ i

∫ ∞
−∞

y−λ(t)dt

=Fp�C��¢ÜÚJÜ�'uëê­�(x−λ(t), y−λ(t))�¤«��­%�xÚy�

I"�
?�Ú`²ù��{§ùp�Ñ��~f"ã3.4�
��¼ê

f(x) =

{
cosx, −100 ≤ x ≤ 100;

0, else.
,

§éAëê­�3λ = 3§λ = 0.5§λ = 0.33§λ = 1�ã�Xã3.4b-e¤«§���

�ã´§�Fp�C��ã�"�±wÑ§3λ = 1�§§éA�­%l�:�å

l��§=§�Fp�C���3λ = 1���"

e¡�ÑA�Fp�C��~f"

~ 3.2 O�ã3.5�Ñ�Ý/Å�Fp�C�µ

f(x) =

{
1, −π ≤ x ≤ π;

0, else.

ò¼ê�\Fp�C�úª��

f̂(λ) =
1√
2π

∫ +∞

−∞
f(x)e−iλxdx

=
1√
2π

∫ +π

−π
cosλx

=

√
2 sinλπ√
πλ

(3.6)

Fp�C�ã�Xã3.5¤«"Xþ¤ã§Fp�C�f̂(λ)�L
ªÇλ�©þ"3

ù�~f¥§f(x)´©ã~�¼ê§
~�¼ê�L�ªÇ´0§Ïdf̂(λ)����

Ñy3λ = 0NC"

~ 3.3 O�ã3.6�Ñ�Ý/Å�Fp�C�µ

f(x) =

{
cos 2x, −π ≤ x ≤ π;

0, else.
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ã 3.5 Ý/ÅÚ§�Fp�C�éA�ã�

ò¼ê�\Fp�C�úª��

f̂(λ) =
1√
2π

∫ +∞

−∞
f(x)e−iλxdx

=
1√
2π

∫ +π

−π
cos 2x cosλx

=

√
2 sinλπ√
π(4− λ2)

(3.7)

Fp�C�ã�Xã3.6¤«"

ã 3.6 ©ã{u¼êÚ§�Fp�C�éA�ã�

~ 3.4 O�ã3.7�Ñ�Ý/Å�Fp�C�µ

f(x) =

{
sin 2x, −π ≤ x ≤ π;

0, else.
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ò¼ê�\Fp�C�úª��

f̂(λ) =
1√
2π

∫ +∞

−∞
f(x)e−iλxdx

=
1√
2π

∫ +π

−π
i sin 2x sinλx

=
−2
√

2i sinλπ√
π(4− λ2)

(3.8)

duùp���Fp�C�´��XJê§¤±·�e¡xÑ�ã�´ù�¼ê

¦±−i ���ã�§Xã3.7¤«"Ó�§Fp�C�f̂(λ)�L
ªÇλ�©þ"3

ã 3.7 ©ã�u¼êÚ§�Fp�C�éA�ã�

ùü�~f¥§f(x)´©ã{u£�u¤¼ê§§¤�L�ªÇ´2§Ïdf̂(λ)��

��Ñy3λ = 2,−2NC"

~ 3.5 O�ã3.8�Ñ�n�Å�Fp�C�µf(x) =


x+ π, −π ≤ x ≤ 0;

π − x, 0 < x ≤ π;

0, else.

ò¼ê�\Fp�C�úª��

f̂(λ) =
1√
2π

∫ +∞

−∞
f(x)e−iλxdx

=
e−iπt

(
−1 + eiπt

)2
√

2πt2
(3.9)

ù�Fp�C���[O�����"Fp�C�ã�Xã3.8¤«"5¿�§3ù

�~f¥§f(x)´��ëY¼ê§§¤éA�Fp�C�f̂(λ)¬�¯�ª�""

~ 3.6 O�

f(x) =

{
1− x2, x ∈ [−1, 1];

0, else.
(3.10)
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ã 3.8 n�Å¼êÚ§�Fp�C�éA�ã�

�Fp�C�"

ò¼ê�\Fp�C�úª��

f̂(λ) =
1√
2π

∫ 1

−1

(1− x2)e−iλxdx

=
1√
2π

(
e−iλx

−iλ
(1− x2)

∣∣∣1
x=−1

− 2

iλ

∫ 1

−1

xe−iλxdx

)
= − 1√

2π

2

iλ

(
e−iλx

−iλ
x
∣∣∣1
x=−1

+
1

iλ

∫ 1

−1

e−iλxdx

)
= − 1√

2π

2

iλ

(
e−iλx

−iλ

(
x+

1

iλ

) ∣∣∣1
x=−1

)
= − 1√

2π

2

iλ

(
e−iλ(1 + 1

iλ )− eiλ(−1 + 1
iλ )

−iλ

)

= − 1√
2π

(
4 cosλ

λ2
− 4 sinλ

λ3

)
Fp�C�ã�Xã3.9¤«"

ã 3.9 ©ã�g¼êÚ§�Fp�C�éA�ã�
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~ 3.7 O�e−ax
2

�Fp�C�g(λ)"

g(λ) =
1√
2π

∫
R

e−ax
2

e−iλxdx

=
1√
2π

∫
R

e−(ax2+iλx)dx

=
1√
2π

∫
R

e−a(x+ iλ
2a )

2−λ2

4a dx

=
1√
2π
e−

λ2

4a

∫
R

e
−
(√

ax+ iλ
2
√
a

)2

=
1√
2π
e−

λ2

4a

∫
R

e−x
2 1√

a

=

√
2

aπ
e−

λ2

4a

∫ ∞
0

e−x
2

dx

=
1√
2a
e−

λ2

4a

3þ¡�í�¥§df(x)�½Â�

f(x) =
1√
2π

∫ ∞
−∞

f̂(λ)eiλtdλ.

=f(x)�±L«¤Fp�C�f̂(λ)�È©/ª§ù�¡�Fp�_C�§

F−1 [F[f ]] = f

ù�Øã�î�£ã�±V)�e¡�½n"

½n 3.1 XJf(t) ∈ L1(R)§f̂(λ) ∈ L1(R)§K

f(x) =
1√
2π

∫ ∞
−∞

f̂(λ)eiλtdλ

y² |^f̂(λ)�L�ª��

1√
2π

∫ ∞
−∞

f̂(λ)eiλtdλ =
1

2π

∫ ∞
−∞

∫ ∞
−∞

f(t)eiλ(x−t)dtdλ

duf(t)eiλ(x−t)3R2þØ�È§ØU��^Fubini½n§¤±§·�^e
−ε2λ2

4 �¦

±f(t)eiλ(x−t)"5¿��εª�0�§e
−ε2λ2

4 ª�1"½Â

Iε(x) =
1

2π

∫ +∞

−∞

(∫ +∞

−∞
f(t)e

−ε2λ2

4 eiλ(x−t)dt

)
dλ (3.11)
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|^Fnbini½n§·�æ^ü«ØÓ��{O�Iε(x)"òþªét¦È©��

Iε(x) =
1

2π

∫ +∞

−∞
f̂(λ)e

−ε2λ2

4 eiλxdλ (3.12)

Ï�
∣∣∣f̂(λ)e

−ε2λ2

4 eiλx
∣∣∣ ≤ |f̂(λ)|§
�f̂(λ)�È§A^��Âñ½n��

lim
ε→0

Iε(x) =
1

2π

∫ +∞

−∞
f̂(λ)eiλxdλ (3.13)

,��¡§A^Fubini½néλÈ©��

Iε(x) =

∫ +∞

−∞
gε(x− t)f(t)dt (3.14)

Ù¥gε(u) = 1
2π

∫ +∞
−∞ eiuλe

−ε2λ2

4 dλ"d~f3.7��µ

gε(u) =
1

ε
√
π
e−

u2

ε2 .

l
§

lim
ε→0

∫ +∞

−∞
|Iε(x)− f(x)| dx = lim

ε→0

∫ ∫
gε(x− t) |f(x)− f(t)| dxdt = 0

2|^ªf3.13=�y²½n" #

§3.2 ªÌ�¿Â

3Fp�C�¥§�­���z´Ú\
ªÌλ"�5uy§3g,.¥§ª

Ì´���[�Ó�á5"

EÚ1¥kX�«Å�£½ªÇ¤�1§ù
130�¥kXØÓ�ò�Ç"

Ïd§�EÚ1ÏLäk�½AÛ	/�0�£Xncº¤��§Å�ØÓ�1�

¬ÏÑ���ØÓ
u)ÚÑy�§ÝNÑëY�½ØëY�çÚ1�"1��ô

ÚL«ÙªÇ§
²V�L«Ù'~�õ §ùÒ´1�ªÌ§��¡�1Ì"ù

��n½�A^uÍ¶���1�ÚÑ¢�§Xã 3.10¤«"��1¥yxÚ§�

§ÏLncºò��§ò/¤dù!£!�!É!7!<!b^gëY©Ù�çÚ1

Ì§CX
��3390�770B����1«"{¤þ§ù�¢�d=I�Æ[Úî

ù¬u1665c�¤§¦�<�1�g�>�
1��*�Ú½þ�A�"

(Ñ´dÔN�Ä�)�(Å§́ ÏL0�£�í½�N!�N¤DÂ¿U�

<½ÄÔfúì(¤a��ÅÄy�"�ÐuÑ�Ä�ÔN�(
"(Ñ±Å�/
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ã 3.10 x1©)¤1Ì"

ª�ÄDÂ"��Å��«§ªÇÚ�Ì´£ã(Ñ�­�á5"ªÇ����·

�Ï~¤`�ÑpéA§
�ÌK�(Ñ���"Fp�?ênØw�·�§?Û

±Ï¼ê§Ñ�±w�´ØÓ�Ì§ØÓ� �uÅ�U\"éu(Ñ
ó§ù�

(Ø·��±n)�µ|^éØÓ��ØÓåÝ§ØÓ�m:�vÂ§�±|ÜÑ

?Û�ÄW­"

ã 3.11 (ÑÚÊ�Ì"

32Â9Ï&�+�¥§ªÌ¬dNõØÓ�&Ò5
��"z�2Â>�

9>À�¤Dx&Ò�ªÇþI3�g�½���S§¡�/&�0"?Û��2

Â�Âì�U�Âü�&��&Ò§Ïd¬¦^,«>´5ÀJü��&�½ª

Ç��§,�ò�Â��&E)N�§��I��&E"�Nõ2ÂÓ�ux&Ò

�§��&�þk�gÕá�&E§2Â�ªÌ=�¤k�O&�&Ò�oÚ§©

Ù3é2�ªÇ��S"

·�~����ã���±3ªÌ¥L«"ã��ªÇ´L�ã�¥�ÝC

zì�§Ý��I§́ �Ý3²¡�mþ�FÝ"Xµ�¡È�â'3ã�¥´�

¡�ÝCz�ú�«�§éA�ªÇ�é$¶
éu/Lá5C�ì��>�«�

3ã�¥´�¡�ÝCzì��«�§éA�ªÇ��p"éuã�
ó§Fá�

C��Ôn¿Â´òã���Ý©Ù¼êC��ã��ªÇ©Ù¼ê§Fá�_

C�´òã��ªÇ©Ù¼êC���Ý©Ù¼ê"·�ÄkÒ�±wÑ§ã��
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Uþ©Ù§XJªÌã¥V�:ê�õ§@o¢Sã�´'�RÚ�£Ï��:�

���ÉÑØ�§FÝ�é��¤§��§XJªÌã¥��:êõ§@o¢Sã�

�½´kb�§>.©²�>.ü>���É���"

ã 3.12 òã�L«¤�X�IOã��Ú"

�±wÑ§·��­.´����mCz�Ä�­."­m�Ô�$ÄÑ3�

X�mØÊ�UC§·��±^����mC��¼ê5£ãù«$Ä§ù«±�

m��ëì5*	Ä�­.��{·�¡Ù���©Û"3k
$Ä¥§'X��

X¥1(�$Ä§̈ {�{Ä§u¥ìuÑ¥�;,��§�±�Ñ¦�$Ä5Æ

�°(¼êLã",��¡§k
$Ä%�U�Ñ§�3�
lÑ�m:�&E§

'X�¦�r³!ØÓ<�p�Cz!3P@´¡þð�$Ä�;,Ñ¬�X�m

u)UC"�´ù
$ÄéJ�Ñ¼ê�°(£ã"ù�Ùw�·�§��3,	

�«£ã�{§3ØUC��©Û�&E��¹e§�±Jø�«#�*	­.�

�{§ù��{Ò´ªÌ©Û"

ªÌ´������&Ò3ª�e�L«�ª§�±�é&Ò?1Fp�C

�
�"NõÔn&Òþ�±L«�NõØÓªÇ{ü&Ò�Ú"éÑ��&Ò3

ØÓªÇe�&E£�U´ÌÝ!õÇ!rÝ½� �¤��{Ò´ªÌ©Û"ª

Ì©Û¤��(J���±^C��'uªÇ��ÌÚ� �¼ê5L«§©O

¡�/�ÌªÌ0Ú/� ªÌ0"ªÌ©Û�±é��&Ò?1§��±ò&Ò©

�¤Aã§2�é�ã�&Ò?1ªÌ©Û"�Ü©�¤ì9^�Ñ^Fp�C�

5�)ªÌ�&Ò"��¼ê�Fp�C��)
�©&Ò¥�¤k&E§�´L

«�/ªØÓ§Ïd�±^Fp�_C�5­ï�©�&Ò"

§3.3 Fp�C��5�

e¡�ÑFp�C�ÚFp�_C��Ü©5�§3ù
5�¥§·�Ñb�
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¼êfÚgÑ´½Â3¢¶þ���¼ê§
�éuv
��|t|§kf(t) = g(t) = 0"

Äk�ÑFp�C��Ä�5�"

1. Fp�C�´L1(R)�L∞(R)�k.�5�f¶

2. XJf ∈ L1(R)§@of̂(λ)3Rþ��ëY¶

3. XJf ∈ L1(R)§@olimλ→∞ f̂(λ) = 0"

ùn�5��y²Ñ3�����"Ù¥1n�5��y²ÚRiemannÚn�y²

�~aq"

5¿�§�½��¼êf(t) ∈ L1(R)§§�Fp�C�

F[f ](λ) =
1√
2π

∫ ∞
−∞

f(t)e−iλtdt

=
1√
2π

∫ ∞
−∞

f(t) cos(λt)dt− i 1√
2π

∫ ∞
−∞

f(t) sin(λt)

.
= R(λ)− I(λ)i

P|F[f ](λ)| =
√
R2(λ) + I2(λ)§§�¡�Fp�C���Ì§ϕ(λ) = arctan

(
I(λ)
R(λ)

)
§

§�¡�Fp�C��� "XJf(t)´��¢�¼ê§K

R(−λ) =
1√
2π

∫ ∞
−∞

f(t) cos(−λt)dt = R(λ)

I(−λ) =
1√
2π

∫ ∞
−∞

f(t) sin(−λt)dt = −I(λ)

¤±§�Ì´��ó¼ê§
� ´��Û¼ê"?�Ú�§XJf(t)´��¢�

ó¼ê§KI(λ) = 0§l
§�Fp�C�Ò´��¢�ó¼ê"XJf(t)´��¢

�Û¼ê§KR(λ) = 0§l
§�Fp�C�Ò´��XJ�Û¼ê"Ó�§XJ

XJf(t)´��XJ¼ê§K

R(−λ) =
1√
2π

∫ ∞
−∞

f(t) sin(−λt)dt = −R(λ)

I(−λ) =
1√
2π

∫ ∞
−∞

f(t) cos(−λt)dt = I(λ)

=�Ì´��Û¼ê§
� ´��ó¼ê"

e¡�ÑFp�C��$�5�"
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1. Fp�C�Ú_C�´�5�f§=é?¿�~êc§k

F[f + g] = F[f ] + F[g],F[cf ] = cF[f ]

F−1[f + g] = F−1[f ] + F−1[g],F−1[cf ] = cF−1[f ]

2. Fp�C���êÚ�ê�Fp�C�µ

½n 3.2 (a) �f(x), xf(x) ∈ L1(R)§KF[f ](λ)��§¿�

F[xf(x)](λ) = iF[f ]′(λ).

(b) XJf(x) ∈ L1(R)§3?Ûk.4«mþýéëY§�f ′(x) ∈ L1(R)§K

F[f ′(x)](λ) = iλF[f(x)](λ)

y² (a) �Ä�û

f̂(λ+ h)− f̂(λ)

h
=

1√
2π

∫
R

f(x)

(
e−ixh − 1

h

)
e−ixλdx (3.15)

l
kØ�ª ∣∣∣∣f(x)

(
e−ixh − 1

h

)∣∣∣∣ ≤ |x||f(x)| ∈ L1(R),


�

lim
h→0

f(x)

(
e−ixh − 1

h

)
= −ixf(x).

3ªf3.15¥§-hªu0¿d��Âñ½nk

F[f ]′(λ) =
1√
2π

∫
R

f(x)(−ix)e−iλxdx = −iF[xf(x)](λ).

(b) Ï�f(x)Úe−iλxýéëY§�f ′(x)3Rþ�È§¤±é?¿�A > 0§B >

0§d©ÜÈ©�∫ A

−B
f ′(x)e−iλxdx = f(x)e−iλx

∣∣∣A
−B

+ iλ

∫ A

−B
f(x)e−iλxdx

e¡y²

lim
x→+∞

f(x) = 0 = lim
x→−∞

f(x)
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duf(x)3?Ûk.4«mþýéëY§¤±k

f(x)− f(0) =

∫ x

0

f ′(u)du

qf ′(x) ∈ L1(R)§¤±�3c1§c2§¦�

lim
x→+∞

f(x) = c1, lim
x→−∞

f(x) = c2

e¡y²c1 = 0"ÄK§Ø��c1 > 0§K�3A§¦��x > A§f(x) > c1
2§

l
�N > A§k ∫ N

A

f(x)dx ≥ c1
2

(N −A)→ +∞,

ù�Úf�Ègñ"Ón�y²c2 = 0"ù�Òy²
ù�½n"

#

3. Fp�C��p��êÚp��ê�Fp�C�¤á�^��±��l1�

�5���§ùp�´�ÑO�úª
Ñ�^�Úy²"

F[tnf(t)](λ) = in
∂n

∂λn
F[f ](λ)

F−1[λnf(λ)](t) = in
dn

dtn
F−1[f ](t)

4. �ê�Fp�C�µ

F[f (n)(t)](λ) = (iλ)nF[f ](λ)

F−1[f (n)(λ)](t) = (−it)nF−1[f ](t)

e¡�Ñ�A�5�ÚFp�C�3ó§þ�A^±9éFp�C��n)

EE�'"

• �£Úª£5µ

F[f(t− a)](λ) = e−iλaF[f ](λ),

F[eiatf(t)](λ) = F[f ](λ− a).
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y² éu1��ªf§

F[f(t− a)](λ) =
1√
2π

∫ ∞
−∞

f(t− a)e−iλtdt

=
1√
2π

∫ ∞
−∞

f(t)e−iλ(t+a)dt

= e−iλa
1√
2π

∫ ∞
−∞

f(t)e−iλtdt = e−iλaF[f ](λ)

éu1��ªf§

F[eiatf(t)](λ) =
1√
2π

∫ ∞
−∞

f(t)eiate−iλtdt

=
1√
2π

∫ ∞
−∞

f(t)e−i(λ−a)tdt

= F[f ](λ− a)

#

lù�úª�±wÑ§�m�ò´éA�ªÇ�£�"Ò´`§�m�ò

´Ø¬UC&Ò3ªÇ���Ì§�´3§éA�� þ£Ä��ÚªÇ�

'��Ý"ª£A5�)ªÌ��£§�¡�N�A5"d

F[f(t) cos(λ0t)] = F

[
f(t)

eiλ0t + e−iλ0t

2

]
=

F[f ](λ− λ0) + F[f ](λ+ λ0)

2
,

F[f(t) sin(λ0t)] = F

[
f(t)

eiλ0t − e−iλ0t

2

]
=

F[f ](λ− λ0)− F[f ](λ+ λ0)

2
,

�ÌÝN�´ò&Ò¦±�pª��u½ö{u&Ò§TL§3��¥Ly

�&ÒUC
�u½{u&Ò�ÌÝ§3ª�¥K¦�ªÌ�)�£"3ÌÝ

N�¥§ò��&E�&Ò¡�N�&Ò§pª��u½{u&Ò¡�1Å§

üö�¦�&Ò¡�®N&Ò"

~ 3.8 ±n�Å�~5w�eù�5�§Ù¥n�Å�½ÂXe

f(x) =


x+ π, −π ≤ x ≤ 0;

π − x, 0 < x ≤ π;

0, else.

§�Fp�C�ã�Xã3.8¤«"y35�Ä�£¼êg(x) = f(x−3)ÚN�

¼êh(x) = f(x) cos(λx)�Fp�C�"éu¼êg(x)§·����m�£Äé

AuFp�C��ªÇ�� �£Ä§Ù¢Ü§JÜÚ�Ì�ã�Xã3.13¤

«"éu¼êh(x)§dþ¡�©Û��§ÙFp�C�´ò�5�Fp�C�

3ªÇ�²£§Ù¥λ = 3Úλ = 7éA�ã�Xeã3.14 ¤«"
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ã 3.13 n�Å3�mþ�²£��Fp�C�§þã©O´¢Ü§JÜÚ�Ìé

A�ã�

ã 3.14 n�ÅNª��Fp�C�§þã©O´λ = 3Úλ = 7éA�ã�

• ºÝC�µ

F[f(bt)](λ) =
1

|b|
F[f ]

(
λ

b

)
, b 6= 0.

y² XJb > 0§K

F[f(bt)](λ) =
1√
2π

∫ ∞
−∞

f(bt)e−iλtdt

=
1√
2π

∫ ∞
−∞

f(t)e−iλt/b
1

b
dt

=
1

b
F[f ]

(
λ

b

)
Ón§XJb < 0§K

F[f(bt)](λ) =
1√
2π

∫ ∞
−∞

f(bt)e−iλtdt

=
1√
2π

∫ −∞
∞

f(t)e−iλt/b
1

b
dt

=
1

−b
F[f ]

(
λ

b

)
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l
§·K¤á" #

`² 3.1 éuºÝC��5�§·�I�n)&Òf(x)Úf(bx)�m�'X"

Ø��b > 1§XJ·�é&Ò3��Úª�?1ÿþ§ÿþ�°Ýk�"@o

&Òf(bx)3��¥�ÿþ°Ý'&Òf(x)�p",
§kºÝC��5��

�§&Òf(bx)�Fp�C�3ª�¥�ÿþ�°ÝÒ¬'f(x)�Fp�C�

$"�é{Ò´Ø�U3��Úª�Ñ��ép�°Ý§ù¯¢þÒ´�¡�

ù�ÿØO�n"

~ 3.9 �´±n�Å�~5w�eù�5�§b�f(x)´n�Å"y35�

Äg(x) = f(bx)�Fp�C�§Ù¥b = 3Úb = 1
3éA�ã�Xeã3.15 ¤«"

ã 3.15 n�Å3ºÝC�e�Fp�C�§þã©O´b = 3Úb = 1
3éA�ã�

• òÈ½nµ

½Â 3.1 �f(t)Úg(t)´Rþ�ü�¼ê§XJÈ©

(f ∗ g)(x) =

∫ ∞
−∞

f(x− t)g(t)dt =

∫ ∞
−∞

f(t)g(x− t)dt

�3§¡Ù�fÚg�òÈ"

~ 3.10 ¦e¡ü�¼ê�òÈµ

f1(t) =

{
0, t < 0;

e−αt, t ≥ 0.
f2(t) =

{
0, t < 0;

e−βt, t ≥ 0.
(3.16)

ùpα, β > 0, α 6= β"

XJt ≤ 0§

f1(t) ∗ f2(t) =

∫ ∞
−∞

f1(x)f2(t− x)dx
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3ù�È©¥§duxÚt− x��k��Ø�u"§l
f1(x)f2(t− x) = 0§=

f1(t) ∗ f2(t) = 0

XJt > 0§dòÈ�½Â��µ

f1(t) ∗ f2(t) =

∫ ∞
−∞

f1(x)f2(t− x)dx

=

(∫ 0

−∞
+

∫ t

0

+

∫ ∞
t

)
f1(x)f2(t− x)dx

=

∫ t

0

e−αxe−β(t−x)dx

=
1

β − α
(e−αt − e−βt)

½n 3.3 �f, g ∈ L1(R)§K(f ∗ g)(x) ∈ L1(R)§÷v

||f ∗ g||L1 ≤ ||f ||L1 ||g||L1

�

F[f ∗ g](λ) =
√

2πF[f ](λ)F[g](λ)

F−1[f̂ ĝ] =
1√
2π
f ∗ g

y²

||f ∗ g||L1 =

∫ ∞
−∞

∣∣∣∣∫ ∞
−∞

f(x)g(t− x)dx

∣∣∣∣ dt
≤
∫ ∞
−∞
|f(x)|

∫ ∞
−∞
|g(t− x)|dtdx

= ||f ||L1 ||g||L1

l
§(f ∗ g)(x) ∈ L1(R)§�||f ∗ g||L1 ≤ ||f ||L1 ||g||L1"



56 1nÙ Fp�C�

�âòÈÚFp�C��½Â§

F[f ∗ g](λ) =
1√
2π

∫ ∞
−∞

f ∗ g(t)e−iλtdt

=
1√
2π

∫ ∞
−∞

∫ ∞
−∞

f(t− x)g(x)dxe−iλtdt

=
1√
2π

∫ ∞
−∞

∫ ∞
−∞

f(t− x)e−iλ(t−x)g(x)dte−iλxdx

=
1√
2π

∫ ∞
−∞

∫ ∞
−∞

f(t)e−iλ(t)g(x)dte−iλxdx

=
√

2πF[f ](λ)F[g](λ)

1��ªf�±|^Fp�C��_C�úª=�" #

• ParsevalÚPlancherel�ªµ

½n 3.4 �f, g ∈ L1(R)
⋂
L2(R)§K

〈f, g〉 = 〈f̂ , ĝ〉

AO�§XJg = f§K��Plancherel�ªµ

||f ||L2 = ||f̂ ||L2 .

y² -G(t) = g(−t)§h = f ∗G§Kh ∈ L1(R)§dòÈ5�k

ĥ(λ) =
√

2πf̂(λ)Ĝ(λ)

òFp�_C�A^�ĥ§¿O�h(0)§k

〈f, g〉 = h(0) =
1√
2π

∫ ∞
−∞

ĥ(λ)dλ = 〈f̂ , ĝ〉.

AO�§XJ·��g(t) = f(t)§Ò�±��Plancherel�ª" #

• ¼ê��K5µ

½n 3.5 XJ ∫ ∞
−∞
|f̂(λ)|(1 + |λ|p)dλ <∞,

Kf9Ù��pg�êëYk."
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y² p = 0��/Ò´��1�(J"éup = 1§5¿�

f(x+ h)− f(x)

h
=

1√
2π

∫
R

f̂(λ)

(
e−iλh − 1

h

)
eiλxdλ (3.17)

du ∣∣∣∣∫
R

f̂(λ)

(
e−iλh − 1

h

)∣∣∣∣ ≤ ∫
R

|f̂(λ)|(1 + |λ|)dλ <∞,

l
þª�mà�È"-hª�0§��þª��>´f ′(x)§=f(x)��§¿�

|f ′(t)| ≤ 1√
2π

∫ ∞
−∞
|f̂(λ)||λ|dλ <∞.

éup > 1§ÄkÏL8B�±y²f�p−1��Ñ�3§�ëYk."éup�

�§3ªf3.17¥òf(x)�¤f (p−1)(x)¿|^�ê�Fp�C�úª=�Ón

y²Ùp���3�ëYk." #

��ù�!�o(§ùp�Ñc¡�Ñ�Fp�5����oAµ

5� ¼êf(t) Fp�C�f̂(λ)

_C� f̂(t) f(−λ)

òÈ f1 ∗ f2(t)
√

2πf̂1(λ)f̂2(λ)

¦È f1f2(t) 1√
2π
f̂1 ∗ f̂2(λ)

²£ f(t− a) e−iaλf̂(λ)

N� eiλ0tf(t) f̂(λ− λ0)

ºÝ f(bt) 1
|b|F[f ](λb )

��¦� fk(t) (iλ)kf̂(λ)

ª�¦� (−it)kf(t) f̂k(λ)

§3.4 L2þ�Fp�C�

XJf ∈ L2(R)�´f 6∈ L1(R)§Kf�Fp�C�ØU^c�!�úª5O�§

Ï�f(x)e−iλt�UØ�È",
§�XXØ¥`�§Fp�C�Ú�ÅC�¡é�

é�´3L2(R)�m¥"¤±§·�I�ïánØ5O�L2(R)¥�Fp�C�"ù

p'���{´|^L1(R)
⋂
L2(R)¥�¼ê�Fp�C��4�5½Âf �Fp

�C�"
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Ï�ëY¼ê�m3L1(R)ÚL2(R)¥ÑÈ�§¤±�mL1(R)
⋂
L2(R)3L2(R)¥

È�"Ïd�±é�L1(R)
⋂
L2(R) ¥Âñ�f�¼êa{fn, n = 1, . . . ,∞}¦�

lim
n→∞

||fn − f ||L2 = 0.

du{fn, n = 1, . . . ,∞}Âñ§¤±{fn, n = 1, . . . ,∞}�´��CauchyS�§ùÒ¿

�X�m,nv
���ÿ§||fm − fn|| �±?¿�",	§fn ∈ L1(R)§¤±�±½

Âfn�Fp�C�f̂n(λ)"

,	§dPlancherel�ª§

||f̂n(λ)− f̂m(λ)|| = ||fn − fm||,

��f̂n(λ)�´��Cauchy�"dHilbert�m���5�§¤k�Cauchy�Âñ�

T�m�����"Ïd§�3f̂(λ) ∈ L2(R)¦�

lim
n→∞

||f̂n − f̂ ||L2 = 0.

f̂�½Â�f�Fp�C�"

5¿��Fp�C�*¿�L2(R)�§Parseval�ª§Plancherel�ª§òÈ½n

Ñ¤á"�´§éuòÈ½n§ùpk
ØÓ�/�"Äk·��Ñe¡�½n"

½n 3.6 XJf(x), g(x) ∈ L2(R)§K

F[f(x)g(x)](λ) =
1√
2π

(f̂ ∗ ĝ)(λ)

y² �λ�½§Ph(x) = g(x)eiλx§·�k

ĥ(u) =
1√
2π

lim
r→∞

∫ r

−r
g(x)eiλxe−iuxdx

=
1√
2π

lim
r→∞

∫ r

−r
g(x)e−i(λ−u)xdx

= ĝ(λ− u)
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Ï�(fg) ∈ L1(R)§l


f̂g(λ) =
1√
2π

∫
R

f(x)g(x)e−iλxdx

=
1√
2π

∫
R

f(x)h(x)dx

=
1√
2π

∫
R

f̂(u)ĥ(u)du

=
1√
2π

∫
R

f̂(u)ĝ(λ− u)du

=
1√
2π

(f̂ ∗ ĝ)(λ)

#

3þ¡�½n¥§·��?Ø
¼êf(x)g(x)�Fp�C�§ù´Ï�f(x)g(x) ∈
L2(R)§¤±·��±½Â§�Fp�C�"�´§=¦f(x), g(x) ∈ L2(R)§·�Ø

U��f(x)∗g(x) ∈ L2(R)§l
ØU?Øf(x)∗g(x)�Fp�C�"�´XJfÚg�

�k��´3L1(R)��ÿ§f(x) ∗ g(x)�Fp�C�Ò�±½Â
"

½n 3.7 XJf(x) ∈ L2(R)§g(x) ∈ L1(R)§K

F[f(x) ∗ g(x)](λ) =
√

2πf̂(λ)ĝ(λ)

y² Ï�||f ∗ g||L2 ≤ ||f ||L2 ||g||L1§¤±�f ∗ g ∈ L2(R)",��¡§df̂ ∈
L2(R)§̂g ∈ L∞(R)§��f̂ ĝ ∈ L2(R)"¤±§·�y²

F−1[f̂ ĝ] =
1

2π
f ∗ g.

Pfr(x) =
∫ r
−r f̂(λ)eiλxdλ§K

1√
2π

∫ r

−r
f̂(λ)ĝ(λ)eiλxdλ =

1

2π

∫ r

−r
f̂(λ)eiλx

(∫
R

g(u)e−iλudu

)
dλ

=
1

2π

∫
R

g(u)

(∫ r

−r
f̂(λ)eiλ(x−u)

)
du

=
1

2π

∫
R

g(u)fr(x− u)du =
1

2π
(fr ∗ g)(x).

,��¡§limr→∞ ||fr − f ||L2 = 0§l


||fr ∗ g − f ∗ g||L2 ≤ ||fr − f ||L2 ||g||L1 → 0, r →∞.
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¤±

F−1[f̂ ĝ] =
1

2π
f ∗ g.

23ü>�Fp�C�=�y²T½n" #

~ 3.11 ÁO�¼êf(t) = 1
β
√
π
e
− t2

β2 , β > 0�Fp�C�"

Äk·�wg(t) = e
− t2

β2�Fp�C�"�d§·�ég(t)¦��

g′(t) = − 2t

β2
e
− t2

β2 ,

þªü>�Fp�C��

iλF[g](λ) =
−2i

β2

d

dλ
F[g](λ)

l
�±ÏL¦)~�©�§�

F[g](λ) = Ce−
β2λ2

4

Ù¥§

C =
1

2π

∫ ∞
−∞

g(t)dt

=
1

2π

∫ ∞
−∞

e
− t2

β2 dt

=
β√
2

l
F

[
1

β
√
π
e
− t2

β2

]
= 1√

2π
e−

β2

4 λ
2

"

·�y35c[ïÄ�e¼êf(t) = 1
β
√
π
e
− t2

β2§Äk§�±y²£���¤é

?¿�β > 0§ ∫ ∞
−∞

f(t)dt = 1.

,��¡§�β�5��¿ª�"��ÿ§éut 6= 0§f(t)��¬ª�0§
f(0)�

�¬ª�Ã¡"Ò´`¼ê�4�´���~�%�¼ê§§3Ø
"�	�¤k

:��Ñ´"§�´§�È©´1"

ù�¼ê3ÔnÚ&Ò?n¥�~k¶§�δ¼ê"δ¼ê�m©�½Â´T¼

ê3":�Ã¡�§Ù¦Ñ´"�¢êCþ¼ê§Ó�§3¢ê¶þÈ©�1"ù

�½Â3êÆþkX²w�"�"��5`§¼ê��ØU´Ã¡�"�,�±@
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�ù´2Âþ�¼ê§r��*¿��¹kÃ¡�"ù�`�¼ê�±�É§�ù

�30:´Ã¡�§Ù§??�0�¼ê§éiùÈ©v½Â§V���È©�´0§

ùÚÈ©�½Âgñ"æ��Ø=ud"3êÆþ§¼ê´l½Â�������

N�§±d(½
¼ê�¤k5�"þã�½Â¿�Xd§½Â�c�Ü©ïá


gCþ�¼ê��éA'X§®²��(½
¼ê"ù¼ê¦þ~êc§E,�±

�Ó�N�§=�±ù¼êØC§§�È©�AT�±ØC¶3
��Ü©§ù¼

ê¦þ��~êc§lÈ©��5'X§È©�òC¤c"A^½Â�ØÓÜ©§í

�ÑØÓ�(J§̀ ²½Â¥kgñ§ù3êÆþ´Ø#N�"�
n)δ¼ê§·

�ùp{ü0��
2Â¼ê�Ä:�£"

§3.5 2Â¼ê

3ÔnÆþ§·�²~¦^:þ5£ãéA�Ôné�§'X:�þ!:>

Ö!ó4f!]��Âå!]�
�"ù
Ônþ£ãå5Ø=�B!Ôn¹Â�

Ù§
�§�±��ÊÏ¼êë\$�§¤���êÆ(ØÚÔn(Ø´¬Ü�§

Xé§?1�©ÚFp�C�§ò§ë��©�§¦)�",
§²;¼ê½Â


êÚê�éA'X§3?nÔny�¥���:þVg�ÃU�å§ùÒ½¦<�

��ùa%¼ê(áî��êÆÄ:"

{¤þ1��2Â¼ê´dÔnÆ[).�Ú?�§¦Ï��ãþfåÆ¥

,
þ�'X�I�Ú\
/δ0¼ê0µù�¼ê3¤k:Ñ´"Ø
3"?´

Ã¡�"�Ðn)��ª��´rù«%¼ê��¤��þ,«©Ù¤�A�/�
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�ù
%¼êïáÄ:�,é�*§�éuE,�¹Òqw��¡
Øé²("�

5�X�¼©Û�uÐ§���](1945) ^�¼©Û*:�2Â¼êïá
��

@î��nØ,�XX���é2Â¼êØq�
­�uÐ"2Â¼ê�2�/A

^uêÆ!Ôn!åÆ±9©ÛêÆ�Ù¦��©|§~X�©�§!�ÅL§!

6/nØ��§§��A^�+�L«nØ§AO´§kå/r?
 �©�§

C30c5�uÐ"2Â¼ênØ¦��©Æ{ø
duØ��¼ê��3�5�

,
(J§ù´ÏLr§*¿�'��¼ê��õ��aé�¢y�§Ó�§�±


�È©�5�/ª"Ød�	§2Â¼êI�÷vµ

1. z��ëY¼êAT´��2Â¼ê¶

2. z��2Â¼êÑATäk£ ¤�ê§
�£ ¤�ê�´��2Â¼ê¶

3. $��Ï~5KAT¤á¶

4. äk�A�Âñ½n§l
�±?nÏ~�4�L§"
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§3.5.1 Ä��m

�
½Â2Â¼ê§Äk·�I�½ÂÄ�¼ê�m"½Â3Rþäk?¿�

ëY�û�¼ê�N|¤��mP�C∞(R)"�´§§�3RþØ�½�È"·�

F"�Ä��mØ=g��È§
�¦±?¿�È�¼ê��´�È"¤±§·�

ÀJC∞(R)äk;|8�¼ê�NP�C∞0 (R)"5¿�C∞0 (R)´Ø��8�(��

�)"C∞0 (R)�´d¼ê|¤�8Ü§·�I�½ÂÂñ5"�kù�â�U±§

�½Â�½ÂëY�5�¼§
��I�¦�§Uìù«Âñ5¤�����m"

½Â 3.2 �ϕj , ϕ ∈ C∞0 (R)§XJ

• �3R¥�;8K§¦�ϕj , ϕ�|8Ñ�¹3K¥¶

• ϕj±9?¿��êÑ��Âñ�ϕÚϕ��A��ê¶

K�5�mC∞0 (R)3�½þãÂñ���m¡�Ä��m§P�D

½Â 3.3 �ϕj ∈ D§XJ

• �3R¥�;8K§¦�ϕj , ϕ�|8Ñ�¹3K¥¶

•
lim

i,j→∞

(
max
x∈K
|Dmϕj −Dmϕi|

)
= 0

K¡ϕj´Ä��mD¥�Ä��"

¯¢þ§·��±y²Uìþ¡½n���Ä��m�½´���§=e¡�

Ún¤á£y²3�����¤"

Ún 3.1 D¥�Ä���½´Âñ�§=D´���"

½Â 3.4 Ä��mDþ�ëY�5�¼¡�Dþ�2Â¼ê§=XJDþ�¢�

�5�¼u÷v

1. é?¿�ϕ1, ϕ2 ∈ D§c1, c2 ∈ R§

u(c1ϕ1 + c2ϕ2) = c1u(ϕ1) + c2u(ϕ2),

2. XJϕj , ϕ ∈ D§�ϕj → ϕ§K

u(ϕj)→ u(ϕ),

K¡u´Dþ�2Â¼ê"
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~ 3.12 �f´Rþ?¿;8þÑ�È�¼ê§½ÂDþ��¼

uf (ϕ) =

∫
R

f(x)ϕ(x)dx, ϕ ∈ D,

éN´y²þã�¼´Dþ��5ëY�¼"dþª¤(½�2Â¼ê¡��K

�"

~ 3.13 ½Â2Â¼êδ¼ê�

δ(ϕ) = ϕ(0),∀ϕ ∈ D.

Äk§§w,´Dþ��5�¼§¿�§XJlimj→∞ ϕj = 0§k

|δ(ϕj)| = |ϕj(0)| ≤ supx∈R|ϕj(x)| → 0,

¤±δ¼êëY"u´δ¼ê´2Â¼ê"

ØLδ¼ê�½Ø´�K�"̄ ¢þ§XJ�3�È¼êf(x)§¦�

δ(ϕ) = ϕ(0) =

∫
R

f(x)ϕ(x)dx,∀ϕ ∈ D.

�d§�

ϕa(x) =

{
e
− a2

a2−x2 , |x| < a;

0, |x| ≥ a.

Uìþãb½k§ ∫
R

f(x)ϕa(x)dx = ϕa(0) = e−1,

�´�>�È© ∣∣∣∣∫
R

f(x)ϕa(x)dx

∣∣∣∣ =

∣∣∣∣∣
∫
|x|<a

f(x)e
− a2

a2−x2 dx

∣∣∣∣∣
≤
∫
|x|<a

|f(x)|dx→a→0 0

w,ùü�´gñ�"Ïdδ¼êØ´�K�"

§3.5.2 2Â¼êS��4�

2Â¼ê�m´���5�m§�±½ÂXe�Âñ5"

½Â 3.5 �uj , u´2Â¼ê§XJéz��ϕ ∈ D§k

lim
j→∞

uj(ϕ) = u(ϕ)

Ò¡{uj}Âñ�u§P�limj→∞ uj = u"
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~ 3.14 �fj(x) = 1
π

sin jx
x , x ∈ R§K

lim
j→∞

fj(x) = δ.

¯¢þ§�±y²é?¿�ϕ ∈ D§k

lim
j→∞

1

π

∫
R

ϕ(x+ t)
sin jt

t
dt = ϕ(x).

ù�y²3���"

l
§�x = 0§B�±��

lim
j→∞

fj(ϕ) = lim
j→∞

1

π
ϕ(x)

sin jx

x
= ϕ(0) = δ(ϕ),

=

lim
j→∞

fj(x) = δ.

§3.5.3 2Â¼êS���û

éu2Â¼ê��û§·�F"¦äk?¿���û§¿��¼ê´ëY��

��ÿ§2Â¼ê��û7LÚ�;��û��"ù�!�Ñ2Â¼ê�û�½

Â"

b�f(x)´RþëY���¼ê§ϕ ∈ D§d©ÜÈ©��∫
R

f ′(x)ϕ(x)dx = f(x)ϕ(x)
∣∣∣+∞
−∞
−
∫
R

f(x)ϕ′(x)dx

= −
∫
R

f(x)ϕ′(x)dx

¤±§éu2Â¼ê�±½Â�ûf ′(ϕ) = f(ϕ′)"

½Â 3.6 �u´2Â¼ê§½Âu��ûu′´Dþ��5�¼§¿�÷v

u′(ϕ) = u(ϕ′),∀ϕ ∈ D.

ØJy²u ∈ D§u′ ∈ D§l
·��±y²2Â¼êäk?¿��ê§¿�

Dmu(ϕ) = (−1)mu(Dmϕ).

