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¢©Û{0

êÆ�½ :

<a´�»�ú«, êÆ´<a�ú«.

þfÔnÚ�éØ,®¤�êÆ��Ü©:

þfÔn �éØ

Banach�mþ�ÌnØ 6/Ún�mnØ
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l©Û��ÝwêÆ

©Ûµ

êÆ©Û (�êÚÈ©)
E©Û (CþêÆ©Û)
¢©Û (�o´È©,È©½Â��2|¤)
�¼©Û (Ã��êÆ©Û)
 �©�§ (êÆ©Û�A^)
VÇØ (êÆ©Û�ÿÐ)

�ê

�5�ê (êÆ©Û�5z)
Ä��ê (�o´\~¦Ø)

AÛ

�©AÛ (�o�ê,�ê½Â��2|¤)
:8ÿÀ (�o´ëY)
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¢©Û´êÆ©Ûí2

C[a, b] ⊂ R[a, b] ⊂ L1[a, b] (Lebesgue�È)

f ∈ R[a, b]⇐⇒ fk.�A�??ëY

LebesgueÈ©´RiemannÈ©�í2

Lebesgueu1902cïáLebesgueÈ©nØ

Schwartzu1952cïá2Â¼ênØnØ
(Ð¼êÏL4�U������/�)
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�È©Ä�½n9Ùí2

C[a, b]

∫ x

a
GGGGGGGBFGGGGGGG

d
dx

C1[a, b]/R £V�¤

L1[a, b]/ ∼

∫ x

a
GGGGGGGBFGGGGGGG

d
dx

AC[a, b]/R £V�¤

¢©Û�Ä�È©nØ´È©nØí2��2|¤.

�©AÛ�6/Ún�mnØ´�êí2��2|¤.
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l�)ÆwLebesgue�È¼ê

êÆµe(�,��?n,ò�N���N?1ïÄ:

(Rn, | · |) (R[a, b], || · ||) (L1[a, b], || · ||)

|x | =
√

n∑
i=1
|xi |

2 ||f || =
∫ b

a
|f(x)|dx ||f || =

∫ b

a
|f(x)|dx

�� Ø�� ��
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R[a, b]���

©ÛnØI�ïá3���8Üþ. ?n4�µeI�v
��.

R[a, b] $ R[a, b] = L1[a, b]

e�D��5�mØ��

(R[−1, 1], ‖ · ‖L1).

�~µCantor8Ü�A�¼ê.
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LebesgueÈ©å
: éuy¶©�

k.�K¼êf : [a, b] −→ [0,M),éuy¶©�

π : 0 = y0 < y1 < · · · < yn = M.

[a, b] =
n⊔

i=1
f−1[yi−1, yi), [0,M) =

n⊔
i=1

[yi−1, yi)

f |f−1[yi−1,yi) : f−1[yi−1, yi) −→ [yi−1, yi) (1)

�	�Ý�~�~��«m[yi−1, yi):

T«mþ,¼ê�@����Ó,Ñ�uyi−1 ' yi .

(1)À�~�¼ê,Ù�A�­>F/¡È�

m(f−1[yi−1, yi)) yi−1.
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LebesgueÈ©=RiemannÈ©+ÿÝØ

∫ b

a
f(x)dx = lim

||π||→0

n∑
i=1

m(f−1[yi−1, yi))yi−1

= lim
||π||→0

n∑
i=1

(
m(f−1[yi−1,+∞)) −m(f−1[yi ,+∞))

)
yi−1

= lim
||π||→0

n∑
i=1

m(f−1[yi ,+∞))(yi − yi−1)

=

∫ M

0
m(f−1[y,+∞))dy

d��{w�sL«
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LebesgueÈ©=RiemannÈ©+ÿÝØ(Y)

þãÈ©´üN¼ê�RiemannÈ©.

¯KµXÛ½Â?¿8Ü�LebesgueÿÝº

�3LebesgueØ�ÿ8Ü.

Lebesgue�È�7�^�:

m(f−1[y,+∞))k¿Â

⇐⇒ ∀y, {x ∈ [a, b] : f(x) > y}´Lebesgue�ÿ8

⇐⇒ m8���´Lebesgue�ÿ8

⇐⇒ f´Lebesgue�ÿ¼ê
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¢©Û�SN

¢©Û======ÿÝØ+È©Ø

ÿÝØ
∥∥∥ È©Ø
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ÿÝØØ%µLittlewoodn�n

¢©ÛÚêÆ©Û�É�'Xµ

�ÿ8 �ÿ¼ê Âñ�ÿ¼ê�

m8 ëY¼ê ��Âñ¼ê�

ÿÝ�K5 Lusin½n Egorov½n
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LebesgueÿÝØ:	ÿÝ

^���mÝNCX�½8ÜE ⊂ Rn

E ⊂
∞⋃

k=1

Ik , Ik = (a1, b1) × · · · × (an, bn)

���mÝN�NÈCq�OE�	ÿÝµ

m∗(E) �
∞∑

k=1

|Ik |, |Ik | = Ik�NÈ.

To÷��Ñ����U,Ò´°(�

m∗(E) = inf
{ ∞∑

k=1

|Ik | : E ⊂
∞⋃

k=1

Ik
}
.

(k�¦Ú=====⇒ m([0, 1] ∩ Q) = 1)
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LebesgueÿÝØ:ÿÝ(�Ý,¡È,NÈ�í2)

A´Lebesgue�ÿ8
E⊂Rn

⇐==⇒
A⊂Rn

Aò?¿8ÜE éÐ/�¿��:

E = (E ∩ A)
⊔

(E ∩ Ac)

m∗(E) = m∗(E ∩ A) + m∗(E ∩ Ac). (2)

b�A ⊂ I, I´k.mÝN.

A�SÿÝ := |I| − A c�	ÿÝ

(�{8´8ÜØ¥�­��éÜC�:S	§m4§k.Ã.)

3(2)¥,�E = I,K

SÿÝ =	ÿÝ.

eA´Lebesgue�ÿ8,K

A�LebesgueÿÝ = m(A) := m∗(A).
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LebesgueÈ©Ø

8ÜØ ¼êØ

A = χA

m(A) =
∫
Rn
χA (x)dm(x)

ÿÝ È©
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ÿÝØ´A�¼ê�È©Ø.

È©Ø´ÿÝØ�,u,´'uýéëYÿÝ�ÿÝnØ

È©´��ÿÝ(È©´¡È).

f ∈ L+(E) =====⇒

∫
E

fdm = m(G(f))

Ù¥G(f) =
{
(x, y) : x ∈ E, 0 6 y 6 f(x)

}
= f�e�ã/.

?2R(¥I��)



Ä�ÿÝØ:ÿÝ

ÿÝ�m(Ω,Σ, µ)

Ω´��8Ü.

Σ ⊂ 2Ω ´σ-�ê.

µ : Σ −→ [0,+∞]´ÿÝµ

µ(∅) = 0

µ(
+∞⊔
k=1

Ak ) =
+∞∑
k=1

µ(Ak ).

~f: HarrÿÝ, RadonÿÝ, HausdorffÿÝ, DiracÿÝ.
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Ä�È©Ø:�ÿ¼ê�È©

�ÿ¼ê = χA + (+, ·, lim)
=�ÿA�¼êÏL�ê$�Ú4�$�)¤

�ÿ¼ê­�A5µéu4�$�µ4.

∫
Ω

f dµ =A�¼ê�È©+�ê$�+4�$�

fn =
22n∑

k=1

k−1
2n χf−1[ k−1

2n , k
2n ) + 2nχf−1[2n ,+∞) ↗ f

∫
Ω

f dµ = lim
n→∞

∫
Ω

fn dµ
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Ä�È©Ø�Ø%SN:��È©gS��d½n

üNÂñ½n:

fk ∈ L+(Ω), fk ↗ f =⇒

∫
Ω

fk dµ↗
∫

Ω
f dµ

Lebesgue��Âñ½n:

fk ∈ L(Ω), |fk | 6 g ∈ L1(Ω, dµ), fk → f

=====⇒ fk
L1

−−→ f ,
∫

Ω
fk dµ −→

∫
Ω

f dµ

FatouÚn:

fk ∈ L+(Ω) =⇒

∫
Ω

lim
k→∞

fk dµ 6 lim
k→∞

∫
Ω

fk dµ
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��È©gS��d½n(Y)

Fubini½n:

(Ωi ,Σi , µi)´σk�ÿÝ�m, i = 1, 2.

f ∈ L+(Ω1 × Ω2) ∪ L1(Ω1 × Ω2). K

∫
Ω1×Ω2

f dµ1 × µ2 =

∫
Ω1

(∫
Ω2

f(x, y)dµ2(y)

)
dµ1(x)

=

∫
Ω2

(∫
Ω1

f(x, y)dµ1(x)

)
dµ2(y)

ÿÝσ�\5: ∫
Ω

∞∑
k=1

χAk
dµ =

∞∑
k=1

∫
Ω
χAk

dµ
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4�=?ê,?ê´�«È©

lÑÿÝ�m (N, 2N, µ)

OêÿÝ

µ(A) =


A����ê, A´k�8

+∞, A´Ã�8.

?¿¼êf : N −→ [0,+∞)7�ÿ.
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?ê´'uOêÿÝ�È©

b�f > 0,K
∫
N

f(x) dµ(x) =

∫
N

∞∑
k=1

f(x)χ
{k }(x) dµ(x)

=
∞∑

k=1

∫
N

f(x)χ
{k }(x) dµ(x)

=
∞∑

k=1

∫
N

f(k)χ
{k }(x) dµ(x)

=
∞∑

k=1

f(k)µ({k })

=
∞∑

k=1

f(k)

=
∞∑

k=1

ak
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¢©Û´y�©ÛÄ�

¢©Û: äNBanach�mL1(Ω),È©ÚÿÝóä

VÇØ: ¢©Û+�'5ÚÃ'5(�"

�¼©Û: Ä�Banach�m,ÌnØ´þfÔn�Ñu:

 �©�§: 2Â)Ú�;).
¼ê´ÿÝ§ÿÝ´��2Â¼ê.

¼ê
ÿÝ

====⇒2Â¼ê
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5K�/
4�L§
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Littlewoodn�n,ÿÝÚÈ©��E
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Ch18ÜØ(Cantor�I1845-1918)

�ÙSN: 8ÜØ—ÿÝØ�Ä:.

�ù�::

8Ü�4�

í2�êÆ8B{

ü�Ã¡8Ü,=�����õ?
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8ÜØúnNX�­�5

C�êÆ�Ûvk3¥Iïáå5º

	Ï SÏ

êÆ�À��� "�ÎÒXÚ

±´ÓÚ£/ 
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8ÜØúnNX�Û�5

Theorem 1

x��Ø��5½n:

Ø�3�U�únNX:|^TNXUy²?ÛêÆýn.

êÆµm�======Ü6µ�ú======Û�µÃ�
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êÆØ´�U�,vkêÆ´��ØU�"
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§18Ü�4�

8ÜØ´��êÆ�Ä::

¤kêÆVgÑI���½m�/|^8Ü5½Â.

8ÜVg(£ã) 8ÜØún

/% /�
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8ÜØÚ¼êØ�Ú�

8ÜX ,À��». A ⊂ X

A�¼ê

χA (x) =


1, x ∈ A

0, x < A

8ÜÀ�¼ê

A = χA (x), A = χ−1
A
{1}

?2R(¥I��)



8ÜØÚ¼êØ�Ú�(Y)

A = χA (x)

8ÜØ ¼êØ

¿!�!�!4�$� \!~!¦!Ø!4�$�

A ⊂ B χA 6 χB

A ∩ B = χAχB

A t B = |χA − χB |

?2R(¥I��)



8Ü�þ4�

lim Ak = lim
k→∞

χAk
(x) (��0,1�A�¼ê=8Ü)

=


1, Ã¡õ�χAk

(x) = 1

0, Ù¦

=
{
x ∈ X : x ∈Ã¡õ�Ak

}
=

∞⋂
n=1

∞⋃
k=n

Ak

?2R(¥I��)



8Ü�e4�

lim
k→∞

Ak = lim
k→∞

χAk (x) (��0,1�A�¼ê=8Ü)

=


1, x ∈¤kAk (�#Nk��~	)

0, Ù¦

=
{
x ∈ X : x ∈¤kAk (�#Nk��~	)

}
=

∞⋃
n=1

∞⋂
k=n

Ak

?2R(¥I��)



8Ü�4�

lim Ak := lim
k→∞

Ak
3T�ª¤á^�e

================== lim
k→∞

Ak

?2R(¥I��)



üN8Ü�4��3

{Ak }k∈N ↑ =====⇒ A1 ⊂ A2 ⊂ · · · ⊂

∞⋃
k=1

Ak = lim
k→∞

Ak

{Ak }k∈N ↓ =====⇒ A1 ⊃ A2 ⊃ · · · ⊃

∞⋂
k=1

Ak = lim
k→∞

Ak

?2R(¥I��)



8Ü�4�

lim Ak =
∞⋂

n=1

∞⋃
k=n

Ak = lim
n→∞

∞⋃
k=n

Ak

lim Ak =
∞⋃

n=1

∞⋂
k=n

Ak = lim
n→∞

∞⋂
k=n

Ak

∞⋂
k=1

Ak ⊂ lim
k→∞

Ak ⊂ lim
k→∞

Ak ⊂

∞⋃
k=1

Ak

?2R(¥I��)



8Ü�4�

lim
n→∞

xn = lim
n→∞

sup
k>n

xk lim
n→∞

An = lim
n→∞

⋃
k>n

Ak

lim
n→∞

xn = lim
n→∞

inf
k>n

xk lim
n→∞

An = lim
n→∞

⋂
k>n

Ak

?2R(¥I��)



~K

{
x ∈ R : fn(x)→ f(x)

}
=

∞⋂
k=1

lim
n→∞

{
x ∈ R : |fn(x) − f(x)| < 1/k

}

ε N

∞⋂
k=1

lim
n→∞

{
x ∈ R : fn(x)9 f(x)

}
=

∞⋃
k=1

lim
n→∞

{
x ∈ R : |fn(x) − f(x)| > 1/k

}
?2R(¥I��)



§2 ZornÚn

8B{ ZornÚn

�ê Ø�ê

�Ú��< �Ú�U)ä{

ZornÚnA:: ·Kl���*¿,*¿�4��.
^�y{y²4��=�¤¦.

ZornÚn: e S8ÜX�z���Sf8ÜÑäkþ.,
KXäk4��.
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8Ü¥�'X

Xþ�'XR ⇐⇒ R ⊂ X × X . (x, y) ∈ R
P�
⇐==⇒ xRy.

~X: X = R, R = {(x, y) ∈ R2 : x 6 y}

(x, y) ∈ R
6'X
⇐===⇒ x 6 y.

?2R(¥I��)



 S'XÚ�S'X

 S8Ü(X ,6): Xþ'X÷v

(1)g�5: ∀ x ∈ X ==⇒ x 6 x

(2)�é¡5: x 6 y, y 6 x
∀x,y∈X

====⇒ x = y

(3)D45: x 6 y, y 6 z
∀x,y,z∈X

=====⇒ x 6 z

�S8Ü(X ,6) :�÷v

(4)�S5: ∀ x, y ∈ X ==⇒ x 6 y ½ y 6 x.
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4��Úþ.

4��(vk��): �(X ,6)´ S8, x0 ∈ X .

XJx0 6 y ∈ X =⇒ y = x0,@o¡x0´X���4��.

þ.µ �(X ,6)´ S8, E ⊂ X , x0 ∈ X .

XJ ∀ y ∈ E =⇒ y 6 x0 ,@o¡x0´E���þ..

?2R(¥I��)



ÀJún

ÀJún:

{Xα}α∈A , A , φ, Xα , φ =⇒
∏
α∈A

Xα , φ.

Ù¥

∏
α∈A

Xα :=
{
f : A →

⋃
α∈A

Xα : f(α) ∈ Xα, ∀ α ∈ A
}
.

ÀJún�ZornÚn�d.

?2R(¥I��)



ÀJún(Y)

ÀJún:

{Xα}α∈A , A , φ, Xα , φ XαpØ��

=⇒ �3Y ⊂
⊔
α∈A

Xα : Y ∩ Xα´Õ:8, ∀α ∈ A .

8Ü �da �L�

Æ� �? ��

⊔
α∈A

Xα Xα Y

?2R(¥I��)



³(Äê, Cardinality)

X = {a1, · · · , an} =⇒ X�³ = ¯̄X = n

Def

¯̄X 6 ¯̄Y ⇐⇒ ∃ü�f : X → Y .

¯̄X > ¯̄Y ⇐⇒ ∃÷�f : X → Y .

¯̄X = ¯̄Y ⇐⇒ ∃V�f : X → Y .

?2R(¥I��)



û½5

¯̄X 6 ¯̄Y ⇐⇒ ¯̄Y > ¯̄X

=⇒: �∃ü�f : X → Y ,I��E÷�g : Y → X

½Â g|f(X) = f−1, g|Y\f(X) = x0.

⇐=: �∃÷�g : Y → X ,I��Eü�f : X → Y .

(ÀJún)∃ Z ⊂
⊔
x∈X

g−1(x), Z ∩ g−1(x)´Õ:8

½Â f : X −→ Y

x 7−→ Z ∩ g−1(x)¥�Õ:

?2R(¥I��)



³´�S'X

(2X , ⊂)´ S8

2X := X�¤kf8Ü�N

?2R(¥I��)



³´�S'X

¼êÀ�8Ü: f = Graph f

f : X −→ Y , Graph f = {(x, f(x)) ⊂ X × Y }

8ÜØ ¼êØ

A χA

Graphf f

8Ü��¹'X( S) ¼ê�òÿ

?2R(¥I��)



³´�S'X(Y)

∀8ÜX ,Y =⇒ ¯̄X 6 ¯̄Y ½ö ¯̄Y 6 ¯̄X .

ZornÚn¦^�~µ­S­�!��?º!�Ú�UnÚ½"

ÚÚÚ½½½���µ�E S8"

Γ :=
{
f : A −→ Y | f´ü�,A ⊂ X

}
⊂ 2X×Y

ZornÚn
=============⇒
Γ,∅,(Γ,⊂)´ S8

Γäk4�� f : A −→ f(A) V�.

?2R(¥I��)



³´�S'X(Y)

ÚÚÚ½½½���µäó4��¦�(Ø¤á"

äó: A = X ½ö f(A) = Y .

däó��Ñf : X −→ Y ´ü�½f : A −→ Y´÷�.

ÚÚÚ½½½nnnµ|^�y{y²äó"

�y{: b�äóØ¤á,K�3Nì

f : A t {x0} −→ f(A) t {y0}

x0 7−→ y0

�f´4��gñ
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P.13 11, 2, 3K
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�!Ì�SN

Ch3�ÿ¼ê

�ÿ¼ê

�ÿ¼ê'u$��µ45
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Ch2ÚCh3'X:J,

8ÜØ A�¼ê�¼êØ ¼êØ

A = χA f = (χA ,+, ·, lim)

�ÿ8 = �ÿ¼ê �ÿ¼ê

m(A) =
∫
Rn
χA (x) dm(x)

∫
Rn

f(x) dm(x)

ÿÝ È© È©

Ch2 Ch3
?2R(¥I��)



¢©Û¥��²: 5gÿÝ����ê5�

ÿÝØ¥��²:

m(E1) −m(E2) = (+∞) − (+∞)Ã¿Â.

(�ÿÝ~{�$�I�;m��²)

È©Ø¥��²:

∫
Rn

χE1
(x)dx −

∫
Rn

χE2
(x)dx = (+∞) − (+∞)Ã¿Â.

(�ÿ¼ê=(χA ,+, ·, lim))�UØ�È,I�GØ�²,�)�Èfa)

?2R(¥I��)



�ÿ¼êå


­>F/¡È�í2¥,éy¶?1©�,�Kk.¼ê�¤
�­>F/¡Èk½Â�cJ^�´¼ê�ÿ. ù
uvk
�r�U�ºf5½ÂÿÝ.

­>F/¡È´�kÎÒ�¡È,3¢¶þ���,ÄK�
K.�
;m+∞− (+∞)�²,I�ò�ÿ¼êa ���
È¼êa.

3Ä�nØ¥,�ÿ¼ê´�ëY¼ê/ �Ó�¼êa§
©Oäáu¢©ÛÚ:8ÿÀ.2Â¢��ÿ¼êaéu�
êÚ4�$�µ4. �È¼ê�N�¤Banach�m.
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�ÿ¼ê

Ä��ÿ¼ê

f : (X , ΓX ) −→ (Y , ΓY )�ÿ
def
⇐==⇒ f−1(ΓY ) ⊂ ΓX

(�ÿ8���´�ÿ8)

Ä�ëY¼ê

f : (X , τ(X)) −→ (Y , τ(Y))ëY
def
⇐==⇒ f−1(τ(Y)) ⊂ τ(X)

(m8���´m8)
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�ÿ¼ê�d�x

�ÿ¼ê|^)¤��x

f : (X , ΓX ) −→ (Y , ΓY )�ÿ ⇐==⇒ f−1(F ) ⊂ ΓX , σ(F ) = ΓY .

()¤�8ÜF¥�ÿ8����ÿ)

y²: Γ := {E ∈ ΓY : f−1(E) ⊂ ΓX }

F ⊂ Γ, Γ´σ�ê =⇒ ΓY ⊂ Γ

?2R(¥I��)



~K

�3[0, 1]«m�Ó�,Ø÷v: �ÿ8���´�ÿ8.

�[0, 1]î�üN�Ó�:

f :=
1
2

(Cantor¼ê+ð�¼ê).

[0, 1]�¿©:

[0, 1] = C t
∞⊔

n=1

2n−1⊔
k=1

In,k , |In,k | =
1
3n

f [0, 1] = f(C) t
∞⊔

n=1

2n−1⊔
k=1

f(In,k ), f [0, 1] = [0, 1].
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Y

3m«mIn,kþ:

f |In,k
Cantor¼ê�~ê

================
��uIn,k

1
2
~ê+

1
2
ð�

∣∣∣∣∣
In,k

=²£+
1
2
� .

=⇒ m(f(In,k )) =
1
2

m(In,k ), m(f(
∞⊔

n=1

2n−1⊔
k=1

In,k )) =
1
2
.

=⇒ m(f(C)) =
1
2
.
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Y

m(f(C)) > 0 =====⇒ �3Ø�ÿ8W ⊂ f(C)

g := f−1, Z := g(W) ⊂ g(f(C)) = C.

Lebesgue�ÿ8Z���g−1(Z) = WØ´Lebesgue8.

5Pµ "ÿ8ZØ´Borel8. (ÄKW = g−1(Z) ∈ L (R))
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Lebesgue�ÿ¼ê

�E´Rn þ�ÿ8.

L (E) := L (Rn) ∩ E = EþLebegue σ�ê.

f : E −→ R Lebesgue�ÿ:

f : (E,L (E)) −→ (R,B(R))�ÿ.

��R¥,%@�σ�ê´Borelσ�êB(R).
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Borel σ�ê

Borel σ�ê´ÿÀÆÚÿÝØ�xù,o�ëYÚ�ÿ.

ëY7�ÿ

8Ü��ÿÚ¼ê��ÿ�NA = χA .

?2R(¥I��)



Borel σ�ê)¤�

Borel σ�ê�)¤

B(R) = σ(τ(R))

= σ
{
(a,+∞) : a ∈ R

}
= σ

{
[a,+∞) : a ∈ R

}
= σ

{
[a, b) : a < b , a, b ∈ R

}
.

5¿: (a, b) =
∞⋃

n=1
(R \ (b − 1

n ,+∞)) ∩ (a,+∞).
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Lebesgue�ÿ�OOK

Lebesgue�ÿ¼ê�OOK.

f : E −→ R Lebesgue�ÿ

= m8����ÿ

= m�m��(a,+∞)����ÿ

= �m�4k.«m[a, b)����ÿ.
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Lebesgue�ÿ¼ê�È©=RiemannÈ©+ÿÝØ

Lebesgue�ÿ¼ê�È©

∫ b

a
f(x)dm(x)

06f<M
=====

∫ M

0
m(f−1[y,+∞)) ↓ dy.
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R�Lebesgue�ÿ¼ê

*¿¢¶R = [−∞,+∞].

L (E,R) := �ÿ8EþLebesgue�ÿ¼ê�N

L (E) = L (E,R) := �ÿ8EþR�Lebesgue�ÿ¼ê�N.
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R�Lebesgue�ÿ¼ê(Y)

ïÄR�Lebesgue�ÿ¼ê�nd.

L (E,R)'uþ!e4�$�µ4,'L (E,R)äk`�5.

òa.e.��À�ð��

L1(E,R) = L1(E,R).
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*¿¢¶�À�4«m

*¿¢¶�4«m�V�éA:

Φ : R −→ [−
π

2
,
π

2
]

x 7−→ arctan x

aqü:;z
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*¿¢¶�ål

R´Ýþ�m:

ål.£(Φ´�å)

dist(x, y) := |Φ(x) − Φ(y)|.
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*¿¢¶�ÿÀ

R´Ýþ�m: m8.£(Φ´Ó�),

[− π2 ,
π
2 ]�f�mÿÀ

(X , τ)´ÿÀ�m
E⊂X

=========⇒
f�mÿÀ

(E, τ|E)´ÿÀ�m.

R´;8,aqü:;z.

R¥�ÿÀ:

τ(R) =d(a, b), (a,+∞], [−∞, b))¤.
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*¿¢ê�Borel σ�ê

*¿¢ê�Borel σ�ê.