~ 3.15 ¼êH(x)�µ

H(x) =

{
1, x ≥ 0;

0, x < 0.
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K

H ′(ϕ) = −H(ϕ′)

= −
∫
R

H(x)ϕ′(x)

= −
∫ ∞

0

ϕ′(x)

= ϕ(0) = δ(ϕ)

¤±H ′(x) = δ(x)"

~ 3.16 �f(x) ∈ C1(R) {0}§Pa = f(+0)− f(x− 0)§q�fÚf ′3;8þ�È§

K
d

dx
f = aδ + f ′

ù´Ï�éu?¿�ϕ ∈ D§
d

dx
f(ϕ) = −f(ϕ′)

= −
∫ 0

−∞
f(x)ϕ′(x)dx−

∫ ∞
0

f(x)ϕ′(x)dx

= −f(−0)ϕ(0) +

∫ 0

−∞
f(x)ϕ′(x)dx+ f(+0)ϕ(0) +

∫ ∞
0

f(x)ϕ′(x)dx

= aϕ(0) +

∫
R

f ′(x)ϕ(x)dx

= aδ(ϕ) + f ′

ù�~fw�·�§XJf ∈ C1(R)§K2Â¼ê��êÚ²;��ê½Â��§�

´XJ¼êäk1�amä:§K2Â¼ê��ê¬3mä:?Ú\δ¼ê"

·���±½Â2Â¼êÚÃ¡g��¼ê�¦È±9�A��ê"

½Â 3.7 �u´2Â¼ê§f ∈ C∞(R)§K§��¦Èfu½Â�

(fu)(ϕ) = u(fϕ),∀ϕ ∈ D

éN´�yfu´��2Â¼ê"aq�§·���±½Â¦ÈéA�2Â¼

ê��ê"ØJy²µ

D(fu) = fu′ + uf ′,

ù´Ï�

(D(fu))(ϕ) = −(fu)(ϕ′) = −u(fϕ′) = −u ((fϕ)′ − ϕf ′)

= u′(fϕ) + u(ϕf ′) = (fu′ + uf ′)(ϕ)
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§3.5.4 2Â¼êS��òÈ

ü��È¼êf(x)§g(x)�òÈ½Â�

(f ∗ g)(x) =

∫
R

f(x− y)g(y)dy,

l
XJò§wÑ���K�2Â¼ê§k

(f ∗ g)(ϕ) =

∫
R

(f ∗ g)(z)ϕ(z)dz

=

∫
R

(∫
R

f(z − y)g(y)dy

)
ϕ(z)dz

=

∫
R

g(y)

(∫
R

f(z − y)ϕ(z)dz

)
dy

=

∫
R

g(y)

(∫
R

f(z)ϕ(z + y)dz

)
dy

Ïd§ü�2Â¼ê�òÈ�±½Â�

½Â 3.8 �u§v´ü�2Â¼ê§XJdeª½Â�ω´��2Â¼ê§

ω(ϕ) = vy [ux(ϕ(x+ y))]

K¡ω´u§v�òÈ§P�ω = u ∗ v"Ù¥þª�½Â¥uxL«2Â¼êu�½Â
±x��È©Cþ"

`² 3.2 þãòÈ�½ÂØ´é¤k�2Â¼êÑ¤á§Ï�3ù�½Â¥·�

I�ϕ(x) ∈ D�§ϕ(x+ y) ∈ D"ù�Ø´é¤k�2Â¼ê¤á"Ïd§·�ùp
�Ñ��òÈ�±½Â�^�"�u§v´2Â¼ê§PA§B´u§v�|8§�½�

�;8F§½Â

F̃ = {(x, y)|x+ y ∈ F},

XJé?¿�;8F§F̃Ñ´k.8§Ku ∗ vÒ´��2Â¼ê"

~ 3.17 δ(x)�5�Xeµ

1. δ(ax) = 1
|a|δ(x)§AO�δ(−x) = δ(x)¶

2. xδ(x) = 0§xδ(x− a) = aδ(x− a)¶

3. d
dxδ(x− a) = −δ(x− a) d

dx¶

4. f ∗ δ = f(x)¶
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y² 1�!n!oª�y²3���"éu1��ªf§d2Â¼ê�$�{K§

k

(g(x)δ(x− y), ϕ(x)) = (δ(x− y), g(x)ϕ(x))

= g(y)ϕ(y) = (g(y)δ(x− y), ϕ(x))

l
§

g(x)δ(x− y) = g(y)δ(x− y),

�

xδ(x) = 0δ(x) = 0

K§é?¿�a§0 = (x− a)δ(x− a)§=

xδ(x− a) = aδ(x− a).

#

ÔnÆöÚó§�²~³y�*���a'§Øî>/@^úª§²~��´

a�¤J§�k����lÌ"=B´{¤þêÆ��§X¤�ê§î.�§±Ù´

L/a'��§
aJ\\§��k
Ø�Ì��ØØä"êÆþî>�y²§X

ÓÔn¢���§3Ü6þ�y�«a'ß���(5"3êÆ�ÆSÚA^¥§

Ø=��Ù,§���Ù¤±,§éA^é�ký¢�aúÚ²�§âU^J[­

.p���§�Úy¢U�e���"

§3.5.5 Fp�C�é

c¡`�§3ó§O�¥§δ¼êäk�~­��¿ÂÚA^�µ"�´§U

ìDÚ�Fp�C��½Â§·�ØUéδ¼ê�Fp�C�§�d·�Äk½Â


2Â¼ê§¿�Ñδ¼êî��êÆ½Â"l2Â¼ê�½ÂÑu½ÂÙFp�

C�'�g,§'X�½��2Â¼êu§u�Fp�C�û�´��ëY�5�¼§

�÷v§

û(ϕ) = u(ϕ̂).

,
§3þã½Â¥k��¯K§Ò´XJϕ ∈ D§·�ØU��ϕ̂ ∈ D"¤±§�

½Â2Â¼ê�Fp�C�§·�ØU��3Ä��mþ½Â§I�Ïé,	�

��mþ�ëY�5�¼§ù��mÒ´�ü�m"ùp§·�ØO��Ñ¤k�

[!§�´�Ñ·�¤I��O�§äN�SN�±ë��'Ö7[2]"

5¿�Fp�C�ÚFp�_C��/ª�~aq§¦�äk�½�é¡5"

¯¢þ§XJf(t)�Fp�C�´f̂(λ)§XJf̂ ∈ L1(R)§Kf̂����¼ê��±

O�§�Fp�C�"§�Fp�C�´

F[f̂ ](λ) = f(−λ).
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y²

f(t) = F−1[f̂ ](t) =
1√
2π

∫ ∞
−∞

f̂(λ)eiλtdλ (3.18)

¤±

f(−t) =
1√
2π

∫ ∞
−∞

f̂(λ)e−iλtdλ = F[f̂(λ)](t).

#

¤±§��¼êÚ§�Fp�C�¡���Fp�C�é"

~ 3.18 ·�y3w�e·�c¡J��δ(x)¼ê"

F[δ](λ) =
1√
2π

∫ ∞
−∞

δ(x)e−iλxdx =
1√
2π
e−iλx|x=0 =

1√
2π

(3.19)

¤±§·�@�δ(x)Ú~¼ê 1√
2π
�¤��Fp�C�é§=

F[δ(x)](λ) =
1√
2π
,F

[
1√
2π

]
(λ) = δ(−λ) = δ(λ).

~ 3.19 Ón§

F[δ(x− a)](λ) =
1√
2π

∫ ∞
−∞

δ(x− a)e−iλxdx =
1√
2π
e−iλx|x=a =

1√
2π
e−iaλ (3.20)

¤±§·�@�δ(x− a)Ú~¼ê 1√
2π
e−iaλ�¤��Fp�C�é§=

F[δ(x− a)](λ) =
1√
2π
e−iaλ,F

[
1√
2π
e−iax

]
(λ) = δ(a− λ) = δ(λ− a).

~ 3.20 ¦�u¼êf(t) = sin(λ0t)�Fp�C�.

F[f(t)](λ) = F

[
eiλ0t − e−iλ0t

2i

]
=
i

2
(δ(λ+ λ0)− δ(λ− λ0))

~ 3.21 �H(t) =


0, t < 0;
1
2 , t = 0;

1, t > 0.

§KH(t)�Fp�C�´F[H(t)](λ) = 1√
2π

(
1
iλ + πδ(λ)

)
"

ùpØ��O�¼êH(t)�Fp�C�§
U¤O�¼ê 1√
2π

(
1
iλ + πδ(λ)

)
�_F
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p�C�"

F−1

[
1√
2π

(
1

iλ
+ πδ(λ))

]
(t) =

1

2π

∫ ∞
−∞

(
1

iλ
+ πδ(λ)

)
eiλtdλ

=
1

2π

∫ ∞
−∞

πδ(λ)eiλtdλ+
1

2π

∫ ∞
−∞

1

iλ
eiλtdλ

=
1

2
+

1

2π

∫ ∞
−∞

cos(λt) + i sin(λt)

iλ

=
1

2
+

1

2π

∫ ∞
−∞

sin(λt)

λ

= H(t)

�����ª´Ï�

∫ ∞
0

sin(λt)

λ
dλ =

{
π
2 , t > 0;

−π2 , t < 0.
(3.21)

¤±§F[H(t)](λ) = 1√
2π

(
1
iλ + πδ(λ)

)
"Ïd§H(t)Ú 1√

2π

(
1
iλ + πδ(λ)

)
�¤��F

p�C�é"

~ 3.22 ¼êH(t)e−βt, β 6= 0�Fp�C�´ 1√
2π

1
β+iλ"

F[H(t)e−βt](λ) =
1√
2π

∫ ∞
−∞

(H(t)e−βt)e−iλtdt

=
1√
2π

∫ ∞
−∞

H(t)e−i(λ−βi)tdt

=
1√
2π

(
1

i(λ− βi)
+ πδ(λ− βi)

)
=

1√
2π

1

β + iλ
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~ 3.23 ¼êe−βt
2

�Fp�C�´ 1√
2β
e−

λ2

4β "̄ ¢þ§

F[e−βt
2

](λ) =
1√
2π

∫ ∞
−∞

e−βt
2

e−iλtdt

=
1√
2π

∫ ∞
−∞

e−β(t− iλ
2β )2−λ2

4β dt

= e−
λ2

4β
1√
2π

∫ ∞
−∞

e
−(
√
βt− iλ

2
√
β

)2

dt

= e−
λ2

4β
1√
2π

∫ ∞
−∞

e−t
2 1√

β
dt

=
2√
β
e−

λ2

4β
1√
2π

∫ ∞
0

e−t
2

dt

=
1√
2β
e−

λ2

4β

��o(§e¡�Ñ�Ò´�~��Ê�Fp�C�é"

¼êf(t) Fp�C�f̂(λ)

δ(t) 1√
2π

δ(t− a) 1√
2π
e−iaλ

H(t) 1√
2π

( 1
iλ + πδ(λ))

H(t)e−βt 1√
2π

1
β+iλ

e−βt
2 1√

2β
e−

λ2

4β

§3.6 �5�ØCÈÅì

ÈÅìù�¶c�7�[�Ø))§'X�k/üD0õU�ð�º§̀ x


Ò´rpª�DÑ&Ò�LÈK"�;��:§ÈÅì´ULÈ,
A½ªã§3

eI�&Ò�Ü�§'X$ÏÈÅì(�3e$ª©þ)!pÏÈÅì(�3epª

©þ)!�ÏÈÅì(�3eA½��S�©þ)"

lêÆ�*:w§&ÒÒ´��¼ê§
ÈÅì�±w¤��C�L§§ò&

ÒfN��,	��&Ò"XJÈÅì´�5�§KC�L7L÷ve¡ü�5�"

• �\µL[f + g] = L[f ] + L[g]

• à5µL[cf ] = cL[f ]§Ù¥c´~ê
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Ød�	§���ÈÅì�÷v,	��5�´�ØC5"'X`§b�·�y3

��ÜÎ�k,Ñ��¡§XJò(Ñ&ÒÏL���DÈÅì§Ò�±f��ß

�ÑW"@o§XJ·�1�U�Ó���¡§ÏLÓ��ÈÅì§@o·�AT

f�Ó��(Ñ"ù�Ò´�ØC5"lêÆþ`§Pf(t − a) = fa(t)§K�ØC

5�±ù�½Â"

½Â 3.9 C�L¡��ØC´�§éu?¿�&ÒfÚ¢êa§k

L[fa](t) = (Lf)(t− a)

Ò´`§XJ&Òò�a�ü §K²LC���&ÒÒ´�©C��&Òò�a�

ü §Kù�C�´�ØC�"

~ 3.24 �h(t)´��äkk�| �¼ê§éu&Òf§-

(Lf)(t) = (h ∗ f)(t) =

∫ ∞
−∞

h(t− x)f(x)dx,

K�5�fL´�ØC�"

¯¢þ§é?¿�a§k

(Lf)(t− a) =

∫ ∞
−∞

h(t− a− x)f(x)dx

=

∫ ∞
−∞

h(t− y)f(y − a)dy

=

∫ ∞
−∞

h(t− y)fa(y)dy

= (Lfa)(t)

¤±§L´�ØC�"

�´§¿Ø´¤k��5C�´�ØC�§'Xe¡�~f"

~ 3.25 -

(Lf)(t) =

∫ t

0

f(x)dx,

K§��¡§

L[fa](t) =

∫ t

0

f(x− a)dx =

∫ t−a

−a
f(x)dx,

,��¡

(Lf)(t− a) =

∫ t−a

0

f(x)dx,

�±wÑ§dua 6= 0§¤±L[fa](t)Ú(Lf)(t−a)´ØÓ�§Ò´`LØ´�ØC�"
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e¡�½n`²§òÈÒ´;.��ØC�5ÈÅì§¿�z���ØCÈÅìé

A��¼ê§
�ù�¼ê�±�~N´(½"

½n 3.8 �L´�5�ØC�§Ù�^�&Ò´©ãëY�§K�3���È¼

êh§¦�é¤k�&Òf§k

L(f) = f ∗ h.

y² ù�y²�¹üÚ"1�Ú§·�y²é?¿�λ ∈ R§�3h ÷v

L
[
eiλx

]
(t) =

√
2πĥ(λ)eiλt, t ∈ R.

¯¢þ§½Â¼ê

hλ(t) = L
[
eiλx

]
(t), t ∈ R.

Ï�L´�ØC�§¤±é?¿�a ∈ R§

L
[
eiλ(x−a)

]
(t) = hλ(t− a)

qÏ�L´�5�§·�k

L
[
eiλ(x−a)

]
(t) = e−iλaL

[
eiλx

]
(t) = e−iλahλ(t)

l
é?¿�a ∈ R§

hλ(t− a) = e−iλahλ(t).

AO�§�t = a�§k

hλ(0) = e−iλahλ(a).

l
é?¿�t ∈ R§

hλ(t) = eiλthλ(0).

u´§

L
[
eiλx

]
(t) = hλ(t) = hλ(0)eiλt

-ĥ(λ) = hλ(0)√
2π
=�"

1�ÚÒ´|^ĥ(λ)5(½�fL"ò�fL�^uFp�C��üúª

f(x) =
1√
2π

∫
R

f̂(λ)eiλxdλ
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�ü>�

L[f ](t) = L

[
1√
2π

∫
R

f̂(λ)eiλxdλ

]
(t)

=
1√
2π

∫
R

f̂(λ)L
[
eiλx

]
dλ

=
1√
2π

∫
R

f̂(λ)
(√

2πĥ(λ)eiλt
)
dλ

= (f ∗ h)(t)

#

ùp¼êh(t)äk²(�¿Â§̄ ¢þ3þª¥-f(x) = δ(x)§Ò�±��

L [δ(x)] (t) = (δ(x) ∗ h(x)) (t) = h(t),

=h(t)´óÀ&ÒÏLL���A¼ê"

`² 3.3 ½n3.8´k�~²(�¿ÂÚA^d�"duL´?¿��ØC�5�

f§¤±ù�½näkéÐ�Ï^5"3¢S�A^¥§LÏ~éA��?¿��

5ÈÅì"ù�½nw�·�=¦·�Ø��ù�ÈÅì´�o�^§·���±

��ù�ÈÅì´Noó��§Ò´Ñ\&ÒÚ,�¼ê�òÈ"Ó�ù�¼ê

�±�~N´(½§Ò´3ÈÅì¥Ñ\��óÀ&Ò§ÑÑ�Ò´ù�¼ê"¤

±§�ØC�5�fÒ�du��¼ê�òÈ"ùl,	���¡`²
òÈ3&

Ò?n¥�­�/ "

§3.7 æ�½n

3·�c¡�0�¥§·�Ñb�·��&Ò´��ëY¼ê§�´3¢S

¥§·�ÑI�ò��ëY&Ò=�¤��lÑS�"æ�´ò��&Ò£=�m

½�mþ�ëY¼ê¤=�¤��ê�S�£=�m½�mþ�lÑ¼ê¤�L§"

Ï~§æ�Ò´±m�sP¹&Ò{f(js), j ∈ Z}��"¤±��g,�¯KÒ´X
Ûlù
lÑ¼ê¡E�©�&Ò"e¡·�0��æ�½n�Ñ§XJ&Ò´�

��£&Ò¥pu,��½��ªÇ¤©7L´"§½���~�Cu""î��

½Â�½Â3.10¤§@oþ¡�s��'��§@o§�5�ëY&Ò�±læ��

�¥��­ïÑ5"

æ�½n§q¡�àæ�½n§G¿dAæ�½n§́ &EØ§AO´ÏÕ�

&Ò?nÆ�¥���­�Ä�(Ø"

�
`²e¡�½n§·�k�Ñ��{ü�~f"b�·�y35*	��

����^=���§b�ù���´±�¦�±Ï^��^="ØL§·�Ø�
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�ù
&E§·�F"�±ÏLæ����lÑ&E
)ù����$1�¹§=

��ã�mP¹���c� �"

• XJæ���mm�´ 1
3¦§@o3��±Ï¥§·��±æ����0§1

3§
2
3¦

�&E"ù�§·��±O�Ñd�÷v^�����±Ï´1¦§
�§�±

�äÑ§´^��^=¶

• XJæ���mm�´ 1
2¦§@o3��±Ï¥§·��±æ����0§1

2¦

�&E"ù��¹e§·��±O�Ñ§d�÷v^�����±Ï´1¦§�

´ØU(½´^���´_��^=¶

• XJæ���mm�´ 2
3¦§@o·��±æ����0§2

3§
4
3¦�&E"ù�

�¹e§·��ØO�Ñd�÷v^�����±Ï´2¦§¿�ØU(½´

^���´_��^=¶

• XJæ���mm�´1¦§@o·��Uw��Ì·��ã¡§·�¬@�

����ÒvÄ§¤±§�±ÏÚ��Ñvk�{O�"

lù�{ü�~f�±wÑ§´Ä�±¡E�©&ÒÚæ���Ýk�~�

��éX§e¡�Ñù�(J�nØÄ:"

½Â 3.10 XJ�3~êΩ > 0§¦�

f̂(λ) = 0, |λ| > Ω,

K¼êf¡�ªÇ��&Ò"�Ω´÷vþª����ªÇ�§g,ªÇν = Ω
2π¡

�NiquistªÇ§2ν = Ω
π¡�Niquistæ�Ç"

½n 3.9 b�f̂(λ)´©ã1w�ëY�§
�éuλ > Ω§kf̂(λ) = 0§Ù¥Ω ´

���½��ê"K

f(t) =

∞∑
j=−∞

f

(
jπ

Ω

)
sin(Ωt− jπ)

Ωt− jπ
.

y² òf̂(λ)3[−Ω,Ω]þÐm¤Fp�?êµ

f̂(λ) =

∞∑
k=−∞

cke
iπkλ

Ω , ck =
1

2Ω

∫ Ω

−Ω

f̂(λ)e
−iπkλ

Ω dλ,

duλ > Ω§kf̂(λ) = 0§¤±þ¡�È©«m�±U¤KÃ¡��Ã¡µ

ck =
1

2Ω

∫ ∞
−∞

f̂(λ)e
−iπkλ

Ω dλ.
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5¿�þª�±�¤

ck =

√
2π

2Ω

1√
2π

∫ ∞
−∞

f̂(λ)e
−iπkλ

Ω dλ =

√
2π

2Ω
f

(
−kπ

Ω

)
.

òþª�\�?êÐmª¥§Ó�ò¦Ú�Ik�¤j = −k§�

f̂(λ) =

∞∑
j=−∞

√
2π

2Ω
f

(
jπ

Ω

)
e
−iπjλ

Ω .

duf̂(λ)´©ã1w�¼ê§¤±þã?ê´��Âñ�"l
·�k

f(t) =
1√
2π

∫ ∞
−∞

f̂(λ)eiλtdλ

=
1√
2π

∫ Ω

−Ω

f̂(λ)eiλtdλ

=

∞∑
j=−∞

√
2π

2Ω
f

(
jπ

Ω

)
1√
2π

∫ Ω

−Ω

e
−iπjλ

Ω +iλtdλ

=

∞∑
j=−∞

f

(
jπ

Ω

)
sin(Ωt− jπ)

Ωt− jπ

#

~ 3.26 Pf(t) = 4sint−4t cos t
t3 §Kf(t)�Fp�C�´

f̂(λ) =
1√
2π

∫ ∞
−∞

f(t)e−iλtdt

=

{ √
2π(1− λ2), |λ| ≤ 1;

0, |λ| > 1.

¤±f(t)´��ªÇ��&Ò§¤±��·��Ω ≥ 1§Ò�±é�©&Ò��­

�"

·��±l,	���Ý5wù�æ�½n§Xã3.16¤«§�a = π
Ω§Pφa(t) =

sin(πt/a)
πt/a §Kþª�±�¤

f(t) =

∞∑
j=−∞

f(ja)φa(t− ja) = φa ∗
∞∑

j=−∞
f(ja)δ(t− ja).

5¿�
∑∞
j=−∞ f(ja)δ(t− ja)éAu��&Òf�?¿þ!æ�fd(t)§

fd(t) =

∞∑
j=−∞

f(ja)δ(t− ja), (3.22)
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−Ω Ω

a.f(t)的傅里叶变换 b.信号f(t)的图像

f(λ) f(t)

−Ω Ω

c.f(t)的傅里叶变换周期延拓 d.信号f(t)的采样

f  (λ)d f  (t)d

−Ω Ω

e.频率域中的矩形波函数 f.矩形波的逆傅里叶变换

φ(λ) φ(t)

−Ω Ω

g.f(t)的傅里叶变换看
成两个函数的乘积

h.信号f(t)就是两个函数的卷积

f  (λ)d φ(λ) f  (t)d ∗φ(t)

ã 3.16 n)æ�½n�«¿ã"
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¤±§æ�½n`²

f̂(λ) =
√

2πφ̂a(λ)f̂d(λ) = ra,Ω(λ)f̂d(λ),

ùpra,b(λ) =

{
a, −b ≤ λ ≤ b;
0, Ù¦.

"̄ ¢þ�±y²fd(t)�Fp�C�´

f̂d(λ) =
1

a

∞∑
j=−∞

f̂(λ− 2kΩ) (3.23)

§3.7.1 ·U

XJf̂�|8�Ñ[−Ω,Ω]§���§éu,
�"�j 6= 0§f̂(λ − 2jΩ) �

|8Ú[−Ω,Ω]��§KpªÜ©òU�$ª«m§ù�¡��·U"du�3·

U§1
a

∑∞
j=−∞ f̂(λ− 2kΩ)��ØÓuf̂�|8áu[−Ω,Ω]��/§ù�L§�±^

ã3.175)º"

~ 3.27 �Äpª��

f(t) = cos(λ0t) =
eiλ0t + e−iλ0t

2

ÙFp�C�´

f̂(λ) =

√
π

2
(δ(λ− λ0) + δ(λ+ λ0))

XJΩ < λ0 < 2Ω§K

√
2πφ̂a(λ)f̂d(λ) =

√
π

2
(δ(λ− 2Ω + λ0) + δ(λ+ 2Ω− λ0)) (3.24)

Ïd§·Uòpªλ0£�$ª2Ω− λ0 ∈ [−Ω,Ω]"

§3.8 lÑFp�C�

Fp�C��±^5©ÛëY�&Ò§,
3Nõ�A^|Ü§&Ò��®²

´lÑ�§3ù«�¹e§I�|^Fp�C��lÑ/ª5©ÛlÑ&Ò"�d§

·�kwA�~f"

~ 3.28 ·�kw�eXÛCqO�Fp�Xê

αk =
1

2π

∫ 2π

0

f(t)e−iktdt



78 1nÙ Fp�C�

−Ω Ω

a.f(t)的傅里叶变换 b.信号f(t)的图像

f(λ) f(t)

−Ω Ω

c.f(t)的傅里叶变换周期延拓 d.信号f(t)的采样

f  (λ)d f  (t)d

−Ω Ω

e.频率域中的矩形波函数 f.矩形波的逆傅里叶变换

φ(λ) φ(t)

−Ω Ω

f  (λ)d φ(λ) f  (t)d ∗φ(t)

g.f(t)的傅里叶变换看
成两个函数的乘积

h.信号f(t)就是两个函数的卷积

ã 3.17 ·U�)��Ï"
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|^F/È©úª

αk ≈
1

2π

2π

n

n−1∑
j=0

f

(
2πj

n

)
e−

2πijk
n

=
1

n

n−1∑
j=0

f

(
2πj

n

)
e−

2πijk
n

=
1

n

n−1∑
j=0

yjω
jk

Ù¥§yj = f( 2πj
n )§ω = e

2πi
n "

~ 3.29 b�f±2π�±Ï§¿�®�f3�å!:xj = 2πj
n , j = 0, 1, . . . , n − 1�

�yj = f(xj)§¦n�õ�ª

p(x) =

n−1∑
k=0

cke
ikx

3!:xj��f(xj)"

éw,ù�¯K�±=z¤�5�§|

n−1∑
k=0

cke
2πijk
n = yj , 0 ≤ j ≤ n− 1.

é?¿�0 ≤ p ≤ n− 1§

n−1∑
j=0

yje
− 2πijp

n =

n−1∑
j=0

n−1∑
k=0

cke
2πij(k−p)

n

=

n−1∑
k=0

ck

n−1∑
j=0

e
2πij(k−p)

n

d
n−1∑
j=0

e
2πij(k−p)

n =

{
n, k = p;

0, k 6= p.
(3.25)

��
n−1∑
j=0

yje
− 2πijp

n = ncp

¤±

ck =
1

n

n−1∑
j=0

yje
− 2πijk

n .
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~ 3.30 b�f�|8 u[a, b]¥§�3[a, b)þëY§f(b) = f(a)"®�f3a +

j b−an , j = 0, 1, . . . , n− 1 ?�æ��§ê�O�Fp�C�

f̂(λ) =
1√
2π

∫ b

a

f(t)e−iλtdt.

dCþ��θ = 2π t−ab−a§��

f̂(λ) =
1√
2π

b− a
2π

∫ 2π

0

f

(
a+

(b− a)θ

2π

)
e−iλ(a+

(b−a)θ
2π )dθ

=
b− a

(2π)3/2
e−iλa

∫ 2π

0

f

(
a+

(b− a)θ

2π

)
e−iλ(

(b−a)θ
2π )dθ

-g(θ) = f
(
a+ (b−a)θ

2π

)
§�λk = 2π

b−ak§��

f̂(λk) =
b− a√

2π
e−iλka

(
1

2π

∫ 2π

0

g(θ)e−ikθdθ

)
é?¿�0 ≤ j ≤ n− 1§-yj = g( 2πj

n ) = f(a+ j b−an )§�±Cq¦�

f̂(λk) =
b− a
n
√

2π
e−iλka

n−1∑
j=0

yje
− 2πijk

n .

lþ¡�±wÑþã$�Ñ�9�/X
∑n−1
j=0 yjωn

jk, ωn = e
2πi
n �O�§ù�

Ò´·�I�½Â�lÑFp�C�"

½Â 3.11 -SnL«±n�±Ï�ES��m§=é?¿�y = {yi} ∈ Sn§yi+n =

yi"

b�y = {yi} ∈ Sn§Ky�lÑFp�C�S�Fy = {ŷi}§Ù¥

ŷk =

n−1∑
j=0

yjωn
jk, ωn = e

2πi
n .

lÑFp�C��±�¤e¡�Ý
/ªµ

Fn[y] = ŷ = (Fn) · (y),

Ù¥§y = (y0, y1, . . . , yn−1)§̂y = (ŷ0, ŷ1, . . . , ŷn−1)§¿�

Fn =



1 1 1 · · · 1

1 ωn ω2
n · · · ωn−1

n

1 ω2
n ω4

n · · · ω
2(n−1)
n

...
. . .

...

1 ωn−1
n ω

2(n−1)
n · · · ω

(n−1)2

n


(3.26)
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§3.8.1 lÑFp�C��5�

ÚëYFp�C�aq§lÑFp�C�äkéõaq�5�"

1. Fn´lSn�Sn ��5�fµ

2. b�y = (y0, y1, . . . , yn−1) ∈ Sn, ŷ = Fn[y]§K

yj =
1

n

n−1∑
k=0

ŷkω
jk
n .

3. b�y = {yk} ∈ Sn§z = {zk} ∈ Sn
�zk = y−k§K

Fn[z]j = Fn[y]−j

4. b�y = {yk} ∈ Sn§z = {zk} ∈ Sn
�zk = yk§K

Fn[z]j = Fn[y]−j

þã(Ø�±g,��e¡�íØµ

• y = {yk} ∈ Sn´Û£ó¤X�⇐⇒ Fn[y]´Û£ó¤X�¶

• y = {yk} ∈ Sn´¢X�⇐⇒ Fn[y]j = Fn[y]−j¶

• y = {yk} ∈ Sn´¢�óX�⇐⇒ Fn[y]´¢�óX�¶

• y = {yk} ∈ Sn´¢�ÛX�⇐⇒ Fn[y]´XJ�ÛX�¶

5. b�y = {yk} ∈ Sn§z = {zk} ∈ Sn
�zk = yk+p§K

Fn[z]j = ωpjn Fn[y]j

6. b�y = {yk} ∈ Sn§z = {zk} ∈ Sn
�zk = ω−pkn yk§K

Fn[z]j = Fn[y]j+p

7. lÑòÈ½nµ

½Â 3.12 b�y = {yk} ∈ Sn§z = {zk} ∈ Sn§KyÚz�òÈy ∗ z ∈ Sn ½Â
�µ

(y ∗ z)k =

n−1∑
j=0

yjzk−j =

n−1∑
j=0

yk−jzj
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b�y = {yk} ∈ Sn§z = {zk} ∈ Sn§K

Fn[y ∗ z] = Fn[y]Fn[z]

Fn[y × z] =
1

n
Fn[y] ∗ Fn[z]

8. b�y = {yk} ∈ Sn§K

n

n−1∑
k=0

|yk|2 =

n−1∑
j=0

|F[y]j |2

§3.8.2 |^lÑFp�C�©Û[©­¡�5�

��lÑFp�C�3O�Åã/Æ¥���A^§·�ùp{ü0��e

lÑFp�C�3©Û[©­¡�5�þ���A^"

3­¡E.¥§duü��ëê­¡�UL«ÿÀÓ¿u²¡�­¡§J±L

«E,ÿÀ(��gd­¡"
æ^õ¡©���{5L«E,ÿÀ�­¡q�

9�>.1w5^���½¯K"3ù��I¦e§[©­¡A$
)"[©­¡

´O�Å9ÏAÛ�OþU�^ëê­¡�uÐ��«#�E.Eâ§�)û?

¿ÿÀgd­¡Jø
�«k��)û�Y"

[©­¡´ò�½�ÿÀ5KÚAÛ5K�^����½�Ð©��§¿�

Øä­Eù�L§)¤�1w�4�­¡�L§"1974c§Chaikin JÑ
��{

^5)¤gd1w­�§ù�ú@´[©g���Þ"�531987c§ù��{

â©OdDoo-SabinÚCatmull-Clarkí2�­¡§��
ã/Æ+�pÍ¶�Doo-

SabinÚCatmull-Clark[©�ª"Ù¥§Caumull-Clark[©´òngþ!B�^­

¡í2�?¿ÿÀ"Catmull-Clark �ÿÀ[©5KÒ´ò��>ê�n�¡©�

¤n���o>/"·��±wÑ§²L�g[©�§¤k�¡Ñ´o>/"§�

AÛ5KXeµ

1. #¡:µ

z��¡¬O\��#�:§¡�#¡:"b�Vi, i = 0, . . . , n − 1´��¡

�n�º:§K#�¡:VFÏLeªO�µ

VF =

∑n−1
i=0 Vi
n

.

2. #>:µ

z�^>¬O\��#�:§¡�#>:"b�ù^>�ü�º:©O´E1ÚE2§

§��ü�¡�#¡:©O´F1ÚF2§K#>:VE

VE =
E1 + E2 + F1 + F2

4
.
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3. #º:µ

z���5�º:¬UC§�AÛ �"b�ù�:V§Ú§�ë�>kn^§

ÏLùn^>ÚV���:©O´Vi, i = 0, . . . , n− 1§b�§���n�¡�#

¡:©O´Fi, i = 0, . . . , n− 1, ¿PMi = Vi+V
2 §K#º:

VV =
n− 3

n
V +

∑n−1
i=0 (2Mi + Fi)

n2
.

ã 3.18 ��Catmull-Clark[©­¡�~f

du²L�g[©�§¤k�¡Ñ´o>/"¤±§·�Ø�b��½�Ð©

���¡Ñ´o>/"@o§3��Ý�n�º:V±�§PÚ§�����º:

´Ej§j = 0, . . . , n− 1§z����¡¥Ú§�é�º:´Fj§j = 0, . . . , n− 1"²

L�g[©���#�º:S��V§Ej§F j§j = 0, . . . , n − 1§@oþãAÛ5

K�±�¤��Ý
/ªM§¦�P = MP§ùp

P = [V,E0, . . . , En−1, F0, . . . , Fn−1]T

P = [V ,E0, . . . , En−1, F 0, . . . , Fn−1]T

M =



4n−7
4n

3
2n2 . . . 3

2n2
1

4n2 . . . 1
4n2

3
8

3
8 . . . 1

16
1
16 . . . 1

16
...

...
. . .

...
...

. . .
...

3
8

3
8 . . . 1

16
1
16 . . . 1

16
1
4

1
4 . . . 0 1

4 . . . 0
...

...
...

...
...

...
...

1
4

1
4 . . . 1

4 0 . . . 1
4


(3.27)

�±wÑ§�
©Û[©­¡3ÛÉ:�NC�5�§��­��Ú½´O

�Mn§n→∞"3�5�ê¥§·����
O�Mn§·�I���M�Jordan©

)"3ùp§·�ò�ÑXÛ|^lÑFp�C��O�M�A��"
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b�{ek}Ú{fk}§k = 0, . . . , n−1©O´{Ej}Ú{Fj}�lÑFp�C�§{ek}Ú{fk}§k =

0, . . . , n− 1©O´{Ej}Ú{F j}�lÑFp�C�§=

eλ = 1
n

∑n−1
j=0 Ejω

jλ, eλ =
1

n

n−1∑
j=0

Ejω
jλ (3.28)

Ek =
∑n−1
λ=0 eλω

kλ, Ek =

n−1∑
λ=0

eλω
kλ (3.29)

fλ = 1
n

∑n−1
j=0 Fjω

jλ, fλ =
1

n

n−1∑
j=0

F jω
jλ (3.30)

Fk =
∑n−1
λ=0 fλω

kλ, F k =

n−1∑
λ=0

fλω
kλ (3.31)

v0 = V, vλ = 0, λ 6= 0 (3.32)

v0 = V , vλ = 0, λ 6= 0 (3.33)

Ù¥ω = e
2π
n and ω = e−

2π
n "

ù�§þã[©'X§�λ 6= 0

eλ =
1

n

n−1∑
j=0

Ejω
jλ

=
1

n

n−1∑
j=0

(
3

8
V +

3

8
Ej +

1

16
(Ej−1 + Ej+1) +

1

16
(Fj−1 + Fj)

)
ωjλ

=
3

8
eλ +

1

16

(
ωλ + ω−λ

)
eλ +

1

16

(
1 + ω−k

)
fλ

fλ =
1

n

n−1∑
j=0

F jω
jλ

=
1

n

n−1∑
j=0

(
1

4
V +

1

4
(Ej + Ej+1) +

1

4
Fj

)
ωjλ

=
1

4
fλ +

1

4

(
1 + ωλ

)
eλ

�λ = 0§5¿�µ

V =
4n− 7

4n
V +

3

2n2

n−1∑
i=0

Ei +
1

4n2

n−1∑
i=0

Fi

=
(n− 2)V +

∑n−1
i=0 Ei +

∑n−1
i=0 F i

n
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�\=��µ

v0 =
1

4n
f0 +

3

2n
e0 +

4n− 7

4n
v0

e0 =
1

8
f0 +

1

2
e0 +

3

8
v0

f0 =
1

4
f0 +

1

2
e0 +

1

4
v0

¤±§XJP

p = [v0, e0, f0, . . . , en−1, fn−1]T

p = [v0, e0, f0, . . . , en−1, fn−1]T

Kp = mp§ùp

m =


T0 0 0 0

0 T1 0 0
...

...
. . .

...

0 0 . . . Tn−1

 (3.34)

Ù¥µ

T0 =


4n−7

4n
3

2n
1

4n
3
8

1
2

1
8

1
4

1
2

1
4


Tk =

(
3
8 + 1

16 (ωk + ω−k) 1
16 (1 + ω−k)

1
4 (1 + ωk) 1

4

)
�±¦ÑT0�n�A��´1§3n−7+

√
5n2−30n+49
8n §3n−7−

√
5n2−30n+49
8n "
éuk 6=

0§Tk�ü�A��´

λk1,2 =
ωk + 5±

√
(ωk + 9)(ωk + 1)

16

`² 3.4 �±wÑ§lÑFp�C�´¦)Ì�Ý
½ö©¬Ì�Ý
A���

��|ì§3¢S�O�¥äk�~­��/ "

§3.8.3 ¯�Fp�C�

k��S��±ÏLlÑFp�C�(DFT¤òÙª��lÑz¤k��S

�"�ÙO�þ��§éJ¢�/?n¯K§ÏdÚÑ
¯�Fp�C�(FFT).

1965c§CooleyÚTukeyJÑ
O�lÑFp�C�£DFT¤�¯��{§òDFT�

$�þ~�
A�êþ?"ld§é¯�Fp�C�£FFT¤�{�ïÄBØä�
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\§êi&Ò?nù�#,Æ���FFT�ÑyÚuÐ
×�uÐ"FFT3lÑF

p��C�!�5òÈÚ�5�'��¡�k­�A^"

¯�F¼C�´�âlÑF¼C��Û!ó!J!¢�A5§élÑFá�C

���{?1U?¼��"§éF¼C��nØ¿vk#�uy§�´éu3O�

ÅXÚ½ö`êiXÚ¥A^lÑFá�C�§�±`´?
��Ú"FFT�Ä�

g�´r�©�N:S�§�g©)¤�X��áS�"¿©|^DFTO�ª¥�

êÏf¤äk�é¡5�Ú±Ï5�§?
¦Ñù
áS��A�DFT¿?1·

�|Ü§��íØ­EO�§~�¦{$�Ú{z(��8�"

�
n)¯�Fp�C�§·�­#5"À�elÑFp�C�"éu�½

�y = {yk}, k = 0, . . . , n − 1§XJ·�P��n − 1gõ�ªf(x) =
∑n−1
j=0 yjx

j§

={yk}éA���n−1gõ�ª�Xê§@o§�lÑFp�C�K´ŷk = f(ωn
k)§

=lÑFp�C�K´ù�õ�ª3n�ØÓ:��"Ïd§lÑFp�C�Ú_

C��±@�´µ�½��n− 1gõ�ª§¦¦3n�ØÓ:��£lÑFp�C

�¤§@où
���±��(½�5�õ�ª£lÑFp�_C�¤"¤±§��

5`§ù�L§�E,Ý´O(n2)�§Ï�éuz��:ÑI���n− 1gõ�ª

�¦�"�´§ùp·�¦��:´�~AÏ�§§�´xn = 1 �n��"ù�A

Ï5Ò�5
e¡AÏ��{§Ò´FFT"

Äk§·�b�n = 2m§@o·��±òõ�ªf(x)UìÛê�Úóê�©¤

ü�Ü©§XJP

f1(x) =

m−1∑
j=0

y2jx
j

f2(x) =

m−1∑
j=0

y2j+1x
j

K

f(x) = f1(x2) + xf2(x2).

l
§éu0 ≤ k ≤ m− 1

f(ωn
k) = f1(ωn

2k) + ωn
kf2((ωn

2k))

= f1(ωn
2

k) + ωn
kf2((ωn

2

k))


éum ≤ k ≤ n− 1

f(ωn
k+m) = f1(ωn

2k) + ωn
kf2((ωn

2k))

= f1(ωn
2

k)− ωnkf2((ωn
2

k))
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²Lù��C�§·�uy2m�:�Fp�C��±©¤ü�m�:�Fp�C

�ÚO(n)g#�$�"�
ó�§b��gFp�C��E,Ý�T (n)§K

T (n) = 2T
(n

2

)
+O(n).

l
T (n) = O(n log(n))"̄ ¢þ§·��±y²T (n) = n
2 log(n)− n+ 1"

þ¡�Ñ
FFT�{�EâÄ:§e¡é�{�[!�?�Ú��ã"̄ �FFT3

¢yþ�äke¡A�A�"

1. R/$�µ

lþ¡�O��±wÑ§¯�Fp�C��±{z¤�½a, bÚw§O�a +

bwÚa− bw"ã3.19(a)�¢yù�$�����{§§I�üg¦{!üg\

~{"�Ä�−bwÚbwü�¦{=���KÒ§�òã3.19(a){z¤ã3.19(b)§

d�=I�g¦{!üg\~{"þã$�(����RÏ~¡�R/$�(

�§æ^ù«L«{§Ò�±ò±þ¤?Ø�©)L§^eãL«"ã 3.20�

Ñ
l�:�¯�Fp�C��«¿ã"

a

b w

a+bw

a-bw

a

b w

a+bw

a-bwbw
(a) (b)

ã 3.19 R/$�

2. � O�µ

�êâÑ\��;ì¥±�§z�?$��(JE,;�3Ó�|�;ì¥§

����ÑÑ§¥mÃIÙ§�;ì§ù�� O�"z�?$�þ�3� 

?1§ù«� $�(��!��;ü�§ü$��¤�§��!�Ï���

m"

3. Sê­üµ

éU�mÄ�FFT�� $�(�§�$��.�§�Ð^S��X0, 1, . . . , 2p−
1§Ïd���U^SÑÑ§�ù«� $��Ñ\�Xê%ØUUù«g,^

S�\�;ü�¥§
´U0, 2p−1, 2, . . .�^S�\�;ü�§ù«^Swå5
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x(0)

x(4)

x(2)

x(6)

x(1)

x(3)

x(5)

x(7)

X(0)

X(1)

X(2)

X(3)

X(4)

X(5)

X(6)

X(7)

1

1

1

1

1

w

1

w

1

w

w

w

2

3

2

2

ã 3.20 l�:�¯�Fp�C�«¿ã

��,Ï§,
§�´k5Æ�"�^�?�L«ù�^S�§§�Ð /́è 

��0�^S"~X§�5�g,^SA´1�/�§y3�X2p−1§̂ �?�è

L«ù�5Æ�§K´3�?�éA �(i0, . . . , ip−1)�:�;(ip−1, . . . , i0)�

&E"

~ 3.31 |^¯�Fp�C�O�lÑòÈ"

Äk·��Ä±ÏòÈ"�½y, z ∈ Sn§·�I�O�

y ∗ z =

n−1∑
j=0

yjzk−j

I�n2g¦{"�´|^¯�Fp�C��±\�òÈ�O�"̄ ¢þ§dòÈ½

n

Fn[y ∗ z] = Fn[y]Fn[z]

Fn[y × z] =
1

n
Fn[y] ∗ Fn[z]

XJn = 2L§·�ke¡�¯��{µ

1. |^¯�Fp�C�O�Fn[y]ÚFn[z]¶
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2. O�Fn[y]Fn[z]

3. |^¯�Fp�C�O�F−1
n [Fn[y]Fn[z]]

�±wÑù��ÿ�E,Ý´

2O(n log(n)) + n+O(n log(n)).