B(R) = σ(τ(R))

= σ{(a,+∞] : a ∈ R}

= σ{[a,+∞] : a ∈ R}

= {A t B : A ∈ B(R), B = ∅, {+∞}, {−∞}, {+∞,−∞}}
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*¿¢��Lebesgue�ÿ¼ê

*¿¢�Lebesgue�ÿ¼ê�OOK.

f : E −→ R Lebesgue�ÿ

⇐⇒ f : (E,L (E) −→ (R,B(R) Lebesgue�ÿ

⇐⇒ m8����ÿ, {+∞}, {−∞}����ÿ

⇐⇒ m�m������ÿ, {+∞}, {−∞}����ÿ

⇐⇒ �m�4k.«m����ÿ, {+∞}, {−∞}����ÿ
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û½5:

û½5:

¢�¼êf : E −→ R�g,/À�*¿¢�¼êf : E −→ R

üö�ÿ5��.
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�ÿ'uEÜ$��µ45

EÜ$�:

f ∈ C(Rn), g : Rm −→ Rn�ÿ =⇒ f ◦ g�ÿ.

y: ∀m8G ⊂ R =⇒ (f ◦ g)−1(G) = g−1(f−1(G))�ÿ.
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�ÿ'u�ê$��µ45

�¦È:

f , g : E −→ R�ÿ =⇒ (f , g) : E −→ R2�ÿ

y: PF = (f , g),K

F−1([a1, b1) × [a2, b2)) = f−1([a1, b1)) ∩ g−1([a2, b2))�ÿ.
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�ÿ'u�ê$��µ45Y

\{!ê¦: f , g : E −→ R�ÿ =⇒ f + g, λf f · g�ÿ.

y: -

F : E −→ R2, F = (f , g)

h : R2 −→ R, h(x, y) = x + y

=====⇒ h ◦ F(x) = f(x) + g(x)�ÿ.
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�ÿ'u4�$��µ45

4�$�:

fk ∈ L (E,R) =⇒ sup
k∈N

fk , inf
k∈N

fk , lim
k→∞

fk , lim
k→∞

fk ∈ L (E,R).

y: -g = sup
k∈N

fk ,K

g−1(a,+∞] =
∞⋃

k=1

f−1
k (a,+∞] =⇒ g�ÿ.

f , g ∈ L (E,R) =⇒ max{f , g}, min{f , g}, f+, f−, |f | ∈ L (E,R).
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"ÿ8��^

"ÿ838ÜØ¥å���z��^:

Lebesgue�ÿ8=Borel8±"ÿ8.

"ÿ83¼êØ¥ØK��ÿ5!�È5!È©�.

f ∈ L (E,R)
fa.e.
= g

⇐=====⇒ g ∈ L (E,R).

È©Ø¥Ã{«O"ÿ8:

ü�¼ê3?¿8ÜþÈ©�Ó⇐⇒§�A�??��.

È©Ø¥�9���´A�??��.

,5�a.e.¤á⇐⇒Ø���"ÿ8¤á.
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A�??Âñ

L (E,R)'ua.e.Âñµ4.

y²: �fk ∈ L (E,R), fk
a.e.
−→ f .

=⇒ m(E \ A) = 0, Ù¥A = {x ∈ E : lim fk (x) = f(x)}

=⇒ fk ∈ L (E \ A ,R) fk ∈ L (A ,R)

=⇒ f ∈ L (E \ A ,R), f ∈ L (A ,R)

=⇒ f ∈ L (E,R).
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�ÿ5´ÛÜ5�(��ëY5�í2)

�ÿ´ÛÜ5�

f ∈ L (E,R)

E=
∞⋃

k=1
Ek , Ek�ÿ

⇐==========⇒ f |Ek ∈ L (Ek ,R), ∀ k ∈ N.

y²: f−1(a,∞] =
⋃

k∈N
( f |Ek )−1(a,∞].

?2R(¥I��)



Ø�ÿ¼ê

ýé�ÿ;�ÿ

~X: χW − χWc , WØ�ÿ.

�ÿ'uØ�ê�þ(.Ø2µ4.

~X: χW = sup
x∈W

χ
{x}, WØ�ÿ.

(�Ï:�ÿ=é��¿��µ4)

�ÿ'uEÜ$�Øµ4.

g−1 = f =
1
2

(Cantor+ð�), Ø�ÿW ⊂ f(C), g(W) = Z"ÿ8

K χZ ◦ gØ�ÿµ (χZ ◦ g)−1({1}) = g−1 ◦ χ−1
Z

({1}) = W
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��

P107 11§6K

P126 12§3K
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¢©Û(H),110g�

?2R(¥I��)

2022-3-25
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�!Ì�SN

�ÿ¼ê(�

n«Âñ5

(A�??Âñ, A���Âñ, ±ÿÝÂñ)
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SN�:�ÿ¼ê(�

£�PÒ: E ⊂ Rn�ÿ.

L (E) �ÿ R�

L +(E) �K�ÿ R

S(E) {ü�ÿ R

S+(E) �K{ü�ÿ R
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{ü�ÿ¼ê(�

Nyéy¶©�: �LebesgueÈ©��
)�¼ê.

{ü�ÿ¼ê(�:

S(E) = {f : E −→ R�ÿ | Range f´k�8 }

= 〈χA ,+, ·〉
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{ü�ÿ¼êIOL«

f ∈ S(E)IOL«:

f(x) =
m∑

k=1

akχEk
(x).

Ù¥

Rangef = {a1, · · · , am},

E =
m⊔

k=1

Ek , Ek = f−1(ak ).

IOL«¥,3z:?,¦Ú��õ�k���"

�IOL«~f: χ
[0,1] = χ

[0,1/2] + χ
(1/2,1].
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�ÿ¼êÚ{ü¼ê�éX

XÛò�ÿ¼êL��{ü¼ê��4�:
χA + (+, ·, lim)?

�Y: {ü¼ê�A:´��k�.�dI�XeÃã:

éy¶�?�©), °[z+%C

Strategy: ¿©=%C=z��"=4�g�=ÓRiemann

?2R(¥I��)



�K�ÿ¼ê(�

{ü�ÿ¼ê(�: f ∈ L +(E)

[0,+∞]
y¶1kg�?�¿©
==================
��¿©�Ý2−k

22k⊔
j=1

[
j − 1
2k

,
j

2k
)
⊔

[2k ,+∞].

E = f−1[0,+∞] ==========
½Â�¿©

22k⊔
j=1

f−1[
j − 1
2k

,
j

2k
)
⊔

f−1[2k ,+∞].
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�K�ÿ¼ê(�Y

3y¶�z��?�«m

j − 1
2k
6 y <

j
2k

(j = 1, 2, . . . , 22k )

10g�?�¿©: «m�Ý=1

11g�?�¿©: «m�Ý=c�g���= 1
2

12g�?�¿©: «m�Ý=c�g���= 1
22 etc.

3y¶��?��{«m

2k 6 y 6 ∞.

¼ê~�z,�����.

k��k�«m)ä§�«m�ÝÂ 
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�K�ÿ¼ê(�Y

{ü¼ê�

fk (x) =


j − 1
2k

, if
j − 1
2k
6 f(x) <

j
2k

(j = 1, 2, . . . , 22k )

2k , if f(x) > 2k .

��Âñ��
:

3{x ∈ E : 0 6 f(x) < 2k }þ:

0 6 f(x) − fk (x) <
1
2k
.
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�K�ÿ¼ê(�Y

��ÛÜ~�z�)�{ü¼ê�

fk =
22k∑
j=1

j−1
2k χf−1[ j−1

2k ,
j

2k )
+ 2kχ

f−1[2k ,+∞]
↗ f

S+(E) L +(E)
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äN~f

f(x) = x, x ∈ R+

f0(x) =

 0, if x ∈ [0, 1)

1, if x > 1.

f1(x) =



0, if x ∈ [0, 1
2)

1
2 , if x ∈ [1

2 , 1)

1, if x ∈ [1, 3
2)

3
2 , if x ∈ [3

2 , 2)

2, if x > 2.

1kg�?�¿©: «m�Ý=c�g���= 1
2k

�����[2k ,+∞]
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¼ê��K¼ê'X

¼ê�ïÄ8(u�K¼ê,�K¼êïÄ´ïÄ¼ê�xù.

f =
1
2
(|f |+ f) −

1
2
(|f | − f) = f+ − f−, f± > 0

f = f+ − f− (z:?,¦Ú��õ�k���")

|f | = f+ + f−

f+ = f��Ü = max{f , 0} =�u"�Ü©"z,Ù§ØC

f− = f�KÜ = max{−f , 0} =�u"�Ü©"z,Ù§'u¢¶�ü
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�ÿ¼ê(�

�ÿ¼ê(�½n:

f ∈ L +(E) ⇐===⇒ ∃ fk ∈ S+(E), fk ↑ f

f ∈ L (E) ⇐===⇒ ∃ ϕk ∈ S(E), ϕk −→ f , |ϕk | ↑ |f |.
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�ÿ¼ê(�Y

y²: �f ∈ L (E),Kf± ∈ L (E),

∃ uk , vk ∈ S+(E) =⇒ uk ↑ f+, vk ↑ f−

=⇒ ϕk := uk − vk ∈ S(E), ϕk → f

∀x ∈ E =⇒ �ouk = 0�ovk = 0

=⇒ |ϕk | = uk + vk ↑ f+ + f− = |f |
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�ÿ¼ê(�

�ÿ¼ê��f©): (aquÐ�¼ê�TaylorÐm)

L (E) = 〈χA ,+, ·, lim〉A�ÿ

�ÿ¼êïÄ�oÜ­

χA

S+,L +

====⇒
+,·,lim

L (E).
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�ÿ¼êïÄ�ü��g

�ÿ¼ê: m8���´�ÿ8

�ÿ¼ê: �f�{ χA +�ê$�+4�$�.

�{� Ä� ïá�ÿÚëY�'X

�{� äN ¯K{z��f
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ÿÝØÚÈ©nØ'X

�à
Þ �à\°�

ÿÝØ È©nØ

8ÜØ ¼êØ

A�¼ê �ÿ¼ê(±A�¼ê�È7)

σ�ê �ÿ¼ê'u$�µ4

ÿÝ���\5 ��gS�d½n
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��Âñ5

{ü¼ê��%C�K�ÿ¼ê. (PÒL ∞=k.)

f ∈ L +(E)∩L ∞(E) =⇒ ∃ fk ∈ S+(E), fk ↑ f , fk ⇒ f .

;| {ü¼ê;��%C�K�ÿ¼ê: gk := fkχB(0,k)

f ∈ L +(E)∩L ∞(E) ==⇒ ∃ gk ∈ S+
c (E), gk ↑ f , gk

;��
⇒ f .

f ∈ L (E)∩L ∞(E) ==⇒ ∃ hk ∈ Sc(E), |hk | ↑ |f |, hk
;��
⇒ f .
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SN�

n«Âñ5

a.e. almost everywhere A�??Âñ

a.un. almost uniformly convergence A���Âñ

m measure ±ÿÝÂñ

PÒ:
[|fn − f | > ε] def

====== {x ∈ E : |fn(x) − f(x)| > ε}
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n«Âñ5

�E ∈ L (Rn), fn, f ∈ L (E,R).

fn
a.e.
−−−→ f ⇐===⇒ m[fn 9 f ] = 0;

fn
a.un
−−−→ f ⇐===⇒ ∀ ε > 0, ∃�ÿEε ⊂ E :

m(Eε) < ε, fn
onE\Eε
⇒ f ;

fn
m
−−→ f ⇐===⇒ ∀ ε > 0, lim

k→∞
m[|fk − f | > ε] = 0.

(ÿÝ�x�8Ü)
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n«Âñ5��*¹Â

A�??Âñ´Ø���"ÿ8�:�Âñ.

A���Âñ`²����?¿�ÿÝ8���Âñ.

±ÿÝÂñØ´:�Âñ,§`²fk �lf�:8´�ÿÝ
8,�ØØT8Ü� �.
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^ØÂñ:8���,�ÑÂñOK

^εL«�l§Ý

a, b�l ⇐===⇒ |a − b | > ε
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n«Âñ��ÿÝÂñ.��x

Ã¡õ��lf�´"ÿ8.

fk
a.e.
−−−→ f ⇐===⇒ ∀ ε > 0, m( lim

k→∞
[|fk − f | > ε]) = 0.

(#Nk��~	�)���lf�:8´�ÿÝ8.

fk
a.un
−−−→ f ⇐===⇒ ∀ ε > 0, lim

k→∞
m(

∞

∪
j=k

[|fj − f | > ε]) = 0.

�ÿÝ¿Â�lf´�ÿÝ8.

fk
m
−−→ f ⇐===⇒ ∀ ε > 0, lim

k→∞
m[|fk − f | > ε] = 0.
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PÁ�{

a.e. Ã¡õ��l "ÿ8

a.un. Øk���Ü���l �8Ü

m �ÿÝ�l �8Ü
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Y

y²: (1)ØÂñ:⇐⇒Ã¡õ��lf .

ØÂñ:8=
⋃
ε>0

lim
k→∞

[|fk − f | > ε].

(2a) fk
a.un
−−−→ f =====⇒ ∀ θ > 0, ∃ Eθ : m(Eθ) < θ,¦�

∀ ε > 0, ∃ j ∈ N, �k > j,

sup
x∈E\Eθ

|fk (x) − f(x)| < ε

=====⇒
∞

∪
k=j

[|fk − f | > ε] ⊂ Eθ ���l´�8Ü

=====⇒ lim
j→∞

m(
∞

∪
k=j

[|fk − f | > ε]) 6 θ
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Y2

(2b) : ∀�½k ∈ N, lim
n→∞

m(
∞⋃

j=n

[|fj − f | >
1
2k

]) = 0

=⇒ ∀ θ > 0, ∃ n = n(k) ∈ N : m(
∞⋃

j=n(k)

[|fi − f | >
1
2k

]) 6
θ

2k

=====⇒-Ec
θ :=

∞⋃
k=1

∞⋃
j=n(k)

[|fi − f | >
1
2k

], m(Ec
θ ) < θ

=====⇒3Eθ =
∞⋂

k=1

∞⋂
j=n(k)

[|fi − f | <
1
2k

]þ, fi ⇒ f .
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n«Âñ�'X

fk
a.un
−−−→ f =====⇒ fk

a.e.
−−−→ f , fk

m
−−→ f .

fk
a.e.
−−−→ f

m(E)<+∞
⇐=====⇒ fk

a.un
−−−→ f .

fk
m
−−→ f ⇐===⇒ ∀f�,∃f�fnk

a.un
−−−→ f .
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Littlewoodn�n��

Theorem 1 (Egorov½n)

fk
a.e.
−−−→ f

m(E)<+∞
⇐=====⇒ fk

a.un
−−−→ f .

Littlewoodn�n��µ

[a, b]«mþ¼ê�Âñ⇐===⇒�Øõ��Âñ.
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Riesz½n

Theorem 2 (Riesz½n)

fk
m
−−→ f =====⇒ ∃f�fnk

a.e.
−−−→ f .

5P1: �ÿÝÂñ,4�7��.

(A�??��À�ð�,ÿÝÃ{©E"ÿ8)

5P2: 3k�ÿÝ8þ,3kf�a.e.Âñ¿Âe,n«Âñ�d.
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(Y) ,y²: fk
m
−−→ f ====⇒ ∀f�,∃f�fnk

a.un
−−−→ f ..

fk
m
−−→ f =======⇒ ∀ k ∈ N, lim

j→∞
m[|fj − f | >

1
2k

] = 0

=======⇒ éu?¿f�,∃f� : m[|fnk − f | >
1
2k

] 6
1
2k
.

Borel−Cantelli
==========⇒
BCÿÝk�

lim
s→∞

m
( ∞⋃

k=s

[|fnk − f | >
1
2k

]
)
= 0

∀ ε>0,∃ s0
=======⇒ Ec

ε :=
∞⋃

k=s0

[|fnk − f | >
1
2k

], m(Ec
ε ) < ε

=======⇒ fnk ⇒ f in Eε =
∞⋂

k=s0

[|fnk − f | <
1
2k

]

=======⇒ fnk

a. un.
−−−−−→ f

?2R(¥I��)



Y,y²: fk
m
−−→ f ⇐==== ∀f�,∃f�fnk

a.un
−−−→ f ..

y²:

fk
m
9 f ==⇒ ∃ ε0 > 0, lim

k→∞
m[|fk − f | > ε0] = δ0 > 0

==⇒ ∃f�{fkn } : m[|fkn − f | > ε0] >
δ0

2

==⇒ {fkn }Ø�¹a.unÂñf�.

?2R(¥I��)



A�??ÂñÚ�ÿÝÂñ´ÕáVg

A�??Âñ,��ÿÝÂñ.

E = (0,+∞)

χ
(n,n+1)

a.e.
−→ 0

χ
(n,n+1)

m
9 0

?2R(¥I��)



A�??ÂñÚ�ÿÝÂñ´ÕáVgY

�ÿÝÂñ,�A�??Âñ.

E = [0, 1]

fkr = χ
[ r−1

k , r
k )
, r = 1, . . . k , k ∈ N

{gk } := {f11, f21, f22, . . .}

gk
m
→ 0

gk
a.e.
9 0

?2R(¥I��)



A�??Âñv .s.�ÿÝÂñ

a.e. A�??Âñ :� "ÿ8

m ±ÿÝÂñ �:� �ÿÝ8

?2R(¥I��)



Borel-CantelliÚn

∞∑
n=1

m(An) < +∞ =====⇒ m( lim
k→∞

Ak ) = 0

⇐===⇒ lim
k→∞

m(
∞⋃

j=k

Aj) = 0

⇐===⇒ χAn

a.un
−−−→ 0

⇐===⇒ χAn

a.e.
−−−→ 0

=====⇒ χAn

m
−−→ 0

5P: lim
n→∞

m(An) = 0⇐===⇒ χAn

m
−−→ 0

?2R(¥I��)
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P119 11, 4K

P127 112K

P109 16, 7K
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¢©Û(H),111g�
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�!Ì�SN

±ÿÝCauchy

Lusin½n (Littlewoodn�n��)

?2R(¥I��)



£�: n«Âñ5

�E ∈ L (Rn), fn, f ∈ L (E,R).

fn
a.e.
−−−→ f ⇐===⇒ m[fn 9 f ] = 0;

fn
a.un
−−−→ f ⇐===⇒ ∀ ε > 0, ∃�ÿEε ⊂ E :

m(Eε) < ε, fn
onE\Eε
⇒ f ;

fn
m
−−→ f ⇐===⇒ ∀ ε > 0, lim

k→∞
m[|fk − f | > ε] = 0.

?2R(¥I��)



n«Âñ��ÿÝÂñ.��x

Ã¡õ��lf�´"ÿ8.

fk
a.e.
−−−→ f ⇐===⇒ ∀ ε > 0, m( lim

k→∞
[|fk − f | > ε]) = 0.

Øk��	���lf�´�ÿÝ8.

fk
a.un
−−−→ f ⇐===⇒ ∀ ε > 0, lim

k→∞
m(

∞

∪
j=k

[|fj − f | > ε]) = 0.

�ÿÝ¿Â�lf´�ÿÝ8.

fk
m
−−→ f ⇐===⇒ ∀ ε > 0, lim

k→∞
m[|fk − f | > ε] = 0.

?2R(¥I��)



�ÿÝCauchy

E ⊂ Rn�ÿ. fk ∈ L (E,R), ∀ k ∈ N.

{fk }∞k=1�ÿÝCauchy ⇐===⇒ {fk }∞k=1�ÿÝÂñ.

{fk }∞k=1�ÿÝCauchy,=

∀ ε > 0, lim
i,k→∞

m[|fi − fk | > ε] = 0.

?2R(¥I��)



�ÿÝCauchyY

y²: {fk }∞k=1�ÿÝCauchy,=

∀ ε > 0, lim
i,k→∞

m[|fi − fk | > ε] = 0.

8BÀ�f�gj = fnj :

m[|gj − gj+1| >
1
2j
] 6

1
2j
, ∀ j ∈ N.

j = 1�,�À�g1, g2,Ù¥g1�½, g2 kÃ¡ÿÀ.

j = 2�,�À�g2, g3,Ù¥g2�½, g3 kÃ¡ÿÀ,

Xd�Ee�.

?2R(¥I��)



Y

Ej := [|gj − gj+1| >
1
2j
], Fk :=

∞

∪
j=k

Ej

Borel−Cantelli
========⇒

m(Ej)6
1
2j

m( lim
k→∞

Fk ) = lim
k→∞

m(Fk ) = 0.

?2R(¥I��)



Y

∀x ∈ Fc
k =

∞⋂
j=k

Ec
j =

∞⋂
j=k

[|gj − gj+1| <
1
2j
]

========⇒ |gj(x) − gi(x)| 6
i−1∑
s=j

|gs+1 − gs | 6
1

2j−1
(∀ i > j > k)

========⇒ 3Fc
kþ, {gj}Å:Cauchy, A���Âñ

========⇒ l
�ÿÝÂñ,�{fj}�ÿÝÂñ

?2R(¥I��)



Littlewoodn�n��

Lusin½n:

f : E −→ R�ÿ ⇐===⇒ ∀ε > 0, ∃48F ⊂ E :

m(E \ F) < ε, f |FëY.

?2R(¥I��)



5P

�m(E) < ∞�,��48F�;8K .

�m(E) = ∞�,Ø��48F�;8K .

~X E = Rn, m(K) < ∞.

ε��ØU��0. ~Xí2�Cantor8Ü�A�¼ê

(Ø¥�ëY¼ê��ØU?U�õ�ª.

~Xχ[0,1/2]��ü��,��[0, 1]��ÿ8Ü,Ø�U���
�~�õ�ª�Ó.

?2R(¥I��)



Lusin½n�¿©5

¿©5y²: �ÿ5´ÛÜ5�:

E =
∞⋃

n=1

Fn t Z , f |FnëY

m(E \ Fn) <
1
n
, 4Fn ⊂ E, m(Z) = 0

?2R(¥I��)



Lusin½n�7�5

7�5y²: ©o«�¹.

(1) f = χA :

dÿÝ��K5,��48F1 ⊂ A , F2 ⊂ Ac÷v

m(A \ F1) < ε/2, m(Ac \ F2) < ε/2 χA |F1
⊔

F2
ëY.

?2R(¥I��)



Y

(2) f{ü:

f =
m∑

j=1

cjχEj , Ej = f−1(cj).

�48Fj ⊂ Ej , m(Ej \ Fj) <
ε
2j , f |Fj ëY.

48F =
⋃
j

Fj , m(E \ F) < ε, f |F ëY.

?2R(¥I��)



Y

(3) fk.:

∃ϕk ∈ S(E), ϕk ⇒ f .

=====⇒ ∃48Fk ⊂ E : ϕk |Fk
ëY, m(Fc

k ) <
ε

2k

=====⇒ F :=
∞⋂

k=1

Fk , m(Fc) < ε, ϕk |F ⇒ f |FëY.

?2R(¥I��)



Y

(4) fÃ.:

g(x) =
f(x)

1 + |f(x)|
=⇒ (1 − |g(x)|)(1 + |f(x)|) = 1

f(x) =
g(x)

1 − |g(x)|

∃48F , g|FëY =⇒ f |FëY.

?2R(¥I��)



5P

�ÿ¼ê�=z�k.¼êïÄ:

T : L (E) −→ L ∞(E) V�

Tf(x) =
f(x)

1 + |f(x)|
T−1g(x) =

g(x)
1 − |g(x)|

(1 − |Tf(x)(x)|)(1 + |f(x)|) = 1, (1 + |T−1g(x)(x)|)(1 − |g(x)|) = 1

L ∞(E)�A:: A�¼ê)¤L ∞(E).

?2R(¥I��)



UrysohnÚn

UrysohnÚn:

K ⊂ G ⊂ Rn, K;, Gm

=====⇒ ∃ f ∈ Cc(R
n) : χK 6 f 6 χG .

?2R(¥I��)



UrysohnÚnY

y²: Ø��Gk. (ÄK�ÄG ∩ B(0, k)). �

f(x) =
dist(x,Gc)

dist(x,Gc) + dist(x,K)
.

5P: ��f ∈ C∞c (Rn) (|^òÈ).

?2R(¥I��)



PÒ

eIc eIb

;|8(�9½Â�,«¿Âek.) ��k.

?2R(¥I��)



Tietze*Ü½n

Tietze*Ü½n:

K
(;)
⊂ Rn =⇒ Cc(K)

(�å)
⊂ Cc(R

n).

K
(4)
⊂ Rn =⇒ Cb(K)

(�å)
⊂ Cb(R

n)

C(K) ⊂ C(Rn)

?2R(¥I��)



Lusin½n: �ÿ´ëY�fz

Theorem 1 (Lusin½n)

�f : E −→ R�ÿ,K

∀ ε > 0, ∃ g ∈ C(Rn), ∃48F ⊂ E :

m(E \ F) < ε, f |F = g|F .

f½Â�k. g ∈ Cc(R
n)

f��k. g ∈ Cb(R
n) �L∞�êØO\

?2R(¥I��)



�ÿ¼ê´ëY¼ê3A�??Âñ¿Âe�4�

Theorem 2 (�ÿ¼ê(�½n)

f ∈ L (E,R)
f :E−→R
⇐===⇒ ∃ gk ∈ C(Rn) : gk

a.e.
−−−−−−−−→

on E
f .

f½Â�k. gk ∈ Cc(R
n)

f��k. gk ∈ Cb(R
n)

5P1: �f��k.�, gk���k.,�L∞�êØO\.

5P2µ �f½Â�k.�, gk�| k..
?2R(¥I��)



Y

y²:

f�ÿ
Lusin
===⇒ ∃ gk ∈ C(Rn)

m[|f − gk | > 0] <
1
k
.

=⇒ gk
m
−−→ f

Riesz
===⇒ ∃ gkj

a.e.
−−−→ f

?2R(¥I��)



5P

L (E) = C(Rn) |E
a.e. lim

3;8[a, b]þ,3a.e.Âñe,õ�ª3L ([a, b],R)È�.

?2R(¥I��)



~K

f : R −→ R�\+ÛÜk.=⇒�5.

f : R −→ R�\+�ÿ=⇒�5.