�,��O�L§Ø´é��§�´�ª�O�3E,Ýþ´ 3n
2 log(n) − 2n + 3§

¤±éu'���n§#��{O�¬¯éõ"

XJy, z´�±ÏS�§þ¡��{I���?U�e"b�k < 0 or k ≥
M§yk = 0§
k < 0 or k ≥ Q�§zk = 0§Ù¥Q ≤M"d�§òÈÒ´

(y ∗ z)k =

Q−1∑
j=0

yk−jzj , k = 0, 1, . . . ,M +Q− 2.

ù��ÿ�O�E,Ý´MQg¦{"-n´÷vn ≥M+Q−2����2��êg

�§¿òy, zwÑ±ÏS�Ò�±|^±Ï�lÑòÈ�O�§E,Ý´ 3n
2 log(n)−

2n+ 3"

�´XJMÚQ��é�§@oþã�{�U¬��"'XQ = 5, M = 1000§

��O�I�4000g¦{§�´^#��{I���104g¦{"

~ 3.32 |^õ�ª��'ÈÅL«/ª"

·����'ÈÅõ�ª3A^êÆ¥kX�~­��/ "�'ÈÅõ�ª

½Â´Tn(cosx) = cosnx, x ∈ [0, π]"5¿��'ÈÅõ�ªTk(x), k = 0, . . . , n�´

Ø�Lngõ�ª�mPn ��|Ä¼ê"l
é?¿�f(x) ∈ Pn§�3���aj§
¦�

f(x) =

n∑
j=0

ajTj(x).

e¡·�F")û�¯K´¯�O�aj"

-xk = cos kπn§k = 0, . . . , n§Ké0 ≤ k ≤ n§

yk = f(xk) =

n∑
j=0

ajTj(xk) =

n∑
j=0

aj cos
jkπ

n

=
1

2

n∑
j=0

aj cos
jkπ

n
+

1

2

0∑
j=−n

a−j cos
jkπ

n

.
=

n∑
j=−n

cjω
jk
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Ù¥µ

ω = e
iπ
n ,

cj =


aj
2 , 0 < j ≤ n;

a0, j = 0;
a−j

2 , −n ≤ j < 0.

(3.35)

XJr{yk}n0òÿ¤±Ï�2n�S�§Ké?¿�0 ≤ p ≤ n§

rp =

2n−1∑
k=0

ykω
pk =

2n−1∑
k=0

n∑
j=−n

cjω
(j−p)k

=

n∑
j=−n

cj

(
2n−1∑
k=0

ω(j−p)k

)

��µ

rp = 2ncp, p = 0, . . . , n− 1

rn = 4ncn

¤±

aj =

{
1

2n

∑2n−1
k=0 ykω

jk, j = 0, n;
1
n

∑2n−1
k=0 ykω

jk, j = 1, . . . , n− 1.
(3.36)

�d§·���lyk§k = 0, 1, . . . , nÑu��ak��{µ

1. O�y2n−k = yk§k = 1, . . . , n− 1¶

2. |^lÑFp�C�O�

{y0, y1, . . . , y2n−1} → {Y0, Y1, . . . , Y2n−1}

3. O�ak = Yk
n§a0 = Y0

2n§an = Yn
2n"

§3.8.4 lÑÈÅì

ëYFp�C�¥��5�ØCÈÅì��'(J�±í2�lÑ��/"�

[&Ò²Læ����lÑ�êiS�x = {. . . , x−1, x0, x1, . . . , }§Ù¥�Ik��
u�m"lÑ&Ò�¡��mS�"

��S���ØC�fTpµ

[Tp(x)]k = xk−p.

=�fTpòS�x�m²£
p�ü "
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½Â 3.13 r��S�xC¤y��fF : x→ y´�ØC�´�F (Tp(x)) = Tp(F (x))"

�±wÑù�½ÂÒ´éX�ØCÈÅì�lÑ��"ÚëY�ØCÈÅì

aq§lÑ�k�q�(Ø"

½n 3.10 XJF´lÑ&Ò�mþ��5�ØC�f§K�3S�f§¦�

F (x) = f ∗ x,

��(Ø�¤á"

y² -enL«ü óÀS�§=

enk =

{
1, k = n;

0, Ù¦.

é?¿S�x§k

x =
∑
n∈Z

enxn,

¤±

F (x) =
∑
n∈Z

F (enxn) =
∑
n∈Z

F (en)xn.

-fn = F (en)"duF´�ØC�§Ïdé?¿�p ∈ Z§k

Tp(f
n) = Tp(F (en))

= F (Tp(e
n))

= F (en+p) = fn+p

,��¡§kTp�½Â§��

(Tp(f
n))k = fnk−p

¤±µ

fn+p
k = fnk−p

-n = 0§Ké?¿�p ∈ Z§k
fpk = f0

k−p

¤±§kµ

(F (x))k =
∑
n∈Z

xn(F (en))k

=
∑
n∈Z

xnf
n
k

=
∑
n∈Z

xnf
0
k−n
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þªL²

F (x) = f ∗ x,

Ù¥f = f0"��§XJF (x) = f ∗ x§KÄkF´�5�§Ó�

(F (Tp(x)))k = (f ∗ Tp(x))k

=
∑
n∈Z

(Tp(x))nfk−n

=
∑
n∈Z

xn−pfk−n

=
∑
n∈Z

xnfk−p−n

= (f ∗ x)k−p

= (Tp(F (x)))k

=�fF´�5�ØC�" #

§3.9 DÕFp�C�∗

g��z���ÑéA��A½ªÇ�(Ñ"~X§ISIOÑAéA440â

[§Ïd�k��UeA�§\f��(ÑÒ´���{��uÅ§��3440â

["Ó�§¥
CéA�ªÇ��261â[(Å"XJA�ÑÎÓ�üs§@oùA

��Ø�'�(Ñ(Üå5§ÒME���#�ÕA(Ñ"§Ø2�´ü��ª

Ç§
´A�ªÇ�(Ü"Fá�C��±4·�òù�#�(Ñ)���©�ª

Ç§l��þ��ù�Úu´d=
��|¤�"oN5`§��&Ò�Fp�C

�Ò´òz�/X0ªÇ�\���ª�ÑÑ(J§Xã3.21¤«"

C
c<�ò818¥u&Òg��A�§muÑ
äky��¿Â�DÕ

Fp�C�£SFFT¤[3]"�Xêâæ8;Uå�ØäJp§æ^DÚ�æ�ªÇ¬

¼�°þ�êâ§ù�êâ�Ø ÚDÑJÑ4�]Ô"�üX�°�ª�¿Ø¿

�XªÌ�°"¢�y²§Àª&Ò¥k89%�ªÇ´Ø7�3�"¢Sþ§éõ

A^¥§&Ò�Ü©�Fp�XêÑé�§�k�Ü©�Xê´Ø��Ñ�§�´

&ÒD4¥7Ø���ªÇ�"ù��¡�&Ò�DÕ5"XJ��&Ò�kK�

ªÇ��"§·�¡��K-DÕ"5¿µù�!±e¤k�eIþ3�n�¿Âe"

§3.9.1 SFFT�nØµe

é���Ý�n�S�xéADFT�

x̂k =

n−1∑
j=0

xjω
jk, k = 0, .., n− 1, (3.37)
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ã 3.21 Fp�C�Ò´ÑÑ&Ò�/X0ªÇ

Ù¥§ω = e
2πi
n "

b�x´DÕ�§·�Ï"Ïé��«/ÑÑa�0�{§�±(½K���:

��I§����K-DÕ�ª�Cq�x̂′"��kü«OK^5ïþCq�Jµ

‖x̂− x̂′‖2 ≤ C‖x̂− y‖2 (3.38)

‖x̂− x̂′‖2∞ ≤ ε‖x̂− y‖22 + δ‖x‖21 (3.39)

ùp�y´¦�‖x̂− y‖2���K-DÕS�"ª3.38�¡�l2/l2OK§§�å


�OÌx̂′�¢SÌx̂�m��NØ�"ª3.39�¡�l∞/l2OK§°Ýëêε > 0, δ =

1/no(1)§§�å
x̂′éx̂�z�XêÑ��ûÐCq"

�
{z`²§���êB�Øn"SFFT�Ø%g�´Uì�½5Kòn�ª

�:Ý\�B�/³0¥§Ï�ª�´DÕ�,����:ò¬±ép�VÇ�á�

3u�
/³0¥,�
;���:ÑyuÓ��/³0¥§Äké&ÒªÌ?1�

Å­ü§¦��:©Ñm§2ÏLÈÅì¢y©³¶���n�S��B�/³0©

�B�áS��§ò�/³0¥ª:U\§=éB�áS��FFT$�§2éª�

±m�n/B?1üæ�§ù��±±4p�VÇ�y���¤k��:¶�âüæ

�FFT�(J§(½��:��Ú¤3�/³0¶��3��3�/³0«¦^ü

ª:­��{§¡EÑ���:3�ªÌ¥��I§U
¼�°(��©&ÒªÌ

�Cq"~��SFFT�Ï©³Ú­�5KØÓ
�«©�µMFN�{!·UÓ

{{!� )è{�§��N�6§Ñ/Xã3.22"
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ã 3.22 SFFTµe6§

§3.9.1.1 ªÌ�Å­ü

DFTkü�­�5�µb�y = {yk} ∈ Sn, z = {zk} ∈ Sn§

1. ezk = ω−pkyk§Kẑj = ŷj+p"

2. ezk = yσk§Kẑj = ŷσ−1j"

Ù¥σ ∈ N��np�§σ−1´σ�êØ�ê§=÷vσσ−1 ≡ 1(mod n)"

b�n´2��êg�£ÄK�±ÏLÖ"¢y¤§�σ´?¿Ûê§��êτ < n§

½ÂD4¼ê(Pσ,τx)j = xσj+τ§@o

̂(Pσ,τx)j = x̂σ−1jω
−σ−1τj .

½ö`
̂(Pσ,τx)σj = x̂jω

−τj .

�âêØ¥����{XnØ§{σj+τ}´���§
ω−σ−1τj=K�� §Ïd�±

ÏL���C�¢yéªÌ­ü"nØL²§²L­ü���:á3Ó��”³”¥

�VÇ÷v

P {σj ∈ [−C,C]} ≤ 4C

n
.

§3.9.1.2 ²wI¼êÈÅì

SFFTI�Ïé����Úª�UþÑé8¥�ÈÅì§5ò&Ò?1©³"

÷v�¦�Äín�$ÏÈÅ§=���Ý/I§ª��DiracØ§�3¢S¥Ã{

¢y§ÏdÏ~ÏL�ä¿U\Ù¦I¼ê¢y"·���sinc¼ê3ª�´Ý/

I§Ïd�«ûÐ�ÀJ´�ä�sinc¼ê�GaussI¼ê�¦"ù��E�²w

I¼êÈÅìG§Ù��k��Ý�O(Bα log n
δ )§ëêδ > 0§α > 0§�3ª�þ÷

v

1. Ĝj = 1, |j| ≤ (1− α) n
2B¶
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2. Ĝj < δ, |j| ≥ n
2B¶

3. Ĝj ∈ (δ, 1), n
2B < |j| < (1− α) n

2B"

ã 3.23 ²wI¼êÈÅì��E

�α = 2/B, δ = 2 ∗ 10−9§IO��Θ(
√

log 1/δ/α)�GaussI¼ê§ã3.23w«


3n = 256§B = 16�¹e²wI¼êÈÅì��EL§"��5¿�´§��

(½�&Ò��ÝnÚDÕÝK§Ò�±�EÑ²wÈÅì§ù�&Ò�äNSN

Ã'"¤±ÈÅì��O�±��3�{�1c�ý?n�ã§ù��±ü$�{

�$�þ§Ó�Ø7òÈÅìêâDÑ��Âà§JpDÑ�Ç"

§3.9.1.3 üæ�FFT

üæ��8�´ÏLéª�±�m�n/Bæ�5¼�¤k��:

ẑj = ŷjn/B , j = 0, ..., B − 1. (3.40)

,
ØU��é&ÒªÌ?1ö�§
´ÏL���·U5��8�

zj =

n/B−1∑
k=0

yj+Bk, j = 0, ..., B − 1. (3.41)

þª¤á´Ï�

ŷjn/B =

n−1∑
k=0

ykω
jkn/B =

B−1∑
a=0

n/B−1∑
k=0

ya+Bkω
j(a+Bk)n/B

=

B−1∑
a=0

n/B−1∑
k=0

ya+Bkω
ajn/B =

B−1∑
a=0

yaω
ajn/B = ẑj
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ã3.24w«
é­ü��&Ò²LI¼êÈÅ§2?1üæ��(J"

ã 3.24 \I�üæ�

§3.9.1.4 ­���N6§

e¡±MFN�{�~0�­�L§§Ì�©�nÚµMFN�§½ Ì�Ú

��Ì�"�
;�· §·�ò���{6§Ð«Ñ5§¿ò�©�S	ü�Ì

�"�
²ï©³ÚFFTO�þ§�±�B ≈
√
nK��Øn"

SÌ�µ

1. ªÌ­üµÀJëêσ, τ£σ�Ûê¤§é�©&Òx?1­ü§��p = Pσ,τx¶

2. I¼êÈÅµòpÏLý��²wI¼êÈÅìG,��y = G · p¶

3. üæ�FFTµ|^ª3.41¼��Ý�B�S�z¶

4. MFN�µ½ÂMFN�¼ê

hσ : {0, .., n− 1} → {0, ..B − 1}, hσ(i) = round(σiB/n),

ùproundL«o�Ê\"� £þ�þ

oσ : {0, .., n− 1} → {−n/(2B), ..n/(2B)}, oσ(i) = σi− hσ(i)n/B;

5. ½ Ì�µ�8ÜJ�¹ẑ¥dK������I§ÏLMF�N���J��

�Ir = {k ∈ [0, n− 1]|hσ(k) ∈ J}§Ir����dKn/B¶

6. ��Ì�µéz�Ir¥�k,O�éA�ªÇ�

x̂′k = ẑhσ(k)ω
τk/Ĝoσ(i)

"
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²L�gSÌ�Ò¼�
é�©&Ò��g½ Ú­�§�
¼��Ð��

J§I�?1	Ì�§�´���{�6§µ

1. ÀJÜ·�	Ì�gêL = O(log n),³êB = O(
√
nK)§½ �Ýëêd¶

2. ér = {1, ..., L}§?1½ Ì�§��½ �OIr¶

3. -I = ∪Lr=1Ir§éz�I¥�k,O�sk = |{r|k ∈ Ir}|=z��OÑy�gê¶

4. -I ′ = k ∈ I|sk ≥ L/2,�¹¤k8Iª:¶

5. ér = {1, ..., L}§éI ′?1��Ì�§��x̂rI¶

6. ék ∈ I ′,��ª�Ox̂′k = median({x̂rk|k ∈ I ′})§ùpmedianL«+¢ÜÚJ
Ü©O�¥�"

nØL²§SFFT3÷vl∞/l2OK�Ó�§�±±VÇ1 − 1
n­�Ñ�&Ò�

ªÌ§�²þ�mE,Ý�O(K log n log n
K )§3(½&Ò�K-DÕ��¹e�±

��O(K log n)§Ïd��&Ò�DÕÝ÷vK = o(n),SFFTÒ´FFT�ûÐO�"

ù��DÕÝ�¦´éN´÷v�"î8��§SFFT®²3�Æ¤�!ªÌa

�!GPSÓÚ!Ã�Ï&!1|�K!X��+�¥�¥2�A^§�3Ø^�

�!DNAÿS!/�êâ©Û!Ã�U©Æ��¡w«Ñã�A^då"

§3.9.2 DÕFp�C�3¢S¥�A^

@o§DÕFp�C�3¢S)�A^¥qUu�Ñ�o�^Qºe¡{ü0

�DÕFp�C�3ªÌ��!�Æ¤�!1|�K�+�¥�A^"

• ªÌ��µ
{Ié�ÏÕ�
¬FCCQýó32013c­.¬H5�gªÌ�Å"é�Ï

Õ�
¬ÌRÁ|�d#�B�dÄ�ã¡µ/£ÄÏ&��¿5O�®²�

�
·��Úx"XJ·�Øæ�1Ä±�#·��21­VªÌ�ü§Òò-

9))ªÌ�Å))ùò�à{I�M#Ú²LO�§¿�L¤·�3£Ä

Ï&+��¥�Å¬"0��5`§ý�õê�ªÌ¿vk�|^§
k��

�
ªÌ|^Ç(p�100%"ÏdªÌ�Å�)û�YÒ���Ñ
§@Ò

´ª���µI�Ïévk¦^L�ªã"�ùÒ�5
#�¯Kµ5¿�·

�®²|^�ª�Ñ?3$ªã§·���¿©|^pªã§�´XÛÓ¼é

A�&ÒQºùpÒ�±|^DÕFp�C�"ªÌÓ^Ç÷vDÕ�5�§

XJæ^DÕFp�C���n§�±^ü$DxO(Ç��d��$¤�"

• �Æ¤�µ
^��ÅÌ£MRS¤́ �«#�MõUu�EâÚ��ÃM5uÿ¹N|�ì
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(Uþ��!)zUCÚA½zÜÔ½þ©Û�Eâ"MRS��n3,
�

¡�MRI�Ó§�¦á��ªóÀ±-y�fØ§æ8��&Ò¡�gdaA

P~&Ò§òù«&ÒÏLFá�C�C¤ÅÌ"MRS¤��Ä��n´�

âzÆ £ÚJ-ÍÜü«Ôny�"duzÆ £ØÓ§ØÓzÜÔ�±�â

Ù3MRSþ��¸� �ØÓ\±«O"¸�3î¶þ� ��LÔ��«

a§Å¸�pÝ½Å¸e�¡È�LÔ��êþ§zÜÔ�¹þ½�^ãÌÚ

�L«"MRSkü�¯K§{N
3¢S¥�A^"�´æ8�mL�§¾<

I�3Åì¥�40©¨-1��âU�¤æ8"�´<óæ8I�N´E¤ÅÌ

·U§E¤ØÓzÜÔ�mJ±«©"�ù�5��¯KÒ´éü ÀÂ�A

¼ê��¦�~p"3vkò���ÿéòÈ(JlÑzæ��vk¯K¶�

��kò�§éòÈ(Jæ�§ÒØ2´��ÀÂ�A¼ê
§
´��k�

½�°�ªÌ"ù�ªÌ¼ê��n¬3æ��E¤ªÌ·U§¦&Ò�ý"


DÕ­�KU
)ûù
¯K"

• 1|�Kµ
1|�K��n´ÏL3ÊÏ�ÅºÞ(ÌºÞ)�å?\�ßº
�¢yP

¹1�§2ÏL�Ï�{(Fp��¡½n§1|¤��{)êiC�"ù�§

1�ÏLÌºÞ�§���ßº
�þ§¿2g¤�"@o§�3�ßº
�

����§¦+E,�P¹
1��rÝ&E§�%ÏÙ�éu,��ßº�

 �
P¹
1����&E"=§X�ßº
�´10*10§��
�´50*50§

Kz��ßº©�5*5���§ù25���©OP¹
ÏLÌßº�25�ØÓ

 �¿��d�ßº�25�1��rÝ&E"ù�§üX^�ßº
�Ú1>

Daì§Ò��uP¹
ÏLÌßº�¤k1�"3�Ï?n�§�I�é1

�­#J,=��¤­à�§Ï�1�3gd�m¥�DÂ´�±^ü�²

¡!o��I(o�þ§Æâþ¡�1|)5��L«�§
¤�L§�ØL´

éù�o�1|?1
����È©§l
��
��ã�"1|�Å��u

��P¹
o�1|§ØÓ���ã��ØL´3�ØÓ�¹e���È©

v
"{ó�§1|�K¦^5g2D�Å
��ã�)¤�ÝÚßÀ"duã

��m´�'�§ùÒ��4Dã�ªÇ´DÕ�"ùÒ4ÏLDÕFp�C

�^���ã���Ó���J¤�
���¢y�8I"leã�±wÑ§

^�©1|êâ­�¼��ã�Ú�^11% ��©1|êâ­�¼��ã�

3ÀúþA�wØÑ�O§�3êâ�;þþ%!�
C9�"

�� 3.1 1. Áy²XJf ∈ L1(R)§Kf̂(λ)´λ�ëY¼ê¶XJf̂(λ) ∈ L1(R)§

Kf(x)ëY"

2. XJf ∈ L1(R)§@olimλ→∞ f̂(λ) = 0"
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3. |^~f3.7�(Jy²µ

gε(u) =
1

2π

∫ +∞

−∞
eiuλe

−ε2λ2

4 dλ =
1

ε
√
π
e−

u2

ε2 .

4. y²ªf3.14¥�gε(u)÷v

lim
ε→0

∫ ∫
gε(x− t)|f(x)− f(t)|dxdt = 0.

5. r½Â3«m[−2, 2]þ��Å¼ê

f(x) =

{
1, − 1

2 ≤ x ≤
1
2 ;

0, Ù¦;

wÑ«m[−2, 2]þ�±Ï�4�¼ê§ÁO�ÙFp�?ê�Xê"

6. y²µXJf̂(λ)´���§�f̂(λ) = f̂ ′(λ) = 0§K∫ +∞

−∞
f(x)dx =

∫ +∞

−∞
xf(x)dx = 0

7. �Ñn�Å�Fp�C���[O�L§"

8. ÁO�~f3.26¥�Fp�C�L§¶

9. y²f(x) = e(−a+ib)x2

�Fp�C��

f̂(λ) =

√
1

2(a− ib)
e
− a+ib

4(a2+b2)
λ2

10. y² ∫ ∞
−∞

1

β
√
π
e
− t2

β2 dt = 1, β > 0.

11. O�f(t) = 4sint−4t cos t
t3 �Fp�C�"

12. �f(t) = sin at
πt §g(t) = sin bt

πt §a, b > 0§¦f(t)Úg(t)�òÈ"

13. �f(x) ∈ L1(R)§�(f ∗ f)(x) = f(x)§y²f(x) = 0"

14. �f(x) ∈ L1(R)§�(f ∗ f)(x) = 0§y²f(x) = 0"
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15. ÏLO�¼êf(x) = x,−π ≤ x < π�Fp�C�y²

∞∑
k=1

1

k2
=
π2

6
.

16. ÏLO�ç¸Å�Fp�C�y²

∞∑
k=1

1

(2k + 1)4
=
π4

96
.

17. |^Parseval�ªy²e¡��ªµ

(a) ∫
R

sin at sin bt

t2
dt = πmin(a, b).

(b) ∫
R

t2

(t2 + a2)(t2 + b2)
dt =

π

a+ b
.

18. O�

(a)

1

π

∫
R

(
sin t

t

)2

cosxtdt

(b)

1

π

∫
R

(
sin t

t

)4

dt

19. y²¼êϕ(x, a, b) =

{
e
− b2

a2−x2 , |x| < a;

0, |x| ≥ a.
áuÄ�¼ê�mD"

20. y²Ún3.1¶

21. y²δ¼êØ´�K�¶

22. y²é?¿�ϕ ∈ D§k

lim
j→∞

1

π

∫
R

ϕ(x+ t)
sin jt

t
dt = ϕ(x).

23. y²~f3.17¥δ¼ê�{�5�¶

24. y²µ
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(a) exδ = δ;

(b) xδ′ = −δ;

(c) (sin ax)δ′ = −aδ.

25. y²µFn´lSn�Sn ��5�f"

26. y²FFT�E,Ý´T (n) = O(n log(n))"

27. ¢y�'ÈÅ��§¿�y�'ÈÅ��õ�ª�±?¿%C�½�ëY¼

ê"
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1oÙ �ÅC�

Fp�C�y3®²¤�&Ò?n��Ä��¤Ù�?n�{��"ÄÙ�

ÏÌ�k�µÙ�Ò´¯�Fp�C��{�JÑ§òFp�C���m~�
�

�êþ?§�´O�Å5U�×�Jp"

üzc5§Fp�C�3�ª©Û¥u�
­���^§��8F§E,kN

õ�ÆöÚó§�3|^Fp�C�)ûêÆ§ÔnÚó§þ�¯K"�´lFp

�C��ªf

f̂(λ) =
1√
2π

∫ ∞
−∞

f(t)e−iλtdt

�±wÑ§��	&ÒfªÇ�λ�ªÌ|f̂(λ)|§f3���m�þ��Ñ�ë�$
�§
f3,�A½�mt0�ªÇÚªÌØUl¼êf̂(λ)�Ñ"ù���Fp�C

�äke¡²w�"�µ

1. �U·^u©Û²­&Ò§é�²­&ÒÃU�å"

2. �
��&Ò�ª�A�§I�^�&Ò3��¥�¤k&E§$�´ò5&

E"

3. vkÛÜ5§=XJ��&Ò3,��mã�����+�¥u)
Cz§@

o&Ò���ª�Ñ¬É�K�"
�éuª��Czvk�{½ 3=�

�mãu)§�v�{�ÑUC���"

4. 3¢S�ó§A^¥§&ÒÏ~Q�¹pª&E§��¹$ª&E"ùÒ�¦

épª&E§�mm���§±�Ñ°(�pª&E¶
éu$ª&E§�m

m��C°§±�Ñ��±Ïp���&E"éd§Fp�C�ÃU�å"

�
�\�Ù�£ãþ¡¤`�¯K§ùp���{ü�äN�~f"

~ 4.1 �½ü�¼êf(x)Úg(x)§¦��½ÂXeµ

f(x) =



cos(3πx), 0 ≤ x < 0.5;

cos(15πx), 0.5 ≤ x < 1;

cos(25πx), 1 ≤ x < 1.5;

cos(55πx), 1.5 ≤ x < 2;

0, else.

,

g(x) =



cos(55πx), 0 ≤ x < 0.5;

cos(25πx), 0.5 ≤ x < 1;

cos(15πx), 1 ≤ x < 1.5;

cos(3πx), 1.5 ≤ x < 2;

0, else.

.
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5¿�f(x)Úg(x)¥Ñy�ªÇ¤©´���§�´z��ªÇ¤©Ñy��mØ

��"Ïd§ù´ü���Ø���¼ê§Xã4.1¤«"duFp�C�¬J��

�&Ò¤k�ªÇ¤©§
Ø+¦�Ñy���§¤±§XJ·�éùü�¼ê�

Fp�C�§Ò¬uy¦��Fp�C�A���§Xã4.2Úã4.3 ¤«"

ã 4.1 ¼êf(x)Ú§�Fp�C��ã�"

ã 4.2 ¼êg(x)Ú§�Fp�C��ã�"

ã 4.3 f(x)Úg(x)�Fp�C��ã���É"
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§4.1 I�Fp�C�

�
�ÑFp�C��ù�":§Gaboru60ccÚ\
I�Fp�C�"�

d§·�kÚ\e¡�Vg"

½Â 4.1 ���²��¼êg ∈ L2(R)¡�I¼êXJtg(t) ∈ L2(R)"

½Â 4.2 é?¿�I¼êg ∈ L2(R)§Ù¥%t∗Ú�»∆g©O½Â�µ

t∗ =
1

||g||2L2

∫
R

t|g(t)|2dt

∆g =
1

||g||L2

(∫
R

(t− t∗)2|g(t)2|dt
)1/2

~ 4.2 pd.¼êgα(t) = 1
2
√
πα
e−

t2

4α�¥%Ú�»©O´t∗ = 0Ú∆gα =
√
α"

Ún 4.1 b�g(x)´��I¼ê§¿�Ù¥%Ú�»©O´t∗Ú∆g§Kµ

1. g(ax)�¥%Ú�»©O´ t∗

aÚ
∆g

|a|¶

2. ag(x)�¥%Ú�»©O´t∗Ú∆g¶

3. g(x+ x0)�¥%Ú�»©O´t∗ + x0Ú∆g¶

4. g(x)eiλt�¥%Ú�»©O´t∗Ú∆g¶

~f4.2�O�ÚÚn4.1�y²ÑØJ§·�ò§�3�����"

½Â 4.3 �gÚĝÑ´I¼ê§�||g|| = 1§Kf ∈ L2(R)�I�Fp�C�½Â�

S[f ](λ, b) =
1√
2π

∫
R

f(t)g(t− b)e−iλtdt

AO�§XJI¼ê��pd.¼ê

gα(t) =
1

2
√
πα

e−
t2

4α

�§�A�I�Fp�C�¡�GaborC�"

5¿�§I�Fp�C�Ø´��é�¼êf(t)�Fp�C�§
´�±wÑ

é��#�¼êf(t)g(t− b)�Fp�C�"du§I¼êg(t − b)�Ì�¤©8¥
3[t∗ + b−∆g, t

∗ + b+ ∆g] ¥§l
§�X�mb�£Ä§I�Fp�C��±�Ñ

¤k�m�¥�&E"3I�Fp�C�e§·�­#w�e~f4.1¥�¼ê"
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ã 4.4 ¼êf(x)ÚI¼ê�ã�"

~ 4.3 �½��¼êf(x)Xeµ

f(x) =



cos(3πx), 0 ≤ x < 0.5;

cos(15πx), 0.5 ≤ x < 1;

cos(25πx), 1 ≤ x < 1.5;

cos(55πx), 1.5 ≤ x < 2;

0, else.

,

�g0.05(x)��I¼ê§Ù¥¦��ã�XeãaÚb¤«"5¿�ÏL£Äb·��

��ØÓ�¼ê"'X¼êf(x) × g0.05(x)Úf(x) × g0.05(x − 1.5) Ò´ü�ØÓ�

¼ê£ã4.5¤§Ïd¦��Fp�C�Ò¬�Xb�Cz
Cz§Xã4.6¤«"

ã 4.5 ¼êf(x)× g0.05(x)Úf(x)× g0.05(x− 1.5)�ã�"

§4.1.1 I�Fp�C���ªI

dugÚĝÑ´I¼ê§b�§��¥%Ú�»©O´t∗§∆gÚλ∗§∆ĝ§PWλ,b(t) =

g(t− b)eiλt§KdI�Fp�C��½Â��

S[f ](λ, b) =
1√
2π

∫
R

f(t)Wλ,b(t)dt
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100 200 300 400
0.5
1.0
1.5
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100 200 300 400
0.5
1.0
1.5
2.0

ã 4.6 ¼êf(x)× g0.05(x)Úf(x)× g0.05(x− 1.5)�I�Fp�C��ã�"

duWλ,b(t)�´��I¼ê§¿�Ù¥%Ú�»©O´t∗ + b§∆g§l
I�Fp

�C��Ñ
f3�mI

[t∗ + b−∆g, t
∗ + b+ ∆g]

p¡�ÛÜz�&E"

,��¡§-

Vλ,b(ω) = F[Wλ,b](ω) = eiλbe−iωbĝ(ω − λ)

KVλ,b(ω)´��äk¥%Ú�»©O´λ∗ + λ§∆ĝ�I¼ê"du

S[f ](λ, b) =
1√
2π
〈f,Wλ,b(t)〉 =

1√
2π
〈f̂ , Vλ,b(ω)〉

u´S[f ](λ, b)��Ñ
ªÇI

[λ∗ + λ−∆ĝ, λ
∗ + λ+ ∆ĝ]

p¡�ÛÜz�&E"

nþ¤ã§I�Fp�C�S[f ](λ, b)�Ñ
�ªI

[t∗ + b−∆g, t
∗ + b+ ∆g]× [λ∗ + λ−∆ĝ, λ

∗ + λ+ ∆ĝ]

p¡�ÛÜz�&E"�X©Û�mÚªÇ(b, λ)�²£§���X��ªI�"ù


I��>��ÚI¼ê�'§Ú(b, λ)Ã'§¿�äk�½�¡È"

�Àª�I(b, λ)3R2¥Cz�§I¼ê��ªICX
���ª²¡"�±

ý�§f�±d§�I�Fp�C�S[f ](λ, b)5¡E"e¡�½n�Ñù�(J¿

y²Uþ´Åð�"

½n 4.1 XJf ∈ L2(R)§K

f(t) =
1√
2π

∫ ∞
−∞

∫ ∞
−∞
S[f ](λ, b)g(t− b)eiλtdλdb
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� ∫ ∞
−∞
|f(t)|2dt =

∫ ∞
−∞

∫ ∞
−∞
|S[f ](λ, b)|2dλdb

y² ·�Äky²­�úª§Ä���{´é§�È©úª¥�È©CþbA^Parseval�

ª"Äk§éuI�Fp�C�§P

gλ(t) = g(t)e−iλt,

fλ(b) = S[f ](λ, b).

dug(t) = g(−t)§¤±

S[f ](λ, b) =
1√
2π
e−iλb

∫ ∞
−∞

f(t)g(t− b)eiλ(t−b)dt

=
1√
2π
e−iλb

∫ ∞
−∞

f(t)gλ(b− t)dt

=
1√
2π
e−iλbf ∗ gλ(b).

Ïd§fλ(b)'ub�Fp�C�´

f̂λ(ω) = f̂(ω + λ)ĝλ(ω + λ) = f̂(ω + λ)ĝ(ω)

qg(t− b)'ub�Fp�C�´ĝ(ω)e−itω§Ïd§

1√
2π

∫ ∞
−∞

∫ ∞
−∞
S[f ](λ, b)g(t− b)eiλtdλdb =

1√
2π

∫ ∞
−∞

(∫ ∞
−∞

f̂(ω + λ)|ĝ(ω)|2eit(λ+ω)dω
)
dλ

(4.1)

XJf̂ ∈ L1(R)§·��±|^Fubini½nUCÈ©^S§¿|^_Fp�C�

1√
2π

∫ ∞
−∞

f̂(ω + λ)eit(λ+ω)dλ = f(t)

��þª�u

1√
2π

∫ ∞
−∞

(∫ ∞
−∞

f̂(ω + λ)eit(λ+ω)dλ

)
|ĝ(ω)|2dω

=

∫ ∞
−∞

f(t)|ĝ(ω)|2dω

2|^ ∫ ∞
−∞
|ĝ(ω)|2dω = 1,

Ò�±��­�úª"XJf̂ 6∈ L1(R)§�±|^È�55y²"
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y3·�y²UþÅðúª"Ï�S[f ](λ, b)'ub�Fp�C�´f̂(ω+λ)ĝ(ω)§

òPlancherelúªA^�UþÅðúª�m>§��∫ ∞
−∞

∫ ∞
−∞
|S[f ](λ, b)|2dλdb =

∫ ∞
−∞

∫ ∞
−∞
|f̂(ω + λ)ĝ(ω)|2dωdλ

,��¡§|^Fubini½n�y∫ ∞
−∞
|f̂(ω + λ)|2dλ = ||f ||2

l
UþÅð½n�y" #

I�Fp�C���ª©EÇ�6I¼ê��ªªÝ§�Ò´Ú�ªI��

¡È5Ýþ"@o��g,�¯KÒ´§UØUÀJI¼êg§¦�I�Fp�C�

��ªI�Ñ�±��éÐ�°ÝQ§½ö`§́ Ä�3I¼êg§¦�∆gÚ∆ĝÑ

é�Qºù��Y´Ä½�§§Ò´e¡Í¶�ÿØO�n"

§4.2 ÿØO�n

ÿØO�nL²��¼êØ�UÓ�3�m�ÚªÇ�Ñäk?¿��©E

Ç"�
`²ù�Vg§ÚI¼ê��»½Âaq§·�k�Ñe¡�½Â^5�

y��¼ê�©EÇ"

½Â 4.4 b�f ∈ L2(R)§Kf3:a ∈ R?�©EÇ½Â�

∆a(f) =

∫
R

(t− a)2|f(t)|2dt∫
R
|f(t)|2dt

f3a:�©EÇÝþ
§�ã/3t = a?� �½ö*Ð"XJf�ã/8¥

3t = a:§Kf �©EÇé�"��§XJf�ã/3t = a?Ðm�'�°§Kf�

©EÇÒ�"XJ·��t´I¼ê�¥%§@où�¼ê�©EÇÒ´�»�²

�"

Ón§·��±½ÂféA�Fp�C����©EÇ�½Âµ

∆α(f̂) =

∫
R

(λ− α)2|f̂(λ)|2dλ∫
R
|f̂(λ)|2dλ

(4.2)

e¡�ÑÿØO�n"

½n 4.2 b�f ∈ L2(R)§§3Ã¡?Âñ�0§Ké?¿�a, α ∈ R§k

∆a(f)∆α(f̂) ≥ 1

4
(4.3)
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y² Äk·�y²e¡��ªµ{(
d

dt
− iα

)
(t− a)

}
f −

{
(t− a)

(
d

dt
− iα

)}
f

=f + (t− a)f
′
− iα(t− a)f − (t− a)(f

′
− iαf)

=f

þªü>Ó��SÈ

〈f, f〉 =

〈{(
d

dt
− iα

)
(t− a)

}
f(t), f(t)

〉
−
〈{

(t− a)

(
d

dt
− iα

)}
f(t), f(t)

〉
=

〈
(t− a)f(t),

(
− d

dt
+ iα

)
f(t)

〉
−
〈(

d

dt
− iα

)
f(t), (t− a)f(t)

〉
= −2Re

〈
(t− a)f(t),

(
d

dt
− iα

)
f(t)

〉
dSchwarzØ�ª§��

||f ||2L2 ≤ 2

∣∣∣∣∣∣∣∣( d

dt
− iα

)
f(t)

∣∣∣∣∣∣∣∣
L2

||(t− a)f(t)||L2

|^Parseval�ªÚFp�C�

F

[(
d

dt
− iα

)
f(t)

]
(λ) = i(λ− α)f̂(λ)

�� ∣∣∣∣∣∣∣∣( d

dt
− iα

)
f(t)

∣∣∣∣∣∣∣∣
L2

= ||(λ− α)f̂(λ)||L2

¤±§·�k

||(λ− α)f̂(λ)||L2 ||(t− a)f(t)||L2 ≥ 1

2
||f ||2L2

=

∆a(f)∆α(f̂) ≥ 1

4

#

I¼ê��ªI����±^� C�5N!§��Ù¡È´Ø¬UC�"l


§��I�3��©EÇÚª�©EÇ¥���ò©"3I¼ê�À�þ§��

I��Äe¡A�Ï�"3ê�O�¥§g7Lk;|8§¤±§�Fp�C�ĝ�

½kÃ¡|8"§´��Ì� uλ = 0?�é¡¼ê§Øä��¿P~�""�


¦C��ªÇ©EÇ��z§7Lòĝ�Uþ8¥3λ = 0NC"e¡�Ñ�n�

­��ëê5�Oĝ�ªÝ"
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∆ω

Α

ã 4.7 ĝ�UþªÝd§�ª°±91�������ÌÝ5Ýþ"

1. þ�ª°∆§Ù½Â�
|ĝ(∆/2)|2

|ĝ(0)|2
=

1

2

2.  uλ = ±λ0?�1�������ÌÝA§

A = 10 log10

|ĝ(λ0)|0

|ĝ(0)|0

3. õ�ª�êp§�ªÇ���§§�Ñ
ĝ�ì?P~5

|ĝ(λ)| = O(λ−p−1)

e¡�L��Ñ�~��Ê�I¼ê±9§�éA�ëê�"

¼ê¶¡ ¼êL�ª ∆ A p

Rectangle 1 0.89 -13db 0

Hamming 0.54 + 0.46 cos 2πt 1.36 -43db 0

Gaussian e−18t2 1.55 -55db 0

Hanning cos2 πt 1.44 -32db 2

Blackman 0.42 + 0.5 cos 2πt+ +0.08 cos 4πt 1.68 -58db 2

I¼ê�§A¦I¼êªÌ�Ì�°ÝA¦þÄ§±¼�p�ªÇ©EUå¶

��P~A¦þ�§±~�ªÌö�§�Ï~ÑØUÓ�÷vùü��¦"�«I

��OÌ�3u8¥uÌ��UþÚ©Ñ3¤k���Uþ�'"
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§4.3 ëY�ÅC�

I�Fp�C��½§Ýþ�Ñ
Fp�kC��":§�´E,kC�(

J�mI°ÝØ�ªÇCz�¯K"Ï�3¢S�A^¥§épª&E§�mm�

��§±�Ñ°(�pª&E¶
éu$ª&E§�mm��C°§±�Ñ��±

Ïp���&E",
§I�Fp�C��I¼ê��ªI�´�½�"@o\�

U¬��§4I���Cå5§õ�AgI�Fp�C�ØÒ�±
íº¯¢þ§

�ÅC�´ù��g´§ØLØ´^ù��{"�u��oØæ^�CI�I�F

p�C�Q§·@�´Ï�ù��P{¬�î­"�'��§I�Fp�C��Ø

���z§ù�´§���"�"�ÅC���{´��rFp�C��Ä��


µòÃ���n�¼êÄ�¤
k���¬P~��ÅÄ"ù�Ø=U
¼�ª

Ç§��±½ ��m"e¡0���ÅC��±3Å�pª�ã�m©EÇgÄ

Jp§3Å�$ª�ã�m©EÇgÄü$§äkgÄC�5�§w«Ñ�B�	

&Ò�[!A��Vm�«�¹�`�5 [4, 5, 6, 7, 8]"

�Å©Û(wavelet Analysis)´20­V80c�¥ÏuÐå5���êÆnØÚ

�{§d{I�Æ[GrossmanÚMorlet3?1/�&Ò©Û�JÑ�§��×�u

Ð"1985cMeyer 3���/ey²
�Å¼ê��35, ¿3nØþ�
�\ï

Ä"MallatÄuõ©E©Ûg�§JÑ
é�ÅA^å­��^�Mallat �{§§

3�Å©Û¥�/ ��uFFT 3²;Fp�C�¥�/ "�Å©ÛnØ�­

�59A^�2�5Úå
�E.�pÝ­À"�Å©Û�Ñy�@�´Fá�

©Û�â»5?Ð§3%CØ!�©�§!�££O!O�ÅÀú!ã�?n!�

�5�Æ��¡¦^�Å©Û��uNõâ»5?Ð"

�ÅC��Ä�g�aquFp�C�§Ò´^&Ò3�qÄ¼ê/¤�m

þ�ÝKL�T&Ò"²;�Fp�C�r&ÒUn��!{uÄÐm§ò?¿¼

êL«�äkØÓªÇ��Å¼ê��5S\§U�Ð/£ã&Ò�ªÇA5§�

§3��£��¤þÃ?Û©E§ØU�ÛÜ©Û"ù3nØÚA^þÑ�5
N

õØv"�
�Ñù�"�§I�Fp�C��±JÑ"ÏLÚ\���mÛÜz

/I¼ê0U?
Fp�C��Øv"�´I�Fp�C��I���´�½�§

vkl��þ�ÖFp�C��"�"
�ÅC�3��Úª�Ó�äkûÐ�

ÛÜz5U§k��÷v¢SI¦��mªÇI�"�Fp�C�!I�Fp�C

��'§�ÅC��±�k��l&Ò¥J�&E§ÏL� Ú²£�$�õUé

¼ê½&Ò?1õ©EÇ©Û§)û
Fp�C�ØU)û�Nõ(J¯K§l


�ÅCz���/êÆw�º0§§´NÚ©ÛuÐ¤þp§
ª�?Ð"

éu²­&Ò§?n�n�óäE,´Fá�©Û"�´3¢SA^¥�ý�

õê&Ò´�­½�§
AO·^u�­½&Ò�óäÒ´�Å©Û"�Å©Û�

A^´��Å©Û�nØïÄ;�/(Ü3�å�"§®²3�E&E��+�

��
-<Ê8�¤Ò"3êÆ�¡§�ÅC�®^uê�©Û!�E¯�ê��



§4.3 ëY�ÅC� 113

{!­�­¡�E!�©�§¦)!��Ø�"3&Ò©Û�¡§�ÅC�3ÈÅ!

�D!Ø !DÑ��¡��2��A^"§�±^u>.�?n�ÈÅ!�ª©

Û!&D©l�J�f&Ò!¦©/�ê!&Ò�£O��ä±9õºÝ>�uÿ

� [9, 10]"3ã�?n�¡§ã�Ø !©a!£O��ä�A^�ÑI��ÅC

�"§�A:´Ø 'p§Ø �Ý¯§Ø �U�±&Ò�ã��A�ØC§�

3D4¥�±|Z6"3ó§Eâþ§�ÅC��A^uO�ÅÀú!O�Åã/

Æ!­��O!ë6!�§�»�ïÄ�)Ô�Æ�¡ [14, 15]"Äu�Å©Û�

Ø �{éõ§'�¤õ�k�Å��{§�Å�«n�.�{§�ÅC�"äØ

 §�ÅC��þØ � [11, 12, 13]"

½Â 4.5 XJ��¼êψ ∈ L2(R)÷vNN5^�

Cψ = 2π

∫
R

|ψ̂(λ)|2

|λ|
dλ <∞,

K¡ψ�Ä�Å"

XJψ(t) ∈ L1(R)§Kψ̂´��ëYk.¼ê§¤±dNN5^���ψ̂(0) = 0§

=
∫
R
ψ(t)dt = 0"dd��ψäkÅÄ5"qÏ�ψ ∈ L2(R)§��5`äkP~5"

Ïd§Ä�Å�½´��.�§¿�3k�«m	�u"½öé¯ª�"§ùÒ´

�Åù�¶c�d5"

~ 4.4 e¡�ÑA�~��Ä�Å�~fµ

• Haar�Åµ

ψ(t) =


1, 0 ≤ t < 1

2 ;

−1, 1
2 ≤ t < 1;

0, else.

(4.4)

K

ψ̂(λ) =
4i√
2π
e−

iλ
2

sin2(λ4 )

λ

• $Üxlf�Åµ

ψ(t) =
1√
2π

(1− t2)e−
t2

2 (4.5)

K

ψ̂(λ) =
1√
2π
λ2e−

λ2

2
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• �5�^�Åµ

ψ(t) =


t, 0 ≤ t < 1

2 ;

1− t, 1
2 ≤ t <

3
2 ;

t− 2, 3
2 ≤ t < 2;

0, else.

(4.6)

@o�o��¼ê�±����Ä�ÅQºù�¯K�~E,§ùp�Ñ��

¿©^�"ù�½n�y²�±ë�[16]"

½n 4.3 b�ψ(t) ∈ L1(R)
⋂
L2(R)§�÷ve¡�^�

1.
∫
R
ψ(t)dt = 0

2. |ψ(t)| ≤ C
(1+|t|)1+ε§C > 0, ε > 0"

Kψ÷vNN5^�§?
ψ´��Ä�Å"

½Â 4.6 b�ψ´��Ä�Å§òÄ�Å�� Ú²£����ÅS�

ψa,b(t) = |a|− 1
2ψ

(
t− b
a

)
Ù¥a, b ∈ R, a 6= 0"éuf ∈ L2(R)§ÙëY�ÅC�½Â�

(Wψf)(a, b) = 〈f, ψa,b〉 = |a|− 1
2

∫
R

f(t)ψ

(
t− b
a

)
dt (4.7)

½n 4.4 b�ψ, φ´Ä�Å§f, g ∈ L2(R)§K

• (Wψ(αf + βg))(a, b) = α(Wψ(f))(a, b) + β(Wψ(g))(a, b)

• (Wψ(Tcf))(a, b) = (Wψ(f)(a, b− c)§Ù¥Tc(f) = f(t− c)¶

• (Wψ(Dcf))(a, b) = 1√
c
(Wψ(f(t))(ac ,

b
c )§Ù¥Dcf(t) = 1

cf( tc )§c > 0"

• (Wαφ+βψ(f))(a, b) = α(Wφ(f))(a, b) + β(Wψ(f))(a, b)

• (WTcψ(f))(a, b) = (Wψ(f))(a, b+ ca)

• (WDcψ(f))(a, b) = 1√
c
(Wψ(f))(ac, b)

ù
5��y²é{ü§����K"
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½n 4.5 b�f, g ∈ L2(R)§ψ´�Ä�Å§K

1

Cψ

∫
R

∫
R

(Wψ(f))(a, b)(Wψ(g))(a, b)
1

a2
dadb = 〈f, g〉 (4.8)

AO�§
1

Cψ

∫
R

∫
R

|(Wψ(f))(a, b)|2 1

a2
dadb = ||f ||2L2(R) (4.9)

y² dFp�C�

ψ̂a,b(λ) =
1√
2π

∫
R

|a|−1/2ψ

(
t− b
a

)
e−itλdt

= |a| 12 e−ibλψ̂(aλ)

��

(Wψf)(a, b) = 〈f, ψa,b〉

= 〈f̂ , ψ̂a,b〉

= |a| 12
∫
R

f̂(λ)ψ̂(aλ)eibλdλ

�Fa(λ) = f̂(λ)ψ̂(aλ)§Ga(λ) = ĝ(λ)ψ̂(aλ)§u´

(Wψf)(a, b) = |a| 12 F̂a(b)

(Wψg)(a, b) = |a| 12 Ĝa(b)

dþª�� ∫
R

(∫
R

(Wψf)(a, b)(Wψg)(a, b)db

)
1

a2
da

=

∫
R

(∫
R

F̂a(b)Ĝa(b)db

)
1

|a|
da

=

∫
R

(∫
R

Fa(λ)Ga(λ)dλ

)
1

|a|
da

=

∫
R

(∫
R

f̂(λ)ĝ(λ)|ψ̂(aλ)|dλ
)

1

|a|
da

=

∫
R

f̂(λ)ĝ(λ)

(∫
R

|ψ̂(aλ)|2

|a|
da

)
dλ

= Cψ〈f, g〉

#
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½n 4.6 b�ψ´Ä�Å§f ∈ L2(R)§Kf3ëY:k�üúª

f(t) =
1

Cψ

∫
R

∫
R

|a|− 1
2ψ

(
t− b
a

)
(Wψ(f)) (a, b)

1

a2
dadb (4.10)

y² Pψa(t) = |a|− 1
2ψ(− t

a )§¿Pþª�mà�p(t)"�\k

(Wψ(f))(a, b) = f ∗ ψa(b) (4.11)

l
§

p(t) =
1

Cψ

∫
R

(Wψ(f)) (a, ·) ∗ ψa(t)
1

a2
da

=
1

Cψ

∫
R

f ∗ ψa(−·) ∗ ψa(t)
1

a2
da

ùp�ç:L«òÈ�È©Cþ"·�I�y²p(t) = f(t)§ù�duy²§��

Fp�C���"̄ ¢þ§p(t)�Fp�C��

p̂(λ) =
2π

Cψ

∫
R

f̂(λ)
√
aψ̂∗(aλ)

√
aψ̂(aλ)

1

a2
da

=
2πf̂(λ)

Cψ

∫
R

∣∣∣ψ̂(aλ)
∣∣∣2 1

a
da

=
2πf̂(λ)

Cψ

∫
R

∣∣∣ψ̂(λ)
∣∣∣2 1

λ
dλ

= f̂(λ)

#

e¡·�ww�Å��ªI�"b�ψ´��Ä�Å§¿�ψÚ§�Fp�C

�ψ̂Ñ´I¼ê§Ù¥%Ú�»©O´t∗§∆ψÚλ∗§∆ψ̂"b�·�ÀJ�Ä�Å¦

�λ∗ ´�ê§�3�Å�ëêS�¥a > 0"

duψ´��I¼ê§¤±ψa,b(t)�´��I¼ê§Ù¥%Ú�»©O´at∗ +

b§a∆ψ"dëY�ÅC��½Â��

(Wψf)(a, b) =

∫
R

f(t)ψa,b(t)dt

��§�ÅC��Ñ&Ò3�mI�

[b+ at∗ − a∆ψ, b+ at∗ + a∆ψ]

¥�ÛÜz&E"
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,��¡§ψ̂a,b(λ) = |a| 12 e−iλbψ̂(aλ)��ψ̂a,b(λ)�´��I¼ê§Ù¥%Ú�

»©O´λ∗

a Ú
∆
ψ̂

a "u´d�ÅC��ª�L«

(Wψf)(a, b) = 〈f̂ , ψ̂a,b〉

��§�ÅC��äkL�&Òª�þ�ÛÜ5��Uå§§�Ñ
&Ò3ªÇI[
λ∗

a
−

∆ψ̂

a
,
λ∗

a
+

∆ψ̂

a

]
¥�ÛÜ&E"

nþ¤ã§ëY�ÅC�äk�ªÛÜzA�§§�Ñ
�ªI�´

[b+ at∗ − a∆ψ, b+ at∗ + a∆ψ]×
[
λ∗

a
−

∆ψ̂

a
,
λ∗

a
+

∆ψ̂

a

]
¥�ÛÜ&E"ÚI�Fp�C�ØÓ§�uÿpª&E�£éu��a > 0¤§�

mI�gÄCÄ§
�uÿ$ª&E�£éu��a > 0¤§�mI�gÄC°"

§4.4 �?�ÅC�

3ëY�ÅC�(Wψf)(a, b)�ªÇI[
λ∗

a
−

∆ψ̂

a
,
λ∗

a
+

∆ψ̂

a

]
¥§�aj = 1

2j§¿�b�λ
∗ = 3∆ψ̂§KªÇIC¤[

2j+1∆ψ̂, 2
j+2∆ψ̂

]
u´§�ÅC�(Wψf)( 1

2j , b)�Ñ
&Ò3ªÇ�[
2j+1∆ψ̂, 2

j+2∆ψ̂

]
¥�ÛÜ&E§Ó�ù
ªÇ��Ñ
¤k��ªÇ�����?¿©"Ïd§d

�ÅC�(Wψf)( 1
2j , b)�±��&Ò3¤kªÇ�þ�&E"

`² 4.1 5¿^�λ∗ = 3∆ψ̂´éN´÷v�"¯¢þ§b�ψ´��Ä�Å§

-ψ̃ = eiαtψ(t)§Kψ̃�Fp�C�
̂̃
ψ = ψ̂(λ−α)"u´§

̂̃
ψ�¥%Ú�»©O´λ̃∗ =

λ∗§∆̂̃
ψ

= ∆ψ̂"l
§ù�·�ÀJα = 3∆ψ̂ − λ
∗§=�¦�

λ̃∗ = 3∆̂̃
ψ
.
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½Â 4.7 ��¼êψ ∈ L2(R)¡��?�Å§XJ�3ü��~êAÚB§÷v0 <

A ≤ B <∞§¦�­½5^�

A ≤
∞∑

j=−∞
|ψ̂(2−jλ)|2 ≤ B

¤á"éuf ∈ L2(R)§Ù�?�ÅC�½Â�

(W j
ψf)(b) = 2

j
2 (Wψf)(2−j , b), b ∈ R

`² 4.2 ùp�­½5^��dué?¿�f ∈ L2(R)§

A||f ||2L2 ≤
1

2π

∞∑
j=−∞

||W j
ψf ||

2
L2 ≤ B||f ||2L2 .

½n 4.7 XJψ´�?�Å§K§´÷v

A ln(2) ≤
∫ ∞

0

|ψ̂(λ)|2

λ
dλ ≤ B ln(2)

A ln(2) ≤
∫ ∞

0

|ψ̂(−λ)|2

λ
dλ ≤ B ln(2)

�Ä�Å"AO�§XJA = B§Kk

Cψ = 2π

∫
R

|ψ̂(λ)|2

λ
dλ = 4πA ln(2).

y² dCþ����∫ 2

1

|ψ̂(2−jλ)|2

λ
dλ =

∫ 2−j+1

2−j

|ψ̂(λ)|2

λ
dλ,

¤±d­½5^��∫ 2

1

A

λ
dλ ≤

∑
j∈Z

∫ 2−j+1

2−j

|ψ̂(λ)|2

λ
dλ ≤

∫ 2

1

B

λ
dλ

l
k

A ln 2 ≤
∫ ∞

0

|ψ̂(λ)|2

λ
dλ ≤ B ln 2

Ón§|^ ∫ −1

−2

|ψ̂(2−jλ)|2

−λ
dλ =

∫ 2−j+1

2−j

|ψ̂(−λ)|2

λ
dλ,
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(Ü­½5^��∫ −1

−2

A

−λ
dλ ≤

∑
j∈Z

∫ 2−j+1

2−j

|ψ̂(−λ)|2

λ
dλ ≤

∫ −1

−2

B

−λ
dλ

l
k

A ln 2 ≤
∫ ∞

0

|ψ̂(−λ)|2

λ
dλ ≤ B ln 2.

#

½Â 4.8 b�ψ´���?�Å§¡

ψ̂∗(λ) =
ψ̂(λ)∑∞

k=−∞ |ψ̂(2−kλ)|2

�Fp�_C�ψ∗ ∈ L2(R)�ψ��?éó"

½n 4.8 b�ψ´���?�Å§KÙ�?éóψ∗�´���?�Å§¿�÷v

1

B
≤

∞∑
k=−∞

|ψ̂∗(2−kλ)|2 ≤ 1

A

d	§é?¿�f ∈ L2(R)k�üúª

f(t) =
1

2π

∞∑
j=−∞

∫ ∞
−∞

(W j
ψf)(b)2jψ∗(2j(t− b))db

y² dψ∗�Fp�C���

ψ̂∗(2−jλ) =
ψ̂(2−jλ)∑

k∈Z |ψ̂(2−kλ)|2
,

l
k

∑
j∈Z
|ψ̂∗(2−jλ)|2 =

∑
j∈Z |ψ̂(2−jλ)|2

(
∑
k∈Z |ψ̂(2−kλ)|2)2

=
1∑

k∈Z |ψ̂(2−kλ)|2

Ïd§ψ∗�´���?�Å§¿�÷v

1

B
≤

∞∑
k=−∞

|ψ̂∗(2−kλ)|2 ≤ 1

A
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-gj(t) = 2jψ(−2−jt)§Kk

(W j
ψf)(b) = 2

j
2 (Wψf)(

1

2j
, b)

= 2j
∫
R

f(t)ψ(2j(t− b))dt

= (f ∗ gj)(b).

dĝj(λ) = −ψ̂(2−jλ)��

1

2π

∞∑
j=−∞

∫
R

(W j
ψf)(b)2jψ∗(2j(t− b))db

=
1

2π

∞∑
j=−∞

√
2π

∫
R

f̂(λ)ψ̂(2−jλ)ψ̂∗(2−jλ)dλ

=
1√
2π

∫
R

f̂(λ)eitλdλ

=f(t)

#

§4.5 �ÅµeÚ���Å

�
O��k�5§ò�mblÑz

bj,k =
k

2j
b0,

Ù¥j, k´�ê§b0 > 0´���½�~ê"?�Ú�§Ú\

ψb0;j,k(t) = 2
j
2ψ(2jt− kb0)

·�F"�Ä�¯K´§é?¿�f ∈ L2(R)§|^ëY�ÅC��lÑ/ª

(Wψf)(
1

2j
, bj,k) = 〈f, ψb0;j,k〉

5­�f"e¡l��Ú��µenØ5ÆSlÑ��ÅC�"

§4.5.1 µenØ

µenØ�@´dDuffinÚSchaffer31952c�
)ûl��K���f(tn)­

���&Ò´JÑ5�§læ�½n·���§�&Ò�Fp�C�´ u,�«

m�§f�±l�
æ�:����­�"
DuffinÚSchafferKF"3�\���

^�e§éuHilbert�m¥��þ�±ÏL��õ�ê��þ�SÈ5­��^

�ÚÄ�µe"
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½Â 4.9 b�φj´Hibert�mH¥�S�§XJ�3~êA,B§÷v0 < A ≤ B <

∞§¦�é?¿�f ∈ H§k

A||f ||2 ≤
∞∑

j=−∞
|〈f, φj〉|2 ≤ B||f ||2,

K¡{φj}´H¥���µe"A,B¡�µe�þe."XJA = B§K¡{φj}´H¥
�;µe"

~ 4.5 �H = R2§e1 = (0, 1)§e2 = (−
√

3
2 ,−

1
2 )§e3 = (

√
3

2 ,−
1
2 )"é?¿�x =

(x1, x2) ∈ R2§k
3∑
j=1

|〈x, ej〉|2 =
3

2
(x2

1 + x2
2) =

3

2
||x||2

u´§{e1, e2, e3}´H¥�;µe§Ù¥A = B = 3
2"w,§{e1, e2, e3}´�5�'§

l
Ø�¤Ä¼ê"

½n 4.9 Hilbert�mH¥�S�{φj}´IO��Ä�¿�^�´{φj}�¤H�;
µe§�A = B = 1§||φj || = 1"

y² 7�5´w,�§ùp�y²¿©5"d{φj}�¤H�;µe��§é?¿
�f ∈ H§k

∞∑
j=−∞

|〈f, φj〉|2 = ||f ||2

AO��f = φk§Kk

∞∑
j=−∞

|〈φk, φj〉|2 = ||φk||2 = 1

l
§〈φk, φj〉 = δj,k"=S�{φj}´IO��Ä" #

½Â 4.10 �S�{φj}´Hilbert�mH���µe§¡�5�f

F : H → l2, F (f) = {〈f, φj〉},∀f ∈ H,

�µe{φj}�©Û�f"¡F����f

F ∗ : l2 → H,F ∗(c) =
∑

cjφj ,∀c = {cj} ∈ l2,

�µe{φj}�nÜ�f"-T = F ∗F§K

T : H → H,T (f) =
∑
〈f, φj〉φj ,∀f ∈ H,

¡T�µe{φj}�µe�f"
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`² 4.3 �âµe�fT�½Â§́ �

〈T (f), f〉 =
∑
|〈f, φj〉|2

Ïd§µe^��du§é?¿�f ∈ H§

A〈f, f〉 ≤ 〈T (f), f〉 ≤ B〈f, f〉

=

AI ≤ T ≤ BI

Ù¥I´ð��f"

½n 4.10 �T´Hilbert�mHþ����k.�5�f§�T�e.´a§KT´

�_�§�Ù_�fT−1±a−1�þ."

y² Äk§y²T��8Im(T ) = {Tf ∈ H,∀f ∈ H}´H���4f�m§ù
�duy²Im(T )¥�?�Cauchy:�{gn}3Im(T )¥4��3�4�áuT��

8Im(T )"�d§�fn ∈ H§¦�Tfn = gn§du

a||fn − fm||2 ≤ 〈T (fn − fm), (fn − fm)〉

≤ ||T (fn − fm)||||fn − fm||,

¤±§

||fn − fm|| ≤ a−1||gn − gm|| → 0, n,m→∞.

l
§{fn}�´H¥���Cauchy�"dH���5�§{fn}3H¥�34�f"|
^�fT�ëY5§��

lim
n→∞

gn = lim
n→∞

Tfn = Tf ∈ Im(T )

¤±§Im(T )�H�4f�m"

Ùg§XJ〈g, Tf〉 = 0é���f¤á§Ka||g||2 ≤ 〈g, Tg〉 = 0§l
g = 0§Ï

dIm(T )⊥ = {0}§̀ ²Im(T ) = H§�T´�_�"

d	§du∀f ∈ H§k

a||T−1f ||2 ≤ 〈TT−1f, T−1f〉 = 〈f, T−1f〉

≤ ||f ||||T−1f ||,

=||T−1f || ≤ a−1||f ||§¤±||T−1|| ≤ a−1" #

Ún 4.2 �S�{φj}´Hilbert�mH���µe§Ùþe.´A,B§T´�A�µ

e�f§K
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1. T ∗ = T§�

A||f || ≤ ||T (f)|| << B||f ||

2. T�_§�T−1÷v

(T−1)∗ = T−1

1

B
||f || ≤ ||T−1(f)|| ≤ 1

A
||f ||

1

B
I ≤ T−1 ≤ 1

A
I

ù�Ún�y²����K"

½n 4.11 �S�{φj}´Hilbert�mH���µe§Ùþe.´A,B§T´�A�

µe�f§-

φ̃j = T−1φj

K{φ̃j}´H�±B−1§A−1�µe.�µe"¿¡{φ̃j}�{φj}�éóµe"

y² é?¿�f ∈ H§k

〈f, φ̃j〉 = 〈f, T−1φj〉 = 〈T−1f, φj〉.

l
 ∑
j∈Z
|〈f, φ̃j〉|2 =

∑
j∈Z
|〈T−1f, φj〉|2

= ||F (T−1f)||2

= 〈T−1f, f〉.

2d
1

B
I ≤ T−1 ≤ 1

A
I

��
1

B
||f ||2 ≤

∑
j∈Z
|〈f, φ̃j〉|2 ≤

1

A
||f ||2

#

½n 4.12 �{φj}´Hilbert�mH���µe§{φ̃j}�{φj}�éóµe§Ké?¿
�f ∈ H§

f =
∑
〈f, φj〉φ̃j

½ö

f =
∑
〈f, φ̃j〉φj
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y² é?¿�f ∈ H§k

f = T−1T (f)

= T−1
(∑

〈f, φj〉φj
)

=
∑
〈f, φj〉

(
T−1(φj)

)
=
∑
〈f, φj〉φ̃j

éu1��ªf§·�k∑
〈f, φ̃j〉φj =

∑〈
f, T−1(φj)

〉
φj

=
∑〈

T−1(f), φj
〉
φj

= T (T−1(f)) = f

#

`² 4.4 5¿�du{φj}Ø�½�5Ã'§¤±þã�Ðm´Ø���"@oÄ
uµe�Ðmk�o��AÏ5Qºùp·��±lü��¡5wù�¯K"Äk

·��Ñ�
PÒµ

F̃ : H → l2, F̃ (f) = {〈f, φ̃j〉},∀f ∈ H,

Im(F ) = {Ff ∈ H,∀f ∈ H} = Im(F̃ ) = {F̃ f ∈ H,∀f ∈ H}

1. XJf =
∑
cjφj§Ù¥{cj}Ø���u〈f, φ̃j〉§K∑

|cj |2 >
∑
|〈f, φ̃j〉|2

ù`²|^µe{φj}Ðm´�!��Ðm�ª"

¯¢þ§duf =
∑
cjφj§¤±f = F ∗c§Ù¥c = {cj}j∈Z"�c = a + b§

Ù¥a ∈ Im(F ) = Im(F̃ )§b ⊥ Im(F )"dua ⊥ b§¤±

||c||2 = ||a||2 + ||b||2.

,	§dua ∈ Im(F ) = Im(F̃ )§¤±�3g ∈ H§¦�a = F̃ g§=c = F̃ g + b§

5¿�é?¿�f ∈ H§k

0 = 〈b, Ff〉 = 〈F ∗b, f〉

¤±F ∗b = 0"Ïd

f = F ∗c = F ∗F̃ g + F ∗b = g



§4.5 �ÅµeÚ���Å 125

¤±c = F̃ f + b§�

||c||2 = ||F̃ f ||2 + b2 =
∑
|〈f, φ̃j〉|2 + ||b||2

2. XJf =
∑
〈f, φj〉uj§Ù¥{uj}Ø���uφ̃j§K∑

|〈f, uj〉|2 ≥
∑
|〈f, φ̃j〉|2

ù`²3�Ó�Xêe§|^µe{φj}Ðm´�!��Ðm�ª£ù�y²�
��¤"

~ 4.6 'X3c¡�µe�~f¥§·�®²��

v =
2

3

3∑
j=1

〈v, ej〉ej ,∀v ∈ C2.

5¿�§3ù�~f¥§
∑3
j=1 ej = 0§¤±é?¿�α ∈ C§eª�´¤á�§

v =
2

3

3∑
j=1

(〈v, ej〉+ α) ej , (4.12)

·����α = 0��ÿ§
3∑
j=1

|〈v, ej〉|2 =
3

2
||v||2,

�´�α 6= 0��ÿ§

3∑
j=1

|〈v, ej〉+ α|2 =
3

2
||v||2 + 3|α|2 > 3

2
||v||2

¤±§�,Ñ�±L«§�´µe�fJø
�«���L«�ª"

§4.5.2 �Åµe����Å

½Â 4.11 éu¼êψ ∈ L2(R)§XJS�

ψb0;j,k(t) = 2
j
2ψ(2jt− kb0), j, k ∈ Z

�¤L2(R)���µe§K¡ψ)¤L2(R)���äkÄ��Çb0��Åµe"

½n 4.13 b�ψ ∈ L2(R))¤L2(R)���äkÄ��Çb0��Åµeψb0;j,k(t)§

�µe.�A§B§Kφ´���?�Å§�

b0A ≤ 2π
∑
|ψ̂(2−jλ)|2 ≤ b0B
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y² Ty²3�����" #

½Â 4.12 éu¼êψ ∈ L2(R)§XJ

ψj,k(t) = 2
j
2ψ(2jt− k), j, k ∈ Z

�¤L2(R)�IO��Ä§Kψ¡����Å§¡ψj,k(t)´L2(R)��|IO��Ä"

`² 4.5 3�ÅC�¥§��'��¯K´Ïéψ ∈ L2(R)§¦�ψj,k(t)�¤L2(R)�

IO��Ä"duψj,k(t)�AÏ��E�{�±�y§÷v�Å�ªI���¦"

Ïd§ùp�JK´XÛ÷vIO��5�¦"ù��¯Kò3�e5�üÙ�Ñ

�Y"

�� 4.1 1. y²Ún4.1"

2. O�pd.¼êgα(t) = 1
2
√
πα
e−

t2

4α�¥%Ú�»"

3. y²Haar�Å¼ê§$Üx�l¼ê÷vÄ�Å^�"

4. y²½n4.4¥�ÅC��5�"

5. y²Ún4.2"

6. y²½n 4.13"

7. y²µXJf =
∑
〈f, φj〉uj§Ù¥{uj}Ø���uφ̃j§K∑

|〈f, uj〉|2 ≥
∑
|〈f, φ̃j〉|2
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�

Å�õ©EÇA5§ò�c¤k����ÅÄ¼ê��E�{Ú�å5§¿�Ñ


���Å��E�{±9���ÅC��¯��{§Mallat�{"ù�Ù­:�ã

õ©EÇg�§�{±9éA����ÅÄ¼ê��EÚ©)­��{"

§5.1 ��{ü�~f

3Fp�C�Ú�ÅC�¥§���Ø%�?ÖÒ´l&Ò¥J�&E"du

Fp�C�½ö�ÅC�¯¢þÑØ¬O\Uþ§�Ø¬UC&Òg��A�"�

´§²LC����&Ò�U�A�õ�&E"e¡Ò��é{ü�~f5`²ù

�A�"

~ 5.1 b��½��l���þ[3, 1, 2, 4, 8, 6, 9, 9]§e¡·�éù��þ�e¡

�ö�µl¥m�Ñü������§O�§��²þ�Ú1��ê~�²þ��

��"'X§XJ·��Ñ[3, 1]§@o·�O����#ê´[2, 1]"éz�|ê·

�Ñ�Ó��¯�§¿ò²þ��3c¡§���3�¡"'X§éu�½��þ§

·��±��

[2, 3, 7, 9, 1,−1, 1, 0].

�±wÑ§#��þ�¹
ÚÐ©�þ�����&E§Ï�§��m�±?¿=

�"y3·�é²þ����o��þ�Ó��¯�§Ò�±��[2.5, 8,−0.5,−1]§

¿ò§��ff���²þ��þ"��§·�é������²þ��þ�Ó�

�¯�Ò�±��[5.25,−2.75]"y3§·�����#�l��þ

[5.25,−2.75,−0.5,−1, 1,−1, 1, 0].
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éuù�#�l��þ§éw,§�¹
�����&E§ù�L§�C�"

¯¢þ§XJP

M =



1
8

1
8

1
8

1
8

1
8

1
8

1
8

1
8

1
8

1
8

1
8

1
8 − 1

8 − 1
8 − 1

8 − 1
8

0 0 0 0 1
4

1
4

1
4

1
4

0 0 0 0 1
4

1
4 − 1

4 − 1
4

1
2 − 1

2 0 0 0 0 0 0

0 0 1
2 − 1

2 0 0 0 0

0 0 0 0 1
2 − 1

2 0 0

0 0 0 0 0 0 1
2 − 1

2


(5.1)

K

[5.25,−2.75,−0.5,−1, 1,−1, 1, 0]T = M [3, 1, 2, 4, 8, 6, 9, 9]T .

²Lù�C��§·�¬uyù�#�l��þ�±w�·��õ�&E"

'X§1��ê5´¤k�ê�²þ�",	§XJ·��^���ê5%Cù�

l��þ§éu�©��þØ´éN´��"�´§éu#�l��þ�±éN

´��"¯¢þ§XJ·��^��8���þ5L«§·�uy·��±��

^[5.25,−2.75, 0,−1, 1,−1, 1, 0] 5L«§

M−1[5.25,−2.75, 0,−1, 1,−1, 1, 0]T = [3.5, 1.5, 1.5, 3.5, 8, 6, 9, 9].

ùp

M−1 =



1 1 1 0 1 0 0 0

1 1 1 0 −1 0 0 0

1 1 −1 0 0 1 0 0

1 1 −1 0 0 −1 0 0

1 −1 0 1 0 0 1 0

1 −1 0 1 0 0 −1 0

1 −1 0 1 0 0 0 1

1 −1 0 1 0 0 0 −1


(5.2)

XJ·��^ü��þ5L«§@o�±^[5.25,−2.75, 0, 0, 0, 0, 0, 0]§ù��±�

��©��þ

M−1[5.25,−2.75, 0, 0, 0, 0, 0, 0]T = [2.5, 2.5, 2.5, 2.5, 8, 8, 8, 8].

eã 5.1�Ñ
ùn|�þ�ã§Ù¥7Ú�´�½�êâ§ùÚ�´�^8

�êâL«�ã¡§ÉÚ�´�^ü�êâL«�ã¡"·��±wÑ§�,·�

�^
é��êâ§�´êâ�´�A
�½êâ�Ä�A�"ù�XJ��l�

©êâ?n´éJ���"
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ã 5.1 ��{ü�~f"

§5.2 õ©EÇµe

þ�!�g��±í2�e¡�õ©EÇ©Ûµe"1988c§MallatME5�

òõ©EÇ©Û�VgÚ�E���ÅÄ(Üå5§l�m�Vgþ/���Ñ


���E���ÅÄ¼ê�Ï^µe§¿`²
ù��E��Å�õ©EÇA

5"

½Â 5.1 �{Vj}´L2(R)���4f�mX�§{Vj}¡�L2(R)���õ©EÇ©

Û§XJ÷vµ

1. i@5µVj ⊂ Vj+1¶

2. È�5µ
⋃
Vj = L2(R)¶

3. �©5µ
⋂
Vj = {0}¶

4. � 5µf(t) ∈ Vj ⇐⇒ f(2t) ∈ Vj+1¶

5. ²£ØC5µf(t) ∈ V0 =⇒ f(t− k) ∈ V0¶

6. ��Ä��35µ�3φ ∈ V0§¦�{φ(t− k)}�¤V0 �IO��Ä"

Ù¥§φ¡�ºÝ¼ê§Vj¡�ºÝ�m"÷vþ¡^��õ©EÇ©Û{Vj}�¡
dºÝ¼êφ)¤�õ©EÇ©Û"

½n 5.1 �{Vj}´dºÝ¼êφ)¤�L2(R)�õ©EÇ©Û§Ké?¿�j§{
φj,k(t) = 2

j
2φ(2jt− k)

}
´Vj�IO��Ä"
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y² Äk§dφ(t− k) ∈ V0±9� 5��φj,k ∈ Vj"Ùg§IO��5�±de
¡�ªf��µ

〈φj,k, φj,l〉 =

∫
R

2jφ2jt−kφ(2jt− l)dt

=

∫
R

φt−kφ(t− l)dt

= 〈φ0,k, φ0,l〉

= δk,l.

��§̀ ²Vj¥�¼ê�±dφj,k�5L«"b�f ∈ Vj§d� 5��§f(2−jt) ∈
V0"du{φ(t− k)}´V0�IO��Ä§¤±

f(2−jt) =

∞∑
k=−∞

〈f(2−jx), φ(x− k)〉φ(t− k)

=

∞∑
k=−∞

(∫
R

f(2−jx)φ(x− k)dx

)
φ(t− k)

=

∞∑
k=−∞

(
2
j
2

∫
R

f(y)φ(2jy − k)dy

)
2
j
2φ(t− k)

¤±µ

f(x) =

∞∑
k=−∞

〈f, φj,k〉φj,k(x)

#

§5.3 VºÝ�§

VºÝ�§3�Å��Ä¼ê��E¥äk�~­���^§§Ì�k�m

�Úª�ü«ØÓ�£ã�{"

§5.3.1 VºÝ�§���£ã

�âõ©E©Û�i@5^�§·���ºÝ¼êφ(t) ∈ V1",��¡§�5

�mV1´d¼ê�{φ(2t− k)}, k ∈ Z Ü¤��m"l
§�3�X�Xêhk¦�

φ(t) =
∑
k∈Z

hkφ(2t− k), (5.3)

Ù¥§VºÝXêhk�±ÏLeªO�

hk = 2

∫
R

φ(t)φ(2t− k)dt
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·�k�Ñe¡ù
'uVºÝXê�Ún"

Ún 5.1 VºÝXê÷ve¡�ªµ

1.
∑
k∈Z hk−2nhk−2m = 2δm,n¶

2.
∑
k∈Z |hk|2 = 2¶

3.
∑
k∈Z hk = 2¶

4.
∑
k∈Z h2k =

∑
k∈Z h2k+1 = 1"

y² 1. dVºÝ�§

φ(t) =
∑
k∈Z

hkφ(2t− k),

��

φ(t− n) =
∑
k∈Z

hkφ(2t− 2n− k),

=
∑
k∈Z

hk−2nφ(2t− k),

=
1√
2

∑
k∈Z

hk−2nφ1,k,

Ón

φ(t− n) =
1√
2

∑
k∈Z

hk−2mφ1,k.

u´d{φ(t− k)}´V1�IO��Ä§��

δn,m = 〈φ(t− n), φ(t−m)〉

=
1

2

〈∑
k∈Z

hk−2nφ1,k,
∑
k∈Z

hk−2mφ1,k

〉

=
1

2

∑
k∈Z

∑
l∈Z

hk−2nhl−2m 〈φ1,k, φ1,l〉

=
1

2

∑
k∈Z

hk−2nhk−2m

= ∑
k∈Z

hk−2nhk−2m = 2δm,n.
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2. 3£1¤¥§-n = m = 0§�� ∑
k∈Z

|hk|2 = 2.

3. 3VºÝ�§ü>Ó��È©∫
R

φ(t)dt =
∑
k∈Z

hk

∫
R

φ(2t− k)dt

=
1

2

∑
k∈Z

hk

∫
R

φ(t)dt

=

∫
R

φ(t)dt
1

2

∑
k∈Z

hk

du
∫
R
φ(t)dt 6= 0£���¤§¤±∑

k∈Z

hk = 2.

4. d

|
∑
k∈Z

h2k|2 + |
∑
k∈Z

h2k+1|2 =
∑
k∈Z

h2k

∑
l∈Z

h2l +
∑
k∈Z

h2k+1

∑
l∈Z

h2l+1

=
∑
k∈Z

(∑
l∈Z

h2k+2l)h2k +
∑
k∈Z

(
∑
l∈Z

h2k+2l+1

)
h2k+1

=
∑
l∈Z

(∑
k∈Z

h2k+2lh2k + h2k+2l+1h2k+1

)

=
∑
l∈Z

(∑
k∈Z

hk+2lhk

)
=
∑
l∈Z

2δl,0

= 2

2(Ü£3¤§�� ∑
k∈Z

h2k =
∑
k∈Z

h2k+1 = 1.

#
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§5.3.2 VºÝ�§�ª�£ã

éVºÝ�§

φ(t) =
∑
k∈Z

hkφ(2t− k)

ü>�Fp�C���

φ̂(λ) =
1

2

∑
k∈Z

hke
−ikλ

2 φ̂

(
λ

2

)
-

H(λ) =
1

2

∑
k∈Z

hke
−ikλ

KkVºÝ�§�ª�L«

φ̂ (λ) = H

(
λ

2

)
φ̂

(
λ

2

)
.

Ún 5.2 b�φ ∈ L2(R)§K{φ(t− k)k ∈ Z}´IO��8�¿�^�´∑
k∈Z

|φ̂(λ+ 2kπ)|2 =
1

2π
.

y² {φ(t− k)k ∈ Z}´IO��8��=�é?¿�k ∈ Z§∫
R

φ(t)φ(t− k)dt = δ0,k

kParseval�ª§

δ0,k =

∫
R

φ(t)φ(t− k)dt

=

∫
R

φ̂(λ)φ̂(λ)eikλdλ

=

∫
R

|φ̂(λ)|2eikλdλ

=
∑
j∈Z

∫ 2(j+1)π

2jπ

|φ̂(λ)|2eikλdλ

=
∑
j∈Z

∫ 2π

0

|φ̂(λ+ 2jπ)|2eikλdλ

=

∫ 2π

0

∑
j∈Z
|φ̂(λ+ 2jπ)|2eikλdλ
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-

F (λ) = 2π
∑
j∈Z
|φ̂(λ+ 2jπ)|2

K{φ(t− k)k ∈ Z}´IO��8��=�

1

2π

∫ 2π

0

F (λ)eikλdλ = δ0,k.

5¿�F (λ)±Ï´2π§̄ ¢þ

F (λ+ 2π) = 2π
∑
j∈Z

∣∣∣φ̂(λ+ 2(j + 1)π)
∣∣∣2

= 2π
∑
j∈Z

∣∣∣φ̂(λ+ 2jπ)
∣∣∣2 = F (λ)

¤±{φ(t − k)k ∈ Z}´IO��8��=�F (λ)�Fp�Xê÷vα−k = δ0,k§

=F (λ) = 1" #

½n 5.2 H(λ)´±Ï�2π�¼ê§¿�÷v

|H(λ)|2 + |H(λ+ π)|2 = 1,∀λ ∈ R.

y² �âVºÝ�§φ̂(λ) = H(λ2 )φ̂(λ2 )§��

1

2π
=
∑
k∈Z

∣∣∣φ̂(λ+ 2kπ)
∣∣∣2

=
∑
k∈Z

∣∣∣∣H (λ2 + kπ

)∣∣∣∣2 ∣∣∣∣φ̂(λ2 + kπ

)∣∣∣∣2
=
∑
k∈Z

∣∣∣∣H (λ2 + 2kπ

)∣∣∣∣2 ∣∣∣∣φ̂(λ2 + 2kπ

)∣∣∣∣2 +
∑
k∈Z

∣∣∣∣H (λ2 + (2k + 1)π

)∣∣∣∣2 ∣∣∣∣φ̂(λ2 + (2k + 1)π

)∣∣∣∣2
=

∣∣∣∣H (λ2
)∣∣∣∣2 ∑

k∈Z

∣∣∣∣φ̂(λ2 + 2kπ

)∣∣∣∣2 +

∣∣∣∣H (λ2 + π

)∣∣∣∣2 ∑
k∈Z

∣∣∣∣φ̂(λ2 + (2k + 1)π

)∣∣∣∣2

=
1

2π

(∣∣∣∣H (λ2
)∣∣∣∣2 +

∣∣∣∣H (λ2 + π

)∣∣∣∣2
)

#



§5.3 VºÝ�§ 135

§5.3.3 �ÅÈÅì

Ú\gk = (−1)kh̄1−k§¿P

G(λ) =
1

2

∑
k∈Z

gke
−ikλ,

Ún 5.3 gk÷ve¡�5�µ

1.
∑
k∈Z gk−2ngk−2m = 2δm,n¶

2.
∑
k∈Z hk−2ngk−2m = 0¶

3.
∑
k∈Z(hn−2khm−2k + gn−2kgm−2k) = 0¶

y² 1. ∑
k∈Z

gk−2ngk−2m =
∑
k∈Z

(−1)k−2nh1−k+2n(−1)k−2nh1−k+2m

=
∑
k∈Z

h1−k+2mh1−k+2n

=
∑
k∈Z

hk−2nhk−2m

= 2δm,n

þª�1���Ò´-l = 1 − k + 2m + 2n§K1 − k + 2n = l − 2m§l


h1−k+2mh1−k+2n = hl−2nhl−2m"

2. ∑
k∈Z

hk−2ngk−2m =
∑
k∈Z

hk−2n(−1)k−2nh1−k+2m

=
∑
k∈Z

h2k−2n(−1)2k−2nh1−2k+2m +
∑
k∈Z

h2k+1−2n(−1)2k+1−2nh−2k+2m

=
∑
k∈Z

h2k−2nh1−2k+2m −
∑
l∈Z

h1−2l+2mh2l−2n

= 0

þª�1n��Ò´-l = m+n−k§K2m−2k = 2l−2n§l
h2k+1−2nh−2k+2m =

h1−2l+2mh2l−2n"

3. ∑
k∈Z

(hn−2khm−2k + gn−2kgm−2k) =
∑
k∈Z

hn−2khm−2k +
∑
k∈Z

(−1)n+mh1−n+2kh1−m+2k
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XJn+m = 2p+ 1§-l = p− k§K1−m+ 2k = n− 2l§1− n+ 2k = m− 2l§

l
þª�u

=
∑
k∈Z

hn−2khm−2k −
∑
l∈Z

hn−2lhm−2l

= 0

XJn+m = 2p§-l = p−k§K1−m+2k = 1+n−2l§1−n+2k = m−2l§

l
þª�u

=
∑
k∈Z

hn−2khm−2k +
∑
l∈Z

hn−2l+1hm−2l+1

=
∑
k∈Z

hn−khm−k

=
∑
k∈Z

hk−mhk−n

XJn = 2q§Km = 2p− 2q§þª�u
∑
k∈Z hk−(2p−2q)hk−2q = 2δp,q = 2δm,n"

XJn = 2q − 1§Km = 2p− 2q − 1§þª�u

=
∑
k∈Z

hk+1−2qhk+1−2(p−q)

=
∑
k∈Z

hk−2qhk−2(p−q)

= 2δp,q = 2δm,n.