?2R(¥I��)



ÿÝØ�)Kg´

Littlewoodn�n ÔÑ Ôâ

ÿÝ�K5 �ÿ8 m8

Lusin½n �ÿ¼ê ëY¼ê

Egorov½n Âñ¼ê� ��Âñ¼ê�

�ÿ8=mÝN+ lim+Caratheodory = Gδ \ Z = Fσ ∪ Z

�ÿ¼ê= χA + (+, ·, lim) =ëY+a.e. lim

?2R(¥I��)



~K

y²: f�ÿ
Lusin

=======⇒
f |[−1,1]�ÿ

∃;K ⊂ [−1, 1] : m(K) > 0, f |KëY

Tietze
=======⇒ f |KëY�ëY*Ü�Cc(R),��ëY.

Steinhaus
=======⇒ ∃[−δ0, δ0] ⊂ K − K :

|f(z)|
z=x−y
=====

x,y∈K
|f(x) − f(y)| ≤ M.

ÛÜk.
=======⇒ fëY.

?2R(¥I��)



Vg: 5a.e. ëY6,5�ëY¼êa.e.���¼ê6

(1) g a.e.
==== f ∈ C(R) ; g3Rþa.e.ëY.

(~X: g = χQ, f = 0)

(2) g3Rþa.e.ëY ; g a.e.
==== f ∈ C(R)

(~X:�F¼êg = χ
[0,+∞))

?2R(¥I��)



~K

�{ϕk }
∞
k=0´�Nknõ�ª, ϕ0 = 0, fk = ϕk − ϕk−1. K

∀ f ∈ L ([a, b],R),�3\)Ò��{¦�

f a.e.
==== (f1 + · · · fn1) + (fn1+1 + · · ·+ fn2) + · · · .

y²: �õ�ª�pk −→ f a.e. in [a, b].

�{ϕk }
∞
k=0f�ϕnk : |pk − ϕnk | <

1
k in [a, b], V\ϕn0 = ϕ0 = 0.

=⇒ f a.e.
==== lim

k→∞
ϕnk =

∞∑
k=0

(ϕnk+1−ϕnk ) = (f1+· · · fn1)+(fn1+1+· · ·+fn2)+· · · .

?2R(¥I��)



~K

�E ∈ L (Rn), m(E) < ∞ fk , f ∈ L (E,R), fk
a.e.
−−−→ f .

=⇒ ∃�ÿ8Ek ↑,∃"ÿ8Z : E = lim
k→∞

EktZ , fk ⇒ f in Ek

y²:

fk
a.e.
−−−→ f

Egorov
====⇒ ∃�ÿ8Ak , m(Ac

k ) <
1
k
, fk ⇒ f in Ak

=====⇒ Ek :=
k⋃

j=1

Aj ↑, Z = ( lim
k→∞

Ek )
c =

∞⋂
k=1

Ec
k ⊂

∞⋂
k=1

Ac
k

m(Z) = 0, fk ⇒ f in Ek

?2R(¥I��)



~K

~K

fn : [0, 1] −→ R�ÿ
∃ Cn>0

========⇒
fn(x)
Cn

a.e.
−→ 0.

?2R(¥I��)



~K

y²: lim
k→∞

m[|fn | > k ] = m[fn = ∞] = 0, ∀ n ∈ N

∃k(n)∈N
=====⇒ m[|fn | > k(n)] <

1
2n

Borel−C
=====⇒ m

(
lim

[∣∣∣∣∣∣ fn(x)Cn

∣∣∣∣∣∣ > 1
n

])
= 0 (Cn := nk(n))

=====⇒ ∀ ε > 0, m
(
lim

[∣∣∣∣∣∣ fn(x)Cn

∣∣∣∣∣∣ > ε
])

= 0

=====⇒
fn(x)
Cn

a.e.
−→ 0.

?2R(¥I��)
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�!Ì�SN

£�Littlewoodn�n

Ch4. LebesgueÈ©.

§1. È©½Â
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Littlewoodn�n

[a, b]z���ÿ8�Øõ´k��«m�¿.

z���ÿ¼ê�Øõ´ëY¼ê.

z��Å:Âñ��ÿ¼ê��Øõ´��Âñ¼ê�.

?2R(¥I��)



ÿÝ�K5

Theorem 1

∀ E ⊂ Rn,m(E) < ∞.K ∀ ε > 0, ∃ k��mÝNI1, . . . , Is :

m(E \
s⋃

k=1

Ik ) < ε, m(
s⋃

k=1

Ik \ E) < ε.

y²: Ø��E = G´m8,dÿÝ�K5�3;8K ⊂ G

m(G \ K) < ε.

G =
⋃
mÝN, K ⊂

⋃
k�

mÝN ⊂ G.

?2R(¥I��)



Lusin½n: �ÿ´ëY�fz

Theorem 2 (Lusin½n)

�f : E −→ R�ÿ,K

∀ ε > 0, ∃ g ∈ C(Rn), ∃48F ⊂ E :

m(E \ F) < ε, f |F = g|F .

f½Â�k. g∈Cc(Rn)

f��k. g ∈ Cb(Rn) �L∞�êØO\

?2R(¥I��)



Egorov½n

Theorem 3 (Egorov½n)

fk
a.e.
−−−→ f

m(E)<+∞
⇐=====⇒ fk

a.un
−−−→ f

⇐=====⇒ ∀ ε > 0,∃Eε ⊂ E : m(Eε) < ε, fn
onE\Eε
⇒ f ;

?2R(¥I��)



£�: PÒ

E ⊂ Rn�ÿ.

S+ S+(E) �K{ü�ÿ R�

L + L +(E) �K�ÿ R�

L 1 L 1(E) �È R� (��R�)

?2R(¥I��)



È©½Â

IOoÚ:

χA
S+,L +

−−−−−−→ L 1

LebesgueÈ©PÒ:

∫
E

f(x)dx =

∫
E

f(x)dm(x) =

∫
E

f

n��g

R =⇒ Rn =⇒ (X , Γ, dµ)

?2R(¥I��)



È©½ÂoÜ­

(1): ¡È=�×°�í2:

∫
E
χA := m(A)

(2): �55��¦:

∫
E

k∑
j=1

cjχEj
:

f =
k∑

j=1
cjχEj

∈ S+

===============
IOL«

k∑
j=1

cjm(Ej).

?2R(¥I��)



5P

5P1µ �½:

0 · ∞ = 0.

(° = 0 =⇒¡È = 0)

5P2µ LebesgueÈ©¿©��=⇒1�Ú!1�Ú¤á.

5P3µ LebesgueÈ©AÛ¿Â
fe�ã/¡È

===========⇒
p=cj ,°=m(Ej)

1�Úû½.

?2R(¥I��)



Y

(3)üNÂñ½ni\�È©½Â:

∫
E

f :
S+3ϕk↑f∈L +

========= lim
k→∞

∫
E
ϕk

?2R(¥I��)



Y

5P: T½Âg,:

|^�ÿ¼ê�oÜ­,ÏL�55ÚüNÂñ½ÂÈ©

χA
+,·,lim
−−−−−→ L 1

=⇒

∫
E

f =

∫
E
χA + (+, ·, lim)

?2R(¥I��)



Y

5P: I�y²û½5:

∫
E

f �y===== sup
S+3ϕ6f

∫
E
ϕ.

?2R(¥I��)



Y

(4) ���/:

∫
E

f :
f=f+−f−

======
f�ÿ

∫
E

f+ −
∫

E
f−.

5P: �²:

+∞− (+∞)

?2R(¥I��)



Y

f ∈ L 1(E)
def
⇐==⇒ f± ∈ L +(E)∩L 1(E)⇐⇒ |f | ∈ L 1(E)⇐⇒

∫
E
|f | < +∞.

f3EþÈ©�3(k½Â)
def
⇐==⇒ f±�� ∈ L 1(E)⇐⇒

∫
E

f ∈ R

?2R(¥I��)



5P

Ø´¤k8ÜÑU½ÂÿÝ:

�é�ÿ8.

Ø´¤k¼êÑU½ÂÈ©:

�é�ÿA�¼ê��êÚ4�$����¼ê

Ø´¤k�ÿ¼êÑU½ÂÈ©:

I�;m(+∞) − (+∞)�².

Ø´¤k�½ÂÈ©�¼êÑ�È

?2R(¥I��)



ü«È©��O

RiemannÈ© LebesgueÈ©

�ýéÂñ�È©nØ ýéÂñ�È©nØ

Ø·^up� ·^up�

��gS^��� ��gS^��f

��� ��

Û�5 º�
È©�Ã�,Ú�
lÑÚëY
?2R(¥I��)



È©û½5: Ø�6uϕk�À�

S+5�: �!o´b�f , g, fk , gk ∈ S+.

(1)�5: È©��Nì´�5Nì∫
E

(αf + βg) = α

∫
E

f + β

∫
E

g

(��éA�¼ê�y: 8(uÈ©�½ÂÚÿÝØ)

?2R(¥I��)



È©û½5: Ø�6uϕk�À�

(2)üN5: È©��Nì�S

f 6 g =⇒

∫
E

f 6
∫

E
g.

(��éA�¼ê�y: 8(uÿÝ�üN5)

?2R(¥I��)



È©û½5: Ø�6uϕk�À�

(3)�È5�O: f ∈ L 1 f∈S+

⇐==⇒ m[f > 0] < +∞.

y²: b�f ∈ S+���"�:

0 < a1 < a2 < · · · < ak .

=====⇒ a1χ[f>0] 6 f |[f>0] 6 akχ[f>0].

?2R(¥I��)



È©û½5(Y)

(4)üNÂñ: (òÿÝ·KdA = χAí2�S+)

(4a) fn ↓ f , f1 ∈ L 1 S+µeS
=======⇒

∫
E fn ↓

∫
E f .

(4b) fn ↑ f
S+µeS

=======⇒
∫

E fn ↑
∫

E f .

(4c) fn ↑, gn ↑, lim fn 6 lim gn
S+µeS

=======⇒ lim
∫

E fn 6 lim
∫

E gn.

?2R(¥I��)



È©û½5(Y)

y²: (4a) S+ ∩L 1 3 fn ↓ 0.

∀ ε > 0, fn 6 Mχ[fn>ε] + εχ[0<fn6ε]

M = max f1, [0 < fn 6 ε] ⊂ [f1 > 0]

0 6 lim
∫

E
fn 6 εm[f1 > 0].

?2R(¥I��)



È©û½5(Y2)

y²: (4b) �/1 f ∈ L 1:

f − fn ↓ 0
(4a)

==⇒

∫
E

f − fn ↓ 0.

�/2 f < L 1:

f < L 1 (3)
===⇒
f∈S+

∃a > 0, m[f > a] = +∞

fn >
a
2
χ[fn> a

2 ]

(2)
==⇒

∫
E

fn ≥
a
2

m[fn >
a
2

] = +∞.

?2R(¥I��)



È©û½5(Y3)

(4c) fn ↑, gn ↑, lim fn 6 lim gn
S+µeS

========⇒ lim
∫

E fn 6 lim
∫

E gn.

(5¿d�Ø�¦lim fn ∈ S+, lim gn ∈ S+)

(4c) minz�: ?nV�IE|

∀�½m, min{gn, fm} ↑ fm.

lim
n→∞

∫
E

gn > lim
n→∞

∫
E

min{gn, fm}
(4b)

====

∫
E

fm.
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È©û½5

5P: È©�û½55gu(4c).
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È©��d½Â

f ∈ L +(E) =====⇒

∫
E

f = sup
S+3ϕ6f

∫
E
ϕ
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È©��d½Â

y²:
∫

E
f

S+3ϕk↑f∈L +

=========
def

lim
k→∞

∫
E
ϕk

6 sup
S+3ϕ6f

∫
E
ϕ

∃S+3ψk6f
======== lim

k→∞

∫
E
ψk

�½S+3fk↑f
6 lim

k→∞

∫
E

max{ψ1, ψ2, · · · , ψk , fk }︸                        ︷︷                        ︸
∈ [fk , f ]

↑

def
===

∫
E

f
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~K

�C´[0, 1]«mn�©Cantor8,

f(x) =


0, if x ∈ C

1
n
, if x ∈1ng�K���3−n�«m.

O�

∫ 1

0
f(x)dx.

?2R(¥I��)



~KY

): [0, 1] = C t
∞⊔

n=1

2n−1⊔
k=1

In,k , |In,k | =
1
3n

f(x) =
∞∑

n=1

2n−1∑
k=1

1
n
χIn,k

(x)

∫ 1

0
f(x)dx =

∞∑
n=1

2n−1∑
k=1

1
n

1
3n =

∞∑
n=1

1
n

2n−1

3n = ln
√

3
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LebesgueÈ©=RiemannÈ©+ÿÝØ

∫
E

f(x)dx f∈L+∩L∞
=======

E=[a,b]
lim
||π||→0

n∑
i=1

m(f−1[yi−1, yi))yi−1

===== lim
||π||→0

n∑
i=1

(
m(f−1[yi−1,+∞)) −m(f−1[yi ,+∞))

)
yi−1

===== lim
||π||→0

n∑
i=1

m(f−1[yi ,+∞))(yi − yi−1)

=====

∫ +∞

0
m(f−1[y,+∞)) ↓ dy

?2R(¥I��)



d��{wÈ©��sL«

∫
E

f(x)dx È©��sL«
==============

f�Kk.�ÿ

∫ +∞

0
m(f−1[t ,+∞)) ↓ dt
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d��{wÈ©��sL«

fã/e��Y²�¡:

{(x, t0) : x ∈ E, 0 6 t0 6 f(x)}, Ù¥t0 ∈ [0,∞)�½.

T8Ü���ÿÝ:

m({x : x ∈ E, 0 6 t0 6 f(x)}) = m(f−1[t0,+∞))

f�ã/�e� uü^��y = tÚy = t + dt�m�¡È

m(f−1[t ,+∞))dt

|^��{, f�ã/�e��¡È�∫ +∞

0
m(f−1[t ,+∞))dt
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~K

�f ∈ L +([a, b],R)K

f ∈ L 1[a, b]
üN~¼êRiemann�È5
⇐====================⇒

∞∑
k=0

m[f > k ] < +∞.
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�!Ì�SN

È©�5�:

(�RiemannÈ©�q)

'uýéëYÿÝ�È©

(È©�ÿÝØ¡8)

��gS�o��d½n

(��gS½n´¢©Û��Ù§Æ��­�>�)

?2R(¥I��)



LebesgueÈ©½Â£�

E ⊂ Rn�ÿ.

S+ = S+(E,R) �K{ü�ÿ

L + = L +(E,R) �K�ÿ

L 1 = L 1(E,R) �È

?2R(¥I��)



LebesgueÈ©½Â£�

ÿÝØ ‖ È©Ø

ÿÝØ È©Ø

χA

J,
⇐=====⇒
��

L 1 ∪L +

ÿÝ σ�\5 ��gSo�½n

ÿÝØÚÈ©Ø´�Nü¡,ØU©�é�.

?2R(¥I��)



Y

5P:lA�¼êïE�È¼ê,I�n«(�:

�þ�m(�,ÿÀ(�,S(�.

∫
E
χA := m(A),

∫
E

f :
S+3ϕk↑f∈L +

========= lim
k→∞

∫
E
ϕk == sup

S+3ϕ6f

∫
E
ϕ.

∫
E

f : f ∈ L
============
f+ or f− ∈ L 1

∫
E

f+ −
∫

E
f−, f± =

|f | ± f
2

f ∈ L 1(E)⇐==⇒ f± ∈ L 1(E)⇐⇒ |f | ∈ L 1(E)⇐⇒

∫
E
|f | < ∞.
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È©5�

(1)�5: f , g ∈ L 1(E), α, β ∈ R.∫
E
(αf + βg) = α

∫
E

f + β

∫
E

g

y²: S+(E)5�
↑lim
==⇒ L +(E)5�.

L +(E)5�
f=f+−f1

=====⇒ L 1(E)5�.

−f = f− − f+
È©½Â
=======⇒

∫
E
−f = −

∫
E

f .
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È©5�

f+ − f− + g+ − g− = f + g = (f + g)+ − (f + g)−

£�
====⇒ f+ + g+ + (f + g)− = f− + g− + (f + g)+

È©
====⇒

∫
E

f+ +

∫
E

g+ +

∫
E
(f + g)− =

∫
E

f− +
∫

E
g− +

∫
E
(f + g)+

£�
====⇒

∫
E

f +
∫

E
g =

∫
E
(f + g)

?2R(¥I��)



Y

(2)üN5: f , g ∈ L 1(E)

f 6 g
Ø��f=0
========⇒

∫
E

f 6
∫

E
g.

(3)n�Ø�ª(È©Ú�
lÑÚëY):∣∣∣∣ ∫
E

f
∣∣∣∣ 6 ∫

E
|f |.

y²: −|f(x)| 6 f(x) 6 |f(x)|,È©=�.
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ýéëYÿÝ

ýéëYÿÝ: (Rn,L (Rn), µ)

µ(A)
f ∈ L +(E) ∩L 1(E)
=================

∫
A

fdm, ∀ A ⊂ E Lebesgue�ÿ

'uýéëYÿÝ�È©:

∫
E

gdµ =

∫
E

gfdm, ∀g ∈ L 1(E, dµ).
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ÿÝ�È©'X

5P1: ýéëYÿÝ�P�

dµ = fdm

5P2: dÿÝ�)È©�xù´A�¼ê:

µ(A) =

∫
A

fdm ⇐===⇒
∫

E
gdµ =

∫
E

gfdm Ù¥g = χA

ÿÝ´A�¼ê�È©

È©��­>F/�¡È´ÿÝ
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'uÿÝf dm�È©

A ⊂ E ⊂ Rn �ÿ, f : E −→ RÈ©�3. K

∫
E
χA fdm =

∫
A

fdm.
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'uÿÝf dm�È©úª�y²

y²: oÜ­:

(1) f´A�¼ê,8(uÿÝØ.

(2). (Ø�±í2�f ∈ S+�/.

(3). f ∈ L +�/�=z�f ∈ S+�/.

(4).
∫

E f∃,Ø��f+ ∈ L 1(E),Kf+ ∈ L 1(A).∫
A

f ===

∫
A

f+ −
∫

A
f−

(3)
===

∫
E

f+χA −

∫
E

f−χA =

∫
E

fχA .
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È©���\5

È©���\5.

∫
E

f =
∫

A
f +

∫
E\A

f

5P1: y²5guòÈ©�Üz�EþÈ©.

5P2: ù¢Sþ´ëYÿÝ�k��\5.

5P2: È©¦^
8�¤Ü!z��"�Ãã"

È©��¿©�)
z��"�
©E|
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"ÿ8��^(lÿÝØþ,�È©Ø)

�f : E −→ RÈ©�3, A ⊂ E ´"ÿ8. K

∫
E

f =
∫

E\A
f ,

∫
A

f = 0.

y²:
∫

A
f± 6

∫
A
|f | = sup

S+3ϕ6|f |

∫
A
ϕ = 0.
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"ÿ8��^Y

"ÿ8ØK�È©�35,�È5,È©�.

�f , g ∈ L (E), f a.e.
==== g. K

(1)
∫

E
f∃ ⇐⇒

∫
E

g∃.

(2) f ∈ L 1(E)⇐⇒ g ∈ L 1(E).

(3)
∫

E
f∃ =⇒

∫
E

f =
∫

E
g.
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�È¼êA�??k�

�f ∈ L 1(E) =⇒ |f | < ∞ a.e. in E.

y²: |f | > kχ
[|f |=+∞]

, ∀ k ∈ N

=⇒ +∞ >

∫
E
|f | > k m[|f | = +∞]

=⇒ m[|f | = +∞] = 0
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�½

�mL 1(E)¥��½: (Banach�m�I¦)

a.e.��À�ð�,

a.e. ÂñÀ�Âñ.

Ïd�È¼êÀ�ð�k��.

3þã�½e,ò�mP�L1(E).

L1(E)´Banach�m.

?2R(¥I��)



È©nØ�U3a.e.���g©E¼ê

�f ∈ L +(E)
⋃

L 1(E),K

f a.e.in E
====== 0 ⇐===⇒

∫
A

f = 0, ∀A ⊂ E�ÿ.

æ^È©Ãã,�O¼ê��.
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Y

y²: ¿©5. �y{:

m[f , 0] > 0 =⇒Ø��m[f > 0] > 0

[f>0]=
⋃
k
[f>1/k ]

=========⇒ ∃ε0 =
1
k0
, m[f > ε0] > 0

=========⇒

∫
[f>ε0]

f > ε0m[f > ε0] > 0
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È©��gS½n

e��dµ

ÿÝσ�\5

LeviüNÂñ½n

FatouÚn

Lebesgue��Âñ½n

Fubini½n

5P:��gS½n3L + ∪L 1�µeS.
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LeviüNÂñ½n↑

Theorem 1 (LeviüNÂñ½n)

L+(E) 3 fn ↑ f =⇒
∫

E
fn ↑

∫
E

f .
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üNÂñ¼ê����üN{ü¼ê�

S+ üNO\
−−−−−−−−−−−−−−−−−−−−−−−−−→

ϕ11 ϕ12 ϕ13 · · · −→ f1
ϕ21 ϕ22 ϕ23 · · · −→ f2
ϕ31 ϕ32 ϕ33 · · · −→ f3
· · ·

ϕm1 ϕm2 ϕm3 · · · −→ fm

· · ·
...

↓ (üNO\)

g1 g2 g3 · · · −→ f

−−−−−−−−−−−−−−−−−−−−−−−−−→
S+ üNO\

gj := max{ϕ1j , ϕ2j , · · · , ϕjj} 6 fj , gj ↑ f
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üN��z¼ê�~f

0 1 1 1 1 · · · −→ 1

0 0 1 1 1 · · · −→ 1

0 0 0 1 1 · · · −→ 1

0 0 0 0 1 · · · −→ 1

· · ·
...

↓

1
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üN��z¼ê�

­�5�:

gj := max{ϕ1j , ϕ2j , · · · , ϕjj}↑ f

y²: �½x,��Äf(x) ∈ R�/,,��/aq.

�½ε,À�k0 > m0:

f(x) − ε < ϕm0k0(x) 6 fm0(x) 6 f(x)

=⇒ f(x) − ε < ϕm0k0 6 gk0 6 fk0 6 f
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y²

L+(E) 3 fn ↑ f =⇒
∫

E
fn ↑

∫
E

f .

y²: �S+ 3 ϕkj ↑ fk , gj := max{ϕ1j , ϕ1j , · · · , ϕjj} 6 fj , gj ↑ f

∫
E

f = lim
∫

E
gj 6 lim

∫
E

fj 6
∫

E
f .
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LeviüNÂñ½n↓

Theorem 2 (LeviüNÂñ½n)

L +(E) ∩L 1(E) 3 fn ↓ f =⇒
∫

E
fn ↓

∫
E

f .
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LeviüNÂñ½n↓y²

y²: Ø��f1 ð�k��.

f1 − fn ↑ f1 − f =====⇒

∫
E

f1 − fn ↑
∫

E
f1 − f

fn∈L1

=====⇒

∫
E

fn ↓
∫

E
f .
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FatouÚn

Theorem 3 (FatouÚn)

fn ∈ L +(E) =⇒

∫
E

lim
n→∞

fn 6 lim
n→∞

∫
E

fn.

�~:

fn(x) =
|x |
n
, χ

(n,n+1)(x), nχ
(0, 1

n )
(x), x ∈ R
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Lebesgue��Âñ½n

Theorem 4 (Lebesgue��Âñ½n)

�fn ∈ L (E), |fn | 6 g ∈ L1. K

fn
a.e.
−−−→ f =====⇒ fn

L1

−−→ f ,
∫

E
fn −→

∫
E

f .

?2R(¥I��)



Lebesgue��Âñ½n�~

�~: Ã��Âñ^�e�¡È<º:

¡È÷Xx¶<º:

fn(x) = χ
(n,n+1)(x), x ∈ R

¡È÷Xy¶<º:

fn(x) = nχ
(0, 1

n )
(x), x ∈ R

ëY���¡È<º

fn(x) =
|x |
n
, x ∈ R
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�d½n�y²

LeviüNÂñ½n =⇒ FatouÚn:

∫
E

lim fn =

∫
E

lim
k→+∞

inf
n>k

fn
Levi
==== lim

k→+∞

∫
E

inf
n>k

fn 6 lim
k→+∞

∫
E

fk .
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Y

FatouÚn =⇒ Lebesgue��Âñ½n:

|fn | 6 g =⇒ 2g − |fn − f | ∈ L +

=⇒

∫
E

lim
n→+∞

(2g − |fn − f |) 6 lim
n→+∞

∫
E
(2g − |fn − f |)

=⇒ lim
n→+∞

∫
E
|fn − f | 6 0.

Ø�ªXÛ�)�ª?
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�dy²Y

Lebesgue��Âñ½n =⇒ LeviüNÂñ½n:

���Äf ∈ L + \L 1�/:

�S+ 3 ϕkj ↑ fk , gj := max{ϕ1j , ϕ1j , · · · , ϕjj} 6 fj , gj ↑ f

lim
∫

E
fj > lim

∫
E

gj =

∫
E

f = +∞.
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�!Ì�SN

Å�È©½n

¹ëCþÈ©
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£�È©nØ

È©nØ�°�:

éy¶©�=⇒ LebesgueÈ©=⇒Ä�È©nØ.

χA
+,·,lim
−−−−−→ L+ ∪ L1. (rNÿÝÚÈ©´�Nü¡)

È©nØ3�ÿ8!�ÿ¼êµeS.

��gS½nL+ ∪ L13µeS.
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O�v.s.(�

RiemannÈ© LebesgueÈ©

ý­O� ý­(�

�;nØAÚ ��êÆAÚ
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d��{wÈ©��sL«

Layer cake reprersentation: f ∈ L +(E) ∩L ∞(E).

∫
E

f(x)dx ===========

∫ +∞

0
m(f−1[t ,+∞)) ↓ dt
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­>F/�Y²8

�½t0 > 0.

(x, t0) ∈­>F/(f�ã/�e�)�Y²�¡

⇐===⇒ t0 6 f(x)

⇐===⇒ x ∈ f−1[t0,+∞)
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d��{wÈ©��sL«Y

f�ã/�e� uü^��y = tÚy = t + dt�m�¡È

m(f−1[t ,+∞))dt

|^��{, f�ã/�e��¡È�∫ +∞

0
m(f−1[t ,+∞))dt
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5P

RiemannÈ© LebesgueÈ©

�¡¡� �G�s
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5P

L1(E)´Banach�m,

L1(E)¥Âñ´a.e.Âñ, L1Âñ.

�È¼êØ��ð�k��.
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��È©gS�Ê��d½n

ÿÝ�σ�\5�du:

Levi L+ fn ↑ f
fn∈L+

===⇒
∫

fn ↑
∫

f

Fatou L+
∫

lim fn
fn∈L+

6 lim
∫

fn

Lebesgue L1 fn
a.e.
−−−→ f

|fn |6g∈L1

=====⇒
fn�ÿ

fn
L1

−−→ f ,
∫

fn −→
∫

f

Fubini L+ ∪ L1
∫
Rn+m f f∈L+∪L1

=======
∫
Rn

( ∫
Rm f(x, y)dm(y)

)
dm(x).
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��gS��d½n3L+ ∪ L1µeS

��gS��d½n3L+ ∪ L1µeS

Levi f ∈ L+

Lebesgue f ∈ L1

Fatou f ∈ L+

Fubini f ∈ L+ ∪ L1
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5P

�~:

fn(x) = χ
(n,n+1)(x), nχ

(0, 1
n )
(x),

|x |
n
, x ∈ R

FatouÚn“ < ”���(¡È�U<º�Ã¡).

Lebesgue��Âñ½n(¡ÈØ¬<º�Ã¡)
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Å�È©½n

Fubini½n�?ê/ª:

∫
E

∞∑
n=1

fn(x)dx
f(n, x) ∈ L+ ∪ L1(N × E)
====================

∞∑
n=1

∫
E

fn(x)dx.

fn(x) =: f(n, x) ∈ L1(N × E)
def
⇐==⇒

∞∑
n=1

∫
E
|f(n, x)|dx < ∞.
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Å�È©½n5P

L+�/,5güNÂñ½n.

L1�/,5g��Âñ½n.

L+�/:

üNÂñ½n�?ê/ª.

ÿÝσ�\5dA�¼ê��K�ÿ¼ê�í2

Fubini½n�?ê/ª.
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'uÈ©��σ�\5

È©'uÈ©��σ�\5.

∫
E

f
f∈L+(E)

============
E=

∞
t

k=1
Ek ,Ek�ÿ

∞∑
k=1

∫
Ek

f .
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5P

È©'uÈ©��σ�\5.

Fubini½n�?ê/ª

'uýéëYÿÝf dm�σ�\5.
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ýéëYÿÝ

ÿÝ�m(E,L (E), dµ)ÿÝ�m

f ∈ L + ∩L 1, dµ = fdm.

µ(E) =

∫
E

dµ =

∫
E

fdm.

∫
E

gdµ =

∫
E

gfdm, ∀g ∈ L 1(E, dµ).

5P:È©´ÿÝ(ýéëYÿÝ).

ÙÖ/: RiemannÈ©´­>F/�¡È.
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¹ëþÈ©nØ

¹ëþÈ©

Ð�¼ê
¹ëþÈ©
=========⇒�Ð�¼ê

5P:

Riemannµee�¹ëþÈ© ==⇒ Lebesgueµee�¹ëþÈ©

5P: lÑ
��gS��d½n
================⇒ ëY
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¹ëþÈ©nØ:ëY5

¹ëþÈ©�ëY5:

f(x, ·)'ut ∈ [a, b]ëY
|f(·,t)|6g∈L1(E)

===========⇒
'ux ∈ E�È

∫
E

f(x, t)dx ∈ C[a, b].
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¹ëþÈ©�ëY5�5P

¹ëþÈ©�±ëY5:

���È5\r����È5
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¹ëþÈ©ëY5�y²

y: lim
t→t0

∫
E

f(x, t)dx =

∫
E

f(x, t0)dx

⇐⇒ lim
n→∞

∫
E

f(x, tn)dx ��Âñ=========

∫
E

f(x, t0)dx, ∀ tn → t0.

?2R(¥I��)



ëY���Lebesgue��Âñ½n

Theorem 1 (ëY���Lebesgue��Âñ½n)

b�f(x, t)'ux3Eþ�ÿ,'ut3[a, b]ëY,
�

|f(·, t)| 6 g ∈ L1(E), ∀t ∈ [a, b]

=⇒ lim
t→t0

∫
E

f(x, t)dx =

∫
E

lim
t→t0

f(x, t)dx, ∀ t0 ∈ [a, b].

?2R(¥I��)



¹ëþÈ©nØ:��5

Theorem 2 (�êÚÈ©��gS)

∣∣∣∣∂f(·, t)
∂t

∣∣∣∣ 6 g ∈ L1(E)

f , ft'ux�È
===========⇒

ft�3

d
dt

∫
E

f(x, t)dx =

∫
E

∂f(x, t)
∂t

dx.

?2R(¥I��)



5P

��¼ê9Ù�ê�È,
�'u�ê��È5\r����È5.

¹ëþÈ©�±��5

¦�ÚÈ©�±��gS.

?2R(¥I��)



¹ëþÈ©��5�y²

y²:

m>
∣∣∣
t=t0

∀ t0,tn→t0=========
¥�½n

∫
E

lim
n→∞

f(x, tn) − f(x, t0)
tn − t0︸                ︷︷                ︸

= f ′(x, ξn)

dx

��Âñ
========= lim

n→∞

∫
E

f(x, tn)dx −
∫

E
f(x, t0)dx

tn − t0

======== �>
∣∣∣
t=t0

.

?2R(¥I��)



Borel-CantelliÚn:

∞∑
n=1

‖fn‖L1(E) < +∞ =====⇒ fn
a.e.
−→ 0.

5P: f(n, x) := fn(x) ∈ L1(N × E)⇐===⇒
∞∑

n=1

‖fn‖L1(E) < +∞

5P: f ∈ L1(N × E) =====⇒ fn
a.e.
−→ 0.

?2R(¥I��)



5P

a.e.Âñ5�y²=z�L1�È5(È©nØ)?n.

(\r)L1�È%¹a.e.Âñ

�f�A�¼ê,���;�ÿÝØ(J.

¯K: üNÂñ½n�^�e´ÄUíÑL1Âñ5?

?2R(¥I��)



Y

y²: ∞ >

∞∑
n=1

‖fn‖L1(E) =

∫
E

∞∑
n=1

|fn | dm

=⇒
∞∑

n=1

|fn(x)| ∈ L1(E)

=⇒
∞∑

n=1

|fn(x)|
a.e.
< +∞.

=⇒ fn
a.e.
−→ 0.

?2R(¥I��)



~K1

�f : [0, 1]2 −→ R½Â�

f(x, y) =


2, if xy ∈ Q

1, otherwise.

O� ∫
[0,1]2

f(x, y)dxdy

?2R(¥I��)



Y

):

[xy ∈ Q] =
⋃

n

[xy = rn] = R
2¥"ÿ8

=====⇒ f a.e.
==== 1

=====⇒

∫
[0,1]2

f(x, y)dxdy ==

∫
[0,1]2

1dxdy = 1.

?2R(¥I��)



~K2

�f ∈ L1(E), f > 0, E ⊂ Rn�ÿ. y²:

lim
k→∞

∫
E

f(x)1/k dx = m(E).

?2R(¥I��)



Y

y²: ��y²4�ÚÈ©���gS,�dòÈ©�¿©¤
üÜ©

E = [f > 1] t [f < 1].

3[f > 1]þ: f(x)1/k 6 f(x),�|^Lebesgue��Âñ½n.

3[f < 1]þ: f(x)1/k ↑ 1,�|^LeviüNÂñ½n.

?2R(¥I��)



~K3

y²eã(Ø:

f ∈ L1[0, 1] =⇒ lim
n→∞

∫ 1

0
n log(1 +

|f(x)|2

n2 )dx = 0

?2R(¥I��)



Y

y²:

∀x > 0, log(1 + x2) 6 x
��Âñ½n
===========⇒4�ÚÈ©���gS

log(1 + x2) 6 x2 =====⇒ lim
n→∞

n log(1 +
|f(x)|2

n2 ) = 0

?2R(¥I��)
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�ùSN

í2���gS�½n

�K5^��fz

��5^��fz

?2R(¥I��)



��È©gS�Ê��d½n

ÿÝ�σ�\5�du:

Levi L+ fn ↑ f
fn∈L+

===⇒
∫

fn ↑
∫

f

Fatou L+
∫

lim fn
fn∈L+

6 lim
∫

fn

Lebesgue L1 fn
a.e.
−−−→ f

|fn |6g∈L1

=====⇒
fn�ÿ

fn
L1

−−→ f ,
∫

fn −→
∫

f

Fubini L+ ∪ L1
∫
Rn+m f f∈L+∪L1

=======
∫
Rn

( ∫
Rm f(x, y)dm(y)

)
dm(x).

?2R(¥I��)



��gS��d½n3L+ ∪ L1µeS

��gS��d½n3L+ ∪ L1µeS

Levi f ∈ L+

Lebesgue f ∈ L1

Fatou f ∈ L+

Fubini f ∈ L+ ∪ L1

?2R(¥I��)



í21

fz��K5

?2R(¥I��)



í2�LeviüNÂñ½n

í2�{K:

f ∈ L + ⇐===⇒ f− ≡ 0
í2
−−−−−→ f− ∈ L + ∩L 1

?2R(¥I��)



í2�LeviüNÂñ½n↑

Theorem 1 (í2�LeviüNÂñ½n)

L (E,R) 3 fn ↑ f
f−1 ∈ L + ∩L 1

===========⇒

∫
E

fn ↑
∫

E
f .

?2R(¥I��)



5P

S(�:

f+ =
|f |+ f

2
= max{f , 0}, f− =

|f | − f
2

= max{−f , 0} = (−f)+

f 6 g =====⇒ max{f , 0} 6 max{g, 0} =====⇒ f+ 6 g+

f 6 g =====⇒ min{f , 0} 6 min{g, 0} =====⇒ f− > g−

?2R(¥I��)



Y

fn ↑ f =====⇒ f−n ↓ f−, ∀n

f−1 ∈ L + ∩L 1 fn ↑ f
⇐===⇒ f−n ∈ L + ∩L 1, ∀n

?2R(¥I��)



í2�LeviüNÂñ½n↑�y²

y²: �/1: f+1 < L 1

∫
E

f1 =

∫
E

f+1 −
∫

E
f−1 = +∞ =⇒

∫
E

fn = +∞

?2R(¥I��)



Y

�/2: f+1 ∈ L 1

f±1 ∈ L 1 =⇒ f1 ∈ L 1 (Ø��f1ð�k��)

=⇒ 0 6 fn − f1 ↑ f − f1 =⇒

∫
E
(fn − f1) ↑

∫
E
(f − f1)

=⇒

∫
E

fn ↑
∫

E
f

?2R(¥I��)



í2�LeviüNÂñ½n↓

Theorem 2 (í2�LeviüNÂñ½n)

L (E,R) 3 fn ↓ f
f+1 ∈ L + ∩L 1

===========⇒

∫
E

fn ↓
∫

E
f .

?2R(¥I��)



Y

y²: |^S(�¥¦±−1�éÜ=�.

fn ↓ f , f+1 ∈ L + ∩L 1

f−= |f |−f
2

====⇒ −fn ↑ −f , (−f1)− = f+1 ∈ L + ∩L 1

=⇒

∫
E
(−fn) ↑

∫
E
(−f)

=⇒

∫
E

fn ↓
∫

E
f

?2R(¥I��)



í2�FatouÚn

Theorem 3 (í2�FatouÚn)

fn ∈ L (E,R)
(inf

n
fn)− ∈ L + ∩L 1

===============⇒

∫
E

lim
n→∞

fn 6 lim
n→∞

∫
E

fn.

(inf
n

fn)− > f−k , ∀k ∈ N
(inf

n
fn)− ∈ L + ∩L 1

===============⇒
lim = lim inf

f−k ∈ L + ∩L 1

��Ø¤á~Xfn = −n.
?2R(¥I��)



Y

y²:

fn > inf
k>n

fk ↑ lim
n→∞

fn

í2�üNÂñ½n
================⇒

∫
E

fn >
∫

E
inf
k>n

fk ↑
∫

E
lim

n→∞
fn

==============⇒ lim
n→∞

∫
E

fn > lim
n→∞

∫
E

inf
k>n

fk =

∫
E

lim
n→∞

fn

?2R(¥I��)



í2�FatouÚn

Theorem 4 (í2�FatouÚn)

fn ∈ L (E,R)

(sup
n

fn)+ ∈ L + ∩L 1

=================⇒

∫
E

lim
n→∞

fn > lim
n→∞

∫
E

fn.

?2R(¥I��)



í2���È©gS½n

ÿÝ�σ�\5�du:

Levi ↑ f−Ð fn ↑ f ==⇒
∫

fn ↑
∫

f

Levi ↓ f+Ð fn ↓ f ==⇒
∫

fn ↓
∫

f

Fatou (inf
n

fn)−Ð
∫

lim fn 6 lim
∫

fn

Fatou (sup
n

fn)+Ð
∫

lim fn > lim
∫

fn

?2R(¥I��)



í22

��Âñ^�fz���ÂñS�^�

?2R(¥I��)



í2�Lebesgue��Âñ½n

í2�Lebesgue��Âñ½n

��^�:

d��¼ê��
~f
====⇒^¼ê���

����
~f
====⇒�����

?2R(¥I��)



L1ÂñÚ��È©gS��d5

b�

(1) fn
a.e.
−−−→ f

(2) fn, f ∈ L +(E) ∩L 1(E).

K

fn
L1

−−→ f ⇐⇒ lim
n→∞

∫
E

fn =

∫
E

lim
n→∞

fn.

?2R(¥I��)



í2�Lebesgue��Âñ½nY

y²:“ =⇒ ” : lim
∣∣∣∣∣∫

E
fn −

∫
E

f
∣∣∣∣∣ 6 lim

∫
E
|fn − f | = 0.

?2R(¥I��)



Y

“⇐= ” : (fn + f) − |fn − f | ∈ L+(E)

Fatou
===⇒

∫
E

lim((fn + f) − |fn − f |) 6 lim
∫

E
((fn + f) − |fn − f |)

�> =

∫
E

2f

m> = lim
∫

E
(fn + f) − lim

∫
E
|fn − f |) =

∫
E

2f − lim
∫

E
|fn − f |)

==⇒ lim
∫

E
|fn − f | 6 0.

?2R(¥I��)



5P

FatouÚnU�)�ª����Ï:

lim
n→∞

∫
E
|fn − f | 6 0 =====⇒ lim

n→∞

∫
E
|fn − f | = 0.

?2R(¥I��)



í2�Lebesgue��Âñ½n

Theorem 5 (í2�Lebesgue��Âñ½n)

�fn ∈ L (E), |fn | 6 g ∈ L1. K

fn
m
−−→ f =====⇒ fn

L1

−−→ f ,
∫

E
fn −→

∫
E

f .

?2R(¥I��)



y²:

fn
L1

−−→ f ⇐===⇒ lim
n→∞
‖fn − f‖L1 = 0

⇐===⇒ ∀ε > 0,∃N ∈ N,�n > N�,k‖fn − f‖L1 < ε.

fn
L1

9 f
�|^f��O{
==============⇒ ∃ε0 > 0, ∃f�fkn : ‖fkn − f‖L1 > ε0

fn
m
−−→ f

Riesz
=====⇒ ∃fknf�fk ′n

a,e
−−−→ f

Lebesgue��Âñ
=============⇒ fk ′n

L1

−−→ f gñ

?2R(¥I��)



fz��Âñ½n

Theorem 6 (Lebesgue��Âñ½n,'��O{)

�fn ∈ L (E),

|fn | 6 gn
L1

−−−→
a.e.

g

K

fn
a.e.
−−−→ f =====⇒ fn

L1

−−→ f ,
∫

E
fn −→

∫
E

f .

?2R(¥I��)



fz��Âñ½nY

y²: (gn + g) − |fn − f | ∈ L+(E)

Fatou
===⇒

∫
E

lim((gn + g) − |fn − f |) 6 lim
∫

E
((gn + g) − |fn − f |)

==⇒ lim
∫

E
|fn − f | 6 0.

?2R(¥I��)



5P

Theorem 7 (|^¼ê����Lebesgue½n)

�fn ∈ L(E), fn
a.e.
−−−→ f ,

|fn | 6 gn
L1

−−−→
a.e.

g

K
(1) ��¼ê�÷v

gn
a.e.
−−−→ g, gn

L1

−−→ g,
∫

E
gn −→

∫
E

g.

(2) ����¼ê�÷v

fn
a.e.
−−−→ f , fn

L1

−−→ f ,
∫

E
fn −→

∫
E

f .

?2R(¥I��)



|^¼ê����Lebesgue½n5P

^�:

a.e.Âñ L1Âñ È©Ú4��S

¼ê�{fn}
√

��¼ê�{gn}
√ √

(Ø:

a.e.Âñ L1Âñ È©Ú4��S

¼ê�{fn}
√ √ √

��¼ê�{gn}
√ √ √

?2R(¥I��)
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�ùSN

È©Òe�4��¿�^�:

���È^�(��¡È<º)

í2�FatouÚn

í2�Lebesgue��Âñ½n

VitaliÂñ½n

?2R(¥I��)



��È©gS�Ê��d½n

ÿÝ�σ�\5�du:

Levi L+ fn ↑ f
fn∈L+

===⇒
∫

fn ↑
∫

f

Fatou L+
∫

lim fn
fn∈L+

6 lim
∫

fn

Lebesgue L1 fn
a.e.
−−−→ f

|fn |6g∈L1

=====⇒
fn�ÿ

fn
L1

−−→ f ,
∫

fn −→
∫

f

Fubini L+ ∪ L1
∫
Rn+m f f∈L+∪L1

=======
∫
Rn

( ∫
Rm f(x, y)dm(y)

)
dm(x).

?2R(¥I��)



í2�LeviüNÂñ½n↑

Theorem 1 (í2�LeviüNÂñ½n)

L (E,R) 3 fn ↑ f
f−1 ∈ L + ∩L 1

===========⇒

∫
E

fn ↑
∫

E
f .

?2R(¥I��)



í2�FatouÚn

Theorem 2 (í2�FatouÚn)

fn ∈ L (E,R)
(inf

n
fn)− ∈ L + ∩L 1

===============⇒

∫
E

lim
n→∞

fn 6 lim
n→∞

∫
E

fn.

?2R(¥I��)



���È5

���È5

?2R(¥I��)



È©3Ã¡:?�Øõ�"

È©3Ã¡:?�Øõ�":

f ∈ L 1(Rn) =====⇒ lim
R→+∞

∫
[|x |>R]

|f(x)|dx = 0.

?2R(¥I��)



È©3Ã¡:?�Øõ�"

y²µ � = lim
R→+∞

∫
Rn
|f(x)| χ

[|x |>R]
(x) dx ��Âñ=========

lÑz
0.

?2R(¥I��)



È©3k�:?�Øõ�"

f ∈ L 1(Rn) =====⇒ ∀ε > 0, ∃δ > 0, �A�ÿ, m(A) < δ�, k

∫
A
|f |dm < ε.

⇐===⇒ lim
m(A)→0

∫
A
|f |dm = 0

⇐===⇒ lim
m(A)→0

µ(A) = 0, dµ = |f |dm.

?2R(¥I��)



Y

y²: �y{:

∃ε0, ∃An�ÿ, m(An) <
1
2n ,

∫
An

|f | ≥ ε0

Borel−Cantelli
========⇒ A := lim

n→∞
An, m(A) = 0

0
m(A)=0
======

∫
A
|f | f∈L1

=======
Lebesgue

lim
n→∞

∫
∞
∪

k=n
Ak

|f | > ε0.

?2R(¥I��)



�È5=⇒ýéëY5

�E ⊂ Rn´Lebesgue�ÿ8.

f ∈ L 1(E) =====⇒ lim
R→∞

∫
[|f |>R]

|f | = 0

?2R(¥I��)



y²1

"*¿ =⇒�Ø��f ∈ L1(Rn)

� R >
1
δ

∫
E
|f |

Chebyshev
======⇒ m[|f | > R] 6

1
R

∫
E
|f | < δ, R � 1

È©3k�:?�Øõ�"
======================⇒

∫
[|f |>R]

|f | < ε.

?2R(¥I��)



y²2

lim
R→∞

[|f | > R] = [|f | = ∞] "ÿ8

=====⇒ lim
R→∞

∫
[|f |>R]

|f |
Lebesgue
======= 0

?2R(¥I��)



���È½Â

Def

�fn ∈ L 1(E), m(E) < ∞ E ⊂ Rn �ÿ.

{fn}n∈N���È
def

⇐===⇒ lim
R→∞

sup
n

∫
[|fn |>R]

|fn | = 0

�����: Ã¡��Øõ´��.

?2R(¥I��)



���È�d½Â

�fn ∈ L 1(E), m(E) < ∞, E ⊂ Rn,K

{fn}n∈N���È ⇐==⇒



sup
n

∫
E
|fn | < ∞ (L 1¥k.8Ü)

∀ε > 0, ∃δ > 0, �m(A) < δ�,¤á

sup
n

∫
A
|fn | < ε

= lim
m(A)→0

sup
n

∫
A
|fn | = 0.

?2R(¥I��)



7�5y²

7�5:

∫
E
|fn | =

∫
[|fn |>R]

|fn |+
∫
[|fn |<R]

|fn | < ε + Rm(E)

∫
A
|fn | =

∫
A∩[|fn |>R]

|fn |+
∫

A∩[|fn |<R]
|fn | <

ε

2
+Rm(A) < ε, δ :=

ε

2R

?2R(¥I��)



¿©5y²

¿©5:

� R >
1
δ

sup
n

∫
E
|fn |

Chebyshev
======⇒ m[|fn | > R] 6

∫
[|fn |>R]

|fn |
R
6

∫
E

|fn |
R

< δ

======⇒ sup
n

∫
[|fn |>R]

|fn | < ε.

?2R(¥I��)



���È%¹���È

�fn ∈ L 1(E), m(E) < ∞, E ⊂ Rn,K

|fn | ≤ g ∈ L1(E) =====⇒ {fn}n∈N���È

?2R(¥I��)



y²

y²:

���È
���È��d½Â
================⇒
Ã¡�^���O

���È

?2R(¥I��)



äk���È^��í2�FatouÚn

Theorem 3 (í2�FatouÚn)

�fn ∈ L (E,R), m(E) < ∞, E ⊂ Rn,

{fn}n∈N���È

=====⇒

∫
E

lim
n→∞

fn 6 lim
n→∞

∫
E

fn 6 lim
n→∞

∫
E

fn 6
∫

E
lim

n→∞
fn

?2R(¥I��)



Y

y²: {fn}n∈N���È : lim
R→∞

sup
n∈N

∫
[|fn |>R]

|fn | = 0

=⇒ ∀ε > 0, ∃R > 0 :

∣∣∣∣∣∣
∫
[fn<−R]

fn

∣∣∣∣∣∣ < ε, ∀n

=⇒

∫
E

fn =

∫
[fn>−R]

fn +
∫
[fn<−R]

fn

=⇒

∫
E

fn >
∫
[fn>−R]

fn − ε

?2R(¥I��)



Y

fnχ[fn>−R]
> −R

==========⇒ (inf
n

fnχ[fn>−R]
)− 6 (−R)− = R ∈ L1(E)

FatouÚn
==========⇒
fnχ[fn>−R]

> fn
lim

∫
[fn>−R]

fn >
∫

E
lim(fnχ[fn>−R]

) >

∫
E

lim fn

?2R(¥I��)



Y

nþ¤ã:

=====⇒ lim
∫

E
fn > lim

∫
[fn>−R]

fn − ε >
∫

E
lim fn − ε

ε→0
=====⇒ lim

∫
E

fn >
∫

E
lim fn

?2R(¥I��)



í2�Lebesgue��Âñ½n

Theorem 4 (í2�Lebesgue��Âñ½n)

�f , fn ∈ L 1(E), m(E) < ∞, E ⊂ Rn. K

fn
L1

−−→ f ⇐===⇒ fn
m
−−→ f , {fn}���È

?2R(¥I��)



7�5y²

7�5:

fn
L1

−−→ f =====⇒ sup
n∈N
‖fn‖L1 < ∞

sup
n

∫
A
|fn | 6

N∑
n=1

∫
A
|fn |+ sup

n>N

∫
A
|fn − f |+

∫
A
|f |

6
N∑

n=1

ε

N
+ ε + ε

?2R(¥I��)



y²

¿©5:

fnk

a.e.
−−−→ f

���È�d½Â
==============⇒

fnk���È
|fnk − f |���È, |fnk − f |

a.e.
−−−→ 0

Fatou
==============⇒ |fnk − f |

L1

−−→ 0

2|^�y{.

?2R(¥I��)



Y

y²:

fn
L1

9 f =====⇒ ∃ε0 > 0, ∃f�fkn : ‖fkn − f‖L1 > ε0

fn
m
−−→ f

Riesz
=====⇒ ∃fknf�fk ′n

a,e
−−−→ f

Lebesgue
=====⇒ fk ′n

L1

−−→ f gñu ‖fkn − f‖L1 > ε0

?2R(¥I��)



L1ÂñÚ��È©gS��d5

b�

(1) fn
a.e.
−−−→ f

(2) fn, f ∈ L +(E) ∩L 1(E).

K

fn
L1

−−→ f ⇐⇒ lim
n→∞

∫
E

fn =

∫
E

lim
n→∞

fn.