#

Ún 5.4 G(λ)÷ve¡�5�µ

1. G(λ) = −e−iλH(λ+ π)¶

2. |G(λ)|2 + |G(λ+ π)|2 = 1¶

3. H(λ)G(λ) +H(λ+ π)G(λ+ π) = 0"

ù�Ún�y²'��*§�±gC�¤£��¤"
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§5.4 �Åf�mÚL2�m���©)

5¿�§Vj´Vj+1�ýf�m§l
Vj+1�±L«¤VjÚ§���Ö�mWj�

�Ú",	§�âVj�½Â§Wj��±ÏL��¼êψ�� Ú²£��"e¡�

½Âw�·�§ù�¼êψ�±ÏLXêgk��"

½n 5.3 �{Vj , j ∈ Z}´��õ©EÇ©Û§�A�ºÝ¼ê�

φ(x) =
∑
k∈Z

hkφ(2x− k),

-

ψ(x) =
∑
k∈Z

hkφ(2x− k),

Ù¥gk = (−1)kh1−k§PWj´¼êX�{ψj,k(x) = ψ(2jx−k)}Ü¤��m§KWj´Vj+1¥Vj�

��Ö�m§¿�§ψj,k(x) ´Wj���IO��Ä"

y² ù�y²�¹nÚµ

1. {ψ(x− k)}, k ∈ Z´IO���"
dψ(x)�½Â§��

〈ψ(x−m), ψ(x− n)〉 =

〈∑
k∈Z

(−1)kh1−kφ(2x− 2m− k),
∑
l∈Z

(−1)lh1−lφ(2x− 2n− l)

〉
=
∑
k,l∈Z

(−1)k+lh1−kh1−l〈φ(2x− 2m− k), φ(2x− 2n− l)〉

=
∑
k,l∈Z

(−1)k+l−2m−2nh2m+1−kh2n+1−l〈φ(2x− k), φ(2x− l)〉

=
1

2

∑
k,l∈Z

(−1)k+l−2m−2nh2m+1−kh2n+1−lδk,l

=
1

2

∑
k∈Z

h2m+1−kh2n+1−k

= δm,n

¤±§{ψ(x− k)}, k ∈ Z´IO���"

2. ∀k ∈ Z,ψ(x− k) ∈W0"

�âψ(x)�½Â§ψ(x− k) ∈ V1§Ïd�I�y²µ

〈φ(x− n), ψ(x−m)〉 = 0.
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¯¢þµ

〈φ(x− n), ψ(x−m)〉 =

〈∑
k∈Z

hkφ(2x− 2n− k),
∑
l∈Z

(−1)lh1−lφ(2x− 2m− l)

〉
=
∑
k,l∈Z

(−1)lhkh1−l〈φ(2x− 2n− k), φ(2x− 2m− l)〉

=
∑
k,l∈Z

(−1)l−2mhk−2nh2m+1−l〈φ(2x− k), φ(2x− l)〉

=
1

2

∑
k,l∈Z

(−1)lhk−2nh2m+1−lδk,l

=
1

2

∑
k∈Z

(−1)khk−2nh2m+1−k
.
= S

3þ¡�S�¦Ú¥§-l = 2m+2n+1−k§Kk−2n = 2m+1− l§2m+1−k =

l − 2n§l


S =
1

2

∑
l∈Z

(−1)2m+2n+1−lhl−2nh2m+1−l = −1 ∗ S

¤±S = 0§=

〈φ(x− n), ψ(x−m)〉 = 0.

3. W0¥�?¿��¼ê�±�¤{ψ(x− k)}, k ∈ Z��5|Ü"
Äk§·�y²é?¿�j ∈ Z§k

φ(2x− j) =
1

2

∑
k∈Z

(
hj−2kφ(x− k) + (−1)jh1−j+2kψ(x− k)

)
.

dVºÝ'XÚ�Å¼ê�½Â§þª�duy²

φ(2x− j) =
1

2

∑
k∈Z

(hj−2k

∑
l∈Z

hlφ(2x− 2k − l) + (−1)jh1−j+2k

∑
l∈Z

(−1)lh1−lφ(2x− 2k − l))

=
1

2

∑
k,l∈Z

(hlhj−2k + (−1)j+lh1−j+2kh1−l)φ(2x− 2k − l)

¤±§þªq�duy²§�2k + l = j�§∑
k,l∈Z

(
hlhj−2k + (−1)j+lh1−j+2kh1−l

)
= 2.

= ∑
k∈Z

(
hj−2khj−2k + h1−j+2kh1−j+2k

)
= 2, (5.4)
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�2k + l = j + n, n 6= 0�§∑
k,l∈Z

(hlhj−2k + (−1)j+lh1−j+2kh1−l) = 0.

= ∑
k∈Z

(hj−2k+nhj−2k + (−1)nh1−j+2kh1−j+2k−n) = 0. (5.5)

�±wÑ§ªf5.4�duy² ∑
k∈Z

hkhk = 2.

éuªf5.5§·�Uìn�Ûó©O?Ø"

XJn = 2m+ 1�Ûê§-l = j +m− k§

left =
∑
k∈Z

hj−2k+nhj−2k −
∑
k∈Z

h1−j+2kh1−j+2k−n

=
∑
l∈Z

h1−j+2lh1−j+2l−n −
∑
k∈Z

h1−j+2kh1−j+2k−n

= 0

XJn = 2m�óê§-l = j +m− k§

left =
∑
k∈Z

hj−2k+nhj−2k +
∑
k∈Z

h1−j+2kh1−j+2k−n

=
∑
l∈Z

h−j+2lh−j+2l−n +
∑
k∈Z

h1−j+2kh1−j+2k−n

=
∑
k∈Z

hkhk−2m

= 2δ(m, 0) = 0

e¡§·�5y²é?¿�f ∈W0 ⊆ V1§k

f(x) =
∑
j∈Z

cjφ(2x− j)

=
∑
k∈Z

1

2

∑
j∈Z

cjhj−2k

φ(x− k) +
∑
k∈Z

1

2

∑
j∈Z

(−1)jcjh1−j+2k

ψ(x− k)
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duf ⊥ V0§¤±é?¿�k ∈ Z§

1

2

∑
j∈Z

cjhj−2k = 0,

l
§

f(x) =
∑
k∈Z

1

2

∑
j∈Z

(−1)jcjh1−j+2k

ψ(x− k).

ù�§·�Òy²
T½n" #

§5.4.1 �E�Å�Ï^Ú½

y3·��±�Ñ3õ©EÇµeeXÛ�E���ÅÄ¼ê��{"

1. �E÷võ©EÇ©Û�i@¼êf�mS�{Vj , j ∈ Z}¶

2. ÀJºÝ¼êφ(x)¦�{φ(x− k), k ∈ Z}�¤V0��|IO��Ä¶

3. ¦Ñ�A�VºÝXê{hk, k ∈ Z}:

• |^VºÝ�§¶

• |^H(λ) = φ̂(2λ)

φ̂(λ)
§�±¦ÑH(λ)"2|^Fp�?êÐm��{hk}"

4. dhkÚφ(x)�±�����ÅÄ¼ê

ψ(x) =
∑
k∈Z

(−1)kh1−kφ(2x− k)

§5.5 ~��Å

~ 5.2 Haar�Åµ

�Vj´«m
[
n
2j ,

n+1
2j

)
þ�u~ê¿�²��È�¼ê|¤��m§=

Vj =

{
f(x) ∈ L2(R)|f(x) = ck, x ∈

[
n

2j
,
n+ 1

2j

)}
XJP

φ(x) =

{
1, x ∈ [0, 1);

0, else.

K�±y²{Vj}´dºÝ¼êφ)¤�õ©EÇ©Û£���¤"·��±kü«Ø
Ó��{5¦)�Å¼ê"
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~ 5.3 Shannon�Åµ

-

Vj =
{
f(x) ∈ L2(R)

∣∣∣supp(f̂(λ)) ∈ [−2jπ, 2jπ]
}
,

Ú

φ(x) =

{
1, x = 0;
sin(πx)
πx , else.

K�±y²{Vj}´dºÝ¼êφ)¤�õ©EÇ©Û"̄ ¢þ§éN´y²φÚVj÷

v5�£1-5¤§ù��y²���"e¡§·�y²{φ(x− k)}Ü¤V0��|IO�

�Ä"

¯¢þ§φ(x)�Fp�C�´

φ̂(λ) =

{
1√
2π
, |λ| ≤ π;

0, else.

dParseveal�ª��

〈φ(x− k), φ(x− l)〉 =
〈

̂φ(x− k), φ̂(x− l)
〉

=
1

2π

∫
R

ei(l−k)λdλ = δk,l

¤±§{φ(x− k)}´V0��|IO��8"

,	§d�àæ�½n£Ω = π¤��§é?¿�f(x) ∈ V0§k

f(x) =
∑
k∈R

f (k)
sin(πx− kπ)

πx− kπ
=
∑
k∈R

f(k)φ(x− k)

Ïd§{φ(x− k)}Ü¤V0��|IO��Ä"

e¡·�5O�VºÝXê¿�E�à�Å"d�àæ�½n£Ω = 2π¤�

�§

φ(x) =
∑
k∈Z

φ

(
k

2

)
sin(2πx− kπ)

2πx− kπ

=
∑
k∈Z

sin(kπ2 )
kπ
2

φ(2x− k)

= φ(2x) +
∑
k∈Z

2(−1)k

(2k + 1)π
φ(2x− 2k − 1)
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Ïd§��VºÝXê�

h0 = 1

h2k = 0

h2k+1 =
2(−1)k

(2k + 1)π

�A��à�Å�

ψ(x) =
∑
k∈Z

(−1)kh1−kφ(2x− k)

= −φ(2x− 1) +
∑
k∈Z

2(−1)k

(2k + 1)π
φ(2x+ 2k)

=
sin(π(x− 1

2 ))− sin(2π(x− 1
2 ))

π(x− 1
2 )

`² 5.1 �à�Å´Ã�g���§Ïd¦�1w5´�`�"�´�à�Åv

kÛÜ|8§¿�§�xªu"��ÿ§ψ(x)ªu"��Ý´O
(

1
|x|

)
"Ïd§|^�

à�Å�A^�§ÛÜ5�~ØÐ§O��ÇØp"

~ 5.4 �5�^�Å£Battle-Lemarie�Å¤µ

�Vj´ëY²��È�¼ê
�3z�«m[ n2j ,
n+1
2j )þ´�5�¼ê|¤��m§

=

Vj =

{
f(x) ∈ L2(R) ∩ C1(R)

∣∣∣f(x) = ckx+ dk, x ∈
[
n

2j
,
n+ 1

2j

)}
XJP

φ(x) =


x+ 1, x ∈ [−1, 0];

1− x, x ∈ (0, 1].

0, else.

K�±y²éu�m{Vj}
ó§ºÝ¼êφ÷v^�£1-5¤£���¤"�´§é�

J§TºÝ¼êØ÷v���^�"

dSK£4¤�(Ø§·�k

∑
k∈Z

sin2(λ2 + kπ)

(λ2 + kπ)2
= 1

l
§

csc2

(
λ

2
+ kπ

)
=
∑
k∈Z

4

(λ+ 2kπ)2
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¦�üg§Ò�±�� ∑
k∈Z

1

(λ+ 2kπ)4
=

3− 2 sin2(λ2 )

48 sin2(λ2 )

,��¡§O�φ(x)�Fp�C���

φ̂(λ) =
1√
2π

∫
R

φ(x)e−ixλdx

=
1√
2π

(∫ 1

0

(1− x)e−ixλdx+

∫ 0

−1

(1 + x)e−ixλdx

)

=
1√
2π

(
sin(λ2 )

λ
2

)2

|^þã�ª§��∑
k∈Z

|φ̂(λ+ 2kπ)|2 =
8

π

∑
k∈Z

sin4(λ2 )

(λ+ 2kπ)4

=
1

6π

(
3− 2 sin2

(
λ

2

))
6= 1

2π

¤±§{φ(x − k)}Ø´V0�IO��Ä"�,¦�Ø´���§�´·�E,�±

O�¦��VºÝXê"d

H(λ) =
φ̂(2λ)

φ̂(λ)

= cos2

(
λ

2

)
=

1

4

(
e−iλ + 2 + eiλ

)
¤±µ

h−1 =
1

2
, h0 = 1, h1 =

1

2
.

��5`§éuºÝ¼êØ´���§·�k��Ï^��{ò§C¤��

�"

½Â 5.2 �φ∗(x)�Fp�C�φ̂∗(λ)÷v

φ̂∗(λ) =
φ̂(λ)(

2π
∑
k∈Z |φ̂(λ+ 2kπ)|2

) 1
2

K{φ∗(x− k)}´IO���"
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éu�5�^�Å§·��±^ù��{���|IO��Ä"�´§3ù

��ÿ§§�VºÝXêØ2´c¡¦Ñ�h−1 = 1
2 , h0 = 1, h1 = 1

2§
´é¤k

�k§hk 6= 0"ØL§�kªu"§hkªu0§
�ªu"��Ýé¯"�5�^�Å

�ºÝ¼êÚ�Å¼êXã5.2

ã 5.2 �5�^�Å£Battle-Lemarie�Å¤�ºÝ¼êÚ�Å¼ê

§5.6 ©)­��{

�!0�Äuõ©EÇ©Ûe��Å�©)Ú­��{§Ò´éu�½�&

Ò§XÛ3�Å�m¥L«±9Äu�Å�mL«�&Ò§XÛO��ª�&Ò"

§5.6.1 ©)�{

�
é&Ò�?n§'XÈÅ§êâØ �§I���k���{ò&Ò©)

¤ØÓ�ªÇ¤©"3õ©EÇ©Û¥§ù�L§ÒéAuò&Ò©)¤�Å�

mWj¥��©þ�L«"©)��&ÒÌ�knÚµÐ©z§S�Úª�"

1. Ð©zµ

ù�ÚÌ��¹ü�Ü©µ�´(½Cq�mVj§�´O�fj ∈ Vj±B�Z�
%C�½�&Òf"Vj¥é&Òf��Z%CAT´f3Vjþ���ÝKPj [f ]"

du{φj,k(x)}´IO���§l
§�ÝK�±éN´O�§Xeµ

Pj [f ] =
∑
k∈Z

cj,kφj,k(x), cj,k = 2
j
2

∫
R

f(t)φj,k(t)dt.

�´��3A^¥§�½�&Òf(t)Ï~´§���lÑæ�§e¡�Únw

�·�XÛ3ù«�¹e¦)Xêcj,k"



§5.6 ©)­��{ 145

Ún 5.5 �Vj´���;|8�ºÝ¼êφ�õ©EÇ©Û"XJf(t)´ë

Y�§Kév
��j§k

cj,k = 2j
∫
R

f(t)φ(2jt− k)dt ≈ 2−
j
2

∫
R

φ(x)dxf

(
k

2j

)
.

y² Ï�φ´;|8�§¤±φ��"8´��½3��4�{|t| < M}¥£¢
SA^¥�MÑØ´é�¤"Ïd§�jv
���ÿ§éut ∈ [−M,M ]§2−jt+

2−jk ≈ 2−jk

cj,k = 2
j
2

∫
R

f(t)φ(2jt− k)dt

= 2−
j
2

∫ M

−M
f(2−jt+ 2−jk)φ(t)dt

≈ f(2−jk)

∫ M

−M
2−

j
2φ(t)dt = 2−

j
2

∫
R

φ(x)dxf

(
k

2j

)
#

ù�Cq�°Ý�Xj�O\
Jp§·��±�â�½�Ø�5�OI

�õ��j£���¤"Ï�3¢S�A^¥§j�ÀJ�~­�§Ï�·�Q

�5¿°Ý��5¿�Ç§üö�mI�����Ð�²ï"
�§ù�y²

Ø==éëY&Ò¤á§éu©ãëY&Ò�´¤á�£���K¤"

2. S�µ

ù�Ú´õ©EÇ©Û�Ø%§§¿©|^
�mVj§Vj−1ÚWj−1�'X"Ð

©z�§·���fj(x) ≈ f(x)"d�§·��±dfj(x)m©§�Ú�Ú�ò

§�©)¤CqÜ©fj−1(x) ∈ Vj−1Ú�ÅÜ©wj−1(x) ∈ Wj−1§=fj(x) =

fj−1(x) + wj−1(x)"ù�L§�±��?1e���j0�§Xã 5.3¤«"

f j f j-1

wj-1

f j-2

wj-2

f 0

w0

ã 5.3 �Å©)�{
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b�

fj(x) =
∑
k∈Z

cj,kφj,k(x)

fj−1(x) =
∑
k∈Z

cj,kφj−1,k(x)

wj−1(x) =
∑
k∈Z

dj,kψj−1,k(x)

¤¢©)�{Ò´®�cj,k§O�cj−1,kÚdj−1,k¦�fj(x) = fj−1(x)+wj−1(x)"

¯¢þ§Ï�∑
k∈Z

cj,kφj,k(x) =
∑
k∈Z

cj,kφj−1,k(x) +
∑
k∈Z

dj,kψj−1,k(x),


�Vj−1 ⊥Wj−1§l


cj−1,l =
∑
k∈Z

cj,k〈φj,k, φj−1,l〉.

dVºÝ�§

φ(t) =
∑
k∈Z

hkφ(2t− k)

��

φj−1,l(t) = 2
j−1

2 φ(2j−1t− l)

= 2
j−1

2

∑
k∈Z

hkφ(2jt− 2l − k)

= 2
j−1

2

∑
k∈Z

hk−2lφ(2jt− k)

= 2−
1
2

∑
k∈Z

hk−2lφj,k(t)

u´

cj−1,l = 2−
1
2

∑
k∈Z

cj,khk−2l.

Ón§k�Å�§

ψ(t) =
∑
k∈Z

gkφ(2t− k)
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��

ψj−1,l(t) = 2
j−1

2 ψ(2j−1t− l)

= 2
j−1

2

∑
k∈Z

gkφ(2jt− 2l − k)

= 2
j−1

2

∑
k∈Z

gk−2lφ(2jt− k)

= 2−
1
2

∑
k∈Z

gk−2lφj,k(t)

u´

dj−1,l = 2−
1
2

∑
k∈Z

cj,kgk−2l.

3. ª�µ

ª�©)$��OKkÐA�"�{ü�Ò´��©)e���Ñ¦¤k�

��:"�´ù���Ø´7��§ª��OK��´Ú¯K�'�"'X§

3ÛÉ5uÿ¥§���I�©)����Ò�±
"ù�©)L§(å�¬

)¤��Xê8§§�¹
CqXêÚ[!Xê"

§5.6.2 ­��{

��&Ò�©)�.§Ò�±?U,
�Å�mWj′�Xê"'X§XJ?n

&Ò�8�´ÈÅ§@oWj′¥ØI��ªÇÜ©Ò�±�ï"XJ8�´Ø ê

â§@oWj′¥Ì����XêÒ�±�ï"Ø+N�§Wj′�Xê�?UL
§¤

±·�I�(½�{lù
?U��Xê¥­#O�3�p�g�Xê"­��

�&ÒÌ��´nÚµÐ©z§S�Úª�§Xã 5.4¤«"

f jf j-2

wj-2

f j-1

wj-1

f 0

w0

ã 5.4 �Å­��{

1. Ð©zµ

ù�Ú�&EÌ��¹ü�Ü©µ�´Ò´�mVj0�Xêcj0,k§�´�Å�

mWj0 , . . . ,Wj−1�Xêdj0,k, . . . , dj,k"
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2. S�µ

ù�Ú�¿©|^
�mVj§Vj−1ÚWj−1�'X"b�

fj(x) =
∑
k∈Z

cj,kφj,k(x)

fj−1(x) =
∑
k∈Z

cj,kφj−1,k(x)

wj−1(x) =
∑
k∈Z

dj,kψj−1,k(x)

¤¢­��{Ò´®�cj−1,kÚdj−1,k§O�cj,k¦�fj(x) = fj−1(x)+wj−1(x)"

du

φj−1,l(t) = 2−
1
2

∑
k∈Z

hk−2lφj,k(t),

ψj−1,l(t) = 2−
1
2

∑
k∈Z

gk−2lφj,k(t),

��

cj,l = 2−
1
2

∑
k∈Z

cj−1,khl−2k + 2−
1
2

∑
k∈Z

dj−1,kgl−2k.

3. ª�µ

©)Ú­��{Ñ¦^
VºÝXêhk§
Ø´¢S�ºÝ¼êφ(x)Ú�Å

¼êψ(x)"�
��­�&Òf(x) =
∑
k∈Z cj,kφj,k(x)§Ïd�±^cj,k5C

qf(x)3 k
2j��"ù�:�~­�§Ï�3�õê��Å§ù
¼ê�O��

~E,"'X§·�e�Ù0��Daubechies�Å§O��~E,",
§·�

¢S�O�¥¿ØI�ù
¼ê�äNO�§
´¦�éA�Xê"ù
¼ê

34��ü
é­���Ú"

�,·��Ñ
©)­��{§�´3¢S�O�¥§���kk��hk�

""¤±§O��þãúª�±?�Ú{z"Ø��h0, h1, . . . , hM−1�"§@oé

u�ÅXêgk§Kg2−M§g3−M§. . .§g0§g1 �""u´þ¡�©)­��{�±�

¤e¡�/ª

• ©)�{µ {
cj−1,l = 2−

1
2

∑2l+M−1
k=2l cj,khk−2l,

dj−1,l = 2−
1
2

∑2l+1
k=2l+2−M cj,kgk−2l,

(5.6)
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• ­��{µ

cj,l = 2−
1
2

b l2 c∑
k=d l−M+1

2 e

cj−1,khl−2k + 2−
1
2

bM+l−2
2 c∑

k=d l−1
2 e

dj−1,kgl−2k

§5.6.3 �ÅÈÅì

õ©EÇ©Û��Å©)Ú­��{��±ÏLlÑÈÅì5¢y§Xeã

5.5¤«"Ú\eæ��fµXJ��S�x = (. . . , x−2, x−1, x0, x1, x2, . . . )§K

Dx = (. . . , x−2, x0, x2, . . . )

=

(Dx)k = x2k, k ∈ Z.

¤±§©)�{�±�¤e¡�/ª{
cj−1 = D(cj ∗ h∗),
dj−1 = D(cj ∗ g∗),

(5.7)

Ù¥§

cj−1 = {cj−1,k}k∈Z , dj−1 = {dj−1,k}k∈Z , cj = {cj,k}k∈Z ,

h
∗

=

{
1√
2
h−k

}
k∈Z

, g∗ =

{
1√
2
g−k

}
k∈Z

,

cj

hh

g g

2

2

*

*

2

2

cj

cj-1

dj-1

ã 5.5 �Å©)­�lÑÈÅì"

­��{�´aq�"Ú\þæ��fµXJ��S�x = (. . . , x−2, x−1, x0, x1, x2, . . . )§

K

Ux = (. . . , x−1, 0, x0, 0, x1, 0, x2, . . . )
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=

(Ux)k =

{
0, k´Ûê;

x k
2
, k´óê.

x2k, k ∈ Z.

l
§­��{�±�¤e¡�/ª

cj = Ucj−1 ∗ h+ Udj−1 ∗ g, (5.8)

Ù¥§

h =

{
1√
2
hk

}
k∈Z

, g =

{
1√
2
gk

}
k∈Z

.

§5.6.4 A^�~f

�Å3¢S¥�A^Ï~?n�Ú½Xeµ

1. æ�µ

ù´��ý?n�Ú½"XJ&ÒëY§·�I�±U
Ó¼�©&Ò7�[

!��Çæ�§��æ�Ç´NyquistªÇ�ü�"

2. ©)µ

&Òæ��§|^©)�{§�����g��ÅXêÚ�$�g�CqX

ê§TXê´e�Ú?n�é�"

3. &Ò?nµ

ÏL�ï�wÍXê5Ø &Ò§½ö´,«�ª¦�&ÒÈÅ½ö�D"Ñ

Ñ�´?U��Xê8Ü"

4. ­�µ

rþ�Ú���#�?U��&ÒXêA^­��{���p�g�CqX

ê"

��uFp�C�§�ÅC����«�ªÛÜz�{§ÙI�´�C�§=

3$ªÜ©äk�$��m©EÇÚ�p�ªÇ©EÇ§äké&Ò�g·A5§

Ïd�2�A^u&Ò©Û"du�Å©ÛäkÛÜ©ÛÚ[z�õU§¤±�Å

©Û�±�«&Ò�mä:!ª³Úg�q5�5�"¿��DÚ�&Ò©ÛEâ

�'§�Å©Û�U3vk²w����¹e§é&Ò?1üDÚØ "

~ 5.5 &Ò¯�Cz�Ø%5��)mä!��½���ê�ØëY�"|^�

Å©)�±é�&Ò�pªÜ©§Ïd�±ÏépªXêÌ�é��«muÿÑ

&Ò�mä:"éumäa¯K§�±k±e��ÅÀJ²�µ

1. ?n&Ò���mä§¦^Haar�Å
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2. ?n&Ò1i��ê�mä,¦^��äki���Ý��Å

éã5.6¤«�scddvbrk&Ò,�,wØÑ?Ûmä,�¢Sþù�&Ò3�m:500?

©.,&Ò�Ú���êØC,
���êâC.|^D4�Å?1©),�±w��Å

C�3t = 500NC�Xê'��,ù¿�XT&ÒNC�3âC½ØëY.

ã 5.6 scdvbrk&Ò9©)

§5.7 ºÝ¼ê�S��E

�8c��§·��Ñ
õ©EÇ©Ûµee���Å��E�{"3ù�µ

ee§���Ñi@�m{Vj}ÚºÝ¼êφ(x)§��¦�÷v^�£1-6¤§K·�

�±���ÅÄ¼êψ(x)"XJ·�-Vj = span{φ(2jx− k)}, j, k ∈ Z"

½n 5.4 b�φ(x)´��äk;|8�ëY¼ê§¿�÷vIO��5^�µ∫
R

φ(t− k)φ(t− l)dt = δk,l, k.l ∈ Z.
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Kk
⋂
j∈Z Vj = {0}"

y² d^���§{φ(t− k), k ∈ Z}´V0�IO��Ä"XJf ∈ V0§Kk

f(t) =
∑
k∈Z

〈f(x), φ(x− k)〉φ(t− k)

=
∑
k∈Z

(∫
R

f(x)φ(x− k)dx

)
φ(t− k)

=

∫
R

(∑
k∈Z

φ(t− k)φ(x− k)

)
f(x)dx

=

∫
R

k(t, x)f(x)dx,

Ù¥

k(t, x) =
∑
k∈Z

φ(t− k)φ(x− k).

|^Cauchy-SchwartzØ�ª��

|f(t)| ≤
(∫

R

|k(t, x)|2dx
) 1

2
(∫

R

|f(x)|2dx
) 1

2

=

(∫
R

|k(t, x)|2dx
) 1

2

||f ||L2

qdIO��5^��∫
R

|k(t, x)|2dx

=

∫
R

(∑
k∈Z

φ(t− k)φ(x− k)

)(∑
l∈Z

φ(t− l)φ(x− l)

)
dx

=
∑
k,l∈Z

φ(t− k)φ(t− l)
(∫

R

φ(x− k)φ(x− l)dx
)

=
∑
k∈Z

|φ(t− k)|2

u´k

|f(t)| ≤

(∑
k∈Z

|φ(t− k)|2
) 1

2

||f ||L2

duφ´��äk;|8�ëY¼ê§¤±þª¦Ú�kk��§?
�3~êC¦

�

max
t∈R
|f(g)| ≤ C||f ||L2
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b�f ∈
⋂
j∈Z Vj§Ké?¿���êj§kf ∈ V−j§Ï
f(2jt) ∈ V0§¿�

|f(2jt)| ≤ C
(∫

R

|f(2jx)|2dx
) 1

2

= C2−
j
2

(∫
R

|f(t)|2dt
) 1

2

l
k

max
t∈R
|f(t)| ≤ C2−

j
2 ||f ||L2

duþªé¤k���êjÑ¤á§-jª�Ã¡§��f = 0"Ïd§⋂
j∈Z

Vj = {0}.

#

½n 5.5 b�φ´��äk;|8�ëY¼ê§¿�÷vXe^�µ

1. IO��5^�µ
∫
R
φ(t− k)φ(t− l)dt = δk,l, k.l ∈ Z.¶

2. IOz^�µ
∫
R
φ(t)dt = 1¶

3. VºÝ�§µφ(t) =
∑
k∈Z hkφ(2t− k)§�kk��hk �""

KVj�¤��õ©EÇ©Û"

y² ·��^y²È�5Ò1§=⋃
j∈Z

Vj = L2(R).

-Pj´L2(R)�Vj���ÝK�f"y²È�5�duy²é?¿�f ∈ L2(R)§k

lim
j→∞

Pjf → f,

qÏ�

||f ||2L2 = ||f − Pjf ||2L2 + ||Pjf ||2L2 ,

¤±�I�y²é?¿�f ∈ L2(R)§k

lim
j→∞

||Pjf ||L2 → ||f ||L2 .

ù�y²�¹nÚµ
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1. þã(Øé

u(t) =

{
1, t ∈ [a, b];

0, else.

¤á§Ù¥a < b´?¿�½�~ê"̄ ¢þ

(Pju)(t) =
∑
k∈Z

〈u, φj,k〉φj,k(t)

=
∑
k∈Z

(∫ b

a

φj,k(x)dx

)
φj,k(t)

¤±§

||Pju||2L2 =
∑
k∈Z

∣∣∣∣∣
∫ b

a

φj,k(x)dx

∣∣∣∣∣
2

= 2−j
∑
k∈Z

∣∣∣∣∣
∫ 2jb

2ja

φ(t− k)dt

∣∣∣∣∣
2

�jv
���ÿ§þªmà�È©«m[2ja, 2jb]�~�§�é
ó§φ�|8

é�§¤±¦Ú¥�È©�±©¤naµ

(a) φ(t− k)�|8 uÈ©«m�	¡§Ï
È©�"¶

(b) φ(t− k)�|8ÚÈ©«m���´Ø�3È©«m�SÜ"ù�Ü©�

�êé�§§��È©�¦±2−j¬ª�""

(c) φ(t − k)�|8 uÈ©«mSÜ§z��È©dIOz^��ÙÈ©

�1,",	§ù�Ü©�k��ê�V´2j(b− a)�§

�k

lim
j→∞

||Pju||L2 = lim
j→∞

2−j2j(b− a) = ||u||L2

2. é�F¼êy²T½n"

b�

s(t) =
∑
k

akuk(t),

Ù¥�kk��ak�"§duk

||Pjs− s||L2 =

∣∣∣∣∣
∣∣∣∣∣∑
k

ak(Pjuk − uk)

∣∣∣∣∣
∣∣∣∣∣
L2

≤
∑
k

|ak| ||Pjuk − uk||L2
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éz��k§||Pjuk − uk||L2ª�"§l


||Pjs− s||L2 → 0

3. é?¿�f ∈ L2(R)?1y²"

Äk·�I�Ú^�¼©Û¥���(Ø§Ò´�F¼ê�m3L2(R)¥È�§

=é?¿�f ∈ L2(R)§é?¿�ε > 0§�3�F¼ês§¦�

||f − s||L2 ≤ ε

3

,	§�j¿©���ÿ§·�k

||Pjs− s|| ≤
ε

3

l
k

||f − Pjf || = ||f − s+ s− Pjs+ Pjs− Pjf ||

≤ ||f − s||+ ||s− Pjs||+ ||Pjs− Pjf ||

≤ ||f − s||+ ||s− Pjs||+ ||s− f ||

≤ ε

ù�Òy²
T½n" #

½n 5.6 b�P (z) = 1
2

∑
k∈Z hkz

k´��õ�ª§÷ve¡^�µ

1. P (1) = 1¶

2. |P (z)|2 + |P (−z)|2 = 1§|z| = 1¶

3. |P (eit)| > 0§|t| ≤ π
2"

-φ0(x)´HaarºÝ¼ê§�é?¿�n ∈ N§

φn(x) =
∑
k∈Z

hkφn−1(2x− k),

K¼ê�φn(x)3L2¥��êÂñ�¼êφ(x)§¿�φ(x)÷v

1. IO��5^�µ
∫
R
φ(t− k)φ(t− l)dt = δk,l, k.l ∈ Z.¶

2. IOz^�µ
∫
R
φ(t)dt = 1¶

3. VºÝ�§µφ(t) =
∑
k∈Z hkφ(2t− k)§�kk��hk �""
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y² Äky²¼ê�φn(x)3L2¥Å:Âñ�¼êφ(x)"3S�ªf¥�Fp�C

��

φ̂n(λ) = P
(
e−

iλ
2

)
φ̂n−1

(
λ

2

)
S����§

φ̂n(λ) =

n−1∏
j=1

P
(
e−

iλ

2j

)
φ̂0

(
λ

2n

)

·�©üÚ5y²φn(x)3L2¥��êÂñ�¼êφ(x)"Äky²φ̂n3R���;

|8þ��Âñ§,�y²φn(x)3L2¥��êÂñ"

éu1�Ú§·�Äky²e¡�Ún"XJej´��¼ê�§�
∑
j |ej |3

8Kþ��Âñ§@o
∏
j(1 + ej)�3Kþ��Âñ"̄ ¢þ§

∏
j

(1 + ej) = eln
∏
j(1+ej) = e

∑
j ln 1+ej

XJ
∑
j |ej |38Kþ��Âñ§Kej�½Âñ�0"�|x|é���ÿ§ln 1 + x ≈

|x|§¤±
∑
j |ej |38Kþ��Âñ�du

∑
j ln 1 + ej���Âñ§Ïd§�Ò`

²

∏
j(1 + ej)´��Âñ�"

-ej = P ( λ2j ) − 1§éw,
∑
j |ej |38Kþ��Âñ£Ï�P (z)´��õ�ª§

�P (0) = 1§¤±�3C§¦�|ej | ≤ C| λ2j |¤"¤±§̂φn(λ)3z��;|8þ��Â

ñ�¼ê

ĝ(λ) =

∞∏
j=1

P
(
e−

iλ

2j

)
φ̂0(0)

y3§·�y²g ∈ L2"·��±òφ̂n(λ)�¤Xe¦È�/ª§

φ̂n(λ) = hn(λ)φ̂0

(
λ

2n

)
, hn(λ) =

n∏
j=1

P

(
λ

2j

)

5¿�hn´±Ï�§±Ï´2n+1π§Ï�P´±2π�±Ï�"d	§φ̂0(λ)�|8 

u[−π2 ,
π
2 ]§L²�|λ| ≥ 2n−1π�§φ̂n(λ) = 0§l


∫
R

|φ̂n(λ)|2dλ =

∫ 2n−1π

−2n−1π

|φ̂n(λ)|2dλ ≤ C
∫ 2nπ

−2nπ

|hn(λ)|2dλ

Ù¥C´φ̂n(λ)�þ."
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,��¡§∫ 2nπ

−2nπ

|hn(λ)|2dλ =

∫ 2nπ

0

(
|hn(λ)|2 + hn(λ− 2nπ)|2

)
dλ

=

∫ 2nπ

0

|hn−1(λ)|2
(∣∣∣∣P ( λ

2n

)∣∣∣∣2 +

∣∣∣∣P ( λ

2n
− π

)∣∣∣∣2
)
dλ

=

∫ 2nπ

0

|hn−1(λ)|2dλ

=

∫ 2n−1π

−2n−1π

|hn−1(λ)|2dλ = 2π

Ù¥�ê1���ª|^
hn−1(λ)�±Ï5"¤±φ̂n(λ)�L2�êé¤k�n´�

�k.�"l
·�Òy²
g ∈ L2§��3φ§¦�3L2¿Âe§g = φ̂"e¡·

�y²φn(x)3L2¥��êÂñ�¼êφ(x)"

Äkφ̂(λ)´ëY�§¿�÷vφ̂(0) = 1√
2π
§l
�3a > 0§�|λ| ≤ a�§

kφ̂(λ) 6= 0"XJ�3a < λ0 ≤ π
2¦�φ̂(λ0) = 0§Kdφ̂(λ0) = hn(λ)φ̂

(
λ0

2n

)
��§é

?¿�n§φ̂
(
λ0

2n

)
= 0§ùw,gñ"l
�3c > 0§3«m|λ| ≤ π

2þ§φ̂(λ) ≥ c§?
�Ú��§|λ| ≤ 2n−1πþ§φ̂

(
λ
2n

)
≥ c"

d

φ̂n(λ) =
φ̂(λ)φ̂0

(
λ
2n

)
φ̂
(
λ
2n

)
��

|φ̂n(λ)| ≤ 1

c

∣∣∣φ̂(λ)
∣∣∣ ∣∣∣∣φ̂0

(
λ

2n

)∣∣∣∣ ≤ C

c

∣∣∣φ̂(λ)
∣∣∣ , |λ| ≤ 2n−1π

5¿�φ̂n(λ)�|8�´|λ| ≤ 2n−1π§l
þªéu?¿�λ ∈ RÑ¤á§=|φ̂(λ)−
φ̂n(λ)|2 ≤ C ′|φ̂(λ)|2"duφ̂(λ) ∈ L2(R)§¤±|φ̂n(λ)|2 ∈ L1(R)§
φ̂n(λ) Å:Âñ

�φ̂(λ)§A^��Âñ½n§φn(x)��êÂñ�φ(x)"

3S�ª

φn(t) =
∑
k

hkφn−1(2t− k)

¥-nª�Ã¡§��

φ(t) =
∑
k

hkφ(2t− k)

=φ÷vVºÝ�§"

e¡·�y²φ1(t)�÷vIOz^�Ú��5^�"du

φ1(t) =
∑
k

hkφ0(2t− k)
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3þªüà�Fp�C�§�

φ̂1(λ) = P
(
e−

iλ
2

)
φ̂0

(
λ

2

)
duφ̂0(0) = 1√

2π
§�P (1) = 1§¤±φ̂1(0) = 1√

2π
§=φ1÷vIOz^�"

,��¡§∑
k∈Z

|φ̂1(λ+ 2kπ)|2

=
∑
k∈Z

|P (e−
iλ
2 +ikπ)|2|φ̂0

(
λ

2
+ kπ

)
|2

=
∑
k∈Z

∣∣∣P (e− iλ2 +i2kπ
)∣∣∣2 ∣∣∣∣φ̂0

(
λ

2
+ 2kπ

)∣∣∣∣2 +
∑
k∈Z

∣∣∣P (e− iλ2 +i(2k+1)π
)∣∣∣2 ∣∣∣∣φ̂0

(
λ

2
+ (2k + 1)π

)∣∣∣∣2
=|P (e−

iλ
2 )|2

∑
k∈Z

∣∣∣∣φ̂0

(
λ

2
+ 2kπ

)∣∣∣∣2 + |P (−e− iλ2 )|2
∑
k∈Z

∣∣∣∣φ̂0

(
λ

2
+ π + 2kπ

)∣∣∣∣2
=

1

2π

(
|P (e−

iλ
2 )|2 + |P (−e− iλ2 )|2

)
=

1

2π

=φ1÷vIO��^�"d4í'X�§¤k�φnÑ÷vIO��5^�ÚIO

z^�§l
φ�÷vùü�^�" #

~ 5.6 éuHaar�Å§h0 = h1 = 1§éÙ¦�k§hk = 0"d�§P (z) = 1+z
2 "�

±�y§P (1) = 1§�z = eiθ§

|P (z)|2 + |P (−z)|2 =

(
1 + cos(θ)

2

)2

+

(
1 + cos(θ)

2

)2

+
sin2(θ)

2
= 1.


�§�|θ| < π§|P (eiθ)| = | 1+eiθ

2 | > 0"u´§ù�Xê÷vþ¡½n�^�§�

âS��{§dHaar �ÅºÝ¼êÑu§·�uy¤k�φn = φ0§=·����

Ò´Haar�Å�ºÝ¼ê"

~ 5.7 e¡·�w��Ø���~f"Ph0 = 1+
√

3
4 §h1 = 3+

√
3

4 §h2 = 3−
√

3
4 §h3 =

1−
√

3
4 §éÙ¦�k§hk = 0"�±�y§P (z)�÷vþ¡½n�^�£���¤"ù

�XêÄkdDaubechies��"�âS��{§dHaar �ÅºÝ¼êÑu§��

�φnã�Xeã¤«"

�� 5.1 1. y²Haar�Å¥�ºÝ¼ê÷võ©EÇ�^�¶

2. y²�à�Å�ºÝ¼ê÷v^�£1-5¤¶
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ã 5.7 D4ºÝ¼êS�L§¥�¼êã�£1,2,4,6�¤

ã 5.8 D4�Å¼êS�L§¥�¼êã�£1,2,4,6�¤
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3. y²�5�^�Å�ºÝ¼ê÷v^�£1-5¤¶

4. |^HaarºÝ¼êφ(x− k)���5y²

∑
k∈Z

sin2
(
λ
2 + kπ

)(
λ
2 + kπ

)2 = 1

5. �f´��ëY���¼ê§éu0 ≤ x < 1k|f ′(x)| ≤M"̂ e¡£1¤¥��

F¼ê��/%Cf§Ø�´ε"T�F¼êáudφ(2jx−k)Ü¤��mVj§Ù

¥φ´HaarºÝ¼ê"

(a) é1 ≤ j ≤ 2n§-aj = f
(
j

2n

)
§Kfn(x) =

∑
k∈Z akφ(2nx− k)

(b) y²XJn���ulog2

(
M
ε

)
§K|f(x)− fn(x)| ≤ ε

6. �f(x)´©ãëY¼ê§y²Ún5.5"

7. y²~f 5.7¥�õ�ª÷vþ¡½n�¤k�¦"

8. �¤Ún5.4�y²"
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�8c��·�J���Å£Haar!shannonÚ�5�^�Å¤ÑkØ�"

�"Haar�Åäk;| ��´ØëY§Shannon�Åé1w�´vk;| §


�ª�Ã¡�P~éú"�5�^�Å´ëY�§�´��ºÝ¼ê�|8�´Ã

¡�§ØL§ª�Ã¡��ÿP~é¯"3Daubechiesu²±¨�¶i·¶��Å

X�c [19]§<���kù��
ÀJ"ù�Ù·�ò0�XÛ�E?¿1w��

��ÅÄ¼ê"

§6.1 �Å��K5Ú��Ý

3EC¼ênØ¥§�K¼ê�¡��X¼ê§́ �Ã¡g���¼ê"3�

Å©Û¥§·�¡é�´¢C¼ê½ö¢CE�¼ê§vk�K¼ê�Vg"ùp§

¤¢¼ê��K5§́ �¼ê�1w5"�K5�p�¼ê�1w"

~���y�K5��{kµ

1. ��^¼ê���gê���K5�Ýþ¶

2. é¼êf§XJ|f(x)− f(x0)| ≤ C|x−x0|α§x ∈ (x0− δ, x0 + δ)§Ù¥C,α > 0´

~ê§K¡¼êf3x0äkÛÜLipschitz�êα"ÛÜLipschitz�êÒ�±��

ÛÜ�K5�Ýþ¶

3. éu¼êf§XJ|f(x) − f(y)| ≤ C|x − y|α§é?¿�½Â�¥�x, yÑ¤á§
K¡fäkLipschitz�êα"Lipschitz�êÒ�±���Û�K5�Ýþ¶

4. þãLipschitz�ê�±3ªÇ�¥�y"éu¼êf§XJ
∫
R
|f̂(λ)|
1+|λ|α < ∞§K

¡f��K5´α"

�,§Ù¦�këY�§²w��óä5�y�K5"3�Å©Û¥§·�ávu

¼ê3�|��Ä¥�Ðm"
3¢SA^¥§·�I�éþã?ê?1CqO

�"XJ�Å¼ê��K5p§KCqO��­½5Ð"ÄK§¬Ñy�þCqO

�Ø­½��¹"

½Â 6.1 XJ∫
R

xnψ(x)dx = 0, n = 0, 1, . . . ,m− 1,

∫
R

xmψ(x)dx 6= 0,

K¡ψäkm���Ý"

161
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l��Ý�½Â�±wÑ§XJ��&Ò´��Ø�Lm − 1g�õ�ª§@

o§��ÅC�ð�""XJT&Ò�Ð¤��p��õ�ª(XTaylor?ê)§@

oÙ¥�g�umg�õ�ªÜ©(éA$ª) 3�ÅC�¥��zð�"§�N

3�ÅC�¥��´�g�um − 1�õ�ªÜ©§§�éApªà§ùÒk|u

âÑ&Ò¥�pª¤©9&Ò¥�âC:"lù��Ýù§·�F"���Å¼ê

Uäk¦þp���Ý"��Ý�p§3λ = 0?�²w/�"§�äkÐ��Ï5

�"�·�ò�ÅC�^u¢S�&Ò©ÛÚ?n�§ØØ´lêâØ ��Ý§

�´l�ØD(��Ý±9lâÑ&Ò¥�ÛÉ:��Ý§·�ÑF"�ÅC�

��Uþ8¥3�ê�Xê"�Ò´`§·�F"&Ò3�ÅC���Xêý�Ü

©U�"§½¦þ/�"ù��¡�ûu&Ò&Ò���A:§,��¡�ûu�

Å¼ê�|8���§2��¡=´�ûu�ÅÄ¼ê´Ääkp���Ý"

½n 6.1 �ψ���Å§XJH(λ) = 1
2

∑
k∈Z hke

−iλ 3λ = 0äkm − 1�ëY�

ê§Ke¡�(Ø�dµ

1. |ψ|äkm���Ý

2. (ψ̂)(n)(0) = 0

3. H(n)(π) = 0

4.
∑
k∈Z(−1)kknhk = 0

Ù¥§k = 0, 1, . . . ,m− 1"

y² d

ψ̂(λ) =
1√
2π

∫
R

ψ(t)e−iλtdt

(ψ̂)n(λ) =
1√
2π

∫
R

(−it)nψ(t)e−iλtdt

(ψ̂)n(0) =
1√
2π

∫
R

(−it)nψ(t)dt

= (−i)n
∫
R

tnψ(t)dt

�£1¤Ú£2¤�d"

,��¡§d

ψ̂(λ) = G

(
λ

2

)
φ̂

(
λ

2

)
= −e−iλH

(
λ+ 2π

2

)
φ̂

(
λ

2

)
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�ψ̂(0) = −H(π)φ̂(0)§l


ψ̂(0) = 0⇔ H(π) = 0.