?2R(¥I��)



í2�Lebesgue��Âñ½n

Theorem 5 (í2�Lebesgue��Âñ½n)

�f , fn ∈ L 1(E), m(E) < ∞, E ⊂ Rn, fn
a.e.
−−−→ f ,K

fn
L1

−−→ f ⇐===⇒ {fn}���È

5P: 3ÿÝk�^�e, a.e. = a.un ==⇒ m.

?2R(¥I��)



��gS�¿�^�

Theorem 6 (��gS�¿�^�)

�f , fn ∈ L +(E) ∩L 1(E), m(E) < ∞, E ⊂ Rn, fn
a.e.
−−−→ f ,K∫

E
lim

n→∞
fndx = lim

n→∞

∫
E

fndx ⇐===⇒ {fn}���È

?2R(¥I��)



VitaliÂñ½n

�fk , f ∈ L1(Rn),K

fk
L1

−−→ f ⇐===⇒



fk
m
−−→ f

∀ε > 0, ∃R > 0 : sup
k
‖fk ‖L1(B(0,R)c) < ε

∀ε > 0, ∃δ > 0, ∀m(A) < δ : sup
k
‖fk ‖L1(A) < ε

= lim
m(A)→0

sup
n
‖fn‖L1(A) = lim

R→∞
sup

n
‖fn‖L1(B(0,R)c) = 0.

?2R(¥I��)



VitaliÂñ½n�y²

7�5: ChebyshevØ�ª

m[|fn − f | > ε] 6
∫
[|fn−f |>ε]

|fn − f |
ε
6

1
ε
‖fn − f‖L1

∫
B(0,R)c

|fk | 6
∫
Rn
|fk − f |+

∫
B(0,R)c

|f |.

∫
Eδ
|fk | 6

∫
Rn
|fk − f |+

∫
Eδ
|f |.

?2R(¥I��)



VitaliÂñ½n�y²

¿©5: �/1: fk
a.e.
−−−→ f

∫
Rn
|fk − f |

6

∫
B(0,R)c

(|fk |+ |f |) +
∫

B(0,R)\Eδ
|fk − f |+

∫
B(0,R)∩Eδ

(|fk |+ |f |)

< ε (1��|^Egorov½n,����|^FatouÚn)

?2R(¥I��)



���/

¿©5: �/2: fk
m
−−→ f

�y{: b�fk
L1

−−→ fØ¤á.

=====⇒ ∃ ε0 > 0, ∃f�fnk

‖fnk − f‖L1 > ε0, ∀k , fnk

a.e.
−−−→ f

�/1
====⇒ ‖fnk − f‖L1 → 0. gñ

?2R(¥I��)



Littlewoodn�n��

Theorem 7 (Egorov½n)

fk
a.e.
−−−→ f

m(E)<+∞
⇐=====⇒ fk

a.un
−−−→ f .

Littlewoodn�n��µ

[a, b]«mþ¼ê�Âñ⇐===⇒�Øõ��Âñ.

?2R(¥I��)



n«Âñ5

�E ∈ L (Rn), fn, f ∈ L (E,R).

fn
a.e.
−−−→ f ⇐===⇒ m[fn 9 f ] = 0;

fn
a.un
−−−→ f ⇐===⇒ ∀ ε > 0, ∃�ÿEε ⊂ E :

m(Eε) < ε, fn
onE\Eε
⇒ f ;

fn
m
−−→ f ⇐===⇒ ∀ ε > 0, lim

k→∞
m[|fk − f | > ε] = 0.

(ÿÝ�x�8Ü)

?2R(¥I��)



n«Âñ��ÿÝÂñ.��x

Ã¡õ��lf�´"ÿ8.

fk
a.e.
−−−→ f ⇐===⇒ ∀ ε > 0, m( lim

k→∞
[|fk − f | > ε]) = 0.

(#Nk��~	�)���lf�:8´�ÿÝ8.

fk
a.un
−−−→ f ⇐===⇒ ∀ ε > 0, lim

k→∞
m(

∞

∪
j=k

[|fj − f | > ε]) = 0.

�ÿÝ¿Â�lf´�ÿÝ8.

fk
m
−−→ f ⇐===⇒ ∀ ε > 0, lim

k→∞
m[|fk − f | > ε] = 0.

?2R(¥I��)



5P

��È©gS½n�±)Ö��«Âñ5�m�'X.

·�În
�«Âñ5�m'X. (a.e., a.un,m, L1)
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�ùSN

Ä��ÿÝØ

Ä��È©nØ

8�: LebesgueÈ©nØ
Þ��n

=======⇒
'�J,

Ä��È©nØ

?2R(¥I��)



5P

Ä��ÿÝØ:

HausdorffÿÝ (AÛ¼êØ)

ÌÿÝ (�¼©Û)

WienerÿÝ (VÇØ)

HaarÿÝ (o+nØ)

?2R(¥I��)



5P

Ä��È©Ø:

º�
È©Ø�Ã�,Ú�
4�!lÑ¦Ú!ëYÈ©.

¼ê=2Â¼ê=ÿÝ=È©=?ê=4�

?2R(¥I��)



Ä�ÿÝØ:ÿÝ

ÿÝ�m(X , Γ, µ): X´��8Ü, Γ ⊂ 2X ´σ-�ê.

µ : Γ −→ [0,+∞]´ÿÝµ

µ(∅) = 0

µ(
+∞⊔
k=1

Ak ) =
+∞∑
k=1

µ(Ak ).

?2R(¥I��)



Y

LebesgueÿÝ�m Ä�ÿÝ�m

(Rn,L (Rn),m) (X , Γ, µ)

äN
J,,?z

========⇒ Ä�

?2R(¥I��)



Y:

�ÿ¼ê = χA + (+, ·, lim)

=�ÿA�¼êÏL�ê$�Ú4�$�)¤

f : X −→ R�ÿ

=m8����ÿ

= [a,+∞]����ÿ, ∀a ∈ R

�ÿ¼êR>A5µéu4�$�µ4.

?2R(¥I��)



Littlewoodn�n

?2R(¥I��)



RadonÿÝ

�KBorelÿÝµ:

(1);8�ÿÝk�

(2)?¿�ÿ8�ÿÝ�±dm8�ÿÝÂ ��

(3)?¿�ÿ8�ÿÝ�±d;8�ÿÝ)ä��

?2R(¥I��)



Lusin½n

�X =ÛÜ;�m, µ =´Xþ��KBorelÿÝ.

f : X −→ R�ÿ, ∃ E ⊂ X , m(E) < ∞ : f |Ec = 0

=⇒ ∀ε > 0, ∃ϕ ∈ Cc(X) : m({x ∈ X : f(x) , ϕ(x)}) < ε.

ef ∈ L∞(X , dµ),K�À�ϕ:

‖ϕ‖∞ 6 ‖ f‖∞

?2R(¥I��)



Egorov½n

�ÿÝ�m(X ,Σ, µ), µ(X) < ∞,

L (X) 3 fn
a.e. µ
−−−−−→ f

=====⇒ ∀ε > 0, ∃E ∈ Γ : µ(E) < ε, fn ⇒ f on X \ E

?2R(¥I��)



È©nØ

(X , Γ, µ)ÿÝ�m.

S+ S+(X , µ) �K{ü�ÿ R�

L+ L+(X , µ) �K�ÿ R�

L1 L1(X , µ) �È R�

?2R(¥I��)



IOoÚ

IOoÚ:

ÿÝØ
J, (S+�ê, L+4�)

GGGGGGGGGGGGGGGGGGGGGGGGGGGGGBFGGGGGGGGGGGGGGGGGGGGGGGGGGGGG

��
È©Ø

χA

xù: µ(A) =
∫

X χA dµ
GGGGGGGGGGGGGGGGGGGGGGGGGGGGBFGGGGGGGGGGGGGGGGGGGGGGGGGGGG

ýéëYÿÝ
f ∈ L+ ∪ L1
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È©½ÂoÜ­

(1)

∫
X
χA dµ :

f=χA===== µ(A)

(2)

∫
X

k∑
j=1

cjχAj
dµ :

f∈S+

=========
IOL«

k∑
j=1

cj

∫
X
χAj

dµ.

(3)

∫
X

fdµ :
f∈L+

======
S+3ϕk↑f

lim
k→∞

∫
X
ϕk dµ == sup

S+3ϕ6f

∫
X
ϕdµ.

(4)

∫
X

fdµ :==

∫
X

f+dµ −
∫

X
f−dµ =

�½Â, f±�� ∈ L1(X , dµ)

Ã½Â, Ù§.

f ∈ L1(X)⇐==⇒ f± ∈ L1(X)⇐⇒ |f | ∈ L1(X)⇐⇒

∫
X

fdµ < ∞.
?2R(¥I��)



�È¼ê

¼ê�È:

f ∈ L 1(X)⇐===⇒

∫
X
|f | < ∞.

¼ê�È�d�x:

f ∈ L 1(X)⇐===⇒ |f | ∈ L 1(X)⇐===⇒ f± ∈ L 1(X)

?2R(¥I��)



È©nØ

∫
X

f dµ =A�¼ê�È©+�ê$�+4�$�

∫
X

f dµ = lim
n→∞

∫
X

fn dµ

fn =
22n∑

k=1

k − 1
2n χ

f−1[ k−1
2n , k

2n )
+ 2nχ

f−1[2n ,+∞)
↗ f ∈ L +

?2R(¥I��)



Ä�È©Ø�Ø%SN: ��È©gS��d½n
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üNÂñ½n

üNÂñ½n:

fk ∈ L+(X), fk ↗ f =⇒

∫
X

fk dµ↗
∫

X
f dµ

?2R(¥I��)



FatouÚn

FatouÚn:

fk ∈ L+(X) =====⇒

∫
X

lim fk dµ 6 lim
∫

X
fk dµ

?2R(¥I��)



Lebesgue��Âñ½n

Lebesgue��Âñ½n:

fk ∈ L(X), |fk | 6 g ∈ L1(X , dµ), fk → f . K

fk
L1

−−→ f ,
∫

X
fk dµ −→

∫
X

f dµ

?2R(¥I��)



ëY���Lebesgue��Âñ½n

Theorem 1 (ëY���Lebesgue��Âñ½n)

b�f(x, t)'ux3Xþ�ÿ,'ut3[a, b]ëY,
�

|f(·, t)| 6 g ∈ L1(X , dµ), ∀t ∈ [a, b]

=⇒ lim
t→t0

∫
X

f(x, t)dµ(x) =

∫
X

lim
t→t0

f(x, t)dµ(x), ∀ t0 ∈ [a, b].

?2R(¥I��)



¹ëþÈ©nØ:ëY5

¹ëþÈ©�ëY5:

|f(·, t)| 6 g ∈ L1(X , dµ)
f'utëY

========⇒
'ux�È

∫
X

f(x, t)dµ(x) ∈ C[a, b].

?2R(¥I��)



¹ëþÈ©nØ:��5

Theorem 2 (�êÚÈ©��gS)

∣∣∣∣∂f(·, t)
∂t

∣∣∣∣ 6 g ∈ L1(X , dµ)

f , ft'ux�È
===========⇒

ft�3

d
dt

∫
X

f(x, t)dµ(x) =

∫
X

∂f(x, t)
∂t

dµ(x).

?2R(¥I��)



Fubini½n

Fubini½n:

�(Xi ,Σi , µi)´σk�ÿÝ�m, i = 1, 2.

f ∈ L+(X1 × X2)
⋃

L1(X1 × X2, dµ1dµ2)

=====⇒

∫
X1×X2

f dµ1dµ2 =

∫
X1

(∫
X2

f(x, y)dµ2(y)

)
dµ1(x)

=

∫
X2

(∫
X1

f(x, y)dµ1(x)

)
dµ2(y)

?2R(¥I��)



ÿÝ�σ�\5�È©£ã

ÿÝσ�\5: ∫
X

∞∑
k=1

χAk
dµ =

∞∑
k=1

∫
X
χAk

dµ

?2R(¥I��)



Fubini½n�ÚUe

üNÂñ½n
L+µe

==================
4�=?ê=È©

Fubini½n

��Âñ½n
L1µe

==================
4�=?ê=È©

Fubini½n

ÿÝ�σ�\5
8ÜÿÝ=A�¼êÈ©

====================
?ê=È©

Fubini½n

?2R(¥I��)
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DiracÿÝ�È©: ¼ê=È©

DiracÿÝ�m(X , Γ, δx):

δx(A) =


1, x ∈ A ;

0, x < A

DiracÿÝ�È©∫
X

fdδx = f(x), ∀f ∈ L (X).

y²oÚ : χA =⇒ S+(X) =⇒ L +(X) =⇒ L (X)∫
X

fdδx = sup
S+(X)3ϕ6f

∫
X
ϕdδx = f(x)

?2R(¥I��)



OêÿÝ�È©: 4�=È©

ÿÝ�m (N, 2N, µ)

µ(A) =


A����ê, A´k�8

+∞, A´Ã�8.

?2R(¥I��)



OêÿÝ�È©Y

?¿¼êf : N −→ [0,+∞)7�ÿ.

∫
N

f dµ =
∞∑

k=1

∫
{k }

f dµ =
∞∑

k=1

f(k) =
∞∑

k=1

ak

∫
N
|f | dµ =

∞∑
k=1

|ak |.

ýéÂñ�?ê´'uOêÿÝ�È©.

?2R(¥I��)



ýéëYÿÝ�È©

�(X , Γ, dµ)´ÿÝ�m.

ýéëYÿÝdν = fdµ, f ∈ L1(X , µ) ∩ L+(X).

ýéëYÿÝ�m(X , Γ, dν)

?2R(¥I��)



Y

'uýéëYÿÝ�È©:

ν(A) =

∫
A

dν =

∫
A

fdµ.

∫
X

gdν =

∫
X

gfdµ, ∀g ∈ L+(X , µ) ∪ L1(X , µ).

y²: éug = χA�y.

?2R(¥I��)



¢©Û�¢

í2���Ä�ÿÝØ í2���Ä�È©Ø

Ä�ÿÝØ Ä�È©Ø

LebesgueÿÝØ LebesgueÈ©Ø
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�ùSN

ÿÝ�ýéëY5

ÿÝ´2Â¼ê(ÿÝ©)´¼ê�KÜ©)�í2)

È©�ýéëY5(¼êÀ�ÿÝ)

\�OêÿÝ

¼ê�­�

?2R(¥I��)



SN1

ÿÝ�ýéëY5
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ÿÝ�ýéëY5

�(X , Γ, µ), (X , Γ, ν)´ÿÝ�m.

ν´k�ÿÝ,=ν(X) < ∞.

ν'uµýéëY (ν � µ):

µ(A)
∀A∈Γ

===== 0 =⇒ ν(A) = 0.

?2R(¥I��)



ÿÝ�ýéëY5

ν'uµýéëY�O{:

ν � µ ⇐⇒

(
µ(A)

∀A∈Γ
===== 0 =⇒ ν(A) = 0

)

⇐⇒ lim
µ(A)→0

ν(A) = 0

(
∀ε > 0, ∃δ > 0, �A ∈ Γ, µ(A) < δ�,kν(A) < ε

)

?2R(¥I��)



ÿÝ�ýéëY57�5y²

lim
µ(A)→0

ν(A) = 0 =====⇒
(
µ(A)

∀A∈Γ
===== 0 =⇒ ν(A) = 0

)

y²: lim
µ(A)→0

ν(A) = 0

=====⇒ ∀ε > 0, ∃δ > 0, �A ∈ Γ, µ(A) < δ�,kν(A) < ε

=====⇒ “µ(A)
A∈Γ

==== 0 =⇒ ν(A) < ε (∀ε > 0)“

.

?2R(¥I��)



ÿÝ�ýéëY5¿©5�y²

“µ(A)
A∈Γ

==== 0 =⇒ ν(A) < ε (∀ε > 0)“

=====⇒ ∀ε > 0, ∃δ > 0, �A ∈ Γ, µ(A) < δ�,kν(A) < ε

y²: �y{: ∃ε0, ∃An ∈ Γ, µ(An) < 1
2n , ν(An) > ε0.

Borel−C
=====⇒ A := lim

n→∞
An, µ(A) = 0, ν(A) = lim

n→∞
ν(
∞

∪
k=n

Ak ) > ε0.

?2R(¥I��)



Radon-Nikodym½n: ÿÝØº¸

Theorem 1 (Radon-Nikodym½n)

�µ´k�ÿÝ,K

µ � m
∃ ! f∈L+(E)∩L1(E)
⇐==========⇒ dµ = fdm.

5P:È©Ø¿Âe��

?2R(¥I��)



y²

m(E) < ∞.

0 ∈ Γ :=

{
g ∈ L+(E) ∩ L1(E) :

∫
A

g dm 6 µ(A), ∀A ⊂ E�ÿ
}
.

λ := sup
g∈Γ

∫
E

g dm ∃!f∈Γ
=====
�y

∫
E

f dm

?2R(¥I��)



Y

�{gn}n>1 ⊂ Γ :

∫
E

gndm → λ

=====⇒ hn := max
16k6n

gk ∈ Γ,

∫
E

hndm ↑ λ

-hn↑f
=====⇒

∫
E

fdm Levi
==== lim

∫
E

hndm(= λ) 6 µ(E),�f ∈ L+(E) ∩ L1(E).

∫
A

fdm Levi
==== lim

∫
A

hndm 6 µ(A)

=====⇒ f ∈ Γ,

∫
E

fdm = max
g∈Γ

∫
E

gdm

?2R(¥I��)



Y

ν(A) := µ(A) −

∫
A

fdm =====⇒ ν´��ÿÝ§ν(A) > 0

=====⇒ ν = 0

�y{: Ø��ν(E) > 0. ∃ε0 > 0 : ε0m(E) < ν(E)

ν − ε0m´ÎÒÿÝ,äkHahn©)(E+,E−)

=====⇒ ∀�ÿ8A ⊂ E : ε0m(A ∩ E+) 6 ν(A ∩ E+)

?2R(¥I��)



Y

ν>0
=======⇒
ν(A∩E−)>0

∫
A

(f + ε0χE+)dm 6
∫

A
fdm + ν(A ∩ E+) 6 µ(A)

=====⇒ f + ε0χE+ ∈ Γ

∫
E

(f + ε0χE+)dm >

∫
E

fdm, gñ

Ö¿y²m(E+) > 0:

m(E+) = 0
µ�m

=====⇒ µ(E+) = 0
ν(A):=µ(A)−

∫
A fdm

===========⇒ ν(E+) = 0

=====⇒ 0 < (ν − ε0m)(E) = (ν − ε0m)(E−) 6 0.

?2R(¥I��)
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È©�ýéëY5
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È©�ýéëY5

f ∈ L1(E) ⇐⇒ |f | ∈ L1(E)

⇐⇒ |f |dm � dm (Radon − Nikodym½n)

⇐⇒ lim
m(A)→0

∫
A
|f |dm = 0

⇐⇒ ∀ε > 0, ∃δ > 0, �A ∈ Γ, m(A) < δ�, k

∫
A
|f |dm < ε.

?2R(¥I��)



È©3k�:?�Øõ�"

m(A) = 0
f∈L1(E)

=====⇒

∫
A
|f |dm = 0.
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È©3Ã¡:?�Øõ�"

È©3Ã¡:?�Øõ�":

f ∈ L1(Rn) =⇒ lim
k→∞

∫
|x |>k
|f(x)|dx = 0.

y²µ � = lim
k→∞

∫
Rn
|f(x)| χ

[|x |>k ]
(x) dx ��Âñ========= 0.

?2R(¥I��)



SN3

\�OêÿÝ

?2R(¥I��)



\�OêÿÝ

\�OêÿÝ�m

(Zn, 2Zn , µ) Zn :=
{
1, 2, . . . , n

}
.

\�OêÿÝ:

µ({j}) = λj , j = 1, . . . n

1�©): λ1 + · · ·+ λn = 1, λj > 0.

?¿¼êf : Zn −→ R7�ÿ.

?2R(¥I��)



\�²þ´�«È©

\�²þ´'u\�OêÿÝ�È©

∫
Zn

f dµ =
n∑

k=1

∫
{k }

f dµ =
n∑

k=1

λk f(k) =
n∑

k=1

λk ak

∫
N
|f | dµ =

n∑
k=1

λk |ak |.

?2R(¥I��)



à¼êÈ©�x

à¼êϕ : (a, b) −→ R:

ϕ(
n∑

j=1

λjaj) 6
n∑

j=1

λjϕ(aj).

∀ aj ∈ (a, b), λj > 0, λ1 + · · ·+ λn = 1.

?2R(¥I��)



à¼êÈ©�xY

\�OêÿÝ:
µλ1,...,λn ({j}) = λj .

à¼êÈ©�x

ϕà
f∈L1

⇐==⇒ ϕ

(∫
Zn

f dµλ1,...,λn

)
6

∫
Zn

ϕ ◦ f dµλ1,...,λn ∀ n, λj .

?2R(¥I��)



JensenØ�ª

JensenØ�ª:

ϕ : (a, b)
à
−−→ R ⇐==⇒ ϕ

(∫
X

fdµ
)
6

∫
X
ϕ ◦ fdµ,

é∀ f : X
f∈L1(X ,µ)
−−−−−−−−→ (a, b)¤á.

Ù¥(X , Γ, µ)´?¿VÇÿÝ�m.
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JensenØ�ªY

JensenØ�ª:

�(X , Γ, µ)´ÿÝ�m, µ(X) ∈ (0,+∞). K

ϕ : (a, b)
à
−−→ R ⇐==⇒ ϕ

(
1

µ(X)

∫
X

f dµ
)
6

1
µ(X)

∫
X
ϕ ◦ f dµ,

é∀ f : X
f∈L1(X ,µ)
−−−−−−−−→ (a, b)¤á.

Ù¥(X , Γ, µ)´?¿ÿÝ�m:

µ(X) ∈ (0,+∞).

?2R(¥I��)



5P

ϕ

(∫
Zn

f dµλ1,...,λn

)
6

∫
Zn

ϕ ◦ f dµλ1,...,λn

���Í
===========⇒
êÆ�É	å

ϕ

(∫
X

fdµ
)
6

∫
X
ϕ ◦ fdµ

JensenØ�ª�ª4/ª"
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Y

y²:

α :
µ(X)=1

======

∫
X

f dµ ∈ (a, b).

(α = a =⇒

∫
X

(f − a)dµ = 0

=⇒ f − a a.e.
= 0�µ(X) = 1gñ.)

?2R(¥I��)



Y

�(α, ϕ(α))?�| ��

ϕ(α) + k(x − α).

ϕà
=====⇒ ϕ(α) + k(x − α) 6 ϕ(x)

È©
====⇒
x:=f(t)

ϕ(α) 6

∫
X
ϕ ◦ f dµ.

?2R(¥I��)
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¼ê�­�

?2R(¥I��)



¼ê��sL«Layer cake reprersentation:

Ñu:

f(x)
f ∈ L+(E)

=========

∫ f(x)

0
dt

¼ê��sL«

f(x)
f ∈ L+(E)

=========

∫ +∞

0
χ

f−1(t ,+∞)
(x)dt

?2R(¥I��)



l��{w¼ê��sL«:

f(x)
¼ê��sL«

==============
f�Kk.�ÿ

∫ +∞

0
χ

f−1(t ,+∞)
(x)dt︸             ︷︷             ︸

�kXê0, 1���

�½î�Ix,Kfã/e�R�8�A��ü«L«:

χ
f−1(t ,+∞)

(x) = χ
[0,f(x))

(t)

f(x)e��1t�
­>F/À��s

==============⇒
þ�Ã�z

éf(x)k�z

?2R(¥I��)



�sL«��^

A�¼êχ
f−1(t ,+∞)

(x) =====⇒�ÿ¼êf(x)

A�¼ê
��éX

=======⇒
�sL«

�ÿ¼ê

¼ê��sL«
Fubini

=======⇒
ü>È©

È©��sL«

?2R(¥I��)



È©��sL«

∫
E

f(x)dµ(x)
È©��sL«

==============
f�Kk.�ÿ

∫ +∞

0
µ(f−1(t ,+∞))︸            ︷︷            ︸

fã/e�Y²8�ÿÝ

↓ dt

?2R(¥I��)



¼ê�­�:

¼ê�­�:

Ø5K
­�

====⇒5K (4�  35K�/��)

?2R(¥I��)



¼ê­�: Rearrangement

8Ü�­�

A
m(A)=m(A∗)

========⇒
m(A)<∞

A∗ = B(0, r)

A�¼ê�­�

χA

χ∗
A

=(χA )∗:=A∗=χA∗

============⇒ χA∗

�K�ÿ¼ê�­�

L +(Rn) ∩L 1(Rn) 3 f
f∗(x):=

∫ ∞
0 χ∗

f−1[t ,+∞)
(x)dt

===============⇒
f(x)=

∫ ∞
0 χ

f−1[t ,+∞)
(x)dt

f∗

?2R(¥I��)



¼ê­��5�

üN5: »�¼ê χ∗
A
↓=⇒ f∗ ↓

�S5: f 6 g =⇒ f∗ 6 g∗

f�ã/e� ⊂ g�ã/e�

��5: ‖f‖1
È©��sL«

============== ‖f∗‖1

ålØO: ‖f∗ − g∗‖1 6 ‖f − g‖1

(ë�Lieb5Analysis6)
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P189 13, 4, 5, 8K
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�ùSN: ÿÝØ�,u

ÿÝ�í2: ¢©Û�>�

ÎÒÿÝ

EÿÝ
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Ôn¿Â

�ÿÝ ÎÒÿÝ EÿÝ

�þ©Ù >Ö©Ù �þ�ÿÝ
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í2�áv:

¼ê´ÿÝ!ÿÝ´2Â¼ê"

¼ê´AÏ�ÿÝ!ýéëYÿÝ.ÿÝ´AÏ�2Â¼ê.

f ≡ fdm

ÿÝÀ�í2�¼ê§ÿÝ±¼ê���E"

å: f f+ f− |f | Ref Imf

ª: ν ν+ ν− |ν| Reν Imν

?2R(¥I��)



¼ê�Hahn-Jordan©)

LebesgueÿÝ�m(Rn,L (Rn),m), f : Rn −→ R

Jordan©): f = f+ − f− ≡ f+dm − f−dm =: ν+ − ν−

Hahn©): Rn = [f ≥ 0]
⊔

[f < 0] =: A+ ⊔
A−

üöéX:

ν+ ⊥ ν− ⇐===⇒


ν+(A−) =

∫
A− dν+ =

∫
[f<0] f+dm = 0,

ν−(A+) =
∫

A+ dν− =
∫
[f>0] f−dm = 0

?2R(¥I��)



SN1

ÎÒÿÝ

?2R(¥I��)



ÎÒÿÝ

�ÿ�m(X , Γ): X´��8Ü, Γ ⊂ 2X ´σ-�ê.

ÎÒÿÝ

µ : Γ −−−−−−→ [−∞,∞)½(−∞,+∞]

µ(∅) = ∅

µ(
+∞⊔
k=1

Ak ) =
+∞∑
k=1

µ(Ak ).

?2R(¥I��)



ÎÒÿÝ�~f1

�ÿ�m(X , Γ):

µ, ν´�ÿÝ,Ù¥��´k�ÿÝ =====⇒ µ − ν´ÎÒÿÝ

?2R(¥I��)



ÎÒÿÝ�~f2

LebesgueÿÝ�m(Rn,L (Rn),m).

È©

∫
Rn

fdmk½Â
f±��∈ L 1

==========⇒ ν = fdm´ÎÒÿÝ

f = f+ − f− =====⇒ ν = ν+ − ν− = f+dm − f−dm

Rn = A+
⊔

A− = [f > 0]
⊔

[f < 0]

ν+ ⊥ ν− ⇐===⇒ ν+(A−) = 0, ν−(A+) = 0

�C�ÿÝ: |ν| = ν+ + ν− = |f |dm
?2R(¥I��)



ÎÒÿÝ��ÜÚKÜ

�ÿ�m(X , Γ): ν´ÎÒÿÝ.

Jordan©): ν = ν+ − ν−, ν+ ⊥ ν−, ν±´�ÿÝ.

Hahn©): X = X+
⊔

X−, ν+(X−) = 0, ν−(X+) = 0

�C�ÿÝ: |ν| = ν+ + ν−

ÎÒÿÝ��ÜÚKÜ:

ν+(E) = ν(E∩X+) = sup
P⊂E

ν(P), ν−(E) = −ν(E∩X−) = − inf
P⊂E

ν(P)

?2R(¥I��)



Hahn©)ÚJordan©)���5

ÿÝ�m(X , Γ, ν): ν´ÎÒÿÝ.

Jordan©): ∃!©)

ν = ν+ − ν−, ν+ ⊥ ν−, ν±´�ÿÝ

|ν| = ν+ + ν−

Hahn©):

X = X+

⊔
X−, ν+(X−) = 0, ν−(X+) = 0

X+,X−��|ν|-"ÿ8��

?2R(¥I��)



�C�ÿÝ

|ν|(E) = sup

 n∑
k=1

|ν(Ek )| : E =
n⊔

k=1

Ek



?2R(¥I��)



'uÎÒÿÝ�È©

∫
X

f dν :=

∫
X

f dν+ −
∫

X
f dν−, f ∈ L1(X , d|ν|)

?2R(¥I��)



ÿÝ�ýéëY

ÿÝ�m(X , Γ,m): ν´ÎÒÿÝ.

ν � m ⇐===⇒ “∀E ∈ Γ, m(E) = 0 =⇒ ν(E) = 0”

⇐===⇒ lim
m(E)→0

ν(E) = 0, ∀E ∈ Γ

⇐===⇒ |ν| � m

?2R(¥I��)



k�ÿÝ

�ÿ�m(X , Γ): ν´ÎÒÿÝ.

ν´k�ÿÝ
def
⇐==⇒ |ν(X)| < ∞ ⇐⇒ |ν(A)| < ∞, ∀A ∈ Γ.

y²: ν(X) = ν(A) + ν(Ac).

|ν(A)| = ∞ =⇒ |ν(X)| = ∞.

?2R(¥I��)



SN2

EÿÝ

?2R(¥I��)



EÿÝ

ÿÝ�m(X , Γ, µ), X´��8Ü, Γ ⊂ 2X ´σ-�ê.

µ : Γ −→ C´EÿÝµ

µ(∅) = 0

µ(
+∞⊔
k=1

Ak ) =
+∞∑
k=1

µ(Ak ) ýéÂñ

?2R(¥I��)



EÿÝ�¢Ü!JÜ!�Ý!Âñ

ÿÝ�m(X , Γ), ν´EÿÝ

νr(A) := Re(ν(A)), νi(A) := Im(ν(A))

ν = νr + iνi = (ν+r − ν
−
r ) + i(ν+i − ν

−
i )

ν = νr − iνi

νn −→ ν
def

⇐===⇒ νn(A) −→ ν(A), ∀A ∈ Γ

EÿÝ34�$�eµ4

?2R(¥I��)



EÿÝ��C�ÿÝ

�ÿ�m(X , Γ), ν´EÿÝ

�C�ÿÝ|ν|:

|ν|(E) = sup

 n∑
k=1

|ν(Ek )| : E =
n⊔

k=1

Ek



?2R(¥I��)



ýéëYÿÝ��C�ÿÝ,¢Ü,JÜ

ÿÝ�m(X , Γ,m), h ∈ L 1(X ,m;C)

dν := h dm =====⇒ d|ν| = |h| dm

ν(E) =

∫
E

h dm, |ν|(E) =

∫
E
|h| dm

Reν(E) =

∫
E

Reh dm, Imν(E) =

∫
E

Imh dm

?2R(¥I��)



ÛÉÿÝ½Â

�ÿ�m(X , Γ), µ, ν´EÿÝ

µ ⊥ ν ⇐===⇒ ∃¿©X = X+

⊔
X− : µ(X−) = 0, ν(X+) = 0

5P: µ(E) = µ(E ∩ X+), ν(E) = ν(E ∩ X−), ∀ E ∈ Γ

?2R(¥I��)



ýéëYÿÝ½Â

�ÿ�m(X , Γ), m´�ÿÝ, ν´EÿÝ

ν � m ⇐===⇒ “m(E) = 0 =⇒ ν(E) = 0”

?2R(¥I��)



ýéëYÿÝÚÛÉÿÝ uü�4à

ÿÝ�m(X , Γ,m), m´�ÿÝ, ν´EÿÝ

ν � m, ν ⊥ m ⇐===⇒ ν = 0

ÛÉÿÝ~f:

LebesgueÿÝ ⊥ DiracÿÝ,

?2R(¥I��)



l�N��Ýw�EÿÝ

�ÿ�m(X , Γ)þEÿÝ�N�¤Banach�m

ÿÝ�m(X , Γ,m)þEÿÝ��ê:

‖ν‖ = |ν|(X) < ∞

A~: dν = h dm, h ∈ L 1(X , dm),

‖ν‖ = ‖h‖L1 < ∞

?2R(¥I��)



Hahn©)½n

�ÿ�m(X , Γ), ν´¢ÿÝ

∃!(��"ÿ8)¿©X = X+
⊔

X− :


ν(E) > 0, if E ⊂ X+

ν(E) 6 0, if E ⊂ X−.

?2R(¥I��)



Hahn©)½n�~f

ÿÝ�m(X , Γ,m), h ∈ L 1(X , dm,R)

éu¢ÿÝdν = h dm, ∃!(��"ÿ8)¿©X = A+
⊔

A− :

A+ = {x ∈ X : h(x) > 0}, A− = {x ∈ X : h(x) < 0}


ν(E) > 0, if E ⊂ A+

ν(E) 6 0, if E ⊂ A−.

?2R(¥I��)



Jordan©)½n

�ÿ�m(X , Γ)þ¢ÿÝµ, ∃!k��ÿÝ µ± :

µ = µ+ − µ−, µ+ ⊥ µ−

|µ| = µ+ + µ−

?2R(¥I��)



Jordan©)äNL�ª

�ÿ�m(X , Γ)þ¢ÿÝµ

¢ÿÝµ�Hahn©) : X = X+

⊔
X−

µ+(E) = µ(E ∩ X+), µ−(E) = µ(E ∩ X−)

?2R(¥I��)



Radon-Nikodym½n

σk�ÿÝ�m(X , Γ,m), ν´k�ÎÒÿÝ½EÿÝ

ν � m
∃!h∈L1(X ,m)
⇐======⇒ dν = h dm.

5P: ν´k��ÿÝ =⇒ h ∈ L+ ∩ L1(X ,m)

5P: h¡�ÿÝν'uÿÝm�Radon-Nikodym�ê,P�

h =
dν
dm

?2R(¥I��)



Lebesgue©)½n

�ÿ�m(X , Γ,m), ν´E(ÎÒ)ÿÝ, m, |ν|´σk�ÿÝ

∃!E(ÎÒ)ÿÝνa , νs :

a = absolutely continuous measure, s = singular measure

ν = νa + νs

νa � m, |νs | ⊥ m

dνa = hdm (h±�� ∈ L1(X , dm))

5P: �ν´�ÿÝ�, νa , νs�´�ÿÝ.
?2R(¥I��)



ÿÝ©)

σk�ÿÝ�m(X , Γ,m). ∀ x ∈ X =⇒ {x} ∈ Γ.

ν´σk�ÿÝ =====⇒ ∃!©) :

ν = νc + νd = νac + νsc + νd

νac � m, νsc ⊥ m, νd ⊥ m

5P: νd´lÑÿÝ: ∃�ê8K , νd(K c) = 0.

νc´ëYÿÝ: ∀ x ∈ X =⇒ ν({x}) = 0.

d=discrete, c=continuous

~X: LebesgueÿÝ,OêÿÝ.
?2R(¥I��)



'uEÿÝ�È©

f ∈ L1(X , d|ν|)

∫
X

f dν :=

(∫
X

f dν+r −
∫

X
f dν−r

)
+ i

(∫
X

f dν+i −
∫

X
f dν−i

)

∣∣∣∣∣∫
X

f dν
∣∣∣∣∣ 6 ∫

X
|f | d|ν|,

∫
X

f dν =

∫
X

f dν

Lebesgue��Âñ½néuÎÒÿÝÚEÿÝ¤á

(ÎÒÿÝÚEÿÝ�©)��ÿÝ)
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RieszL«½n: ÿÝ´2Â¼ê; �EÿÝ��{

�X´ÛÜ;Hausdorff�m. éuCc(X)þ?¿�k.�5�¼

I : Cc(X) −→ R

(|I(f)| ≤ M‖f‖, f > 0 =⇒ I(f) > 0)

�3��XþRadon�ÿÝµ:

I(f) =

∫
X

f dµ.

5P: RieszL«½nL²dÈ©EÿÝ
í2

====⇒ DaniellÈ©

?2R(¥I��)



EÿÝ´2Â¼ê

�X´ÛÜ;Hausdorff�m.

Cc(X)´Xþäk;|8�ëY¼ê�N.

M(X)´XþEÿÝ�N.

=⇒M(X) � Cc(X)∗ �åÓ�

?2R(¥I��)



��

P184 11, 2K

P193 129, 30, 31K
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�ùSN

�È¼ê�%C

LebesgueÈ©�RiemannÈ©�'X
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§3�È¼ê�%C

%C�°�: l5K�Ø5K,l{ü�E,.

¢ênØ Q −→ R

4�nØ ~�ê� −→ �Øõ~�ê�
ëY¼ê ~�¼ê −→ �Øõ~�¼ê
��¼ê �5¼ê −→ �Øõ�5¼ê
�©Æ õ�ª −→ Ð�¼ê
È©Æ �F¼ê −→ Riemann�È¼ê
¢©Û {ü¼ê −→ Lebesgue�È¼ê
�¼©Û 1w¼ê −→ 2Â¼ê

µe(�======Ø%(Ì�gñ)+$�(�ê!©Û)

?2R(¥I��)



4��5P

©Û´4��²â"

4�´©Û�>�"4�´*¿�£�­�óä"

��zI�4�"
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4�½Â�£�

4�a´danD4�&E

danD4Ñ4�a�&E§æ^��{´do÷�°�.

ε�½,D4�´o÷�&E:

an ∈ (a − ε, a + ε), n >> 1

ε?¿,D4�´°��&E:

{a} =
⋂
∀ε>0

(a − ε, a + ε).

?2R(¥I��)



¯K{z

���/8(uAÏ�/:

f ∈ L1(E)
"*¿
⇐====⇒ fχE ∈ L1(Rn).

?2R(¥I��)



1w¼ê�È�5½n

Theorem 1

äk;| �1w¼ê3L1(Rn)È�.

Q : R = C∞0 (Rn) : L1(Rn).

?2R(¥I��)



1w¼ê�È�5½n

È�5�n«�d£ã:

L1(Rn)
ÿÀL�

========= C∞0 (Rn)
L1

f ∈ L1(Rn)
4�L�
⇐======⇒ ∃äk;| �1w¼ê�gk

L1

−−−→
a.e.

f

f ∈ L1(Rn)
%CL�
⇐======⇒
Ð+�

∀ ε > 0,∃©)

f = g + h, g ∈ C∞0 (Rn), ‖h‖L1(Rn) < ε.

?2R(¥I��)



Y

y²: (1) L1(Rn)
Ã¡�:?È©ýéëY5

======================⇒
K´4¥, f = fχK + fχ

Rn\K

8(uL1(K).

(2) L1(K)8(u;8þ{ü¼ê.

ϕk → f , |ϕk | 6 |f |
��Âñ

=======⇒ ϕk
L1

−−→ f .

(3);8þ{ü¼ê∈ L∞(K)
Lusin

===⇒äk;| �1w¼ê.

∃Kε , ∃g ∈ C∞c (Rn) : m(K \ Kε) < ε, f = g on Kε .

?2R(¥I��)



Y

(4)äk;| �1w¼ê==⇒��ëY==⇒�Øõ�F¼ê.

(5)�L1Âñ
ChebyshevØ�ª

==============⇒�ÿÝÂñ

Riesz½n
========⇒ ∃f�a.e. Âñ

?2R(¥I��)



ChebyshevØ�ª

ChebyshevØ�ª

f ∈ L1(Rn) =====⇒

∫
Rn
|f(x)|dx >

∫
[|f |>ε]

|f(x)|dx > εm([|f | > ε]).

m([|f | > ε]) =

∫
[|f |>ε]

dx 6
∫

[|f |>ε]

|f(x)|

ε
dx 6

∫
Rn

|f(x)|

ε
dx =

1
ε
‖f‖L1(Rn)

?2R(¥I��)



ü«Âñ5'X

L1Âñ%¹�ÿÝÂñ:

fk
L1

−−→ f

Chebyshev
======⇒ m([|fk − f | > ε]) 6

1
ε

∫
Rn
|fk (x) − f(x)|dx

k→∞
−−−−−−−→
ε fixed

0

======⇒ fk
m
−−→ f

?2R(¥I��)



È�5�A^: È©�²þëY5

�È¼ê3L1�êeëY

lim
h→0

∥∥∥∥f(x + h) − f(x)
∥∥∥∥

L1(Rn)

f∈L1(Rn)
======= 0.

?2R(¥I��)



Y

y²: ∀ε > 0,∃Ð+�©),

f = f1 + f2, f1 ∈ C∞c (Rn), ‖f2‖L1(Rn) <
ε

4
.

=⇒ ‖f(x + h) − f(x)‖L1(Rn) <
ε

2
+ 2‖f2‖L1(Rn) < ε.

?2R(¥I��)



�F¼ê�È�5½n

Theorem 2

äk;| ��F¼ê3L1(Rn)È�.
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Riemann-LebesgueÚn

�‖gn‖L∞[a,b] 6 1. Ke��d:

lim
n→∞

∫ b

a
f(x)gn(x)dx = 0, f ∈ L1[a, b];

⇐⇒ lim
n→∞

∫ b

a
f(x)gn(x)dx = 0, f ∈ χ[a,c],∀c ∈ [a, b].

?2R(¥I��)



Riemann-LebesgueÚnY

y²: Γ :=
{
f ∈ L1[a, b] : lim

n→∞

∫ b

a
f(x)gn(x)dx = 0

}

Γ ⊃ {�F¼ê}
Nyµe(��%å

================⇒ Γ ⊃ L1[a, b]

?2R(¥I��)



Riemann-LebesgueÚnY

Γ 3 f = f1 + f2, f1�F¼ê, f2�(È©¿Âe)

=⇒

∫ b

a
fgn =

∫ b

a
f1gn +

∫ b

a
f2gn

=⇒ m1
b�
−−−−−→ 0, m2

gn��k., f2�
============== o(1).
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�;Riemann-LebesgueÚn

�;�Riemann-LebesgueÚn

lim
n→∞

∫ 2π

0
f(x) sin(nx)dx

f ∈ L1[0, 2π]
=========== 0;

lim
n→∞

∫ 2π

0
f(x) cos(nx)dx

f ∈ L1[0, 2π]
=========== 0.

?2R(¥I��)



~K

~K:

lim
h→0

m(E ∩ (h + E))
E ⊂ Rn�ÿ

========== m(E).

?2R(¥I��)



~KY

y²: �/1: m(E) < +∞. (=⇒ χE ∈ L1).

|m(E ∩ (h + E)) −m(E)| =

∣∣∣∣∣∫
Rn
χE∩(h+E)dm −

∫
Rn
χEdm

∣∣∣∣∣
6

∫
Rn

∣∣∣∣χEχh+E − χEχE

∣∣∣∣dm

6 ‖χh+E − χE‖L1

−−→ 0.
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~KY

�/2: m(E) = +∞: -Ek = E ∩ B(0, k)

lim
h→0

m(E ∩ (h + E)) > lim
h→0

m(Ek ∩ (h + Ek ))

== m(Ek ) (�/1)

−→ m(E) = ∞.

?2R(¥I��)



§4 LebesgueÈ©�RiemannÈ©�'X

LebesgueÈ©´RiemannÈ©�í2:

R[a, b] ⊂ L1[a, b], �È©��Ó:

(R)

∫ b

a
f(x)dx

∀f∈R[a,b]
=======

∫
[a,b]

f(x)dm(x).

?2R(¥I��)



Y

y²: f ∈ R[a, b]
f a.e.ëY =⇒ f�ÿ

=================⇒
fk. =⇒ f ∈ L∞[a, b]

f ∈ L1[a, b].
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Y

y²: �üNªu"�©�:

π(n) : a = x(n)
0 < x(n)

1 < · · · < x(n)
kn

= b ,

M(n)
i ,m(n)

i ©O´f3«m[x(n)
i−1 , x

(n)
i ]�þ(.Úe(.

?2R(¥I��)



Y

∫
[a,b]

f(x)dm(x) =
kn∑

i=1

∫
[x(n)

i−1 ,x
(n)
i ]

f(x)dm(x)

=⇒
kn∑

i=1

m(n)
i (x(n)

i − x(n)
i−1) 6

∫
[a,b]

f(x)dm(x) 6
kn∑

i=1

M(n)
i (x(n)

i − x(n)
i−1)

n→∞
===⇒

∫ b

a

f(x)dx 6
∫

[a,b]
f(x)dm(x) 6

∫ b

a
f(x)dx

f∈R[a,b]
=====⇒nö�Ó.
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2ÂRiemannÈ©�LebesgueÈ©�'X"
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2ÂRiemannÈ©

�Ek ↗ E, f ∈ L1(Ek ),K

f ∈ L1(E) ⇐⇒ lim
k→∞

∫
Ek

|f(x)|dx�3�k�

=⇒

∫
E

f(x)dx = lim
k→∞

∫
Ek

f(x)dx.

~1µ E = [a, b], Ek = [a +
1
k
, b].

~2µ E = [0,+∞), Ek = [0, k ].
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Y

y²: f3Ek (∀k)�ÿ=⇒ f�ÿ=⇒ |f |3EþÈ©k½Â,
�

∫
E
|f(x)|dx üNÂñ

========= lim
k→∞

∫
Ek

|f(x)|dx.

======⇒ (Ø1¤á.

(Ø2´Lebesgue��Âñ½n���íØ.
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5P

üNÂñ½n,��Âñ½néÜ¦^

üNÂñ½n=====⇒�È5

��Âñ½n=====⇒O�È©

?2R(¥I��)



2ÂRiemannÈ©

�f ∈ R[0, b] (∀b > 0),K

f ∈ L1[0,+∞) ⇐⇒ lim
b→+∞

∫ b

0
|f(x)|dx�3�k�

⇐⇒ |f | ∈ R[0,+∞)

⇐⇒ f ∈ R[0,+∞), |f | ∈ R[0,+∞)

=⇒

∫ +∞

0
f(x)dm(x) = (R)

∫ +∞

0
f(x)dx

LebesgueÈ© 2ÂRiemannÈ©
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2ÂRiemannÈ©

y²µf ∈ L1[0,+∞)
CauchyOK

=========⇒ |f | ∈ R[0,+∞)

f a.e.ëY
========⇒ f ∈ R[0,+∞).

?2R(¥I��)



Y

ýéÂñ�2ÂRiemannÈ©�À�LebesgueÈ©.

2ÂRiemann�È ; Lebesgue�È

∞∑
n=1

(−1)n

n
χ(n,n+1] ∈ R[0,+∞) \ L1[0,+∞).
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~K

�f ∈ L1(R),�

∫
R

f(x)ϕ(x)dx = 0, ∀ ϕ(x) ∈ L∞(R).

y²: f a.e.
==== 0
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y²

∫
E

f(x)dx = 0, ∀ m(E) < ∞.

�E = [−R ,R] ∩ [f > 0] =====⇒ f |[−R ,R]∩[f>0]
a.e.

==== 0

�E = [−R ,R] ∩ [f < 0] =====⇒ f |[−R ,R]∩[f<0]
a.e.

==== 0

?2R(¥I��)



~K

b��ÿ8E ⊂ R, f ∈ L1(E), 
�

∫
E

f(x)dx ∈ (0,+∞)

K�3�ÿ8e ⊂ E:

∫
e

f(x)dx =
1
3

∫
E

f(x)dx.
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y²

g(t) :=

∫
E∩(−∞,t)

f(x)dx ∈ C(R)

lim
∆t→0

|g(t + ∆t) − g(t)| 6 lim
∆t→0

∣∣∣∣∣∣
∫

[t ,t+∆t]
|f(x)|dx

∣∣∣∣∣∣ = 0

lim
t→−∞

g(t) = 0, lim
t→+∞

g(t) =

∫
E

f(x)dx

2|^ëY¼ê0�½n=�.
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~K

�fn : [0, 1] −→ R�ÿ. Ke��d:

(1) ∃f�fnk

a.e.
−−−→ 0

(2) ∃{cn}n∈N ⊂ R : lim
n→∞
|cn | > 0,

∑
n>1

cnfn(t)a.e.Âñ

(3) ∃{cn}n∈N ⊂ R :
∑

n>1
|cn | = ∞,

∑
n>1
|cnfn(t)|a.e.Âñ
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y²

(1) =⇒ (2), (3) : Ø��fn
a.e.
−−−→ 0.

Egorov
====⇒ ∃48Fn ⊂ [0, 1] : m([0, 1] \ Fn) <

1
n
, fn

a.e.
⇒ 0 on Fn

==⇒ ∃nk ↑,�n > nk�,k|fn | 6
1
2k

on Fk

==⇒ [0, 1] =
∞⋃

k=1

Fk t Z

?2R(¥I��)



Y

cn :=


1, if n = nk for some k

0, otherwise

=⇒
∑
n>1

cnfn =
∑
k>1

fnk ,
∑
n>1

|cnfn | =
∑
k>1

|fnk |

?2R(¥I��)



Y

(2) =⇒ (1) :

lim
n→∞
|cn | > 0 =⇒ ∃δ0 > 0, ∃nk ↑: cnk > δ0.

∑
n>1

cnfn(t)Âñ =⇒ cnk fnk → 0 =⇒ fnk → 0

?2R(¥I��)



Y

(3) =⇒ (1) :

G(t) :=
∑
n>1

|cnfn(t)| < +∞ a.e. t ∈ [0, 1]

Ak := {t ∈ [0, 1] : G(t) 6 k } ↑, [0, 1] = ∪k>Ak t Z .

∑
n>1

|cn |

∫
Ak

|fn | =
∫

Ak

G < +∞
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Y

∑
n>1
|cn |=∞

======⇒ lim
n→∞

∫
Ak

|fn | = 0

==⇒ ∃nk ↑:

∫
Ak

|fnk | <
1
2k

Ak↑
==⇒

∑
k>1

∫
Am

|fnk | < +∞

==⇒ ∀a.e.t ∈ Am :
∑
k>1

|fnk (t)| < +∞ =⇒ fnk (t)→ 0

?2R(¥I��)
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P162 17, 8, 9, 10K
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�ùSN

Fubini½n�y²
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§5 Fubini½n

Tonelli½n (­È©z�\gÈ©):

f ∈ L+(Rn+m) =⇒

∫
Rn+m

f(x, y)dxdy =

∫
Rn

( ∫
Rm

f(x, y)dy
)
dx.

?2R(¥I��)



5P

5P1:

f ∈ L+(Rn+m) =====⇒

∫
Rm

f(x, y)dy ∈ L+(Rn)

=====⇒ f(x, ·) ∈ L+(Rm) a.e. x ∈ Rn.

?2R(¥I��)



5PY

Tonelli½néue�¼ê¤á:

f |Rn+m\({0}×Rm) = 0

f(0, ·)3RmþØ�ÿ

Tonelli½n¤á�¼ê,Ù3R��¡þ�5��Ué�.

?2R(¥I��)



�E8Ü

Γ =
{
f ∈ L(Rn+m) : f÷vn^5�

}

5�1.
∫
Rn+m

f(x, y)dxdy =

∫
Rn

( ∫
Rm

f(x, y)dy
)
dx.

5�2.
∫
Rm

f(x, y)dy ∈ L(Rn)

5�3. f(x, ·) ∈ L(Rm) a.e. x ∈ Rn.