éþª¦��

ψ̂′(λ) = ie−iλH

(
λ+ 2π

2

)
φ̂

(
λ

2

)
− 1

2
e−iλH ′

(
λ+ 2π

2

)
φ̂

(
λ

2

)
− 1

2
e−iλH

(
λ+ 2π

2

)
φ̂′
(
λ

2

)
= −iψ̂(λ)− 1

2
e−iλH ′

(
λ+ 2π

2

)
φ̂

(
λ

2

)
− 1

2
e−iλH

(
λ+ 2π

2

)
(φ̂)′

(
λ

2

)
=

(ψ̂)′(0) = −iψ̂(0)− 1

2
H ′(π)φ̂(0)− 1

2
H(π)(φ̂)′(0)

¤±

ψ̂(0) = 0, ψ̂′(0) = 0⇔ H(π) = 0, H ′(π) = 0.

Ón�yµ

ψ̂(n)(0) = 0, n = 0, . . . ,m− 1⇔ H(n)(π) = 0.

l
§£2¤Ú£3¤�d"

d

H(λ) =
1

2

∑
k∈Z

hke
−iλ

��

H(n)(λ) =
1

2

∑
k∈Z

hk(−ik)ne−iλ

H(n)(π) =
1

2

∑
k∈Z

hk(−ik)n(−1)k =
(−i)n

2

∑
k∈Z

(−1)kknhk

=£4¤Ú£3¤�d" #

��Åψäk�p���Ý�§̂ �Å¼ê)¤�?ê%C1w¼ê§U
�

�ûÐ��J"ù�(Ø´de¡�½n�Ñ"

½n 6.2 ��Åäkm���Ý§Ù�A�ºÝ¼ê�φ§f ∈ L2(R)äk?¿�

�ê§Ké?¿���êj§k∣∣∣∣∣
∣∣∣∣∣f −∑

k∈Z

〈f, φj,k〉φj,k

∣∣∣∣∣
∣∣∣∣∣ ≤ 2−jm||f (m)||.
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éu�ÅÄψ§ψ�K5�ψ̂3λ = 0?�":��ê�m�3X�«S3éX§

B´e¡�½n"

½n 6.3 XJψj,k(x) = 2
j
2ψ(2jx − k)´L2(R)þ�IO��8§�|ψ(x)| ≤ C(1 +

|x|)−α§α > m+ 1§ψ ∈ Cm§��l ≤ m§ψlk."Kµ∫
R

xlψ(x)dx = 0, l = 0, 1, . . . ,m.

y² él?1êÆ8B{"�l = 0(Øw,§b�(Øél < n¤á§y3·��

	l = n"�½x§é?¿�ε > 0§�3δ > 0§¦��3x0§|x− x0| < δ§�

|f(x)−
n∑
k=0

f (k)(x0)(x− x0)k

k!
| < ε|x− x0|n

l
§év
��j§

0 =

∫
dxf(x)ψ(2j(x− x0))

=

n∑
k=0

f (k)(x0)

∫
(x− x0)k

k!
ψ(2j(x− x0))dx

+

∫ [
f(x)−

n∑
k=0

f (k)(x0)(x− x0)k

k!

]
ψ(2j(x− x0))dx

5¿d8Bb�§1���u

f (n)(x0)2−(n+1)j
∫
R
xnψ(x)dx

n!
.

éu1��§·�I�e¡��O

ε

∫
|y|<δ

|y|n|ψ(2jy)|dy + C1

∫
|y|≥δ

(1 + |y|n)|ψ(2jy)|dy

≤ 2εC2−j(n+1)

∫ 2jδ

0

tn(1 + t)−αdt+ 2CC1

∫ ∞
δ

(1 + |t|)n(1 + 2jt)−αdt

≤ C2ε2
−j(n+1) + C32−jαδ−α(1 + δ)n+1

ùp§1����O^�


(1 + 2jt)−1 ≤ 1 + δ

1 + 2jδ
(1 + t)−1 ≤ 2−j

1 + δ

δ
(1 + t)−1.

òù
ªf�\Ò�±y²§XJn ≤ m§k∫
R

xnψ(x)dx = 0.

#
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§6.2 Daubechies�Å��E

þ�Ùw�·�§�����Å�±��lVºÝXê{hk}¥ÏLS�¦)"
�´§{hk})¤�õ�ªP (z)I�÷vn�^�µ

1. P (1) = 1¶

2. |P (z)|2 + |P (−z)|2 = 1§|z| = 1¶

3. |P (eit)| > 0§|t| ≤ π
2"

3ùn�^�¥§�J?n�´1��^�"
¯¢þ§·�5¿�1��^��

y�Ò´{φ(x− k)}���5"
·���§��5���¿©^�´∑
k∈Z

hkhk+2n = 2δ0,n.

Äk§·�5¿�b�XJk = 0, . . . , N§hk 6= 0§@oN�½´Ûê"ù´Ï�X

JN´óê§þã^�������§´

h0hN = 0,

¬��hN = 0§Ògñ
",��¡§ùp¬Ú\��g,�¯Kµù�^�´7

�^�íºXJ´§@où�¯KÒN´éõ§·��I�¦)^�1Úù�#�

^�§¦�Ñ´��ÚVºÝXê�'§Ïd´�±¦)�",��y´Ä÷v^

�3=�"éØ3�´§ù��Y´Ä½�"

~ 6.1 b����½�VºÝXê�kh0, . . . , h3�"§Kþ¡ü�^�Ò´
h2

0 + h2
1 + h2

2 + h2
3 = 2,

h0h2 + h1h3 = 0,

h0 + h1 + h2 + h3 = 2,

(6.1)

¦)ù��§��µ 
h1 = 1− h3,

h2 =
1±
√

2−4(h3− 1
2 )2

2 ,

h0 = 1− h3,

(6.2)

ù��§�ü�A)©O�{
1 +
√

3

4
,

3 +
√

3

4
,

3−
√

3

4
,

1−
√

3

4

}
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Ú

{1, 0, 0, 1}

éu1��)§·�®²��§éAu������Å"�´éu1��)§e¡

·��±y²§éA�ºÝ¼êØ´���"

¤±§·�I�O\�o��^�âU�yþ¡��§�±¦)"Daubechies�

8I´�Eäkp���Ý�;|8����Å§Ïd¨Ú\
��Ý�^�§�

E
��aäkØÓ��ÝÚ;|8����Å"

~ 6.2 b����½�VºÝXê�kh0, . . . , h3�"§\\��Ý�^��§{
h2

0 + h2
1 + h2

2 + h2
3 = 2,

h0h2 + h1h3 = 0,
(6.3)

h0 + h1 + h2 + h3 = 2 (6.4)
h0 − h1 + h2 − h3 = 0,

h1 − 2h2 + 3h3 = 0,

h1 − 4h2 + 9h3 6= 0,

(6.5)

¦)ù��§��§�ü|¢ê)µ{
1 +
√

3

4
,

3 +
√

3

4
,

3−
√

3

4
,

1−
√

3

4

}
Ú {

1−
√

3

4
,

3−
√

3

4
,

3 +
√

3

4
,

1 +
√

3

4

}
1��Ò´D4�ÅÈÅì§1��´SymmletsÈÅì"

e¡�ÑDaubechies�Å��E�{"

½n 6.4 �k�¢Xêh = {h0, h1, . . . , hL}÷v

1.
∑
k∈Z hkhk−2n = 2δ0,n

2.
∑
k∈Z hk = 2

3. �3��êN§¦�

H(λ) =

(
1 + e−iλ

2

)N
QN (e−iλ),

Ù¥QN (z)´L−Ng¢Xêõ�ª§�÷v

QN (−1) 6= 0, sup|z|≤1|QN (z)| < 2N−1.
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KVºÝ�§S���"3^�φ̂(0) = 1√
2π
e§Ù)ëY���´äk;|8��

�ºÝ¼ê"

Äk·�0��eRieszÚn§Ty²�±ë��'Ö7"

Ún 6.1 (RieszÚn)�A´��¢Xê{uõ�ª

A(λ) =

N∑
k=0

ak cos kλ,

Ù¥§aN 6= 0§÷vé?¿�λ ∈ Rk§A(λ) ≥ 0"K�3Ng¢Xê�êõ�ª

B(z) =

N∑
k=0

bkz
k

÷v|B(eiλ)|2 = A(λ)§�B(1) > 0"

Ún 6.2 /XH(λ) =
(

1+e−iλ

2

)N
QN (e−iλ)�¢Xên�õ�ª÷v

|H(λ)|2 + |H(λ+ π)|2 = 1

�¿�^�´

|QN (eiλ)|2 = P

(
sin2 λ

2

)
Ù¥õ�ªP÷vµ

P (y) = PN (y) + yNR

(
1

2
− y
)
,

PN (y) =

N−1∑
k=0

(N + k − 1)!

(N − 1)!k!
yk

R(y)´���ÀJ�Ûõ�ª§¦�P (y) ≥ 0§∀y ∈ [0, 1]"

y² Äk5¿�§|QN (eiλ)|2�±L«¤cosλ�¼ê§l
�±L«¤sin2 λ
2�¼

ê§=�3õ�ªP (x)§¦�

|QN (eiλ)|2 = P

(
sin2 λ

2

)

òH(λ) =
(

1+e−iλ

2

)N
QN (e−iλ)�\�

H(λ) =

(
1 + e−iλ

2

)N
QN (e−iλ),
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� (
cos2 λ

2

)N
P

(
sin2 λ

2

)
+

(
sin2 λ

2

)N
P

(
cos2 λ

2

)
= 1

-y = sin2 λ
2§KþªC¤

(1− y)NP (y) + yNP (1− y) = 1

du(1−y)NÚyNvkú��§dBezout½n�§�3Ø�LN−1gõ�ªq1(y)Úq2(y)¦

�

(1− y)Nq1(y) + yNq2(y) = 1.

3þª¥§òy�¤1− y§��

yNq1(1− y) + (1− y)Nq2(1− y) = 1.

dq1Úq2���5§kq2(y) = q1(1− y)"l
�3����q1(y)¦�

(1− y)Nq1(y) + yNq1(1− y) = 1.

�
¦Ñq1(y)§·�òþª��C�e/ª§

q1(y) = (1− y)−N
(
1− yNq1(1− y)

)
duq1(y)�gêØ�LN − 1§¤±

q1(y) =

N−1∑
k=0

(N + k − 1)!

(N − 1)!k!
yk

b�P (y)÷v^�§3�3U(y)§¦�P (y)− q1(y) = yNU(y)§�

(1− y)N (P (y)− q1(y)) + yN (P (1− y)− q1(1− y)) = 0,

=

U(y) + U(1− y) = 0.

XJ-U(y) = R( 1
2 − y)§KR(−y) = −R(y)§=R(y)´Ûõ�ª" #

Ún 6.3 é?¿�g,êN ≥ 2Ú?¿�λ ∈ Rk

PN

(
sin2 λ

2

)
< 22N−2
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y² dPN (y)�½Â��

PN

(
sin2 λ

2

)
=

N−1∑
k=0

(N + k − 1)!

(N − 1)!k!

(
sin2 λ

2

)k
≤
N−1∑
k=0

(N + k − 1)!

(N − 1)!k!
=

N−1∑
k=0

CkN+k−1,

5¿�µ

Ckn + Ck+1
n = Ck+1

n+1

��µ

N−1∑
k=0

CkN+k−1 = CN−1
2N−1

=
1

2
(CN−1

2N−1 + CN2N−1)

=
1

2

2N−1∑
k=0

Ck2N−1 = 22N−2.

#

�d·��±�ÑDaubechies�Å�Ì�Ú½µ

1. À���êN ≥ 2§(½õ�ªPN (y)µ

PN (y) =

N−1∑
k=0

(N + k − 1)!

(N − 1)!k!
yk

2. |^

|QN (eiλ)|2 = P

(
sin2 λ

2

)
)ÑQN (z)�Xêq0, q1, . . . , qN−1§?
¦Ñõ�ªQN (z)§¦�QN (1) = 1"

3. |^

H(λ) =

(
1 + e−iλ

2

)N
QN (e−iλ)

¦Ñ{hk}2N−1
k=0 "

4. ¦ÑVºÝ�§�S�)φ"

5. |^VºÝXêÚφ¦Ñ���Åψ"
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~ 6.3 D4�Åµ�N = 2§K

P2(y) =

1∑
k=0

(k + 1)yk = 1 + 2y.

b�

Q2(eiλ) = q0 + q1e
iλ,

K

|Q2(eiλ)|2 = (q0 + q1e
iλ)(q0 + q1e

−iλ)

= q2
0 + q2

1 + q0q1(eiλ + e−iλ)

= (q0 + q1)2 − 4q0q1 sin2 λ

2

�\�^�

|QN (eiλ)|2 = P

(
sin2 λ

2

)
��µ

(q0 + q1)2 = 1, q0q1 = −1

2

dd��ü|)÷vQ(1) = 1µ

q0 =
1 +
√

3

2
, q1 =

1−
√

3

2

Ú

q0 =
1−
√

3

2
, q1 =

1 +
√

3

2

éuq0 = 1+
√

3
2 , q1 = 1−

√
3

2 §K

H(λ) =

(
1 + e−iλ

2

)2
(

1 +
√

3

2
+

1−
√

3

2
e−iλ

)

=
1

4
(1 + 2e−iλ + e−2iλ)

(
1 +
√

3

2
+

1−
√

3

2
e−iλ

)

=
1 +
√

3

8
+

3 +
√

3

8
e−iλ +

3−
√

3

8
e−2iλ +

1−
√

3

8
e−3iλ

l
µ

{h0, h1, h2, h3} =

{
1 +
√

3

4
,

3 +
√

3

4
,

3−
√

3

4
,

1−
√

3

4

}
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XJ·��,	�|q0Úq1§Ò�±��,	�|)µ

{h0, h1, h2, h3} =

{
1−
√

3

4
,

3−
√

3

4
,

3 +
√

3

4
,

1 +
√

3

4

}

~ 6.4 D6�Åµ�N = 3§K

P3(y) =

1∑
k=0

(k + 2)(k + 1)

2
yk = 1 + 3y + 6y2.

b�

Q2(eiλ) = q0 + q1e
iλ + +q2e

2iλ,

K

|Q2(eiλ)|2 = (q0 + q1e
iλ + +q2e

2iλ)(q0 + q1e
−iλ + +q2e

−2iλ)

= q2
0 + q2

1 + +q2
2 + (q0q1 + q1q2)(eiλ + e−iλ) + q0q2(e2iλ + e−2iλ)

= (q0 + q1 + q2)2 − 4(q0q1 + 4q0q2 + q1q2) sin2 λ

2
+ 16q0q2 sin4 λ

2

�\�^�

|QN (eiλ)|2 = P

(
sin2 λ

2

)
��µ

(q0 + q1 + q2)2 = 1,−4(q0q1 + 4q0q2 + q1q2) = 3, 8q0q2 = 3

dd��ü|)÷vQ(1) = 1µ

q0 =
1

4

(
1 +
√

10 +

√
5 + 2

√
10

)
,

q1 =
1

2
(1−

√
10),

q2 =
1

4

(
1 +
√

10−
√

5 + 2
√

10

)
Ú

q0 =
1

4

(
1 +
√

10−
√

5 + 2
√

10

)
,

q1 =
1

2
(1−

√
10),

q2 =
1

4

(
1 +
√

10 +

√
5 + 2

√
10

)
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éu1�|)§k

H(λ) = (
1 + e−iλ

2
)3(q0 + q1e

−iλ + q1e
−2iλ)

=
1

4
(1 + 2e−iλ + e−2iλ)

(
1 +
√

3

2
+

1−
√

3

2
e−iλ

)

=
1

8
(q0 + (3q0 + q1)e−iλ + (3q0 + 3q1 + q2)e−2iλ + (q0 + 3q1 + 3q2)e−3iλ

+ (q1 + 3q2)e−4iλ + q2e
−5iλ)

l
µ 

h0 = 1
16 (1 +

√
10 +

√
5 + 2

√
10),

h1 = 1
16 (5 +

√
10 + 3

√
5 + 2

√
10),

h2 = 1
16 (10− 2

√
10 + 2

√
5 + 2

√
10),

h3 = 1
16 (10− 2

√
10− 2

√
5 + 2

√
10),

h4 = 1
16 (5 +

√
10− 3

√
5 + 2

√
10),

h5 = 1
16 (1 +

√
10−

√
5 + 2

√
10),

(6.6)

ã 6.1 D6ºÝ¼êÚ�Å¼êã�

§6.3 Daubechies�Å�5�

Daubechies�Å÷v�X�Ð�5�§e¡�Ñ§��'5�"

Daubechies�Å�|8

·�Äk£��eºÝ¼ê�S��E§�½�|Ü·�hk, k = 0, 1, . . . , 2N−
1§�½��÷v^��ºÝ¼êφ0(x)§é?¿�n§-

φn(x) =
∑
k∈Z

hkφn−1(2x− k),
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K¼ê�φn(x)3L2¥Å:Âñ�÷v^��ºÝ¼êφ(x)"

b�φn(x)�|8´[an, bn]§K

an+1 =
an
2
,

bn+1 =
bn
2

+N − 1

2
.

l
¦�

lim
n→∞

an = 0

lim
n→∞

bn = 2N − 1

=Daubechies�Å�ºÝ¼ê�|8´[0, 2N −1]"Ón�±¦ÑDaubechies�Å¼

ê�|8´[1−N,N ]"

Daubechies�Å���Ý

éuDaubechies�ÅψN (x)§·�ke�½n

½n 6.5 ∫
R

xkψNdx =

{
0, k = 0, . . . , N-1;

− 2−NN !√
2π

PN (−1), k = N.
(6.7)

ù�½n�y²����"

Daubechies�Å��K5

·�^Lipschitz�ê3ªÇ�¥�Ýþ5�y�Å¼ê��K5§=XJ
∫
R
|f̂(λ)|
1+|λ|α <

∞§K¡f��K5´α"Daubechies�Å��K5XeL¤«"

N 2 3 4 5 6 7 8 9 10

α 0.5 0.915 1.275 1.596 1.888 2.158 2.415 2.611 2.902

Daubechies�Å�é¡5

½Â 6.2 ¼êf¡�é¡�XJ�3a ∈ R¦�é?¿�t ∈ R§f(a+t) = f(a−t)"
XJ�3a ∈ R¦�é?¿�t ∈ R§f(a + t) = −f(a − t)§K¡T¼êf´�é¡
�"

½n 6.6 b��,�õ©E©ÛéX�ºÝ¼êφÚψÑ´¢��äk;|8§X

Jψ´é¡�½ö�é¡�§Kψ´Haar�Å"
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y² ÄkØ��hk 6= 0§k = 0, 1, . . . , N§
éuÙ¦�k§hk = 0§KN�½´Û

ê"duψ�|8´[0, N ]§¤±�Å¼êψ�|8´−n0, n0 + 1§Ù¥n0 = N−1
2 "Ï

d§�Å¼ê�é¡¶��U´ 1
2§��oψ(1−x) = ψ(x)§�oψ(1−x) = −ψ(x)"

q

ψj,k(−x) = ±2jψ(2jx+ k + 1) = ±ψj,−(k+1)(x)

¤±§�Å�m3C�x→ −xeØC§Ónù�é�mVj�¤á"
�φ̃(x) = φ(N − x)§Kφ̃(x)�)¤V0��|IO��Ä£Ï�V03C�x →

−xeØC¤"�±y²φ̃(x) = φ(x)£���¤§=φ(N − x) = φ(x)"l


hn = 2

∫
R

φ(t)φ(2t− k)dt

= 2

∫
R

φ(N − t)φ(N − 2t+ k)dt

= 2

∫
R

φ(x)φ(2x−N + n)dx

= hN−n

2d ∑
k∈Z

hkhk+2m = 2δm,0

Ú ∑
k∈Z

hk = 2

���3n0§¦�

h2m = δm,0, h2m+1 = δm,n0

l


φ(x) =

{
1
N , x ∈ [0, N ];

0, else.

XJN = 1§K§éA�Haar�Å§XJN > 1§K§Ø´IO���£��¤" #

§6.4 Daubechies�Å�O�

�,3�Å¼êψN�©)Ú­�¥§·�ØI��Å¼ê�äN¦�"�´§

3©ÛÚn)ψN�Ä�5�±9±��§·��´I���XÛ¦)�Å¼ê3

z��:��"éØ3§Ø
Haar�Å§Ù¦�Daubechies�Å¼êØU�Ñ¦�

�Ð�¼ê�L«/ª§e¡�Ñ���{�±¦ÑT�Å¼êÚºÝ¼ê3z

��kn:��"T�{Ì��¹nÚ"
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1. O�ºÝ¼êÚ�Å¼ê3�ê!:��µ

5¿��kφ(k) = 0§k ≤ 0, k ≥ 2N − 1"¤±§·��I�O�φ(j)§j =

1, . . . , 2N − 2"-j = 1, . . . , 2N − 2§K

ψ(j) =

2N−1∑
k=0

hkψ(2j − k) =

2j∑
k=2j−2N+1

h2j−kψ(k)

þã'X�±�����5�§|−→m = M−→m§Ù¥

−→m = [ψ(1), ψ(2), . . . , ψ(2N − 2)]T

M = [h2j−k]2N−2
j,k=1 .

�±wÑþã�§´ÛÉ�§¤±·�I��õ�^�"Äk§·�5¿�µ∑
n∈Z

φ
( n

2j

)
=
∑
n∈Z

∑
k∈Z

hkφ
( n

2j−1
− k
)

=
∑
k∈Z

hk
∑
n∈Z

φ
( n

2j−1
− k
)

=
∑
k∈Z

hk
∑
n∈Z

φ

(
n− 2j−1k

2j−1

)
=
∑
k∈Z

hk
∑
n∈Z

φ
( n

2j−1

)
= 2

∑
n∈Z

φ
( n

2j−1

)
,��¡ ∫

x∈R
φ(x)dx = lim

j→∞

∑
n∈Z

φ
( n

2j

) 1

2j

= lim
j→∞

1

2j

∑
n∈Z

φ
( n

2j

)
=
∑
j∈Z

φ(j)

l
§ºÝ¼ê�IOz^��±�¤µ

2N−2∑
k=1

hk = 1

éáþ¡��§§�±¦Ñφ(1)§φ(2)§. . .§φ(2N − 2)"
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2. O�ºÝ¼êφ
(
n
2j

)
��µ

�e5�O�Ò'��*§

φ
(
n
2

)
=
∑2N−1
k=0 hkφ (n− k) ,

φ
(
n
4

)
=
∑2N−1
k=0 hkφ

(
n−2k

2

)
,

. . . . . . ,

φ
(
n
2j

)
=
∑2N−1
k=0 hkφ

(
n−2j−1k

2j−1

)
,

. . . . . . ,

(6.8)

3. O��Å¼êψ
(
n
2j

)
��µ

�Å¼ê�O��´���§

ψ
(
n
2

)
=
∑2N−1
k=0 (−1)k−1hkφ (n− k) ,

ψ
(
n
4

)
=
∑2N−1
k=0 (−1)k−1hkφ

(
n−2k

2

)
,

. . . . . . ,

ψ
(
n
2j

)
=
∑2N−1
k=0 (−1)k−1hkφ

(
n−2j−1k

2j−1

)
,

. . . . . . ,

(6.9)

~ 6.5 ·��ÄD4�Å"

Äk§·�I�O�φ(1)Úφ(2)§dVºÝ'Xµ

φ(1) = h1φ(1) + h0φ(2)

φ(2) = h3φ(1) + h2φ(2)

Ù¥§

{h0, h1, h2, h3} =

{
1−
√

3

4
,

3−
√

3

4
,

3 +
√

3

4
,

1 +
√

3

4

}

�\·�uyùü��§���d"¤±§\þ

φ(1) + φ(2) = 1

�^�§�±¦� {
φ(1) = 1+

√
3

2 ,

φ(2) = 1−
√

3
2 ,

(6.10)
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?�Ú�§·��±¦Ñφ
(

1
2

)
§φ

(
3
2

)
§φ

(
5
2

)
"

φ

(
1

2

)
= h0φ(1) =

(1 +
√

3)2

8

φ

(
3

2

)
= h1φ(2) + h2φ(1) = 0

φ

(
5

2

)
= h3φ(2) =

(1−
√

3)2

8

Ón�±¦ÑºÝ¼êÚ�Å¼ê3¤k��©:��"

~ 6.6 p��Daubechies�Åduäk�Ð��K5§3?n1w&Ò��DÚ

Ø ¥Ñ¬w«`³"Äk�Ñ���D�~f§3ù�~f¥§�½�&ÒÚD

(&ÒXã6.2¤«§·�©O|^Haar�Å§D4�ÅÚD6�Åé�&Ò�D§,�

|^NMSE£IOzþ�Ø�¤5�y�D��J"�±wÑ§3ù�~f¥§D6�

Åäk�Ð��D�J"3Ø ¥§·���±�ÑÓ��(Ø§Xã6.3¤«"

ã 6.2 |^Haar�Å§D4�ÅÚD6�Å�D"
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ã 6.3 |^Haar�Å§D4�ÅÚD6�ÅØ "

�� 6.1 1. y²Daubechies�Å���Ý½n"

2. XJ

φ(x) =

{
1
N , x ∈ [0, N ];

0, else.

y²§XJN > 1§K{φ(t− k)}Ø´IO���"

3. XJf§gÑk;|8§�f(t − k)Úg(t − k)´Ó���m�IO��Ä§K�

3α ∈ C§|α| = 1§Ún ∈ Z§¦�g(t) = αf(t− n)"

4. ¦yµXJφ´���ºÝ¼ê§K
∑
n∈Z φ(t− n) = 1

5. �f(t)´��|8�[0, 1]�¼ê§§3«m[τk, τk+1]0≤k<Kþ´ØÓ�qgõ�

ª§Ù¥τ0 = 0, τK = 1"-ψ(t)´kp���å�Daubechies�Å"

(a) XJq < p§3�½�ºÝ2jþO��"�ÅXê< f,ψj,n >��ê§�


¦�ù��ê��§XÛÀJp?

(b) XJq > p§3�½ºÝ2jþ�"��ÅXê< f, ψj,n >����ê´õ

�º

6. ¦yµXJ{ψj,k}´L2(R)��|IO��Ä§@oé?¿�λ 6= 0§k∑
j∈Z
|ψ̂(2jλ)|2 =

1

2π
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7. ·�½Âe¡ü�ºÝ¼ê

φ1(t) = φ1(2t) + φ1(2t− 1) (6.11)

φ2(t) =
1

2
(φ2(2t) + φ2(2t− 1)− φ1(2t)− φ1(2t− 1)) (6.12)

O�¼êφ1(t)Úφ2(t)¿y²{φ1(t−k), φ2(t−k)}k∈Z´§)¤�m��|IO
��Ä"
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1ÔÙ �Å�

3õ©EÇ©Û�©)L§¥§é?¿�j§k©)

Vj+1 = Vj ⊕Wj

þ¡�©)Ò´òVj+1¥���fj+1©)¤Vj¥���fjÚWj¥���wj �

Ú"Ù¥§fj´fj+1�XêÚVºÝXê�¦È§éA�$ª¼ê¶wj´fj+1�X

êÚ�ÅXê�¦È§éA�pª¼ê"XJþ¡�©)vk���½��¦§@

o¬UYéVj�©)

Vj+1 = Vj−1 ⊕Wj−1 ⊕Wj = Vj−2 ⊕Wj−2 ⊕Wj−1 ⊕Wj

�Ò´`§�ÅC�z�g©)Ñ´éVj?1§
Ø2éWj?1©)"

�Å©)�8�´ò&Ò©)¤$ª£Ó+¤Úpª£[!¤ü�Ü©§,


�ÅXêU\�(J�U´pª¼ê��U´$ª¼ê"l
§þã��Å©)¿

ØU����ù�8�§Ï�fjØU¿©L«Ó+§k�
�¬3wj¥"¤±§D

Ú��ÅC�pªÜ©©EÇØp§vU¼��Ð�(J"

Vj

Vj-1 Wj-1

Vj-2 Wj-2

Uj

Uj-1 Uj-1

Uj-2 Uj-2 Uj-1

0

0 1

0 1 2 Uj-13

ã 7.1 �Å©)Ú�Å�©)

é�½�&Ò§XÛ�����\Ün�©)QºùpÄ���{´§·�Ø

==éVj�©)§·��¬é�Å�mWj�©)"ù��{�5�Ò´�Å�©

)"�,�Å�©)�ØU`�±òÓ+Ú[!��©m§�´§ÏL�Å��©

)§·��±ÀJ�`��Å�©)"�Å�©Û´�«�\°[�©)�{§§

ò&Ò?1õ�g©)§éõ©EÇ©Û¥vk©)��Å�m�?�Ú�©)"

,��â&Òg��A:§g·A�ÀJ·Ü�©)§¦�Ú&Ò��"Xã7.1¤

«§�>Ò´Ï~�õ©EÇ©Û�©)�ª§
m>´�Å��©)�ª"

181
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§7.1 �Å�

1ÊÙïá
õ©EÇ©Û�µe"TµeòL2(R)�m©)¤�
�Úµ

L2(R) = Vj0

∞⋃
k=j0

Wk.

�ÅC�z�g©)Ñ´éVj?1§
Ø2éWj?1©)"�Å��Ä�g�Ò

´?�Ú�éWk�©)"�d§·�Ú\e¡�PÒ"

-φ0(x) = φ(x)§φ1(x) = ψ(x)§KVºÝÚ�Å'XXeµ

φ0(x) =
∑
k∈Z

hkφ0(2x− k);

φ1(x) =
∑
k∈Z

gkφ0(2x− k);

Ù¥§gk = (−1)kh1−k"½Â

φ2l(x) =
∑
k∈Z

hkφl(2x− k); (7.1)

φ2l+1(x) =
∑
k∈Z

gkφl(2x− k); (7.2)

½Â 7.1 dþª7.1(½�¼ê8{φn(x)}n∈Zd��ºÝ¼êφ(x) (½����

Å�"

½n 7.1 ��K�ên��?�L«�

n =

∞∑
j=1

εj2
j−1,

K�Å�φn(t)�Fp�C��

φ̂n(λ) =

∞∏
j=1

Pεj

(
λ

2j

)
Ù¥§

P0(λ) =
1

2

∑
k∈Z

hke
−ikλ, P1(λ) =

1

2

∑
k∈Z

gke
−ikλ.

y² ��¡§�n = 0½ö1�§d���Å¼ê�õ©EÇ©Û��E�{§=

�±y²þª"b�þªéu0 ≤ n < 2mÑ¤á§�2m ≤ n < 2m+1§Kk

εj =

{
1, j = m+ 1;

0, j > m+ 1.
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n =

m+1∑
j=1

εj2
j−1 =

m+1∑
j=2

εj2
j−1 + ε1

¤±§
n

2
=

m∑
j=1

εj+12j−1 +
ε1
2

Pn1 = [n2 ]§d7.1��

φ̂n(λ) = Pε1

(
λ

2

)
φ̂n1

(
λ

2

)
db���

φ̂n1

(
λ

2

)
=

∞∏
j=1

Pεj+1

(
λ

2j

)
�\=�

φ̂n(λ) =

∞∏
j=1

Pεj

(
λ

2j

)
��·K¤á" #

½n 7.2 {φn(x)}n∈Zd��ºÝ¼êφ(x)(½����Å�§Ké?¿�½�n ∈
Z§{φn(x)}n∈Z´IO���"

y² ù�½n´^êÆ8B{y²"w,½néun = 0, 1¤á"b�½néu0 ≤
n < 2m¤á§éu2m ≤ n < 2m+1§-n1 = [n2 ]§K

〈φn(• − j), φn(• − k)〉 =

∫ ∞
−∞
|φ̂n(λ)|2ei(k−j)λdλ

=

∫ ∞
−∞

∣∣∣∣Pε1 (λ2
)∣∣∣∣2 ∣∣∣∣φ̂n(λ2

)∣∣∣∣2 ei(k−j)λdλ
=
∑
l∈Z

∫ 4π(l+1)

4πl

∣∣∣∣Pε1 (λ2
)∣∣∣∣2 ∣∣∣∣φ̂n(λ2

)∣∣∣∣2 ei(k−j)λdλ
=

∫ 4π

0

∣∣∣∣Pε1 (λ2
)∣∣∣∣2 ei(k−j)λ∑

l∈Z

∣∣∣∣φ̂n(λ2 + 2πl

)∣∣∣∣2 dλ

Ï� ∑
l∈Z

|φ̂n(
λ

2
+ 2πl)|2 = 1,

|P0(λ)|2 + |P0(λ+ π)|2 =
1

2π
,
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|P1(λ)|2 + |P1(λ+ π)|2 =
1

2π
,

l
§

〈φn(• − j), φn(• − k)〉 =

∫ 4π

0

∣∣∣∣Pε1 (λ2
)∣∣∣∣2 ei(k−j)λdλ

=

∫ 2π

0

(∣∣∣∣Pε1 (λ2
)∣∣∣∣2 +

∣∣∣∣Pε1 (λ2 + π

)∣∣∣∣2
)
ei(k−j)λdλ

= δj,k

¤±§�·K¤á" #

½n 7.3 {φn(x)}n∈Zd��ºÝ¼êφ(x)(½����Å�§Ké?¿�½�n ∈
Z§{φ2n(x)}n∈ZÚ{φ2n+1(x)}n∈Z´���"

y² dParsevalð�ª±9�Å�¼ê�5�§k

〈φ2n(• − j), φ2n+1(• − k)〉 =

∫ ∞
−∞
|φ̂n(λ)|2P0

(
λ

2

)
P1

(
λ

2

)
ei(k−j)λdλ

=
∑
l∈Z

∫ 4π(l+1)

4πl

P0

(
λ

2

)
P1

(
λ

2

) ∣∣∣∣φ̂n(λ2
)∣∣∣∣2 ei(k−j)λdλ

=
∑
l∈Z

∫ 4π

0

P0

(
λ

2

)
P1

(
λ

2

) ∣∣∣∣φ̂n(λ2 + 2πl

)∣∣∣∣2 ei(k−j)λdλ
=

∫ 4π

0

P0

(
λ

2

)
P1

(
λ

2

)
ei(k−j)λdλ

=

∫ 2π

0

(
P0

(
λ

2

)
P1

(
λ

2

)
+ P0

(
λ

2
+ π

)
P1

(
λ

2
+ π

))
ei(k−j)λdλ

5¿�

P0

(
λ

2

)
P1

(
λ

2

)
+ P0

(
λ

2
+ π

)
P1

(
λ

2
+ π

)
= 0

¤±

〈φ2n(• − j), φ2n+1(• − k)〉 = 0

#
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§7.2 �Å���©)

-

Unj = span{φn(2jx− k)}, k ∈ Z

½n 7.4 é?¿��K�ên§k

Unj+1 = U2n
j ⊕ U2n+1

j .

y² éw,U2n
j ÚU

2n+1
j ´Unj+1�f�m§
�U

2n
j ÚU

2n+1
j ´*d���"¤±§

��y²Unj+1�Ä¼ê�±dU
2n
j ÚU

2n+1
j �Ä¼ê�5L«=�"

Wj

Uj-2 Uj-24 5 Uj-27

Uj-313

Uj-425Uj-424

ã 7.2 �Å©)Ú�Å�©)

¯¢þ§du

∑
k∈Z

(hl−2khm−2k + gl−2kgm−2k) = 2δl,m,



186 1ÔÙ �Å�

��

1

2

∑
k∈Z

[hm−2kφ2n(2jt− k) + gm−2kφ2n+1(2jt− k)]

=
1

2

∑
k∈Z

∑
l∈Z

[hm−2khl + gm−2kgl]φn(2j+1t− 2k − l)

=
1

2

∑
k∈Z

∑
p∈Z

[hm−2khp−2k + gm−2kgp−2k]φn(2j+1t− p)

=
1

2

∑
l∈Z

[∑
k∈Z

(hm−2khl−2k + gm−2kgl−2k)

]
φn(2j+1t− l)

=
∑
l∈Z

δl,mφn(2j+1t− l)

= φn(2j+1t−m)

¤±§Unj+1�Ä¼ê�±dU
2n
j ÚU

2n+1
j �Ä¼ê�5L«§=�·K¤á" #

Vj

Uj-21 Uj-23

Uj-35Uj-31Uj-30 Uj-34

Vj

Uj-21 Uj-23

Uj-31Uj-30 Uj-34

Uj-411Uj-410

Uj-37Uj-36

ã 7.3 �Å©)Ú�Å�©)

aq�§·��±éN´���Åf�m�?�Ú���©)§'Xµ

½n 7.5 é?¿���êj§k

Wj = U2
j−1 ⊕ U3

j−1,

· · · ,
Wj = U2k

j−k ⊕ U
2k+1
j−k ⊕ · · · ⊕ U

2k+1−1
j−k ,

· · · ,
Wj = U2j

0 ⊕ U2j+1
0 ⊕ · · · ⊕ U2j+1−1

0 ,

(7.3)

?�Ú�§{2
j−k

2 φ2k+m(2j−kx− l)}l∈Z�¤U2k+m
j−k ��|IO��Ä"
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½n 7.6 é?¿���êj§k

Vj = U0
j−1 ⊕ U1

j−1,

· · · ,
Vj = U0

j−k ⊕ U1
j−k ⊕ · · · ⊕ U

2k−1
j−k ,

· · · ,
Vj = U0

0 ⊕ U1
0 ⊕ · · · ⊕ U2j−1

0 ,

(7.4)

?�Ú�§{2
j−k

2 φm(2j−kx− l)}l∈Z�¤Umj−k��|IO��Ä"

§7.3 �`�Å�©)�{

ù�!�Ñ�Å��©)�{§¿�ÑÝþ�y�`��Å�©)ä§3dÄ

:þ§·��Ñ�`�Å��©)­��{"

§7.3.1 �Å¥

þ¡�!�½nw�·�éu�mVj½öWj�©)Ö§ù
&E�±�Ñ�

Å©)�ó¥"̄ ¢þ§b�©)äéA�S�T = {Tj}§�Tj = {Ukl }§du

L2(R) =
⊕
j∈Z

Wj

¤±

L2(R) =
⊕
j∈Z

⊕
Ukl ∈Tj

Ukl

ù�Ò´�méAT��Å�©)"�XT�ØÓ§��L2(R)�ØÓ©)"'X§

éu½n7.5�©)§·��±��

L2(R) =
⊕
j∈Z

2k−1⊕
i=0

U2k+i
j−k

þªL²§éu?¿�f ∈ L2(R)§�3Xêci,j,k,l§3�ê¿Âe§k

f(x) =
∑
j∈Z

∑
l∈Z

2k−1∑
i=0

ci,j,k,luj−k,2k+i,l(x)

=
∑
j∈Z

∑
l∈Z

2k−1∑
i=0

ci,j,k,l2
j−k

2 φ2k+i(2
j−kx− l)
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Ó�§éuWj�Ù¦©)§��±��L2(R)��|IO��Ä§ù
Ä��8Ü§

�¤
�Å�©)�ó¥"�´§éu���½�¯K§ù�ó¥¥�©)Ø´Ñ

éÐ§¤±·�I�l¥ÀJ·�¤I��©)ä§3dÄ:þ���Å��©)

­��{"

§7.3.2 �d¼ê

Ïé�|�ÅÄ¦Ùéu,�A½���¼êJø�`�êâL«/ª§ù

��d¼ê�±�âA½�A^5ÀJ"�d¼ê7L´¢ê�§�½ü�k��

Ý��þaÚb§b�¦�ë�3�å��þ�[a, b]§K�d¼ê7L÷ve¡ü�

5�µ

1. �d¼êM(x)é�Ýk���þäk�\5µ=M([a, b]) = M(a) +M(b)¶

2. M(0) = 0§Ù¥0´�"�þ"

�d¼êkõ«½Â§ùp�Ñ�´Äu&EØ¥��¤�Ñ���½Â"±

ek0���Vg"

���XÚuÑ&E§&E3��ÎÒ8Ü{ak}¥§XÚuÑÎÒak�VÇ
�pk, 0 ≤ pk ≤ 1"ù�L§�±w����ÅCþX38Ü{ak}¥���L§"@
ouÑÎÒakù�¯��g&Eþ½Â�

I(ak) = − log pk.

ü �'A(bit)"g&E�\�²þ´

H(X) =

K∑
k=1

pkI(ak) = −
K∑
k=1

pk log pk

¡�XÚ½ö�ÅCþX��"w,�´���Kê"

g&E�NÎÒ¤�&Eþ�õ�"du&EþéAé��&E���§Ý§

=&E�Ø(½5��N§´&EÑyVÇ�~¼ê§&EÑy�VÇ��§Ø

(½5��§¤¹&Eþ��¶VÇ��§¤¹&Eþ��"��5½u)�¯

�´vk&Ed��§����A�Ø�Uu)�¯�u)
§¬�<��5Ã

���Ä"���²þ�g&E§�N
XÚ�¹�&Eþ§=ÑÑ&E�NØ

(½5���"'X§��XÚX�ÎÒ8Ü´{a, b, c}§uÑù
ÎÒ�VÇ©O
´p(a) = 0.98§p(c) = 0.01§p(c) = 0.01",	��XÚYuÑ�ÎÒ8Ü´{d, e, f}§
uÑù
ÎÒ�VÇ©O´p(d) = p(e) = p(f) = 1

3"@oé1��XÚ§uÑÎ

Òa��U5��§Ïdù�XÚ�Ø(½��"
1��XÚuÑd, e, f��U5
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Ñ��§l
Ø(½5��"


H(X) = −0.98 log 0.98− 0.01 log 0.01− 0.01 log 0.01 = 0.161441

H(Y ) = − log
1

3
= 0.1.585

�±wÑ§�����N��¹Ú�*(J´���"

·��±l,	���Ý5w�µ��N
&E©ÙÙ¥½öuÑ��¹"'

X§3þ¡�~f¥§au)�VÇ��§=ù�&EÌ�8¥3a¥§
31��

XÚ¥§z��&EÑy�VÇ�Ó§�±`&E�©OuÑ"©Ù8¥���§


©Ù©Ñ���"

ë���½Â§éu���êS�a = {ak}§½ÂÙ�d¼êM�

M(a) = −
∑
n

pn log pn

Ù¥

pn =
|an|2∑
k |ak|2

ùp�pn = |an|2∑
k |ak|2

��Ï´ù�½Â�pn÷vVÇ�5�0 ≤ pn ≤ 1Ú
∑
k∈Z pk =

1",	���Ï´3�Å�A^+�§a��´3�ml2¥§¤±·�Ø�pn =
|an|∑
k |ak|
§�,ù�½Â�÷vVÇ�5�",��¡§�d¼ê�½Â��N
ak�

©Ù�¹§XJ�kA�ak��§Ù{Ñé�§@oM(a)��¶��XJ�~õ

�|ak|�OØ�§KM(a)��"

�´§þ¡�Ñ��d¼êvk�\5§Ò´`XJ·�ò��X�{ak}©¤
üÜ©§{a1

k}Ú{a2
k}§KM(a) 6= M(a1) +M(a2)"¤±§·�I�éþã¼ê�?