?2R(¥I��)



ý�Ún

e�5�¤á:

Γ ∩ L+´I (é\{Ú'u�Kê�¦{µ4)

Γ ∩ L1´�þ�m (Γ´�þ�m)

Γ 3 fn ↗ f
fn ,f∈L+

====⇒ f ∈ Γ

Γ 3 fn ↘ f
fn ,f∈L1

====⇒ f ∈ Γ

?2R(¥I��)



ý�Únã«

Γ ∩ L+ I 'u↗ limµ4(3L+�µeS)

Γ ∩ L1 �þ�m 'u↘ limµ4(3L1�µeS)
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ý�ÚnY

y²:

Γ��: 0 ∈ Γ.

Γ'u�ê$��µ45w,.
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ý�ÚnY

Γ'u4�$��µ45:

(1)5güNÂñ½n.

(2)¿�X

Γ ∩ L1 3 fn ↘ f ∈ L1 =⇒ f ∈ Γ ∩ L1.

=z��/�: f1 − fn ↗ f1 − f

?2R(¥I��)



Tonelli½n�y²

|^IOoÚ½:

χE
S+

−−−−−→
+,·,lim

L+

χE ∈ Γ
ý�Ún

==========⇒
(∀E⊂Rn+m�ÿ)

L+(Rn+m) ⊂ Γ

?2R(¥I��)



χE ∈ ΓÊ«�/

ÝN:

E = I × J, I ⊂ Rn, J ⊂ Rm, I, J´ÝN.

5�(1)¥�È©�� = |I| |J|.

?2R(¥I��)



Ê«�/Y

m8:

E �?�¿©
==========

⊔
��

Ik , Ik ´ÝN.

χE =
∑
��

χIk
∈ Γ ∩ L+ ⊂ Γ.

?2R(¥I��)



Ê«�/Y

;8:

B(0,R) = E
⊔ m8︷             ︸︸             ︷

(Ec ∩ B(0,R)), R � 1

ý�Ún
=======⇒ χE = χB(0,R)

− χEc∩B(0,R)
∈ Γ ∩ L1 ⊂ Γ.

?2R(¥I��)



Ê«�/(Y)

"ÿ8E:

∃m8Gk ⊃ E : lim
k→∞

m(Gk ) = m(E) = 0

=======⇒ ��Gk ↓, m(G1) < +∞

=======⇒ H =
∞⋂

k=1

Gk´E��ÿ�

ý�Ún
=======⇒

Gk∈Γ∩L1
χH ∈ Γ ∩ L1 ⊂ Γ.
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Ê«�/(Y)

0 = m(E) = m(H)
χH∈Γ

====

∫
Rn

( ∫
Rm
χH(x, y)dy

)
dx

=====⇒

∫
Rm
χH(x, y)dy a.e.

==== 0

=====⇒ χH
a.e.

==== 0
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Ê«�/(Y)

χH ∈ Γ, χH
a.e.

==== 0 =====⇒ χE ∈ Γ

?2R(¥I��)



Ê«�/(Y)

�ÿ8E:

E =
∞⋃

k=1

Fk

⊔
Z , ;8Fk ↑⊂ R

n+m, m(Z) = 0.

=⇒ χE = χZ + lim
k→∞

χFk
⊂ Γ ∩ L+ ⊂ Γ.

?2R(¥I��)



Fubini-Tonelli½n

Theorem 1 (Fubini-Tonelli½n)

�f ∈ L+(Rn+m) ∪ L1(Rn+m),K∫
Rn+m

f(x, y)dxdy =

∫
Rn

( ∫
Rm

f(x, y)dy
)
dx.

?2R(¥I��)



Fubini-Tonelli½nY

5P

f ∈ L1(Rn+m) =⇒ f(x, ·) ∈ L1(Rm) a.e. x ∈ Rn

=⇒ f(x, ·) a.e.�ÿ, a.e.k�.

f ∈ L+(Rn+m) =⇒ f(x, ·) ∈ L+(Rm) a.e. x ∈ Rn

=⇒ f(x, ·) a.e.�ÿ.

?2R(¥I��)



Fubini-Tonelli½nY

y²: f ∈ L1(Rn+m)
Tonelli

=======⇒ f = f+ − f−, f± ∈ Γ ∩ L1

ý�Ún
=======⇒ f ∈ Γ ∩ L1 ⊂ Γ.

?2R(¥I��)



'uFubini-Tonelli½nA^�5P

Fubini-Tonelli½nA^�üÜ­:

Tonelli½n�yf�È5.

∫
Rn+m

|f(x, y)|dxdy =

∫
Rn

( ∫
Rm
|f(x, y)|dy

)
dx < +∞ =⇒ f ∈ L1.

Fubini½nO�fÈ©�.

f ∈ L1 =⇒

∫
Rn+m

f(x, y)dxdy =

∫
Rn

( ∫
Rm

f(x, y)dy
)
dx.

?2R(¥I��)



~K

Fubini½néue�¼êØ¤á:

f(x, y) =
x2 − y2

(x2 + y2)2 , (x, y) ∈ (0, 1] × (0, 1].

?2R(¥I��)



~K

y²:

∫ 1

0

1
x2 + a2 dx =

x
x2 + a2

∣∣∣∣∣1
0

+

∫ 1

0

2x2

(x2 + a2)2 dx

£�Ï©
=======⇒

∫ 1

0

x2 − a2

(x2 + a2)2 dx = −
1

1 + a2

?2R(¥I��)



~KY

∫ 1

0

( ∫ 1

0

x2 − y2

(x2 + y2)2 dx
)
dy =

∫ 1

0
−

1
1 + y2 dy = −

π

4
,

∫ 1

0

( ∫ 1

0

x2 − y2

(x2 + y2)2 dy
)
dx =

∫ 1

0

1
1 + x2 dx =

π

4
.
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~KY

∫ 1

0

( ∫ 1

0

x2 − y2

(x2 + y2)2 dx
)
dy ,

∫ 1

0

( ∫ 1

0

x2 − y2

(x2 + y2)2 dy
)
dx

∫ 1

0

∫ 1

0
|f(x, y)|dxdx = +∞.

?2R(¥I��)



��È©gS�Ê��d½n

ÿÝ�σ�\5�du:

Levi L+ fn ↑ f
fn∈L+

===⇒
∫

fn ↑
∫

f

Fatou L+
∫

lim fn
fn∈L+

6 lim
∫

fn

Lebesgue L1 fn
a.e.
−−−→ f

|fn |6g∈L1

=====⇒
fn�ÿ

fn
L1

−−→ f ,
∫

fn −→
∫

f

Fubini L+ ∪ L1
∫
Rn+m f f∈L+∪L1

=======
∫
Rn

( ∫
Rm f(x, y)dm(y)

)
dm(x).
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P193 132, 33, 34K
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�!Ì�SN

Ä�È©nØ¥�Fubini½n

VitaliCX½n
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Ä�È©nØ¥�Fubini½n

Theorem 1 (Fubini½n)

�(X , ΓX , µ), (Y , ΓY , ν)´σk��ÿÝ�m,

f ∈ L+(X × Y) ∪ L1(X × Y , µ × ν).

K ∫
X×Y

f dµ × ν =

∫
X

( ∫
Y

f(x, y)dν(y)
)
dµ(x)

=

∫
Y

( ∫
X

f(x, y)dµ(x)
)
dν(y).

?2R(¥I��)



Fubini-Tonelli½nY

5P

f ∈ L1(X × Y , µ × ν)

=====⇒ f(x, ·) ∈ L1(Y) (µ − a.e. x ∈ X)

=====⇒ f(x, ·) �ÿ (µ − a.e. x ∈ X)

=====⇒ f(x, y) k� (µ − a.e. x ∈ X , ν − a.e. y ∈ Y)

?2R(¥I��)



Fubini-Tonelli½nY

5P

f ∈ L+(X × Y , µ × ν) =⇒ f(x, ·) ∈ L+(Y) µ − a.e. x ∈ X

?2R(¥I��)



¦ÈÿÝ�m

¦ÈÿÝ�m

(X × Y , ΓX×Y , µ × ν)
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¦ÈÿÝ�mσ�ê

ΓX×Y ´Γx × ΓY)¤���σ�ê.
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¦ÈÿÝ�m�¦ÈÿÝ

¦ÈÿÝ´dCaratheodory�EÑ�ÿÝ,§�Ñu:´

µ × ν(A × B) = µ(A) × ν(B),

§�½Â�Γ̂X×Y :

Γ̂X×Y ⊃ ΓX×Y

?2R(¥I��)



¦ÈÿÝ�m

¦ÈÿÝ�m(X × Y , Γ̂X×Y , µ × ν)´��ÿÝ�m

(X × Y , ΓX×Y , µ × ν)�U���.

e(X , ΓX , µ), (Y , ΓY , ν)´σk�ÿÝ�m,

K(X × Y , ΓX×Y , µ × ν)´σk�ÿÝ�m.

?2R(¥I��)



Å�È©½n: OêÿÝ

�OêÿÝν:

Fubini½n ======Å�È©½n ======ÿÝσ�\5

====== LeviüNÂñ½n

====== Lebesgue��Âñ½n

?2R(¥I��)



Å�È©½n�^�

(X , ΓX , µ)´σk�ÿÝ�m.

f(x, n) := fn(x)

• f(x, n) ∈ L+(X × N)⇐===⇒ fn ∈ L+(E).

• f(x, n) ∈ L1(X × N, µ × ν)⇐===⇒
∞∑

n=1

∫
X
|fn(x)|dµ(x) < +∞

?2R(¥I��)



5P

ê� ====== ¼ê (�ê,p��)

?ê(4�) ====== È© (lÑÿÝ)

Levi = Lebesgue = Fubini =��È©gS
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Å�È©½n

Theorem 2 (Å�È©½n)

(X , ΓX , µ)´σk�ÿÝ�m.

fn(x) =: f(x, n) ∈ L+ ∪ L1(X × N, µ × ν))

=====⇒

∫
X

∞∑
n=1

fn(x)dµ(x) =
∞∑

n=1

∫
X

fn(x)dµ(x).

?2R(¥I��)



��È©gS�Ê��d½n

ÿÝ�σ�\5�du:

Levi L+ fn ↑ f
fn∈L+

===⇒
∫

fn ↑
∫

f

Fatou L+
∫

lim fn
fn∈L+

6 lim
∫

fn

Lebesgue L1 fn
a.e.
−−−→ f

|fn |6g∈L1

=====⇒
fn�ÿ

fn
L1

−−→ f ,
∫

fn ↑
∫

f

Fubini L+ ∪ L1
∫

X×Y f f∈L+∪L1

=======
∫

X

( ∫
Y f(x, y)dν(y)

)
dµ(x).

?2R(¥I��)



ýéëYÿÝ�x

Radon-Nikodym½n

�ν, µ´�ÿ�m(X , Γ)ÿÝ, νk�, µ´σk�,K

ν � µ ⇐⇒ dν = fdµ (∃f ∈ L+ ∩ L1(X , µ))

=ν(A) =

∫
A

dν =

∫
A

fdµ, ∀A ∈ Γ.

Radon-Nikodym½n�x: =
ÿÝ��þÒ´¼ê?

?2R(¥I��)



Ä�È©´p��ÿÝ

Theorem 3

mn+1(U(f)) =

∫
E

f(x)dm(x) =

∫ ∞

0
m

{
x ∈ E : t < f(x)

}
dt

f ∈ L +(E), f�ã/�e�

U(f) =
{
(x, t) ∈ E × [0,+∞) : 0 6 t < f(x)

}

È©´­>F/�¡È.

��¡È=�×° =

ã/e��Ý︷                   ︸︸                   ︷
m

{
x ∈ E : t < f(x)

}
dt

?2R(¥I��)



È©´p��ÿÝY

y²: ã/e�´�ÿ8(fk.):

U(f) =
22k⋃
j=1

f−1[
j − 1
2k

,
j

2k
) × [

j − 1
2k

,
j

2k
), k >> 1.

�s©�

?2R(¥I��)



È©´p��ÿÝY

mn+1(U(f)) =

∫
E×(0,+∞)

χU(f)(x, t)dmn(x)dt

=

∫
E

( ∫ +∞

0
χU(f)(x, t)dt

)
dmn(x)

=

∫
E

∫ f(x)

0
dtdmn(x)

=

∫
E

f(x)dmn(x)

=

∫ ∞

0

( ∫
E
χU(f)(x, t)dmn(x)

)
dt

=

∫ ∞

0
m

{
x ∈ E : t < f(x)

}
dt

?2R(¥I��)



È©´p��ÿÝ

Theorem 4

(µ ×m)(U(f)) =

∫
X

f(x)dµ(x) =

∫ ∞

0
µ
{
x ∈ X : t < f(x)

}
dm(t)

ÿÝ�m(X , Γ, µ), BorelÿÝ�m(R,B(R),m)

f ∈ L +(X), f�ã/�e�

U(f) =
{
(x, t) ∈ X × [0,+∞) : t < f(x)

}
È©´­>F/�¡È.

��¡È=�×° =

ã/e�Y²8�Ý︷                  ︸︸                  ︷
µ
{
x ∈ X : t < f(x)

}
dt

?2R(¥I��)



VitaliCX

VitaliCX´©Û�Ãâ
:

Ã¡
=z�

=====⇒��!k�

A^µ

�ê
=z�

=====⇒�û
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VitaliCX�½Â

E ⊂ R, Γ´E�VitaliCX

Γ´E�CX

Γ =�òz�4«mx

z:?Ã¡��gCX:

∀ x ∈ E, inf{|I| : x ∈ I ∈ Γ} = 0

?2R(¥I��)



VitaliCX½n

Theorem 5 (VitaliCX½n)

E ⊂ R, m∗(E) < ∞, Γ´E�VitaliCX.

======⇒ E ⊂
∞⊔

j=1

Ij t Z (∃Ij ∈ Γ,m(
∞⊔

j=1

Ij) < ∞, m(Z) = 0)

ÅgÂ�
⇐======⇒ ∀ε > 0, E ⊂

n(ε)⊔
j=1

Ij t Eε (∃Ij ∈ Γ, m(Eε) < ε.)

?2R(¥I��)



VitaliCX½n5P

VitaliCX½n3Rn¥¤á:

4«m −→ 4¥

|I| −→ 4¥�».

?2R(¥I��)



VitaliCX½n�y²

�»��ÿÝk�m8. Ø��

E ⊂ G ⊂ R, m(G) < +∞, I ⊂ G(Vitali) (∀ I ∈ Γ).

?2R(¥I��)



Y

8BÀ�:

�®À�I1, . . . , In ∈ ΓpØ��

=⇒ À�I1, . . . , In+1 ∈ ΓpØ��

?2R(¥I��)



Y

�8�{(zÚJ`):

��E \
n⊔

j=1

Ij , ∅

δn = sup
{
|I| : I ∈ Γ, I�I1, . . . , InpØ��

}
|I|6m(G)<∞

=======⇒ δn ∈ (0,+∞)

=======⇒ À�In+1 : |In+1| >
δn

2
.

?2R(¥I��)



VitaliCX½n�y²Y

b�þãL§��UYe�:

�3pØ�����Ij ∈ Γ,÷v

∞∑
k=1

|Ik | 6 m(G) < +∞ =====⇒ |Ik | → 0

?2R(¥I��)



VitaliCX½n�y²Y

äó:

∀ε > 0, ∃N ∈ N :

E \
N⊔

k=1

Ik ⊂
∞⋃

k=N+1

5Ik
∞∑

k=N+1

|Ik | <
ε

5
.

PÒ: 5I�IÓ%, |5I| = 5|I|
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VitaliCX½n�y²Y

|^äóy²½n:

m(E \
∞⊔

k=1

Ik ) 6 m(E \
N⊔

k=1

Ik ) < ε.

?2R(¥I��)



Y

äó�y²:

��y²: E \
N⊔

k=1

Ik ⊂
∞⊔

k=N+1

5Ik , ∀N ∈ N.

∀ x ∈ E \
N⊔

k=1

Ik
∃I

==⇒ x ∈ I ∈ Γ,

I ∩
N⊔

k=1

Ik = ∅

I ∩
∞⊔

k=1

Ik , ∅

ÄK|I| 6 δk 6 2|Ik+1| −→ 0.

?2R(¥I��)



Y

I�I1, . . . IN , . . . In0−1Ø��, I�In0��

n0 > N, |I| 6 δn0−1 6 2|In0 |.

x ∈ I ∈ Γ =====⇒ x ∈ 5In0 , äó¤á.

?2R(¥I��)



��

P192 124, 25, 26, 27K
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¢©Û(H),123g�
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�!Ì�SN

©Ù¼ê

�©nØ

?2R(¥I��)



©Ù¼ê

E ⊂ RnLebesgue�ÿ.

f ∈ L (E), g := |f |

ã/e��Y²�¡(Y²�¡á3­>F/�Ü©)

{(x, t0) : x ∈ E, t0 < g(x)}, Ù¥t0 ∈ [0,∞)�½.

Y²�¡�ÿÝ

m({x ∈ E : t0 < g(x)}) = m(g−1(t0,+∞))

?2R(¥I��)



©Ù¼êY

f�©Ù¼ê

f∗(t) := m{x ∈ E : t < |f(x)|}
g=|f |

==== m(g−1(t ,+∞))

AÛ¿Â:

|f |ã/e��Y²�¡�ÿÝÒ´©Ù¼êf∗(t)

ÿÝØ¥,¼ê�/ �©Ù¼ê��.

?2R(¥I��)



©Ù¼ê3È©¥��^: �sL«

∫
E
|f(x)|dx

f�ã/�e��¡È
==================

|^��{

∫ +∞

0
f∗(t)dt

?2R(¥I��)



È©��sL«

∫
E
|f(x)|p dx

f∈L (E)
======
p∈[1,∞)

∫ +∞

0
ptp−1f∗(t)dt

?2R(¥I��)



©Ù¼ê�È©L«

|f |�ã/e�:

U(f) =
{
(x, t) ∈ E × [0,+∞] : t < |f(x)|

}

©Ù¼ê�È©L«

f∗(t) =

∫
E
χU(f)(x, t)dx

?2R(¥I��)



È©��sL«y²

∫
E
|f(x)|p dx ======

∫
E

dx
∫ |f(x)|

0
ptp−1dt

======

∫
E

dx
∫ +∞

0
ptp−1χU(f)(x, t)dt

Fubini
=====

∫ +∞

0
ptp−1dt

∫
E
χU(f)(x, t)dx

======

∫ +∞

0
ptp−1f∗(t)dt

?2R(¥I��)



©Ù¼êo(

Ä�È© RiemannÈ©

Ä�¼êf(x) äN¼êf∗(t)

Ä�È©
©Ù¼ê

===========⇒
äNz�xù

RiemannÈ©

?2R(¥I��)



1ÊÙ: �©nØ
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�ÙØ%SN: �È©Ä�½n

C[a, b]

∫ x

a
GGGGGGGBFGGGGGGG

d
dx

C1[a, b]/R £V�¤

L1[a, b]/ ∼

∫ x

a
GGGGGGGBFGGGGGGG

d
dx

AC[a, b]/R £V�¤

¢©Û�Ä�È©nØ´È©nØí2��2|¤.

�©AÛ�6/Ún�mnØ´�êí2��2|¤.

?2R(¥I��)



Lebesgue�©½n

Theorem 1 (Lebesgue�©½n)

üN¼êA�??��.

f : [a, b] −→ R ↑=====⇒ f ′a.e.�3�k�.

?2R(¥I��)



Y

y²: y²g´: o´Ph > 0. ·���y²

(1). lim
h→0

f(x + h) − f(x)

h

a.e.
6 lim

h→0

f(x) − f(x − h)

h
.

(2). lim
h→0

f(x + h) − f(x)

h

a.e.
> lim

h→0

f(x) − f(x − h)

h
.

(3). f ′a.e.Ø�u∞.

?2R(¥I��)



Lebesgue�©½n�y²

(1)=⇒ (2):

g(x) ↑= −f(t) (x + t = a + b , x ∈ [a, b]).

(1)
g↑

======⇒ lim
h→0

g(x + h) − g(x)

h

a.e.
6 lim

h→0

g(x) − g(x − h)

h

g(x)=−f(t)
======⇒ lim

h→0

−f(t − h) + f(t)
h

a.e.
6 lim

h→0

−f(t) + f(t + h)

h

======⇒ (2)¤á.

?2R(¥I��)



Lebesgue�©½n�y²(Y)

(3)�y²:

E := {x ∈ (a, b) : f ′(x) = ∞} �½N > 0

Γ :=

{
[x, x + h] ⊂ (a, b) : x ∈ E,

f(x + h) − f(x)

h
> N

}

Γ´E�VitaliCX

?2R(¥I��)



Y

Vitali½n
=======⇒ E ⊂ I1 t · · · t Im t E 1

N
, m(E 1

N
) <

1
N
,

Ij=[xj ,xj+hj ]
=======⇒ m∗(E) 6

m∑
j=1

hj +
1
N

6
1
N

m∑
j=1

(f(xj + hj) − f(xj)) +
1
N

f↑
6

1
N

(f(b) − f(a) + 1) −→ 0 (N → ∞).

?2R(¥I��)



Lebesgue�©½n�y²(Y)

(1)�y²:

(1)£ã�´a.e.¤á�Ø�ª.

��y²TØ�ªØ¤á�8Ü´"ÿ8.

òT"ÿ8L«����8Ü�¿.

?2R(¥I��)



Y

∀ R , r ∈ Q, R > r , P

E :=
{
x ∈ (a, b) : lim

h→0

f(x+h)−f(x)
h > R > r > lim

h→0

f(x)−f(x−h)
h

}

·���y²E´"ÿ8.

mþ�ê>�e�ê�:�¤"ÿ8

?2R(¥I��)



Y

�y{:

�m∗(E) , 0. (5¿: E ⊂ (a, b))

�m8G ⊃ E:

m(G) <
R + r

2r
m∗(E).

?2R(¥I��)



Lebesgue�©½n�y²(Y3)

Ñu:

r > lim
h→0

f(x) − f(x − h)

h
.

�EVitaliCX

ΓE =
{
[x − h, x] ⊂ (a, b) ∩ G : x ∈ E,

f(x) − f(x − h)

h
< r

}

Vitali
===⇒ E ⊂ I1 t · · · t Ip t Eε , Ij = [xj − hj , xj] ∈ ΓE , m(Eε) < ε.

?2R(¥I��)



Y

Ñu:

y ∈ E, lim
0<k→0

f(y + k) − f(y)

k
> R .

�E��K>���Ü©:

A = E¥�Vitalik��CX�Ü©

:= E ∩ (
◦

I1 t · · · t
◦

Ip)

5P:
◦

I = I�SÜ

?2R(¥I��)



Y

�EVitaliCX

A = E ∩ (
◦

I1 t · · · t
◦

Ip)

ΓA =
{
[y, y + k ] ⊂

p⊔
j=1

◦

I j : y ∈ A ,
f(y + k) − f(y)

k
> R

}

Vitali
===⇒ A ⊂ J1t· · ·tJqtAε , Ji = [yi , yi +ki] ∈ ΓA , m(Aε) < ε.

?2R(¥I��)



Lebesgue�©½n�y²(Y4)

nþ,

E ⊂ J1

⊔
· · ·

⊔
Jq

⊔
Aε ∪ Eε ∪k�8.

J1

⊔
· · ·

⊔
Jq ⊂ I1

⊔
· · ·

⊔
Ip ⊂ G.

?2R(¥I��)



Y

�	f3Ji , Ijþa�Ý

f↑
=====⇒

q∑
i=1

(f(yi + ki) − f(yi)) 6

p∑
j=1

(f(xj) − f(xj − hj)).

?2R(¥I��)



Y

|^�E¥�� Ç^�:

þª�>=
q∑

i=1
(f(yi + ki) − f(yi)) > R

q∑
i=1

ki > R(m∗(E) − 2ε)

þªm>=
p∑

j=1
(f(xj) − f(xj − hj)) 6 rm(G) < R+r

2 m∗(E).

gñ
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VitaliCX��E

l'u�ê�Ø�ª½�ªÑu

ø�4��	�

JøVitaliCX.
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VitaliCX��{o(

VitaliCX ò�Ú°,U�==============
6Ä�{

?n4��5Kz�{

Ä�8Ü «m

�ê �û

8Ü!�ê
õg�{: �o�°

=================⇒
�4�:�3­�&E

«m!�û
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Sobolev�m

Sobolev�m:

W1,1[a, b] :=
{
f : [a, b] −→ R�ÿ | f ′a.e.�3, f , f ′ ∈ L1[a, b]

}
.

ü��I:

(�ê�I,È©�I)

�SobolevnØ�': ùpé�ê��¦�r.

?2R(¥I��)



Lebesgue½n

Theorem 2 (Lebesgue½n)

f : [a, b] −→ R ↑=⇒ f ∈ W1,1[a, b],

∫ b

a
f ′(x)dx 6 f(b) − f(a).

?2R(¥I��)



�~

f = Cantor¼ê ↑,

∫ 1

0
f ′(x)dx < f(1) − f(0).

?2R(¥I��)



Lebesgue½n�y²

y²: ~�òÿf : R −→ R

f↑
=====⇒ f a.e.ëY

=====⇒ f�ÿ, f ′(x) = lim
n→∞

f(x + 1
n ) − f(x)
1
n

�ÿ,
a.e.
> 0

?2R(¥I��)



Lebesgue½n�y²Y

Fatou
===⇒
f ′∈L+

∫ b

a
f ′(x)dx 6 lim

n→∞

∫ b

a

f(x + 1
n ) − f(x)
1
n

dx

6 lim
n→∞

n
(∫ b+1/n

b
f(x)dx −

∫ a+1/n

a
f(x)dx

)

6 f(b) − f(a)

?2R(¥I��)
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P211 11, 2K

P241 12, 3K
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�!Ì�SN

Å��©½n

BV[a,b], AC[a,b]

|^üNO\¼ê�ÏïÄýéëY¼ê.