�Ú�U?"̄ ¢þ§éu{ak}§·�½Â�d¼êλ(a)�

λ(a) = −
∑
k

|ak|2 log |ak|2.

¯¢þ§

M(a) = −
∑
n

pn log pn = −
∑
n

|an|2∑
k |ak|2

log
|an|2∑
k |ak|2

= − 1∑
k |ak|2

∑
n

|an|2
(

log |an|2 − log

(∑
k

|ak|2
))

= −
∑
n |an|2 log |an|2∑

k |ak|2
+

∑
n |an|2 log

∑
k |ak|2∑

k |ak|2

=
λ(a)∑
k |ak|2

+ log

(∑
k

|ak|2
)
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�Ò´`§3a�l2�ê�½��¹e§M(a)Úλ(a)´���5'X§l
Ó�O\

Ú~�"Q,M(a)�±�Na�©Ù�8¥Ú©Ñ§Ý§λ(a)��±�Na�©Ù

�8¥Ú©Ñ§Ý"�´λ(a)äk�\5£���¤"

§7.3.3 �`�Å�Ä¼ê�À�

�¼ê0 6= f(x) ∈ L2(R)§{fn}�L2(R)��|IO��Ä§K3�ê¿Âe

f(x) =
∑
n

anfn(x)

éuXêa = {an}·��±½Â�d¼ê

λ(a) = −
∑
n

|an|2 log |an|2

Xþ¤ã§XJλ(a)��§K�k�ê�|an|�§Ù{�Ñ�§l
�I��ê��
Ò�±(½f(x)"��§XJλ(a)��§Kf(x)�Uþ©Ù3Nõ�þ"

y3§�0 6= f(x) ∈ L2(R)§{fn}�L2(R)��|IO��Ä§
f�±©)�

*d���ü�¼êf1Úf2�Ú§=k

f(x) = f1(x) + f2(x), 〈f1, f2〉 = 0.

b�{f in}´f i�IO��Ä§ain´f iÐm�Xê§K·��±O�{ain}éA��d
¼ê§λ(a1) + λ(a2)§XJλ(a) < λ(a1) + λ(a2)§K¡{fn}`u{f1

n, f
2
n}§ÄK�ö

`ucö"

âd§·��±�Ñ�`�Å�Ä¼ê�À��{"P

uj,k,l(x) = 2
j
2φk(2jx− l).

�¼ê�½§·��8�´3�½©)�êJ�^�e§¦Ñf��`�Å�

Ä"��ßå�§·�|^ä(�5?1Lã§¿¡��©)ä"Äk´(½©)

�êJ§ù�ÚÚõ©EÇ©Û��{��§��vkî��IO"XJfCz²

�§J�±����§ÄK§J�±����"§?1Xe�Ú½µ

1. Ð©zµ¦Ñ©)�êJ§O�f3�c�©)�Xêµ

f = f0,J ∈ VJ = U0
J =

∑
l∈Z

cJ,0,luJ−1,0,l(x)

2. S��ï�Å�äµ
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(a) �âU0
J = U0

J−1 ⊕ U1
J−1§k

f0,J = f0,J−1 + f1,J−1
.
=
∑
l∈Z

cJ−1,0,luJ−1,0,l(x) +
∑
l∈Z

cJ−1,1,luJ−1,1,l(x),

XJλ([cJ,0,l]) < λ([cJ−1,0,l]) + λ([cJ−1,1,l])§@oØI�éU0
J�©)§Ä

K§éU0
J©)"

(b) é�mUmJ−k§du

UmJ−k = U2m
J−k−1

⊕
U2m+1
J−k−1

l
 ∑
l∈Z

cJ−k,m,luJ−k,m,l(x) =
∑
l∈Z

cJ−k−1,2m,luJ−k−1,2m,l(x)

+
∑
l∈Z

cJ−k−1,2m+1,luJ−k−1,2m+1,l(x),

XJλ ([cJ−k,m,l]) < λ ([cJ−k−1,2m,l]) + λ ([cJ−k−1,2m+1,l])§@oØI�

éUmJ−k�©)§ÄK§éU
m
J−k ©)"

~ 7.1 ±ã7.4�~5`²þ¡�ï�Å�ä��{"b�,�&Ò©)��!

:��d¼ê���55.96§·�Äké§�©)§©)�ü�!:éA�&Ò�

�d¼ê��©O´24.51Ú29.32"du55.96 > 24.51 + 29.32§l
3�Å�©)

¥·�I�é�!:©)"éu1���ü�!:§Ó�O�©)���d¼ê�

�§b�ù
�Xã7.4 çÚêi¤«§@oT�d¼êéuù�&Ò��Å�©

)äÒ´ã7.4¥�çÚo�¤«"

~ 7.2 éu�½�&Ò§

a0
0 = [32, 10, 20, 38, 37, 28, 38, 34, 18, 24, 18, 9, 23, 24, 28, 34].

^Haar�ÅC�éþã&Ò��ÅC��±��C���&Ò�

[25.93, 3.68,−4.6,−5.0,−4,−1.75, 3.75,−3.75, 11,−9, 4.5, 2,−3, 4.5,−0.5,−3].

�´XJ·�æ^�Å�©)§K�±?�ÚU?þã©)"ùp·�¦^,	�

�{ü��d¼ê

M(a) =
∑
k∈Z

(a[k] > δ)?1 : 0

=T&Ò¥����uδ��ê§3ù�~f¥·�-δ = 1"
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{}, 24.51

{}, 55.96

{}, 29.32

{}, 21.01 {}, 10.3 {}, 11.2 {}, 15.73

{}, 8.1 {}, 7.6 {}, 5.43 {}, 8.03

ã 7.4 ~f7.1éA��Å�©)ä"

32, 10, 20, 38, 37, 28, 38, 34, 18, 24, 18, 9, 23, 24, 28, 34

11,-9,4.5,2,-3,4.5,-0.5,-3

-4.6, -5.0

25.93 3.68

-4,-1.75,3.75,-3.75

ã 7.5 ~f7.2éA�Haar�Å©)
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Äk·�éa0
0A^Haar�Å©)�{§�±��T&ÒéA�²þÚ[!Ü

©§©O�

a0
1 = [21, 29, 32.5, 36, 21, 13.5, 23.5, 31],

a1
1 = [11,−9, 4.5, 2,−3, 4.5,−0.5,−3],

5¿�M(a0) = 16 > M(a1) = 15§¤±�`�Å�I�éa0
0�©)"

�X·�©Oéa0
1Úa

1
1�Haar�Å©)§��

a0
2 = [25, 34.25, 17.25, 27.25], a1

2 = [−4,−1.75, 3.75,−3.75],

a2
2 = [1, 3.25, 0.75,−1.75], a3

2 = [10, 1.25,−3.75, 1.25].

�±�y

M(a0
1) = 8 = M([a0

2, a
1
2]) = 8,

M(a1
1) = 7 > M([a2

2, a
3
2]) = 6,

¤±§�`�Å�I�Ó�éa0
1Úa

1
1�©)"

y3·�©Oéa0
2§a

1
2§a

2
2§a

3
2�Haar�Å©)§��

a0
3 = [29.6, 22.2], a1

3 = [−4.6,−5.0], a2
3 = [−2.8, 0.0], a3

3 = [−1.12, 3.75],

a4
3 = [2.12,−0.5], a5

3 = [−1.12, 1.2], a6
3 = [5.6,−1.2], a7

3 = [4.3,−2.5].

�±�y

M(a0
2) = 4 = M([a0

3, a
1
3]) = 4

M(a1
2) = 4 > M([a2

3, a
3
3]) = 3

M(a2
2) = 2 < M([a4

3, a
5
3]) = 3

M(a3
2) = 4 = M([a6

3, a
7
3]) = 4

¤±§�`�Å�I�éa0
2§a

1
2Úa

3
2�©)§
ØI�éa

2
2�?�Ú�©)"

�ª�©)äXã7.6¤«"

§7.3.4 �Å��©)­��{

�Å��©)­��{ÚÄuõ©EÇ©Û��Å�©)Ú­��{�~a

q"5¿�

Unj+1 = U2n
j ⊕ U2n+1

j ,

b�

uj,k,l(x) = 2
j
2φk(2jx− l).
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32, 10, 20, 38, 37, 28, 38, 34, 18, 24, 18, 9, 23, 24, 28, 34

1, 3.25, -0.75, -1.75

5.6, -1.2

0.93 3.4

29.6, 22.2

-4.8 0.18

-2.8, 0.0 -1.12, 3.75

ã 7.6 ~f7.2éA��`�Å�©)ä

´�mUkj��|IO��Ä§&Òfj,n(x)�±ÝK��mUnj+1þ§K

fj+1,n(x) = fj,2n(x) + fj,2n+1(x).

Ø��

fj+1,n(x) =
∑
l∈Z

cj+1,n,luj+1,n,l(x)

fj,2n(x) =
∑
l∈Z

cj,2n,luj,2n,l(x)

fj,2n+1(x) =
∑
l∈Z

cj,2+1n,luj,2n+1,l(x)

¤¢©)�{Ò´®�cj+1,n,l§O�cj,2n,lÚcj,2n+1,l¦�fj+1,n(x) = fj,2n(x)+fj,2n+1(x)"

¯¢þ§Ï�∑
l∈Z

cj+1,n,luj+1,n,l(x) =
∑
l∈Z

cj,2n,luj,2n,l(x) +
∑
l∈Z

cj,2+1n,luj,2n+1,l(x),


�U2n
j ⊥ U

2n+1
j §l


cj,2n,l =
∑
k∈Z

cj+1,n,k〈uj+1,n,k(x), uj,2n,l(x)〉.
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5¿�

φ2l(x) =
∑
k∈Z

hkφl(2x− k)

��

uj,2n,l(x) = 2
j
2φ2n(2jx− l)

= 2
j
2

∑
k∈Z

hkφn(2jx− 2l − k)

= 2
j
2

∑
k∈Z

hk−2lφn(2jx− k)

= 2−
1
2

∑
k∈Z

hk−2luj,2n,k(x)

u´

cj,2n,l = 2−
1
2

∑
k∈Z

cj+1,n,khk−2l.

Ón§k�Å�§

φ2l+1(x) =
∑
k∈Z

gkφl(2x− k)

��

uj,2n+1,l(x) = 2
j
2ψ2n+1(2jx− l)

= 2
j
2

∑
k∈Z

gkφn(2jx− 2l − k)

= 2
j
2

∑
k∈Z

gk−2lφ(2jx− k)

= 2−
1
2

∑
k∈Z

gk−2luj,n,k(x)

u´

cj,2n+1,l = 2−
1
2

∑
k∈Z

cj+1,n,kgk−2l.

b�

fj+1,n(x) =
∑
l∈Z

cj+1,n,luj+1,n,l(x)

fj,2n(x) =
∑
l∈Z

cj,2n,luj,2n,l(x)

fj,2n+1(x) =
∑
l∈Z

cj,2+1n,luj,2n+1,l(x)
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¤¢­��{Ò´®�cj,2n,lÚcj,2n+1,l§O�cj+1,n,l¦�fj+1,n(x) = fj,2n(x)+fj,2n+1(x)"

du

φj−1,l(t) = 2−
1
2

∑
k∈Z

hk−2lφj,k(t),

ψj−1,l(t) = 2−
1
2

∑
k∈Z

gk−2lφj,k(t),

��

cj+1,n,l = 2−
1
2

∑
k∈Z

cj,2n,khl−2k + 2−
1
2

∑
k∈Z

cj,2n+1,kgl−2k.

�� 7.1 1. y²λ(a)äk�\5¶

2. y²½n7.5Ú½n7.6¶

3. '�~f7.2¥Haar�ÅÚHaar�Å��Ø �J"



1lÙ J,�Å

²;�Å©Û´lFp�©Û�Ä:þuÐå5�§Ïd§3�½§ÝþÉ

�Fp�©Û���"�Å©Û�ü�Ø%Vgµ�ÅC�Úõ©EÇ©ÛÑ´ï

á3�Å��?� ²£�Ä:þ§·�¡��1���Å"1996c§SweldensJ

Ñ
Ø�6Fp�C���Å�J,�{ [20, 21]"J,�ÅÌ�äke¡�`³µ

1. U
^u�E1���Åµéu1���Å§J,Eâ�±^5Jp�Å��

�Ý§�Eäk����Å�"�,ØUuy#��Å§�´�±\�é1�

��Å�n)"

2. U
U?1���Å��{5UµJ,�ÅJø
�«'Mallat�{�¯�¢

y�{§
���´� O�§¿��\N´í2�>.�¹"

3. �^u�E1���ÅµduJ,�Å{ø
Fp�C��¡Á§Ó�÷v�

ÅC��Ð�5�§Tg��±^5�EE,«�þ��ÅC�"

§8.1 õ©EÇ©Û

ù�!|^ZC�­#@£õ©EÇ©Û�©)Ú­��{"

½Â 8.1 S�{. . . , x−1, x0, x1, . . . } ∈ l2�ZC�½Â�¼êx : C → C:

x(z) =
∑
j∈Z

xjz
−j ,

Ù¥z = eiφ"

b�{xi}éA�ZC�´x(z)§@o§�ÛS�éA�ZC�xe(z)

xe(z
2) =

x(z) + x(−z)
2

.

Ón§§�óS�éA�ZC�xo(z)

xo(z
2) =

z(x(z)− x(−z))
2

.

= (
xe(z

2)

xo(z
2)

)
=

(
1
2

1
2

z
2 − z2

)(
x(z)

x(−z)

)
(8.1)

b���õ©EÇ©Û�VºÝXê´hk§K©)­��{Xeµ

197
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• ©)�{µ

{
cj−1,l = 2−

1
2

∑
k∈Z cj,khk−2l,

dj−1,l = 2−
1
2

∑
k∈Z cj,kgk−2l,

(8.2)

• ­��{µ

cj,l = 2−
1
2

∑
k∈Z

cj−1,khl−2k + 2−
1
2

∑
k∈Z

dj−1,kgl−2k

e¡|^ZC�­#n)©)­��{"Ph(z), g(z)´S�{hk}Ú{gk}éA�ZC

�§=

h(z) =
∑
k∈Z

hkz
−k, g(z) =

∑
k∈Z

gkz
−k.

KdVºÝXêÚ�ÅXê�5���§

g(z) = z−1h(−z−1), g(z) = z−1h(−z−1). (8.3)

he(z), ho(z)§ge(z), go(z)´S�{hk}Ú{gk}�óê�ÚÛê�éA�ZC�

he(z) =
∑
k∈Z

h2kz
−k, ge(z) =

∑
k∈Z

g2kz
−k,

ho(z) =
∑
k∈Z

h2k+1z
−k, go(z) =

∑
k∈Z

g2k+1z
−k,

K

he(z
2) =

h(z) + h(−z)
2

, ho(z
2) =

h(z)− h(−z)
2z−1

,

ge(z
2) =

g(z) + g(−z)
2

, go(z
2) =

g(z)− g(−z)
2z−1

.

éu©)�{§

cj−1(z2) = 2−
1
2
cj(z)h̄(z−1) + cj(−z)h̄(−z−1)

2
,

dj−1(z2) = 2−
1
2
cj(z)ḡ(z−1) + cj(−z)ḡ(−z−1)

2
.
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=(
cj−1(z2)

dj−1(z2)

)
= 2−

1
2

(
h̄(z−1)

2
h̄(−z−1)

2
ḡ(z−1)

2
h̄(−z−1)

2

)(
cj(z)

cj(−z)

)

= 2−
1
2

(
h̄(z−1)

2
h̄(−z−1)

2
ḡ(z−1)

2
h̄(−z−1)

2

)(
1 z−1

1 −z−1

)(
1
2

1
2

z
2 − z2

)(
cj(z)

cj(−z)

)

= 2−
1
2

(
h̄(z−1)

2
h̄(−z−1)

2
ḡ(z−1)

2
h̄(−z−1)

2

)(
1 z−1

1 −z−1

)(
cje(z

2)

cjo(z
2)

)

= 2−
1
2

(
h̄(z−1)+h̄(−z−1)

2
h̄(z−1)−h̄(−z−1)

2z
ḡ(z−1)+ḡ(−z−1)

2
ḡ(z−1)−ḡ(−z−1)

2z

)(
cje(z

2)

cjo(z
2)

)

= 2−
1
2

(
h̄e(z

−2) h̄o(z
−2)

ḡe(z
−2) ḡo(z

−2)

)(
cje(z

2)

cjo(z
2)

)

XJ½ÂhÚg�õ� Ý
�

P(z) =

(
he(z) ho(z)

ge(z) go(z)

)
(8.4)

K�Å�©)�{�±P�µ(
cj−1(z2)

dj−1(z2)

)
= 2−

1
2 P̄(z−2)T

(
cje(z

2)

cjo(z
2)

)

y3·�w�e­��{"Äk­��{éA�ZC��/ª�

cj(z) = 2−
1
2

(
cj−1(z2)h(z) + cj−1(z2)g(z)

)
,

cj(−z) = 2−
1
2

(
cj−1(z2)h(−z) + cj−1(z2)g(−z)

)
.

l
(
cje(z

2)

cjo(z
2)

)
= 2−

1
2

(
1
2

1
2

z
2 − z2

)(
cj(z)

cj(−z)

)

= 2−
1
2

(
1
2

1
2

z
2 − z2

)(
h(z) g(z)

h(−z) g(−z)

)(
cj−1(z2)

dj−1(z2)

)

= 2−
1
2

(
he(z

2) ge(z
2)

ho(z
2) go(z

2)

)(
cj−1(z2)

dj−1(z2)

)
= 2−

1
2P(z2)

(
cj−1(z2)

dj−1(z2)

)
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¤±§3ZC�e§©)­��{�±�¤e¡�/ª"(
cj−1(z)

dj−1(z)

)
= 2−

1
2 P̄(z−1)T

(
cje(z)

cjo(z)

)
,(

cje(z)

cjo(z)

)
= 2−

1
2P(z)

(
cj−1(z)

dj−1(z)

)

�Å��­��^��±�¤

P(z)P(z−1)T = 2I.

§8.2 J,�Å��E

lþ�!�©Û�±wÑ§õ©EÇ©Û�©)­��{�Úõ� Ý
P(z)(

½"¤±§�
{z©Û­��{§��g,��{´éõ� Ý
P(z)�©)¤

{ü�/ª�¦È"DaubechiesÚSweldensïÄ
õ� Ý
Ïf©)§�Ñ
�

ÅC�J,¢y�nØÄ:"

½n 8.1 XJP(z)�1�ª�u2§Ko�3Laurentõ�ªui(z)§pi(z)§1 ≤ i ≤
mÚ�"�~êK§¦�

P(z) =

m∏
i=1

(
1 ui(z)

0 1

)(
1 0

pi(z) 1

)(
K 0

0 2
K

)
(8.5)

Ù¥pm(z) = 0"

·�Ñ�ù�½n�y²§��Ñui(z)Úpi(z)�O��{"

§8.2.1 õ� Ý
�Ïf©)

Äk·�I��ÑLaurentõ�ª�îAp��{"�½{hk, k ∈ Z}§Ù¥
3ka ≤ k ≤ kb�	�k§hk = 0§@o{hk}éA�ZC�Ò´��Laurentõ�

ªh(z)§

h(z) =

kb∑
k=ka

hkz
−k

Ù¥h(z)�gê´

|h(z)| = kb − ka.

ü�Laurentõ�ª��{Ø{�±Lã�µ�½ü�Laurentõ�ªa(z)Úb(z)§

Ù¥b(z) 6= 0§|a(z)| ≥ |b(z)|§K�½�3Laurentõ�ªq(z)Úr(z)§¦�a(z) =
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b(z)q(z) + r(z)§Ù¥|q(z)| = |a(z)| − |b(z)|§|r(z)| < |b(z)|½ör(z) = 0"Úõ�

ª��{Ø{ØÓ§Laurentõ�ª��{Ø{�ûÚ{êØ´���"~X§é

ua(z) = z−1+4+z§b(z) = 1+z§Kq(z) = z−1+1§r(z) = 3Úq(z) = 3z−1+1§r(z) =

−2z−1Ñ´÷v^���{Ø{"e¡�ÑLaurentõ�ª��{Ø{�îAp�

�{"

�{: Laurentõ�ª��{Ø{�îAp��{

�a0(z) = a(z)§b0(z) = b(z)§li = 0m©?1e¡�48$�¶

ai+1(z) = bi(z)

bi+1(z) = ai(z)%bi(z)

Ù¥%L«{ê$�"3þã��{¥§·�o�±��$�§¦�÷vbn(z) =

0�n´óê¿�¦�n¦�U�§K(
an(z)

0

)
=

1∏
i=n

(
0 1

1 −qi(z)

)(
a(z)

b(z)

)
(8.6)

ù�d�(
a(z)

b(z)

)
=

n∏
i=1

(
qi(z) 1

1 0

)(
an(z)

0

)

=

(
1 q1(z)

0 1

)(
1 0

q2(z) 1

)
n∏
i=3

(
qi(z) 1

1 0

)(
an(z)

0

)
�����ª´Ï�(

qi(z) 1

1 0

)
=

(
1 qi(z)

0 1

)(
0 1

1 0

)
=

(
0 1

1 0

)(
1 0

qi(z) 1

)
(8.7)

y3�±�ÑþãÝ
©)��{"Äkéhe(z)Úho(z)A^îAp��{§��

� (
he(z)

ho(z)

)
=

m−1∏
i=1

(
1 ui(z)

0 1

)(
1 0

pi(z) 0

)(
K

0

)
(8.8)

Pqe(z), po(z)÷veªµ(
he(z) pe(z)

ho(z) po(z)

)
=

m−1∏
i=1

(
1 ui(z)

0 1

)(
1 0

pi(z) 0

)(
K 0

0 2
K

)
(8.9)

e¡·�F"�±O�um(z)§¦�ªf8.5¤á"̄ ¢þ§

P(z) =

m−1∏
i=1

(
1 ui(z)

0 1

)(
1 0

pi(z) 0

)(
K 0

0 2
K

)(
1 2um(z)

K2

0 1

)
(8.10)
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l
 (
1 2um(z)

K2

0 1

)
=

(
he(z) pe(z)

ho(z) po(z)

)−1

P(z) (8.11)

)�

um(z) = K2 (po(z)ge(z)− pe(z)go(z)) (8.12)

���õ� Ý
©)�{Xe"

• ¦^îAp��{��ui(z)§pi(z)§i = 1, . . . ,m− 1ÚK§(
he(z)

ho(z)

)
=

m−1∏
i=1

(
1 ui(z)

0 1

)(
1 0

pi(z) 0

)(
K

0

)

• O�pe(z)Úpo(z)§¦�(
he(z) pe(z)

ho(z) po(z)

)
=

m−1∏
i=1

(
1 ui(z)

0 1

)(
1 0

pi(z) 0

)(
K 0

0 2
K

)

• O�um(z)§

um(z) = K2(po(z)ge(z)− pe(z)go(z))

• ��P(z)�©)§Ù¥pm(z) = 0"

P(z) =

m∏
i=1

(
1 ui(z)

0 1

)(
1 0

pi(z) 1

)(
K 0

0 2
K

)

~ 8.1 ·�w�eHaar�Å�õ� Ý
�©)"Ù¥h0 = h1 = 1§l


P(z) =

(
1 −1

1 1

)

�a0(z) = he(z) = 1§b0(z) = ho(z) = 1§|^îAp��{§1�Ú-a1(z) =

b0(z) = 1§@o

a0(z) = −1× b0(z) + 2, b1(z) = a0(z)%b0(z) = 2

�q1(z) = −1, a2(z) = b1(z) = 2§¤±§

a1(z) =
1

2
× b1(z) + 0, b2(z) = a1(z)%b1(z) = 0
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=q2(z) = 1
2 , K = a2(z) = 2 ¤±(

he(z)

ho(z)

)
=

(
q1(z) 1

1 0

)(
q2(z) 1

1 0

)(
K

0

)

=

(
1 −1

0 1

)(
1 0
1
2 1

)(
2

0

)

ù��±O���(
pe(z)

po(z)

)
=

(
1 −1

0 1

)(
1 0
1
2 1

)(
0

1

)
=

(
−1

1

)

¤±

u2(z) = 4(po(z)ge(z)− pe(z)go(z)) = 0

l


P(z) =

(
1 −1

0 1

)(
1 0
1
2 1

)(
2 0

0 1

)

~ 8.2 ·�w�eD4�Å�õ� Ý
�©)"Ù¥h0 = 1+
√

3
4 §h1 = 3+

√
3

4 §h2 =
3−
√

3
4 §h3 = 1−

√
3

4 §l


P(z) =

(
h0 + h2z

−1 −h3z − h1

h1 + h3z
−1 h2z + h0

)

�a0(z) = he(z) = 1+
√

3
4 + 3−

√
3

4 z−1§b0(z) = ho(z) = 3+
√

3
4 + 1−

√
3

4 z−1§|^îAp

��{§1�Ú-a1(z) = b0(z) = 3+
√

3
4 + 1−

√
3

4 z−1§@o

a0(z) =
3−
√

3

1−
√

3
× b0(z) + 1 +

√
3, b1(z) = a0(z)%b0(z) = 1 +

√
3

�q1(z) = 3−
√

3
1−
√

3
= −
√

3, a2(z) = b1(z) = 1 +
√

3§¤±§

a1(z) = (−2−
√

3

4
z−1 +

√
3

4
)× b1(z) + 0, b2(z) = a1(z)%b1(z) = 0

=q2(z) = − 2−
√

3
4 z−1 +

√
3

4 , K = a2(z) = 1 +
√

3 ¤±(
he(z)

ho(z)

)
=

(
q1(z) 1

1 0

)(
q2(z) 1

1 0

)(
K

0

)

=

(
1 −

√
3

0 1

)(
1 0

− 2−
√

3
4 z−1 +

√
3

4 1

)(
1 +
√

3

0

)
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ù��±O���(
pe(z)

po(z)

)
=

(
1 −

√
3

0 1

)(
1 0

− 2−
√

3
4 z−1 +

√
3

4 1

)(
0√

3− 1

)

=

(
−3 +

√
3√

3− 1

)

¤±

u2(z) = K2(po(z)ge(z)− pe(z)go(z)) = z

l


P(z) =

(
1 −

√
3

0 1

)(
1 0

− 2−
√

3
4 z−1 +

√
3

4 1

)
(

1 z

0 1

)(
1 +
√

3 0

0
√

3− 1

)

§8.2.2 J,�{

Äuþ¡�Ý
©)§·��ÑJ,�{"du

P(z) =

m∏
i=1

(
1 ui(z)

0 1

)(
1 0

pi(z) 1

)(
K 0

0 2
K

)

l
§

P−1(z) =

(
1
K 0

0 K
2

)
1∏

i=m

(
1 0

−pi(z) 1

)(
1 −ui(z)
0 1

)
¤±µ(
cj−1(z)

dj−1(z)

)
=
√

2P
−1

(z)

(
cje(z)

cjo(z)

)

=

( √
2
K 0

0 K√
2

)
1∏

i=m

(
1 0

−pi(z) 1

)(
1 −ui(z)
0 1

)(
cje(z)

cjo(z)

)

ØJwÑ§þª�±{z�Å�©)Ú­��{"¯¢þ§cje(z)Úc
j
o(z)��u

écj(z)��gB�ÅC�µ=J�óS�ÚÛX�",�§­E|^u1(z)dÛX

�cjo(z) ýÿóS�¶2ÏLp1(z)dóX�cjo(z)�#ÛS�§ù�L§�Ð´ªf(
1 0

−p1(z) 1

)(
1 −u1(z)

0 1

)(
cje(z)

cjo(z)

)
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l
§·������ÅC��±ÏLdB�ÅC��²LeZg�ýÿÚ�#

ö���"e¡�ÑJ,�{�äNÚ½§©ü«�¹?n"�
{zPÒ§e¡

^ei(z)Úoi(z) �Ocje(z)Úc
j
e(z)"

• u1(z) 6= 0

�

ui(z) =
∑
k

uikz
−k,

pi(z) =
∑
k

pikz
−k,

ei(z)Úoi(z)L«S�{eik}Ú{eik}i = 1, . . . ,m�zC�§�(
ei(z)

oi(z)

)
=

(
1 0

−pi(z) 1

)(
1 −ui(z)
0 1

)(
ei−1(z)

oi−1(z)

)
(8.13)

K

ei(z) = ei−1(z)− ui(z)oi−1(z) (8.14)

oi(z) = oi−1(z)− pi(z)ei(z) (8.15)

^S�L«Ò´

eik = ei−1
k −

∑
l∈Z

uilo
i−1
k−l (8.16)

oik = oi−1
k −

∑
l∈Z

pile
i
k−l (8.17)

l
§���J,�{�µ

Ú½1µB�ÅC�µ

e0
k = x2k;

o0
k = x2k+1;

Ú½2µJ,ÚéóJ,§éi = 1, . . . ,m§

eik = ei−1
k −

∑
l∈Z

uilo
i−1
k−l

oik = oi−1
k −

∑
l∈Z

pile
i
k−l
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Ú½3µ'~C�µ

emk = emk

√
2

K

omk = omk
K√

2

­��{Ú©)�{�~aq§Ò´òþãÚ½�
��§=

Ú½1µ'~C�µ

emk = emk
K√

2

omk = omk

√
2

K

Ú½2µJ,ÚéóJ,§éi = m, . . . , 1§

oi−1
k = oik −

∑
l∈Z

pile
i
k−l

ei−1
k = eik −

∑
l∈Z

uilo
i−1
k−l

Ú½3µB�ÅJ�µ

x2k = e0
k;

x2k+1 = o0
k;

• u1(z) = 0

d�§��J,�{�~aq§5¿�§

P(z) =

(
1 0

p1(z) 1

)
m∏
i=2

(
1 ui(z)

0 1

)(
1 0

pi(z) 1

)(
K 0

0 2
K

)

-vi(z) = ui+1(z)§K

P(z) =

m−1∏
i=1

(
1 0

pi(z) 1

)(
1 vi(z)

0 1

)(
K 0

0 2
K

)

¤±§�u1(z) = 0§3B�ÅC��§1��ýÿ�´ÏLp1(z)^óX�ýÿ

ÛS�§,�ÏLu2(z)ÏLÛX�5�#óS�§�E|^ù�L§���

ÅC�"
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§8.3 J,�ÅÞ~

Äuþ�!�Ñ�©)­��{§·�5w�eü�~��Å�J,¢y"

~ 8.3 ·�w�eHaar�Å�J,¢y"Äuþ�!�(J§·�k

P(z) =

(
1 −1

0 1

)(
1 0
1
2 1

)(
2 0

0 1

)

¤±§J,¢yXeµ

e0
k = x2k, o

0
k = x2k+1,

o1
k = o0

k − e0
k,

e1
k = e0

k +
1

2
o1
k,

e1
k =

e1
k√
2
, o1
k =
√

2o1
k.

~ 8.4 ·�w�eD4�Å�J,¢y"du

P(z) =

(
1 −

√
3

0 1

)(
1 0

− 2−
√

3
4 z−1 +

√
3

4 1

)
(

1 z

0 1

)(
1 +
√

3 0

0
√

3− 1

)

¤±µ

e0
k = x2k, o

0
k = x2k+1,

e1
k = e0

k +
√

3o0
k,

o1
k = o0

k −
√

3

4
e1
k +

2−
√

3

4
e1
k−1,

e2
k = e1

k − o1
k+1.

e2
k =

√
2e2
k√

3 + 1
, o2
k =

√
2√

3− 1
o2
k.

§8.4 J,�Å�&Ò?n

dþ¡�£ã��µ��J,�{d3�Ú½|¤µ©�!ýÿ!�#"b

�x[n]´�©&Ò§n�óê"&Ò����L§Xã8.1¤«§Ù¥s[n]�x[n]�$

ª©þ§d[n]�x[n]�pª©þ"
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1. ©�µ

�ÅC��Ä�g�´�÷&Ò��'5§̂ �;n�/ª5%C�©&Ò"

ò&Òx[n]©�¤�p'é�ü�Ü©µa[n]Úb[n]§�a[n]Úb[n]��'5��§

©��J�Ð"Uìêâ�ÛóSÒé&Ò?1m�æ�§=

a[i] = x[2i], b[i] = x[2i+ 1], i = 0, 1, ..., n2 − 1§ù�ÚÏ~�¡�B�ÅC�¶

2. ýÿµ

duêâ�m�3�'5§�±^a[n]5ýÿb[n]§æ^���êâ(�Ã'!

d�Åû½�ýÿ�fP (·)§-d[n] = b[n]− P (a[n])¶

3. �#µ

²LþãüÚ®²3��þò��&Òêâ©m§�
�÷ª���'5,Ó

��±,
�ÛA5£~Xþ�!��ÝØC¤§æ^�fU(·)§|^®²O�Ñ
5�d[n] 5?�x[n],¦�#�x[n](P�)��¹&Òx[n]�$ªÜ©§=s[n] =

a[n] + U(d[n])"

þã3�Ú½�¤
�géóJ,§s[n]�±��e�gJ,�Ñ\§±¼�ØÓ�

�J,�ª"�,ùp^
ØÓ�ÎÒ5«O©�ÚÑÑ�(J§¢SþJ,�{

�±?1� O�§=T�{ØI�Ø
c?J,Ú½�ÑÑ�	�êâÚ�;

�m§ù�3z�:Ñ�±^#�êâ6O�Î�êâ6"ù�´T�{�±�z

�M�þ�ÈÅì��Ï��"

ã 8.1 J,�Å����L§

~ 8.5 ^J,�Åé&Ò?1©)�­�"̂ Daubechies2�Å�J,�ªé&Ò

©)2�§2^J,�Å­�&Ò§(J��©&Ò�Ø��4.6× 10−15

~ 8.6 ^J,�Åé&ÒüD§ÙÄ��n��ÅC��Ó"Äk^Haar�Å�

J,�ªé&Ò©)2�¶K���Birge-Massart�?v�{§²�XêM�11�

D(IO �§α = 3¶üD�¦^Daubechies6�Å§(JXeãµ
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ã 8.2 J,�Å^u&Ò�©)�­�
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ã 8.3 J,�Å^u&ÒüD

§8.5 Äu[©­¡�J,�Å�E

�!0�[©­¡�õ©E©Û�Ä�nØ§¿ïá§éA�J,¢y"[©

­¡L«/ª5guO�Åã/Æ+�"3­¡E.¥§duü��ëê­¡�U

L«ÿÀþÓ¿u�Ü��­¡£Ò´º�´1�­¡¤§J±L«E,ÿÀ�gd

­¡"��g,�g´Ò´|^õ¡ëê­¡©���{5�EE,ÿÀ�­¡§

,
>.þ�1w©�´���~(J�¯K"[©L«/ªÒ´3ù���µ

e�)�"§´O�Å9Ï�O+�¥U�^ëê­¡L«�{�uÐå5��

«#�­¡E.Eâ§�)û?¿ÿÀgd­¡L«¯KJø
�«k��)û

�Y"

[©Ò´ò�½�ÿÀ5KÚAÛ5K�^����½�Ð©��þ�)#

���§­Eù�L§Ò�±����4�­¡"éu�
A½�5K§)¤�4

�­¡´��1w�­¡§Xã8.4¤«"

§8.5.1 [©­¡�õ©E©Û

[©L«/ªJø
��g,�õ©E©Ûµe"�½��Ð©��M0§|

^[©5K[©M0��#���M1§M2§M3§. . .§�ª����4�­¡"z

��[©����M j+1�z��º:Ñ�±�¤M j�º:��5|Ü§=�3Ý


P j§¦�V j+1 = P jV j§Ù¥V j´��M j�º:�8Ü"XJ·�ÀJÐ©�

����½Â�§@o4�­¡�±w¤½Â3ù�½Â�þ�¼ê"@oXÛï
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ã 8.4 [©­¡L«/ª

áù�¼ê�õ©EL«Qº

éu��M0§b�§�º:´V 0
i §K4�­¡S(x)�±w�½Â3M0þ�ë

ê�§§l
�3φ0
i (x)§¦�

S(x) =
∑

φ0
i (x)V 0

i ,

Ù¥§φ0
i (x)Ò´3M0¥�1k�º:D�1§
éÙ¦�:D�0§|^[©5K½

Â�Iþ¼ê"

é?¿�j§aq�·��±½Â��M jz��º:¤éA�Ä¼êφji (x)§


4�­¡S(x)��±w¤½Â3��M jþ�ëê­¡§=

S(x) =
∑

φji (x)V ji ,

ùpV ji ´M
j�º:"ØÓ��þ�Ä¼êXã8.5¤«"

ã 8.5 ØÓ�g��þ�Ä¼ê

þ¡½Â�[©Ä¼êäk���~­��5�§Ò´�[©5"XJP

Φj(x) = (φj0(x), φj1(x), . . . , )

V j = (V j0 , V
j
1 , . . . , )
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T j(M0) = span{φj0(x), φj1(x), . . . , }

Ké?¿�i§XJj < k§k

φji (x) ∈ T k(M0).

¤±þã[©5K½Â
����i@�mS�µ

T 0(M0) ⊆ T 1(M0) ⊆ T 2(M0) ⊆ . . .

,	§�â[©5K§·�k

Φj(x) = Φj+1(x)P j .

¿�P

Sj(x) =
∑
k

φjk(x)V jk = Φj(x)V j ,

þã½Â�[©Ä¼ê�m´���5�m§�
ïáõºÝ©Û§I�Ú\S

È"é?¿�f§g ∈ T j(M0)§½ÂSÈ�

〈f, g〉 =
∑

τ∈F (M0)

1

area(τ)

∫
x∈τ

f(x)g(x)dx

Ù¥F (M0)´F (M0)¥¤k¡�8Ü"�

f(x) =
∑
k

φjk(x)f jk ,

g(x) =
∑
k

φjk(x)gjk,

K

〈f(x), g(x)〉 = gT Ijf,

Ù¥g = (. . . , gk, . . . )§f = (. . . , fk, . . . )§I
j
i,k = 〈φji (x), φjk(x)〉"Ý
Ij�±ÏL?Û

��ê�È©5O�§��±î�O�"

|^[©5K§·�k

Ij =

∫
x∈M0

(Φj(x))TΦj(x)dx

=

∫
x∈M0

(P j)T (Φj+1(x))TΦj+1(x)P jdx

= (P j)T Ij+1P j
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ã 8.6 O�Ä¼ê�SÈ

��5`§é��[©�ª
ó§§�|Ü5K´ÛÜ�§¤±�[©gêv


õ�§��:�Ä¼ê±��õ�¹��ÛÉ:§
�§Ij+1¥�,����½

´Ij¥�,�éA���� 1
4§Xã8.6¤«"l
§þã�ªéA��àg�5�

§|§�±¦)Ij"��ÏL4íª�±¦Ñ¤k�Ij−1§Ij−2§. . . , I0"

½ÂW j(M0)´V j(M0)3V j+1(M0)¥�Ö�m§¡���Å�m"P�Å�

m�Ä¼êS��

Ψj(x) = {ψj0(x), ψj1(x), ψj2(x), . . . , }

K�3Ý
Qj¦�

Ψj(x) = Φj+1(x)Qj .

Qj�±ÏLe¡��ªO�"é?¿�φ1
i ∈ T 1(M0)\T 0(M0)§�±½Â

ψ0
i = φ1

i − φ̂1
i ,

Ù¥φ̂1
i´φ

1
i3�mT

0(M0)þ���ÝK"duV j+1(M0) = V j(M0)+W j(M0)§¤

±é?¿�Sj+1(x) ∈ T j+1(M0)§k

Sj+1(x) =
∑
k

φj+1
k (x)V j+1

k =
∑
k

φjk(x)V jk +
∑
k

ψjk(x)W j
k

=

Φj+1(x)V j+1 = [Φj(x),Ψj(x)]

(
V j

W j

)
= Φj+1(x)[P j , Qj ]

(
V j

W j

)
ù�Ò��[©�Å�­�úªµ

V j+1 = [P j , Qj ]

(
V j

W j

)



214 1lÙ J,�Å

½Â (
Aj

Bj

)
= [P j , Qj ]−1

K[©�Å�©)úª�

V j = AjV j+1,

W j = BjV j+1,

�±wÑþãO�Ñ´�Û$�§ØU�y�{�E,Ý§3�5���þ�

A^É�"ã8.7�Ñ
��Äu[©­¡�õºÝ©ÛA^�~f"3�>�ã

¥§1��´�©��.§,	n�Ñ´éõºÝ©)��&fÜ©Ð©��?1

^=§� Ú²£?6��(J"m>ã´ÀJ�©�.���A½�«�§éA

½«���A�?6�(J"

ã 8.7 Äu[©�õºÝ©ÛµõºÝ?6ÚÛÜ?6

§8.6 ÄuLoop[©�J,�Å�E

�
?�ÚJp[©�ÅC���Ç§¦�[©�Å�±A^��5�êâ

�õ©E©Û§[22]JÑ
ÄuCatmull-Clark[©­¡�ª�J,�ÅC�"[23]�

Ñ
ÄuLoop[©­¡�ª�J,�ÅC�"ù�!§·�±Loop[©�ª�~§

0�Äu[©�ª�EJ,�Å��{"
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§8.6.1 Loop[©�ª

Loop[©�Ä���n���§ÙÿÀ5KXeã 8.8¤«§zg[©§éA

z�^>�)��#�º:§¡�>:§,�ë�z��n�/�n�>:§r�

�n�/�©�o"Loop[©�AÛ�KXeã 8.9¤«§éu#�>:

ã 8.8 Loop[©�ÿÀ5K

v

V1

V2

Vn

V1

V0

V3

V1

V2

e

ã 8.9 Loop[©�AÛ5K

e =
3

8
(V0 + V1) +

1

8
(V2 + V3)

éu�5�º:§�#§� ��µ

v = αnV +

n∑
i=1

βnVi

Ù¥αn = 3
8 + ( 3

8 + 1
4 cos 2π

n )2§βn = 1−αn
n "
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§8.6.2 LoopJ,�Å

dLoop[©5K��§M j−1�º:�½éAM j¥��
º:§,	M j−1¥

z�^>éAM j�Ù¦�º:"¤±��M j¥�º:�±©¤üaµM j−1º:

éA�º:ÚM j−1 ¥z�^>¤O\�º:"�A�§Φj(x)��±©¤ü�Ü

©§©OéAM j−1¥º:�Ä¼êS�Φv(x) = {φjvk(x)}ÚéAM j−1¥>�Ä¼

êS�Φm(x) = {φjvk(x)}§=

Φj(x) = [Φjv(x),Φjm(x)]

Uìù���{§·�kK

[Φj−1(x),Ψj−1(x)] = [Φjv(x),Φjm(x)]

(
P j−1
v 0

P j−1
m I

)

Ù¥P j−1
v ÚP j−1

m �±d[©5K(½"

þã�{�,�±^5�E[©�Å§�´du�9�Ý
�¦_$�§3¢

S�A^�~É�"�´§XJ·�|^J,�{K�±3� O�¥¢y�Å�

{"¯¢þ§·���J,�{�)©�!ýÿ!�#n�Ú½"dþ��§>:

éA�´�Å¼ê§l
�±��|^[©5K��ýÿ�f5O�>:��Å

¼ê§�´·�I�|^>:5�#º:��{"ù���±l[©5K¥O��

�"du

ei =
3

8
(V + Vi) +

1

8
(Vi−1 + Vi+1)

¤± ∑
i

ei =
2n

8
V +

5

8

∑
i

Vi

=

v = γnV + δn
∑
i

ei

ùp

γn =
8

5
αn −

3

5
.

|^[©�ª��ýÿ�{§�±��Loop[©�J,¢y"Ù¥Loop[©�J

,�Å�­��{Ò´µ
e← e+ 3

8 (v0 + v1) + + 1
8 (v2 + v3), ∀e;

v ← γnv, ∀v;

vi ← vi + δne, ∀e, i = 0, 1, 2, 3;

(8.18)
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ò­��{_SÒ�±��Loop[©�J,�Å�©)�{µ
vi ← vi − δie, ∀e, i = 0, 1, 2, 3;

v ← 1
γn
v, ∀v;

e← e− 3
8 (v0 + v1)− 1

8 (v2 + v3), ∀e;
(8.19)

�´ù�����Å�ºÝ¼ê���5ØZ§l
ØU��õ©EÇ¼ê�

Ð�%C"�d§·�ùp0�XÛ�â[©5K��V���[©�Å�J,�

E�{"Ä��{XeµXã8.10¤«§éu½Â3>:þ��Å#�Ä¼êψ(x)�

#¤§��Ú±��º:�Ä¼ê��5|Ü¦�§ÚºÝ¼ê��"�
{ü

å�§·�ùpÀJ�´¤éA�Ä¼êψk(x)Ú±�o�:éA�Ä¼ê��5

|Ü§=

ψ(x) = ψk(x) +

3∑
i=0

ωiφi(x)

Ù¥ωi´�½Xê"�â��5^�§·�k

ψ
φk

0φ1

φ2

φ3

1/8

1/8

1/8

1/8

1/8

3/8 3/8

3/8

3/8

3/8

αn βm1

βm2

βmn

ã 8.10 Loop[©�J,{K

〈ψ(x), φi(x)〉 = 0, i = 0, 1, 2, 3.

ù�XÚéA���4×4��5�§|Aω = b§Ù¥A = (ai,j)§ai,j = 〈φi(x), φj(x)〉§bi =

−〈ψ(x), φi〉"
��5`§ëY�SÈØ´é�BO�§¤±§3¢SA^¥§þãSÈ¦^

�´lÑ�SÈ§�[O�úªXe¤«"�φiéA�º:�Ý´ni§K§�éA
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1/8

1/8

3/8

3/8

αn0
β n1

φ0

β n3

β n2

3/8

3/8

3/8

1/8

1/8

β n0

αn1

φ1

β n3

β n2

3/8

3/8 3/8

β n0
β n1

φ2

αn2

1/8

3/8 3/8

β n0
β n1

φ3

αn3

1/8

ã 8.11 O�Loop[©�J,Ý
�Xê

�Ä¼êé¥mÊ�:��zXeã8.11¤«"K�±��ai,jXe¤«µ

a0,1 = a1,0 = αn0
βn0

+ αn1
βn1

+ β2
n2

+ β2
n3

+
3

16
+

9

64
,

a0,2 = a2,0 = αn0
βn0

+ αn2
βn2

+ β2
n1

+
3

32
+

9

64
,

a0,3 = a3,0 = αn0
βn0

+ αn3
βn3

+ β2
n1

+
3

32
+

9

64
,

a1,2 = a2,1 = αn1
βn1

+ αn2
βn2

+ β2
n0

+
3

32
+

9

64
,

a1,3 = a3,1 = αn1
βn1

+ αn3
βn3

+ β2
n0

+
3

32
+

9

64
,

a2,3 = a3,2 = β2
n0

+ β2
n1

+
1

64
,

a0,0 = α2
n0

+ β2
n1

+ β2
n2

+ β2
n3

+
27

64
+

1

32

a1,1 = β2
n0

+ α2
n1

+ β2
n2

+ β2
n3

+
27

64
+

1

32

a2,2 = α2
n2

+ β2
n1

+ β2
n0

+
9

32
+

1

64

a3,3 = α2
n3

+ β2
n1

+ β2
n0

+
9

32
+

1

64

b0 = αn0
δn0

+ βn1
δn1

+
3

8
,

b1 = αn1
δn1

+ βn0
δn0

+
3

8
,

b2 = βn0
δn0

+ βn1
δn1

+
3

8
,

b3 = βn0
δn0

+ βn1
δn1

+
3

8
,
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ùp§δn = 8
5βn"

5¿�§3þã�O�¥§þãXê�Úº:�Ýk'"
²L�g[©�§

¤k�ÛÉ:Ñ¬©lm"l
§þãXê�±©¤üaµ��´º:v0´ÛÉ:

£=n0 6= 6¤§Ù¦º:�ÝÑ´6¶,	�aÒ´º:v2´ÛÉ:£=n2 6= 6¤§Ù

¦º:�ÝÑ´6§
v1½öv3´ÛÉ:��¹´é¡�"¤±þãXê�±ýk

O�Ñ5§äN��Xeã8.12¤«"

ã 8.12 O�Loop[©�J,Ý
�Xê

¦Ñωi�§Loop[©�J,�Å�­��{Ò´µ
vi ← vi + ωie, ∀e, i = 0, 1, 2, 3;

e← e+ 3
8 (v0 + v1) + + 1

8 (v2 + v3), ∀e;
v ← γnv, ∀v;

vi ← vi + δne, ∀e, i = 0, 1, 2, 3;

(8.20)

ò­��{_SÒ�±��Loop[©�J,�Å�©)�{µ
vi ← vi − δie, ∀e, i = 0, 1, 2, 3;

v ← 1
γn
v, ∀v;

e← e− 3
8 (v0 + v1)− 1

8 (v2 + v3), ∀e;
vi ← vi − ωie, ∀e, i = 0, 1, 2, 3;

(8.21)

Loop[©�J,�Å�±^5�ã/��D"'Xeã8.13¤«§�½��A

Û�.§ÏLÊ��Loop[©������§,�3T���º:þ\\xD(§

Ò´ã8.13¥�1���.",�§·�Ò�±|^LoopJ,�ÅéT�.��Å

©)�{§¿íØ����º:�|^�Å­��{���D���."ã8.13¥

©O´�KØÓ�����ÅXê��D��."

Loop[©�J,�Å�±^5�ã/�A�D4"'Xeã8.14¤«§�½�

�AÛ�.§|^LoopJ,�ÅéT�.��Å©)�{§ã8.14¥w«�´òØ

Ó���ÅXê\\���."



220 1lÙ J,�Å

ã 8.13 LoopJ,�Å��D

ã 8.14 LoopJ,�Å�A�D4
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�� 8.1 1. ±Haar�Å�~§�ÑHaar�Å�J,¢y¶

2. ¢yLoop[©J,�{¶

3. ¢yCatmull-Clark[©J,�{¶
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1ÊÙ Fp�Ú�ÅC��A^*

�X&EEâ��ÚÚuÐ§y���ÅEâ�¢Êsl�§zsà�"ù�

Ù?Ø�Å�?�ÚuÐ§Ì�SN�)Fp���Å©Û§�Å�§J,�Å§

�^�Å3&Ò?n!ã�?n!AÛ?n! �©�§¦)+��A^ [24, 25,

26, 27, 28, 29, 30, 31]"

§9.1 &Ò?n

§9.1.1 �ÅC��&Ò?n

&ÒüD´�ÅC����­��A^"é&ÒüD¢�þ´³�&Ò¥�

Ã^Ü©§Or&Ò¥k^Ü©�L§"ÏdüDÏ~�ÚØ éX3�å§±¼

�'�Ð�Ø �J"���§��&ÒüD�L§�±©�3�Ú½µ

1. Ú½1µ©)"

ÀJ���Å¿(½©)��g§,�?1©)O�"

2. Ú½2µK�þz

é��©)ºÝe�pªXêÀJ��K�ε?1K�?n"

3. Ú½3µ­�

�â�Å©)��.�$ªXêÚ��pªXê?1���Å­�"

üD�Ø%Ú½3uK��ÀJ§§��K�üD��þ§¤±<�JÑ
�

«nØÚ²���."�´vk�«�.´Ï^�§§�ÑkgC�·^��"3

d0�A«~��K�ÀJ�{µ

1. %@K�µε = σ
√

2log(n)§n�&Ò�Ý§σ�D(rÝ"3�{ü��¹e�

±b�D(�pdxD(§�σ = 1"

2. 4�4�K�µ

ε =

0.3936 + 0.1829
(
ln(n)
ln(2)

)
, n > 32

0, n ≤ 32.

3. ��K�µε = median1≤i≤n(|x(i)|)/0.6745§=&Òxýé��¥�Ø±0.6745"

ù«�{�~·Üþ��"�pdxD(üD�&Ò�."

4. SteinÃ ºx�OK�µ

223
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(a) òz��ÅXê²��§l���ü��P = [p1, p2, ..., pn]¶

(b) O�ºx�þR = [r1, r2, . . . , rn]§rk =
n−2k+

∑k
i=1 pi+(n−i)pn−i

n §1 ≤ k ≤
n¶

(c) �R¥���éASÒ�k̂,KK�ε =
√
pk̂"

5. Birge-MassartüÑµ

(a) �½©)�êj§éj + 1±9�p�§¤kXê�3¶

(b) é1i�(1 ≤ i ≤ j)§�3ýé����ni�Xê§Ù¥ni = M(j + 2 −
i)α§MÚα�²�Xê"3Ø �¹e�±�α = 1.5§üD�¹e�α =

3"

ÀJK���§Ï~kü«K�?n��ª§Ù¥x�Ñ\§s�ÑÑµ

• MK�µ

s =

x, |x| > ε

0, |x| ≤ ε.

• ^K�µ

s =

sign(x)(|x| − ε), |x| > ε

0, |x| ≤ ε.

ùü«K�?n�k`�µMK�3þ�Ø�¿Âþ�`§�&Ò¬�)N\�

�§�)a�:§���&Ò�1w5¶̂ K�����ÅXêëY5�Ð§�¬

�) �§��K��­�&Ò�ý¢&Ò�%C§Ý"

~ 9.1 �ÅC��&ÒüD"é,/�^>�¹?1�	§éÙ>�>Ø�

?1iÿ"3æ�L§¥§iÿ��Ñy�æ§�¦æ8��&ÒÂ�D(�À

/"|^Daubechies2�Å?13g©)§éÀ/&ÒüD§�JXã9.1¤«"Ù

¥§Matlab
èXe¤«"

1 clc;clear;close all;

2 load leleccum;

3 wave=’db2’;

4 s=leleccum(1:3920);

5 subplot(3,2,1);

6 plot(s);title("Origin signal",’FontSize’,20);

7 [c,l]=wavedec(s,3,wave);

8 a3=appcoef(c,l,wave,3);d3=detcoef(c,l,3);

9 d2=detcoef(c,l,2);d1=detcoef(c,l,1);

10 dd3=zeros(1,length(d3));dd2=zeros(1,length(d2));
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11 dd1=zeros(1,length(d1));c1=[a3 dd3 dd2 dd1];

12 s1=waverec(c1,l,wave);

13 subplot(323); plot(s1);

14 title("Denoise by setting zeros",’FontSize’,20);

15 [thr,sorh,keepapp]=ddencmp(’den’,’wv’,s);

16 s2=wdencmp(’gbl’,s,wave,3,thr ,sorh ,keepapp);

17 subplot(324)

18 plot(s2); title("fix elpsilon denoise",’FontSize’,20)

19 cd1hard=wthresh(d1,’s’,1.465);

20 cd2hard=wthresh(d2,’s’,1.823);

21 cd3hard=wthresh(d3,’s’,2.768);

22 c2=[a3 cd1hard cd2hard cd3hard];

23 s3=waverec(c2,l,wave);

24 subplot(325);

25 plot(s3); title(’soft elpsilon denoise’,’FontSize’,20)

26 cd1hard=wthresh(d1,’h’,1.465);

27 cd2hard=wthresh(d2,’h’,1.823);

28 cd3hard=wthresh(d3,’h’,2.768);

29 c3=[a3 cd1hard cd2hard cd3hard];

30 s4=waverec(c3,l,wave);

31 subplot(326);

32 plot(s4);title(’solid elpsilon denoise’,’FontSize’,20)

~ 9.2 �'u�Å©)§�Å��±òp$ªÜ©Ñ?1©)§ù¿�X�p

��ª©EÇ§cÙ´�'u3$ªã�©EÇ"ã9.2aw«
���D(À/

�õÊV�A&Ò§}Á¦^haar�Å�?13�©)§)¤�Haar�Å�©)ä

´mã"313�©)¥�k8�!:§ã9.3w«
ù
!:éA�8|&Ò,�±

w�£3,0¤éA�&Ò´�©&Ò���1w%C"XJò13�Ø
��>ü

�!:±	�6�!:éA�pªXê©3g��0§ngüD(JXã9.4¤«"Ù

¥§Matlab
èXe¤«"

1 clc;clear;close all;

2 load noisdopp;x=noisdopp; wpt2=wpdec(x,3,’haar’);

3 plot(wpt2); wpviewcf(wpt2,1);

4 cfs7=wpcoef(wpt2,7);cfs8=wpcoef(wpt2,8);

5 cfs9=wpcoef(wpt2,9);cfs10=wpcoef(wpt2,10);

6 cfs11=wpcoef(wpt2,11);cfs12=wpcoef(wpt2,12);

7 cfs13=wpcoef(wpt2,13);cfs14=wpcoef(wpt2,14);

8 figure;

9 subplot(4,2,1);plot(cfs7);title(’node(3,0)’,’FontSize’,20)

10 subplot(4,2,2);plot(cfs8);title(’node(3,1)’,’FontSize’,20)

11 subplot(4,2,3);plot(cfs9);title(’node(3,2)’,’FontSize’,20)

12 subplot(4,2,4);plot(cfs10);title(’node(3,3)’,’FontSize’,20)

13 subplot(4,2,5);plot(cfs11);title(’node(3,4)’,’FontSize’,20)
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ã 9.1 �ÅC�^u&ÒüD
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ã 9.2 �&ÒÚHaar�Å�©)ä

14 subplot(4,2,6);plot(cfs12);title(’node(3,5)’,’FontSize’,20)

15 subplot(4,2,7);plot(cfs13);title(’node(3,6)’,’FontSize’,20)

16 subplot(4,2,8);plot(cfs14);title(’node(3,7)’,’FontSize’,20)

17 size2=read(wpt2,’sizes’,7:14);

18 cfs_z7=zeros(size2(1,:));cfs_z8=zeros(size2(2,:));

19 cfs_z9=zeros(size2(3,:));cfs_z10=zeros(size2(4,:));

20 cfs_z11=zeros(size2(5,:));cfs_z12=zeros(size2(6,:));

21 cfs_z13=zeros(size2(7,:));cfs_z14=zeros(size2(8,:));

22 tre2_1=write(wpt2,’cfs’,11,cfs_z11,’cfs’,12,cfs_z12);

23 tre2_2=write(wpt2,’cfs’,11,cfs_z11,...

24 ’cfs’,12,cfs_z12,’cfs’,13,cfs_z13,’cfs’,14,cfs_z14);

25 tre2_3=write(wpt2,’cfs’,9,cfs_z9,’cfs’,10,cfs_z10,’cfs’,11,cfs_z11,...

26 ’cfs’,12,cfs_z12,’cfs’,13,cfs_z13,’cfs’,14,cfs_z14);

27 y1=wprec(tre2_1);y2=wprec(tre2_2);y3=wprec(tre2_3);

28 figure;subplot(4,1,1);plot(x);

29 title(’origin signal’,’FontSize’,20);

30 subplot(4,1,2);plot(y1);

31 title(’level one denoise’,’FontSize’,20);

32 subplot(4,1,3);plot(y2);

33 title(’level two denoise’,’FontSize’,20);

34 subplot(4,1,4);plot(y3);

35 title(’level three denoise’,’FontSize’,20);

§9.2 ã�?n

ã�?n+�´�Å©ÛA^�2�Ú�¤Ù�+�"¢�y²�Å´ã�

?n��rkå�óä��"�Å©Û3ã�©Û!üD!Ø !KÜ!Or±9

>�uÿ��¡Ñk2��A^"

���&ÒØÓ�´§ã�´��&Ò"é�Ü���m × n�ã�þz�

:(x, y)k����Ý�f(x, y), x = 0, 1, ...,m, y = 0, 1, ..., n éA"éã��©)�

�¦^ÜþÈ�Å§�±w�´���Å©Oéã��1Ú�?1©)"�ã9.5§
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ã 9.3 8�!:éA�&Ò

ã 9.4 �Å�äÚ&ÒüD
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ã 9.5 ���Å©)«¿ã

Äkò�ã��z�1©)�$ªÜ©LÚpªÜ©H§2éz��?1©)§�

��1�©)òã�©¤4�Ü©µLL1´²w%C§LH1´R�©þ§HL1´Y²

©þ§HH1´é�©þ¶2�©)´�^3LL1þ§q��4�©þ¶õ�©)±d

aí"éçÚ£RGB¤ã�§��én�ÚçÏ�©O?1©)"

ã 9.6 �Å©)�>�uÿ

~ 9.3 1��~f´�ÅA^3ã��>�uÿþ"¦^Coiflets2�Å�¤Üþ

È§éã�?11�©)"�±5¿��Å©)�(JéÐ�Ðy
ã9.6�>�(

�§Ïd�Å©)���©þ�±��>�uÿ�ë�"Ù¥§Matlab
èXe¤

«"
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1 clc;clear;close all;

2 load tartan;level = 1;[c,s] = wavedec2(X,level,’coif2’);

3 [chd1,cvd1,cdd1] = detcoef2(’all’,c,s,level);a=appcoef2(c,s,’coif2’,level);

4 figure(’Color’,’white’), image(wcodemat(X,64)), colormap(map),axis square,

axis off

5 figure(’Color’,’white’), image(wcodemat(a,64)), colormap(map),axis square,

axis off

6 title(’aproximate the image’,’FontSize’,20)

7 figure(’Color’,’white’),image(wcodemat(chd1,64)),colormap(map),axis square,

axis off

8 title(’horzional sharp edge’,’FontSize’,20)

9 figure(’Color’,’white’), image(wcodemat(cvd1,64)), colormap(map),axis square,

axis off

10 title(’vertical sharp edge’,’FontSize’,20)

11 figure(’Color’,’white’), image(wcodemat(cdd1,64)),colormap(map),axis square,

axis off

12 title(’diagonal sharp edge’,’FontSize’,20)

§9.2.1 ã�üD
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�K�5§5§20§20§40§40�ÕáK�üD"�±²w�w�§ÀJ·Ü���K

�éüD(Jkû½5�K�"Ù¥§Matlab
èXe¤«"

1 clc;clear;close all;

2 load belmont2;

3 init = 2055615866;

4 rng(’default’);

5 x = X + 18*randn(size(X));figure

6 subplot(221),image(X),colormap(map)axis off;

7 title(’origal image’,’FontSize’,20);

8 subplot(222),image(x),colormap(map)axis off;

9 title(’noise image’,’FontSize’,20);

10 w=’db8’;[c,l]=wavedec2(x,2,w);

11 [thr,sorh,keepapp] = ddencmp(’den’,’wv’,x);

12 xd=wdencmp(’gbl’,c,l,w,2,thr,’h’,1);

13 subplot(223),image(xd),colormap(map)axis off;

14 title(’denoise image’,’FontSize’,20);

15 thr=[5 5;20 20;40 40];

16 xdd=wdencmp(’lvd’,x,w,2,thr,’h’);

17 subplot(224),image(xdd),colormap(map)axis off;

18 title(’denoise image’,’FontSize’,20);
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èXe¤
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1 load wbarb;whos;

2 [C S] = wavedec2(X,2,’db1’);

3 [thr,sorh,keepapp] = ddencmp(’cmp’,’wv’,X);

4 [Xcomp, CXC, LXC,PERF0,PERFL2] = wdencmp(’gbl’,C,S,’db1’,2,thr,sorh,keepapp);

5 colormap(map);

6 subplot(121);image(X);title(’origin image’,’FontSize’,20);
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7 axis square

8 axis off

9 subplot(122);image(Xcomp);

10 title(’compress image’,’FontSize’,20)

11 axis square

12 axis off
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¥§Matlab
èXe¤«"

1 clc;clear;close all;

2 load julia;whos;

3 [thr,sorh,keepapp,crit] = ddencmp(’cmp’,’wp’,X);

4 [Xcomp, treed,PERF0,PERFL2] = wpdencmp(X,sorh,2,’db4’,crit,thr*2,keepapp);

5 n=size(map,1);

6 colormap(pink(n));
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7 subplot(121);image(wcodemat(X,n));title(’origin image’,’FontSize’,20);

8 axis off

9 subplot(122);

10 image(wcodemat(Xcomp,n));title(’compress image’,’FontSize’,20)

11 axis off

12 plot(treed)
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�ªÚ�ÅC����Ø �J"Ù¥§Matlab
èXe¤«"

1 clc;clear;close all;load porche

2 colormap(pink(255))

3 subplot(2,2,1); image(X);

4 axis square,axis off;title(’origin image’,’FontSize’,20)

5 [CR,BPP] = wcompress(’c’,X,’mask.wtc’,’ezw’,’maxloop’,12,’wname’,’haar’);

6 Xc = wcompress(’u’,’mask.wtc’);

7 subplot(2,2,2);image(Xc);axis square,axis off;

8 title({[’EZW - haar’],[’ratio: ’ num2str(CR,’%1.2f %%’),’,BPP: ’ num2str(BPP,

’%3.2f’)]},’FontSize’,20)

9

10 [CR,BPP] = wcompress(’c’,X,’mask.wtc’,’ezw’,’maxloop’,12,’wname’,’bior4.4’);

11 Xc = wcompress(’u’,’mask.wtc’);

12 colormap(pink(255))

13 subplot(223); image(Xc);axis square,axis off;

14 title({[’EZW - BiO4.4’],[’ratio: ’ num2str(CR,’%1.2f %%’),’,BPP: ’ num2str(

BPP,’%3.2f’)]},’FontSize’,20)

15

16 [CR,BPP] = wcompress(’c’,X,’mask.wtc’,’spiht’,’maxloop’,12,’wname’,’bior4.4’)

;

17 Xc = wcompress(’u’,’mask.wtc’);

18 colormap(pink(255))

19 subplot(224); image(Xc);axis square,axis off;

20 title({[’SPINT - Bio4.4’],[’ratio: ’ num2str(CR,’%1.2f %%’),’,BPP: ’ num2str(

BPP,’%3.2f’)]},’FontSize’,20)

§9.2.3 ã�Or

c¡0�
�
ÄuK�z�ã�?nEâ§e¡0��«Äu³�Xê�

?nEâµã�Or"

ã�Or¯K�Ä�8�´éã�?1·�?n§±·ÜA½��A^+�§

Ïd�¢S¯K��µ���'"ã�OrÌ�ÏL��Úª�?nü«�{µ�

��{ÏL��3��:þ��f$�§�B¯$§�¬¿�éõ�':�m&

E¶ª��{¬?UFp�C�Xê§�±�[/©lÑ:�m��'5§�O�

þ��õ"�Å�{�ï
±þü«�{§ù´Ï�Fp�©Û3¤k:�©EÇ

Ñ´�ã��ºÝ§¢S¯Kk�ØI�ùo��©EÇ§
üX���©Ûq�

Lo÷"q�g§�Å©Û�õºÝA5w«
Ù(¹5"

�!?Øü«Ì��ã�Or¯KµðzÚbz"ðz�8�´Orã��$

ª¤©§³�kb�âC�J¶bz����§X­uJ�kbÜ©§̂ uuÿÚ

£O�+�"

Äk0��«ÄuFp�C��ª�?n�{"$ÏÈÅìépªXê?1

³�5��?n8�§�3ªÇ�ä?¬Ï�o��?n
Ñyaqu&Ò?n



§9.2 ã�?n 235

ã 9.10 1��ã�Ø �{

¥Gibbs����$�A§¤±���¹e�±æ^e�úª5�����²w�

$ÏÈÅì§��¡�Butterworth$ÏÈÅìµ

H(u, v) =
1

1 + [d(u, v)/d0]2n

ª¥d0�À½�ÈÅì�°§d(u, v)�:(u, v)��:�ål§n�ÈÅì�ê"�

��é�´ButterworthpÏÈÅìµ

H(u, v) =
1

1 + [d0/d(u, v)]2n

~ 9.6 ã9.11 w«
±chess&Ò3ü«ðz�{e��J"¥mã�é�ã�

���lÑ{uC�£DCT¤§2éC�(J�Butterworth$ÏÈÅ�­��(J¶

mã�¦^Daubechies3�Å2�©)�§\�$ªXê§~�pªXê�­��(

J"Ù¥§Matlab
èXe¤«"

1 clc;clear;close all;

2 load chess;

3

4 blur1=X;blur2=X;

5

6 ff1=dct2(X);

7 for i=1:256
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8 for j=1:256

9 ff1(i,j)=ff1(i,j)/(1+((i*i+j*j)/8192)ˆ2);

10 end

11 end

12 blur1=idct2(ff1);

13 [c l] = wavedec2(X,2,’db3’);

14 csize=size(c);

15 for i=1:csize(2);

16 if(c(i)>300)

17 c(i)=c(i)*2;

18 else;

19 c(i)=c(i)/2;

20 end

21 end

22 blur2=waverec2(c,l,’db3’);

23

24 subplot(131);

25 image(wcodemat(X,192));colormap(gray(256));

26 title(’origin image’,’FontSize’,20);

27 axis square

28 axis off

29 subplot(132);

30 image(wcodemat(blur1,192));colormap(gray(256));

31 title(’DCT passivation iamge’,’FontSize’,20);

32 axis square

33 axis off

34 subplot(133);

35 image(wcodemat(blur2,192));colormap(gray(256));

36 title(’Wavelet passivation iamge’,’FontSize’,20);

37 axis square

38 axis off

ã 9.11 Fp�©Û��Å©Û^uã�ðz
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Ù¥§Matlab
èXe¤«"

1 clc;clear;close all;

2 load chess;

3 blur1=X;blur2=X;

4 ff1=dct2(X);

5 for i=1:256

6 for j=1:256

7 ff1(i,j)=ff1(i,j)/(1+(32768/(i*i+j*j))ˆ2);

8 end

9 end

10 blur1=idct2(ff1);

11

12 [c l] = wavedec2(X,2,’db3’);

13 csize=size(c);

14 for i=1:csize(2);

15 if(abs(c(i))<300)

16 c(i)=c(i)*2;

17 else;

18 c(i)=c(i)/2;

19 end

20 end

21 blur2=waverec2(c,l,’db3’);

22 subplot(121);

23 image(wcodemat(blur1,192));colormap(gray(256));

24 title(’DCT sharp image’,’FontSize’,20);

25 axis off

26 subplot(122);

27 image(wcodemat(blur2,192));colormap(gray(256));

28 title(’wavelet sharp image’,’FontSize’,20);

29 axis off

l(J5w§DCT�(J�\X{§��´�ã��>�&E§
�Å�{�

(J¥�¹Cz�ú�$ª¤©§éÛÜÔN�[!Ly��Ð"

��5'�±þü�~f��mE,Ý"éDCT�{§I�����_üg

E,Ý�O(n log n)�DCTC�ÚE,Ý�O(n)�Xê?n§
é�ÅC�§ÃØ
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ã 9.12 Fp�©Û��Å©Û^uã�bz
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§9.2.4 ã�KÜ

ã�KÜ´òÓ�é��ü�½�õã�Ü¤��Ìã�¥§±B'�5�

ü�ã��N´n)�Eâ§�2�A^uõªÌã�n)Ú�Æã�?n�+
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Äu�Å©Û�ã�KÜ©�4�Ú½µ

1. ý?nµòI��?n�ã�­æ�±�yPk�Ó�º�§k��I�?1

�O±�yØÓã�þ�A�:� �¦þ�C¶

2. �Åõ�©)µé�?n�ã�?1�Ó�g��Å©)

3. XêKÜµé$!pªXêÀJÜ·��ª©O?1KÜ"b�òã�{Xi}mi=1K

Ü�Y ,CXL«ã�X�$½pªXê©þ§~^�KÜ�{k

(a) �5KÜµCY =
∑m
i=1 ωiCXi ,Ù¥\�Xêωi ≥ 0,

∑m
i=1 ωi = 1§'�A

O�þ�KÜ����\�Xê

(b) ��KÜµCY (a, b) = max{CXi(a, b)}, (a, b)´Xê�?���§aq�k
��KÜ¶

4. ­�µ|^KÜ���ÅXê­�Ñ�ªã�"

~ 9.8 ã9.13 w«
KÜbustÚmasküÌã��(J"1����ã�§�eã

�3$pªÑæ^þ�KÜ�(J§meã�$ªXêæ^���KÜ§pªXê
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ã 9.13 �Å©Û^uã�KÜ

§9.3 �^�Å

313ÙQ²0�LlÑFp�C�3[©­¡�©Û¥��^§��Fp�

©Û�O�Åã/Æ���A^�~f"¢S�AÛ?n¥§�¬I��\E,!

�\(¹��ÅEâ"8c§Ø
haar�Å�	§ÃØ´Ääk;|8§¤k��

��ÅÑvkw«L«§ùé�Å�A^�5Ø|K�"ïÄL²§�±ÏL�^

¼ê��ºÝ¼êÚ�Å�w«L«"ÏL�^¼ê����Å¡��^�Å"�

u�Eé¡½�é¡�Å�I�§X­0��aAÏ�B�^�Å"

§9.3.0.1 B�^

½Â 9.1 �m�g,ê§48½Âm�B�^Nm(x)�µ

N1(x) =

{
1, x ∈ [0, 1);

0, else.
(9.1)

Nm(x) = (Nm−1 ∗N1)(x) =

∫ 1

0

Nm−1(x− t)dt,m ≥ 2 (9.2)
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B�^kéõ«½Â§ùp0��´�åB�^"B�^kéõ{©�5�§ù

p�ÞÑ�
,y²3���µ

½n 9.1 �åB�^äke¡�X�Ð�5�µ

1. supp(Nm(x)) = (0,m)§ùpsupp(Nm(x))´�B�^Ä¼ê�|8"

2. Nm(x)'ux = m
2é¡§=

Nm(
m

2
+ x) = Nm(

m

2
− x)

3. 4í5�µ

Nm(x) =
x

m− 1
Nm−1(x) +

m− x
m− 1

Nm−1(x− 1)

4. Nm(x)�Fp�C�µ

N̂m(ω) =
1√
2π

(
1− e−iω

iω

)m
5. �3~êA,B¦�

0 < B ≤
∑
k∈Z

|N̂m(ω + 2kπ)|2 ≤ A =
1

2π

6. Nm(x)÷vVºÝ�§

Nm(x) =
√

2

m∑
k=0

2
1
2−m

(
m
k

)
Nm(2x− k) (9.3)

§9.3.1 �^�Å��E

XJ-φm(x) = Nm(x)§

V m0 = span{φm(· − k) : k ∈ Z},

V mj = span{φmj,k : k ∈ Z},

N´�y{V mj }j∈Z�¤��õ©E©Û§Ïd�±O����ÅÄ¼ê§�´Ï~

O�Ñ�VºÝXê$�Ø´¢ê"

Ïd,?Uφm(x)�½Â§-

φm(x) = Nm(x+
m

2
)

{V mj }j∈Z�½ÂØC§�±�y{V mj }j∈Z�,´��õ©E©Û§�±O��ÅÄ

¼ê§ù���ÅPkN´O��VºÝXê§�¡�m�B�^�Å"̄ ¢þ§�

c0���5�^�ÅÒ´2�B�^�Å§·�$��±�Ñù«�Å�w«L

�"
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½n 9.2 -m ≥ 2

qk =
(−1)k

2m−
1
2

m∑
l=0

(
m
l

)
N2m(k + 1− l), k = 0, 1, ..., 3m− 2 (9.4)

Km�B�^

ψm(x) =
√

2

3m−2∑
k=0

qkNm(2x− k) (9.5)

�÷v

1. ;|5µsuppψ = [0, 2m− 1]

2. é¡5µψ�m´óê�´é¡�§m´Ûê�´�é¡�§é¡¶�x = m− 1
2

3. ��½5µél 6= j, {ψml,k}k∈Z�{ψmj,k}k∈Z��

4. km���Ý

5. �êP~A5µ�3C > 0,M > 0,¦|ψm(x)| ≤Me−C|x|

ã 9.14 m=2,3,4,5��B�^�Å
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§9.4  �©�§¦)

12Ù0�L§Fp�©Ûå
u¦^n�?ê) �©�§"����§¦

^Fp�C�) �©�§��{¡�Fp��{§q¡©lCþ{§3?ØÅ

Ä�§���7Å{"ù«�{�g�5
uÔnÆ�@£µÅ��Ä½>^

�Äo�±©)�äk�«ªÇÚ�Ì�{��Ä�U\§z�{��Ääk/

ªeiω(t+cx) = eiωteikx§k = ωc§ùÒ´Ônþ¤¢�7Å"lêÆ�Ýw§7ÅÒ

´�¹Cþx�¼êÚ�¹Cþt�¼ê�¦È§=�±Cþ©l"ddéu·�3

)�5½)¯K�§�±}Ák¦?÷vàg�§Úàg>.^��äkCþ©

l/ª�)

un(x, t) = Xn(x)Tn(t), n = 1, 2, ...

2òÙU\��

u(x, t) =

∞∑
n=1

CnXn(x)Tn(t)

|^Ð©^�(½��¥�?¿~ê§¦Ù¤��§�)"

e¡±üã�½�u�gd�Ä�~0�©lCþ{"d½)¯K�
utt − a2uxx = 0, 0 < x < l, t > 0

u(0, t) = 0, u(l, t) = 0, t ≥ 0

u(x, 0) = f(x), ut(x, 0) = g(x), 0 ≤ x ≤ l

(9.6)

Ù¥f, g÷v�N5^�µ

f(0) = f(l) = 0, g(0) = g(l) = 0 (9.7)

©lCþ{�Ú½Xeµ

1. ©lCþµk¦�§=÷vàg>.^��/X

u(x, t) = X(x)T (t) 6= 0

�)"�\�§¿�n��

T ′′(t)

a2T (t)
=
X ′′(x)

X(x)

Ï��müà´�'u��Cþ�¼ê§Ïd§��=�§´~ê�ð�ª¤

á§Pd~ê�−λ§�T ′′(t) + λa2T (t) = 0, t > 0

X ′′(x) + λX(x) = 0, 0 < x < l

�÷v>.^�§�I¦X(0) = X(l) = 0=�"
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2. )A��¯K"¦¦ü:>�¯KX ′′(x) + λX(x) = 0, 0 < x < l

X(0) = X(l) = 0
(9.8)

k�")�¢êλ��9Ù)§¡ù
λ���§9.8�A��"

(a) �λ < 0�§�§Ï)�

X(x) = Ae
√
−λx +Be−

√
−λx,

�\>.��A = B = 0§Ïd�§9.8�k")§λ < 0Ø´A��"

(b) �λ = 0�§�§�X ′′(x) = 0§�\>.��X(x) = 0§λ = 0�Ø´A�

�"

(c) �λ > 0�§Pλ = k2§�§Ï)�

X(x) = A cos kx+B sin kx,

�\>.��A = 0§B = sin kl = 0§�¦�")§Ak

k =
nπ

l
½λn = (

nπ

l
)2, n = 1, 2, .. (9.9)

d=�§9.8�A��§�A�")�

Xn(x) = B sin
nπ

l
x, n = 1, 2... (9.10)

Ù¥B´?¿~ê"ò9.9�\�§9.8�1���§��

Tn(t) = C ′n sin
anπ

l
t+D′n cos

anπ

l
t, n = 1, 2, ...

Ù¥C ′n, D
′
n´?¿~ê"u´§¼ê

un(x, t) = Xn(x)Tn(t)

= (Cn sin
anπ

l
t+Dn cos

anπ

l
t) sin

nπ

l
x, n = 1, 2, ..

÷v¯K9.6��§Ú>.^�§Ù¥Cn, Dn´?¿~ê§3�(½"

3. U\¤kun(x, t)"�
¼�÷v¯K9.6Ð©^��)§ÏLU\�n§-

u(x, t) =

∞∑
n=1

(Cn sin
anπ

l
t+Dn cos

anπ

l
t) sin

nπ

l
x (9.11)
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XJ?ê9.11��Âñ�'utÅ�È©�E��Âñ§KdÐ©^��

u(x, 0) =

∞∑
n=1

Cn sin
nπ

l
x = f(x)

=

∞∑
n=1

Dn
anπ

l
sin

nπ

l
x = g(x)

dFp�?ênØ��§XJf, g��ëY�÷v�N5^�9.7§KCn, Dn©

O´f, g3«m[0, l]þ��u?ê�Xê§=

Cn =
2

l

∫ l

0

f(x) sin
nπx

l
dx

Dn =
2

anπ

∫ l

0

g(x) sin
nπx

l
dx

�d§Ò¼�
¯K9.6�)"

ÏL±þ©Û���)��/ª)§ù´Ï�·�Ã{(½?ê9.11���Â

ñ5ÚÅ���5"é¢S�àg¯K§f, gI�÷v�½��N5^�±�y¯

K)��35Ú?êL«��(5"Ø
àg>.^�!?¿Ð©^��àg¯

K§Fp��{��±�^3kàg>.^�!àgÐ©^���àg¯Kþ§ù

��¹eFp��{��A�¼ê{"é���Ð>�¯K§�±�{ò¯K=z

�Pkàg>.^��¯K"äN�[!�±�wFp�©ÛÙ!Ú�' �©

�§�§"

§9.5 �Å��«£O

8c�<NA�¥§�«±Ù��!­½!́ æ8�A5§¦��«£O¤�

­.þ¦^�@!���2�)Ô�OEâ"���gÄ�«£O�9DaìE

â!êâ¥!êiã�?n!�ª£O�õ�+�§e¡·�X­u�Åéã��

?nL§§0��Å��ªõ©EA53�«£O¥�A^"

ã9.15�gÄ�«£O��nµã§Ì�L§�æ8ã�§éã�?1ý?n§

2Or¿J�k�A�§�ª±�þA�ïáêâ¥¿^u¢S�A���"�Å

Eâ3ý?nÚã�A�J�L§þkA^"

§9.5.1 �«ã�ý?n

�«ã�3æ8��ÿÏ~¬��ØÓ�D(§Ø
æ8Daì��kD(§

�«LZ!L�!Àh��ÅD(�¬E¤$�þ��«ã�§ÏdI�éÙ?1

ý?n±��«n(�§âÑ¿�3�«A�"
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ã 9.15 �«£O�n

�«ã�ý?nÌ��)5�z!þïz!ã�Or!��z![z�~�L

§"

1. 5�z�8�´òã��é'ÝÚ�Ý��O���·¨�?O§~��5

�z?n´kO���ã��þ�Ú��§2�âÏ"�Y²§Ø �Lþ�

�:��Ý§��$uþ��:��Ý"

2. þïz�8�´¦ã���Ýþ!©Ù§Ï��«£O���´�«�(�

A�§·�F".�ã�¥�Ý�8�§Ý5Or�««n"�~^�þïz

�{´��ãþïz§

3. ã�Orµ�«ã�Or�)Äu�Å�ã��D!Äu�Å�ã�Or!g

·A��É�fe?n�õ��¡"

�«�D¦^��Å©)�ê�3 ∼ 4�§;�ã��ý�Ó�U�3

�96%�Uþ§ã��DÜ©J�õ«K�ÀJüÑÑ�±�A^u¢S��

«ã��D¥§
K�?nÏ~ÀJ^K�§±~�mä?�N\��¶ùp

ÀJ�Åã�bz5âÑ�«�[!§Ï~�±é�«ã�?1©�±¼�

�ÛÜ�A�&E"

k
�«£O�{�¬3Or�c?1�ÅØ §·�3�Å3ã�Ø

 ¥�A^Ù!pJ�L§�Å��©)[!&EA5�±u�ã�`³"

4. ��z�8�´ò�Ýã��«ã�C��kçxÚ�ã�§3O�Å¥�

±l256«�Ýü�çxüÚ§¿ò8bitã�=z¤1bitã�"��zL§Ï~

�Or�O�EN^§Ù(J��K��«£O��Yó�"

5. [z�8�´ò��ã�¥o[Øþ!�«�=�ü���°�^«¥%:

�"[z���«ã�«�ëY§�e{²âÑ"
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(a) �ã (b) 5�zã

�

(c) þïzã

�.

(d) Orã

�.

(e) ��zã

�.

(f) [zã�.

ã 9.16 �«ã��ý?n

ã9.16w«
������«ã�ý?n6§"�Å3ã�Or¥�ü
Þv

�­��Ú§¦�«�¥Ø7��&E�4�í~"ã9.17w«
éL�!LZ�

$�þã�§¦^ØÓ�ÅOr¥%«���J"

§9.5.2 �«ã��A�J�

�«�A�´«OØÓ<�«�qÝ�'�"�Ü�«ã�Ó��3oNA

�ÚÛÜA�"U
¦^Sú��*	��A�¡�oNA�§~X«.!Ø%:!

n�:!«ê"ã�þ!:�A��¡�ÛÜA�§q�¡�A�:§Ì�´«�

��!­Çì�Cz� �§�)Bà:!©�:!©Ü:!�á:!�:!á«"

¦^�Å?1A�J��L§I�ké�«?1©�§Ï��«�¥%«�

'>���þ�Ð�õ"(½
¥%���/«��§Ï~kü«J��üÑµ

1. lÑ�ÅC�J�A��µ

éI�?n�ã�3ü���©O?1lÑ�ÅC�£DWT¤§ò�ª�

(JÀ�T�«�A��"~X�Ü256×256��«ã�§ké1�þ�DWT§

��256× 1��þ§2é��þ�DWT��4× 1��þ§ù�ª�4��Ò�

±À�T�«�A�"

ù«�{�Ð?´�{{ü§�±�âI�N�©EÇ£N��ÅXê¤

²L$ÏÈÅì�ëê¤§�ª�(Jêâþ�§�·ÜÏL?è�;���

;u�aDaì¥§¢SA^¥ùa�����$�Ø�1Ki!"

2. lÑ�ÅC�J�A��þµ

·���éã�?1����Å©)¬��$ª�pª©l�fã�§p

ªfãÒ%¹
©E¤I�[!&E"é�Ü�«ã�?1��©)�§ò?

�Üpªfã�IO�À�ùÜfã�A��§2r¤kfã�A���S

|¤���þ§¡�T�«�A��þ§��±��A�è"k
A^¥�¬
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(a) L��«�ã. (b) db3�ÅOrã�. (c) haar�ÅOrã�.

(d) LZ�«�ã. (e) db3�ÅOrã�. (f) haar�ÅOrã�.

ã 9.17 $�þ�«ã�¥%«��Or�J

(a) �.«. (b) ü.«. (c) Ú^.«. (d) Ø%:. (e) n�:. (f) «ê.

ã 9.18 �«�oNA�
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ã 9.19 �«�ÛÜA�

(a) �«a. (b) �«b. (c) �«c.

(d) aA��þ. (e) bA��þ. (f) cA��þ.

ã 9.20 �«�oNA�

?n$ªfã�&E5\¯£O�Ç"ã9.20w«
é�«ã�?14��Å

C����12�pªfã|¤�A��þ"

ù«�{�Ð?´(Jé�«ã�é¯a§=B´Óa�«ã��ké

p�E£Ý§ØÓa�«m��Éã�§·Ü°[��«£O"

²LA�J����«ã�§ò±ÙA�?\êâ¥§½´?1¢S�A��

�"8ck�þØÓ�A����{§~XDÚ�Äu�êål�'�§�kCc

5Äu ²�ä�(¯ÝÄ�ÀJ"

�� 9.1 1. ¢y©¥�Ñ��{¶

2. y²�^�Å½n9.1¥�5�¶

3. y²�^�Å½n9.2¥�5�¶
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