AC[a,b]3�È©Ä�½n¥åX'��^.

?2R(¥I��)



FubiniÅ��©½n

^�:

3L+µeS: f ′n ∈ L+\r�fn ↑

ü>k¿Â:
∞∑

n=1
fn(x)Âñ.

Theorem 1 (FubiniÅ��©½n) ∞∑
n=1

fn(x)

′ a.e.
======

∞∑
n=1

f ′n(x).

?2R(¥I��)



5P

FubiniÅ��©½n�Fubini½nØÓ:

§´a.e.¤á��ª; ¦�ÚÈ©��gS.

FubiniÅ��©½n�^�:

Å�¦���\r���L+µeS.

?2R(¥I��)



Y

y²:
∞∑

n=1

fn =
N∑

n=1

fn + RN , RN =
∞∑

n=N+1

fn

=====⇒

 ∞∑
n=1

fn

′ a.e.
======

N∑
n=1

f ′n + R ′N

N→∞
=========⇒
e lim

N→∞
R ′N∃

 ∞∑
n=1

fn

′ a.e.
====

∞∑
n=1

f ′n + lim
N→∞

R ′N .

?2R(¥I��)



Y

Ö¿y²:

fn'ux ↑

=====⇒ RN+1'ux ↑

=====⇒ R ′N
a.e.
==== f ′N+1 + R ′N+1

a.e.
> R ′N+1

a.e.
> 0

=====⇒ lim
N→∞

R ′N∃

?2R(¥I��)



Y

0
RN↑

6

∫ b

a
lim

N→∞
R ′N

Fatou
6 lim

N→∞

∫ b

a
R ′N

RN↑

6 lim
N→∞

(RN(b) − RN(a)) = 0

=====⇒ lim
N→∞

R ′N
a.e.
==== 0.

?2R(¥I��)



~K

∃ f : [0, 1] −→ [0, 1]î�üNO\, f ′ a.e.
==== 0.

?2R(¥I��)



~K

�E:

f(x) =
∞∑

n=1

1
2n χ[rn ,1](x), Ù¥(0, 1) ∩ Q = {rn}n∈N.

=====⇒ f ′(x) a.e.
================
FubiniÅ��©½n

∞∑
n=1

1
2n χ

′

[rn ,1]
(x) a.e.

==== 0

?2R(¥I��)



§2 BV [a, b]

[a, b]þk.C�¼ê�NBV [a, b]

BV [a, b] =
{
f : [a, b] −→ R | Vb

a f < +∞
}

= �¹[a, b]þ¤küNO\¼ê�����5�m

= d[a, b]þ¤küNO\¼ê)¤��5�m

?2R(¥I��)



�C�

�C�

Vb
a f = sup

a=x0<···<xn=b

n∑
k=1

|f(xk ) − f(xk−1)|.

?2R(¥I��)



­��¦�

f ∈ BV [a, b]⇐⇒ f��­��¦�.
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­��¦�Y

Ø�¦�­�:

f(x) = x sin
1
x
∈ C[0, 1] \ BV [0, 1].

¿©0 = x0 < x1 < · · · < x2n+1

(¿©:x2k−1 =
1

((n − k + 1) + 1
2)π

<
1

(n − k + 1)π
= x2k )

V1
0 f >

2n+1∑
k=1

|f(xk ) − f(xk−1)| > c
2n+1∑
k=1

1
k
−→ +∞ .

?2R(¥I��)



�C�ÚÈ©��q5

�C�ÚÈ©��q5

�C� È©

©�a��4� ©�¦Ú�4�

Vb
a f

f∈AC[a,b]
================
�C��O��{

∫ b
a |f

′|

f ↑=⇒ Vb
a f = f(b) − f(a).

?2R(¥I��)



�C�ÿÝ

�C�

Vb
a f = |ν|([a, b]) =

∫ b

a
d|ν| =

∫ b

a
|f ′|dm, dν = f ′dm

|ν|(E) = sup

 n∑
k=1

|ν(Ek )| : E =
n⊔

k=1

Ek



?2R(¥I��)



k.C�éÈ©���\5

k.C�éÈ©���\5

Vb
a f = Vc

a f + Vb
c f ∀ c ∈ (a, b).

?2R(¥I��)



k.C�éÈ©���\5

y²µ (1). éu∀ a = x0 < · · · < xn = b

n∑
k=1

|f(xk ) − f(xk−1)|6Vc
a f + Vb

c f .

(2). éu∀ a = x0 < · · · < xm = c, c = y0 < · · · < yn = b

Vb
a f >

m∑
k=1

|f(xk ) − f(xk−1)|+
n∑

j=1

|f(yj) − f(yj−1)|

?2R(¥I��)



Jordan©)½n

Jordan©)½n

f ∈ BV [a, b] ⇐===⇒ f = f1 − f2 (∃f1, f2 ↑).

?2R(¥I��)



Jordan©)½nY

y²µ “⇐= ”

f1, f2 ↑ =====⇒ Vb
a f 6 Vb

a f1 + Vb
a f2 < +∞.

?2R(¥I��)



Jordan©)½nY

“ =⇒ ”

f1(x) := Vx
a f , f2 := f1 − f

f2(y) − f2(x)
y>x
==== (Vy

a f − f(y)) − (Vx
a f − f(x))

= Vy
x f − (f(y) − f(x)) > 0.

?2R(¥I��)



k.C�´Sobolev

BV [a, b] ⊂ W1,1[a, b].

(Ï�↑¼ê∈ W1,1[a, b])

?2R(¥I��)



§3 AC[a, b]

Lebesgueµee�È©Ä�½n:

L1[a, b]/ ∼

∫ x

a
GGGGGGGBFGGGGGGG

d
dx

AC[a, b]/R £V�¤

?2R(¥I��)



5P

d�È©Ä�½nÖÑýéëY¼ê��x5�:

�)

?2R(¥I��)



ýéëY¼ê½Â: Motivation

f ∈ AC[a, b] =====⇒ ∃g ∈ L1[a, b] : f(x) =
∫ x

a
g + c

|g|∈L1

=====⇒ lim
m(

n⊔
k=1

(ak ,bk ))→0

n∑
k=1

|f(bk ) − f(ak )|

6 lim
∫

n⊔
k=1

(ak ,bk )
|g| = 0

?2R(¥I��)



ýéëY¼ê�½Â

f ∈ AC[a, b]

⇐==⇒ lim
m(

n⊔
k=1

(ak ,bk ))→0

n∑
k=1

|f(bk ) − f(ak )| = 0

⇐==⇒ ∀ ε > 0,∃δ > 0 : m(
n⊔

k=1

(ak , bk )) < δ =⇒
n∑

k=1

|f(bk ) − f(ak )| < ε.

?2R(¥I��)



ýéëY¼ê´ëY�\r��, C1�fz��

C1[a, b] ⊂ AC[a, b] ⊂ C[a, b]

?2R(¥I��)



ýéëY¼ê´k.C�¼ê

AC[a, b] ⊂ BV [a, b]

Vb
a f

ε=1,‖π‖<δ
=======

n∑
k=1

Vci
ci−1

f 6 n.

?2R(¥I��)



�m�¹'X

C1[a, b] ⊂ AC[a, b] ⊂ C[a, b]∩BV [a, b] ⊂ BV [a, b] ⊂ W1,1[a, b] ⊂ L1

Cantor¼ê´üNO\ëY¼ê,�Ø´ýéëY¼ê

?2R(¥I��)



~K

f ∈ C[a, b] =====⇒ Vb
a f = Vb

a |f |

?2R(¥I��)



Y

�/� f(x)f(y) > 0:∣∣∣|f(x)| − |f(y)|∣∣∣ = |f(x) − f(y)|

�/� f(x)f(y) < 0 =⇒ ∃ ξ : f(ξ) = 0:

∣∣∣|f(x)| − |f(y)|∣∣∣ 6 |f(x) − f(y)| 6
∣∣∣|f(x)| − |f(ξ)|∣∣∣ + ∣∣∣|f(ξ)| − |f(y)|∣∣∣

?2R(¥I��)



Y

∀©�π : a = x0 < x1 < · · · < xn = b

\\©�:
=========⇒ ∀#©�π′ : a = y0 < y1 < · · · < ym = b

?2R(¥I��)



Y

÷v

n∑
k=1

∣∣∣|f(xk )| − |f(xk−1)|
∣∣∣ 6 n∑

k=1

∣∣∣f(xk )− f(xk−1)
∣∣∣ 6 m∑

k=1

∣∣∣|f(yk )| − |f(yk−1)|
∣∣∣

=====⇒ Vb
a f = Vb

a |f |

?2R(¥I��)
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P.232 11, 3K
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�ùÌ�SN

Lebesgueµee�È©Ä�½n

\r��

?2R(¥I��)



�È©Ä�½n

C[a, b]

∫ x

a
GGGGGGGBFGGGGGGG

d
dx

C1[a, b]/R £V�¤

ÛÜÚ�NMu�¬.

©Û�Ä�.

?2R(¥I��)



Lebesgueµee�È©Ä�½n

Lebesgueµee�È©Ä�½n:

L1[a, b]

∫ x

a
GGGGGGGBFGGGGGGG

d
dx

AC[a, b] £V�¤

(a.e. ��À�ð�) (��~êÀ�ð�)

m m

∫ x

a
ü�

d
dx
ü�

?2R(¥I��)



®�(J

¦�:

AC[a, b] ⊂ BV [a, b] ⊂ W1,1[a, b]

=====⇒
d
dx

: AC[a, b] −−−−−−→ L1[a, b].

È©: Ú\ýéëY¼ê�Motivation

∫ x

a
: L1[a, b] −−−−−−→ AC[a, b].

?2R(¥I��)



5P

y²©�nÚ.

Lebesgueµee�È©Ä�½n�SN´L:

Ù)Öë�y²�n�Ú½.

?2R(¥I��)



y²©�nÚ:1�Ú

Theorem 1 (�È©Ä�½n�AÏ�/)

f ′ a.e.
==== 0

f∈AC[a,b]
⇐===========⇒
�È©Ä�½n

f =~ê.

?2R(¥I��)



Y

y²:

f ∈ AC[a, b] ⇐==⇒ lim
m(

n⊔
k=1

(ak ,bk ))→0

n∑
k=1

|f(bk ) − f(ak )| = 0

?2R(¥I��)



Y

y²: ?¿�½ε > 0,�3δ > 0:

m(
n⊔

k=1

(ak , bk )) < δ
f∈AC[a,b]

=========⇒
n∑

k=1

|f(bk ) − f(ak )| < ε.

?2R(¥I��)



Y

�½x0 ∈ (a, b): f ′(x0)∃,��y²f(x0) = f(a).

VitaliCX:

E := {y ∈ (a, x0) : f ′(y) = 0}

ΓE =

{
[y, y + h] ⊂ (a, x0) : y ∈ E, h > 0,

∣∣∣∣∣∣ f(y + h) − f(y)

h

∣∣∣∣∣∣ < ε
}

?2R(¥I��)



Y

Vitali
=====⇒ E ⊂

m⊔
i=1

[yi , yi + hi] t Eδ, m(Eδ) < δ, [yi , yi + hi] ∈ Γ

m(Z)=0
=====⇒ (a, x0) = E t Z ⊂

m⊔
i=1

[yi , yi + hi] t Eδ t Z .

?2R(¥I��)



Y

[a, x0]�¿© :

m⊔
i=1

[yi , yi + hi]�à:V\(a, x0)�à:.

f3Ø�
m⊔

i=1
[yi , yi + hi]±��e�¿©«m�a�Ý < ε

?2R(¥I��)



Y

=====⇒ |f(x0) − f(a)| 6
n∑

i=1

|f(yi + hi) − f(yi)|+ ε

< ε(
n∑

i=1

hi) + ε 6 ε(b − a + 1).

?2R(¥I��)



y²©�nÚ:1�Ú

• f ∈ L1[a, b] =====⇒

∫ x

a
f ∈ AC[a, b]

(∫ x

a
f
)′

a.e.
==== f(x)

?2R(¥I��)



Y

y²: |^È©�ýéëY5

f ∈ L1[a, b] =⇒

∫ x

a
f ∈ AC[a, b] ⊂ BV [a, b] ⊂ W1,1[a, b].

?2R(¥I��)



Y

e¡��y²:

F ′ a.e.
==== f(x)

Ù¥

F(x) :=

∫ x

a
f ∈ W1,1[a, b], f ∈ L1(R)("*¿)

?2R(¥I��)



Y

‖F ′ − f‖L1[a,b]
Fatou
6 lim

h→0

∥∥∥∥F(x + h) − F(x)

h
− f(x)

∥∥∥∥
L1[a,b]

= lim
h→0

∫ b

a

∣∣∣∣∣∣1h
∫ x+h

x
f(t)dt − f(x)

∣∣∣∣∣∣ dx

= lim
h→0

∫ b

a

∣∣∣∣∣∣1h
∫ h

0
f(x + t)dt − f(x)

∣∣∣∣∣∣ dx

?2R(¥I��)



Y

‖F ′ − f‖L1[a,b]
þª
6

Fubini
lim
h→0

1
h

∫ h

0
‖f(x + t) − f(x)‖L1(R)dt = 0.

?2R(¥I��)



Y

Ö¿y²:

f ∈ L1[a, b]
"*¿

=====⇒
f∈L1(R)

∫ x+h

x
f =

∫ h

0
f(·+ x).

(éχE¤á(ÿÝ�²£ØC5),l
éL1¤á.)

?2R(¥I��)



Y

Ö¿y²:

lim
t→0
‖f(x + t) − f(x))‖L1(R)

f∈L1(R)
==========
²þëY5

0.

=⇒ ∀ ε > 0,∃ δ > 0,�|t | < δ�,k‖f(x + t) − f(x))‖L1(R) < ε.

=⇒�0 < h < δ�,k
1
h

∫ h

0
‖f(x + t) − f(x)‖L1(R)dt 6 ε

=⇒
1
h

∫ h

0
‖f(x + t) − f(x)‖L1(R)dt −→ 0.

?2R(¥I��)



y²©�nÚ:1nÚ

• F ∈ AC[a, b] =====⇒ F ′ ∈ L1[a, b]

∫ x

a
F ′ = F(x) − F(a).

?2R(¥I��)



Y

y²:

F ∈ AC[a, b] ⊂ W1,1[a, b]

1�Ú
=========⇒
F ′ ∈ L1[a, b]

∫ x

a
F ′ ∈ AC[a, b]

(∫ x

a
F ′

)′
a.e.

==== F ′(x)

?2R(¥I��)



Y

AC�5�m
=========⇒ F(x) −

∫ x

a
F ′ ∈ AC[a, b]

(
F(x) −

∫ x

a
F ′

)′
a.e.

==== 0.

1�Ú
========⇒ F(x) −

∫ x

a
F ′ == c = F(a)

?2R(¥I��)



�È©Ä�½n�\r��
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dÈ©¡E¼ê

®�È©�¡E¼ê

f ∈ L1[a, b] =====⇒ f(x)
a.e.

====

(∫ x

a
f
)′

a.e.
==== lim

h→0

1
h

∫ x+h

x
f

⇐===⇒ lim
h→0

1
h

∫ x+h

x
f(t) − f(x)dt a.e.

==== 0

?2R(¥I��)



�È©Ä�½n\r��

Theorem 2 (Lebesgue:½n)

lim
h→0

1
h

∫ x+h

x
|f(t) − f(x)|dt︸                        ︷︷                        ︸

�v²þ��

a.e.
=======
f∈L1[a,b]

0.

�ª¤á�:¡�f�Lebesgue:.

®�È©��)Ñ¼ê�äNL�ª:

f(x)
a.e.

=======
f∈L1[a,b]

lim
h→0

1
h

∫ x+h

x
f

?2R(¥I��)



Y

y²: f ∈ L1[a, b]

=====⇒ |f − r | ∈ L1[a, b] (?¿�½ r ∈ Q)

=====⇒ |f(x) − r | a.e.
==== lim

h→0

1
h

∫ x+h

x
|f − r |

?2R(¥I��)



Y

=⇒ lim
h→0

1
h

∫ x+h

x
|f(t) − f(x)|

6 lim
h→0

1
h

∫ x+h

x
|f(t) − r |+ |r − f(x)| (freezingE|)

a.e.
==== 2|f(x) − r |

r→f(x)
−−−−−−→ 0

?2R(¥I��)



~K1

f ∈ L1[a, b],

∫ b

a
xnf(x)dx = 0, ∀n = 0, 1, 2, · · ·

=====⇒ f a.e.
==== 0

?2R(¥I��)



Y

d�È©Ä�½n,��y²F = 0:

f(x)
a.e.

==== F ′(x), F(x) :=

∫ x

a
f(t)dt ∈ AC[a, b]

��y²F = 0.

F(a) = F(b) = 0

?2R(¥I��)



Y

ýéëY¼êxnF(x) ∈ AC[a, b]:

G(x) = xn ∈ C1[a, b] ⊂ AC[a, b]

=⇒ |G(x)F(x) − G(y)F(y)| 6 M(|F(x) − F(y)|+ |G(x) − G(X)|)

=⇒ xnF(x) ∈ AC[a, b]

?2R(¥I��)
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��5:

=⇒

∫ b

a
(xnF(x))′dx = (xnF(x))

∣∣∣b
a

=⇒

∫ b

a
xnf(x) + nxn−1F(x)dx = 0

=⇒

∫ b

a
xn−1F(x)dx = 0, ∀ n ∈ N

?2R(¥I��)



Y

%C:

∀ ε > 0,∃õ�ªP(x) : max
x∈[a,b]

|F(x) − P(x)| < ε

F = 0:

∫ b

a
F(x)2dx =

∫ b

a
F(x)(F(x) − P(x))dx 6 ε

∫ b

a
|F(x)|dx

?2R(¥I��)



5P

|^È©Ø?n¼ê:

f a.e.
==== 0

f∈L1

⇐==⇒ ‖f‖L1 = 0.

|^Ä�½n?n¼ê: �¼ê��=z�Ð¼ê?n.

f a.e.
==== 0

f∈L1

⇐====⇒
F(x)=

∫ x
a f

F = 0.

?2R(¥I��)



��

P.218 18, 10K

P.222 11, 2K

P.231 12K
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�ùÌ�SN

�C�O��{

L∞����È©Ä�½n

L1���Å�¦�
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£Áµ Lebesgueµee�È©Ä�½n

Lebesgueµee�È©Ä�½n:

L1[a, b]

∫ x

a
GGGGGGGBFGGGGGGG

d
dx

AC[a, b] £V�¤

(a.e. ��À�ð�) (��~êÀ�ð�)

m m

∫ x

a
ü�

d
dx
ü�

?2R(¥I��)
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�C�O��{

Theorem 1

f ∈ AC[a, b]
f∈W1,1[a,b]
⇐=====⇒ Vx

a f =
∫ x

a
|f ′|

A~: �C�´È©

f ∈ C1[a, b] =====⇒ Vx
a f =

∫ x

a
|f ′|

?2R(¥I��)
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¿©5:

f ∈ W1,1[a, b] ==⇒ |f ′| ∈ L1[a, b] ======⇒

∫ x

a
|f ′| ∈ AC[a, b]

Vx
a f=

∫ x
a |f

′ |

======⇒ Vx
a f ∈ AC[a, b]

======⇒ f ∈ AC[a, b]

(∀ y > x ======⇒ |f(y) − f(x)| 6 Vy
a − Vx

a ).

?2R(¥I��)



�C�O��{

7�5 :
(
∀ y > x ======⇒ |f(y) − f(x)| 6 Vy

a − Vx
a

)
f∈AC[a,b]
======⇒ |f ′(x)|

a.e.
6

d
dx

Vx
a f

=====⇒

∫ x

a
|f ′| 6 Vx

a f
f(x)=

∫ x
a f ′+f(a)

=========== Vx
a

∫ x

a
f ′

6 Vx
a

∫ x

a
(f ′)+ ↑ +Vx

a

∫ x

a
(f ′)− ↑

=

∫ x

a
(f ′)+ +

∫ x

a
(f ′)− =

∫ x

a
|f ′|

?2R(¥I��)



SN�µ L∞����È©Ä�½n
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PÒ

L∞[a, b] = [a, b]þA�??k.�ÿ¼ê�N.

Lipschitz¼êf : [a, b] −→ R:

f ∈ Lip[a, b]⇐===⇒ ∃M > 0, ∀ x, y ∈ [a, b] :

|f(x) − f(y)| 6 M|x − y |

?2R(¥I��)



L∞[a, b]µee�È©Ä�½n

L∞[a, b]µee�È©Ä�½n:

L∞[a, b]

∫ x

a
GGGGGGGBFGGGGGGG

d
dx

Lip[a, b] £V�¤

(a.e. ��À�ð�) (��~êÀ�ð�)

m m

∫ x

a
ü�

d
dx
ü�

?2R(¥I��)
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y²: (1) f ∈ L∞[a, b] ⊂ L1[a, b]

=====⇒

∫ x

a
f ∈ AC[a, b].

=====⇒

∣∣∣∣∣∣
∫ y

a
f −

∫ x

a
f

∣∣∣∣∣∣ 6
∫ y

x
|f | 6 M|y − x | (∀ x < y)

=====⇒

∫ x

a
f ∈ Lip[a, b].

?2R(¥I��)



Y

(2). f ∈ Lip[a, b] ⊂ AC[a, b] ⊂ W1,1[a, b].

=====⇒ f ′A�??�3, |f(y) − f(x)| 6 M|y − x |

=====⇒ |f ′|
a.e.
6 M

=====⇒ f ′ ∈ L∞[a, b].

?2R(¥I��)



äN¢~

f(x) = xα sin
1
xβ
, x ∈ [0, 1], α, β > 0.

W1,1[0, 1] α > β

BV [0, 1] α > β

AC[0, 1] α > β

Lip[0, 1] α > β+ 1

C1[0, 1] α > β+ 1
?2R(¥I��)



~K1

α > β > 0 =====⇒ f(x) = xα sin
1
xβ
∈ AC[0, 1]

?2R(¥I��)



Y

b�α > β > 0,K

f ′(x) a.e.
==== αxα−1 sin

1
xβ
− βxα−β−1 cos

1
xβ

=====⇒ |f ′(x)|
a.e.
6 αxα−1 + βxα−β−1 ∈ L1[0, 1]

=====⇒ f(x) − f(ε) =
∫ x

ε
f ′ (RiemannµeeÄ�½n)

ε→0+
=======⇒
��Âñ

f(x) = f(0) +
∫ x

0
f ′(x)dx ∈ AC[a, b]

?2R(¥I��)



~K2

0 < α 6 β =====⇒ f(x) = xα sin
1
xβ
< W1,1[0, 1].

?2R(¥I��)



Y

b�0 < α 6 β,K

f ′(x) a.e.
==== αxα−1 sin

1
xβ
− βxα−β−1 cos

1
xβ
< L1[0, 1]

m>1�� ∈ L1[0, 1], m>1�� < L1[0, 1],

?2R(¥I��)
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0 < α 6 β =====⇒ xα−β−1
∣∣∣ cos

1
xβ

∣∣∣ < L1[0, 1]

y²: �C�t = x−β,|^| cos t | ≥ | cos t |2 = 1
2(cos(2t) + 1)

∫ 1

ε
xα−β−1

∣∣∣ cos
1
xβ

∣∣∣dx =
1
β

∫ ε−β

1
t−

α
β | cos t |dt

>
1
2β

( ∫ ε−β

1
t−

α
β cot(2t)dt +

∫ ε−β

1
t−

α
β dt

)
→

1
2β

( ∫ ∞

1
t−

α
β cot(2t)dt +

∫ ∞

1
t−

α
β dt

)
= ∞.

Dirichlet�O{ : t−
α
β ↓ 0

∫ 1

0
xα−β−1

∣∣∣ cos
1
xβ

∣∣∣dx >
∫ 1

ε
xα−β−1

∣∣∣ cos
1
xβ

∣∣∣dx → +∞

?2R(¥I��)



~K2’

0 < α 6 β
��y²
=======⇒ f(x) = xα sin

1
xβ
< BV[0, 1].

?2R(¥I��)



Y

y²: �«m¿©

π : 0 = x0 < x1 < · · · < xn = 1

(
1
xi

)β
= (n − 1 − i)π+

π

2
, i = 1, 2, · · · , n − 1.

f(xi−1)f(xi) < 0, |f(x)| 6 1.

?2R(¥I��)



Y

n∑
i=1

|f(xi) − f(xi−1)| >
n−1∑
i=2

|f(xi)|

>
n−1∑
i=2

|f(xi)|
β
α

=
n−1∑
i=2

1
(n − i)π+ π

2

=
n−2∑
k=1

1
kπ+ π

2
→ ∞

=====⇒ V1
0 f = ∞.
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~K3

f(x) = xα sin
1
xβ
∈ Lip[0, 1]

α,β>0
⇐==⇒ α > β+ 1.
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Y

y²:

f ∈ Lip[0, 1]
�È©Ä�½n
⇐===========⇒ f ′ ∈ L∞[0, 1]

f ′(x) a.e.
==== αxα−1 sin

1
xβ
− βxα−β−1 cos

1
xβ

α,β>0
=====⇒ f ′(x) ∈ L∞[0, 1]��=�α > β+ 1 > 1

?2R(¥I��)



~K4

f ∈ AC[0, 1], g ∈ C1[0, 1] ⊂ AC[0, 1], fÚg�EÜ.

; f ◦ g ∈ AC[0, 1].

?2R(¥I��)



Y

y²: �

f(y) = y
1
3 ∈ AC[−1, 1] \ C1[−1, 1]

g(x) =
(
x sin

1
x

)3
∈ C1[−1, 1]

f ◦ g(x) = x sin
1
x
∈ C[−1, 1] \ AC[−1, 1]

5¿: �EÜ�^��¦3[−1, 1]
Ø´[0, 1]þ�Ä.
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Y

y²: �

f(y) =
∫ y

−1
f ′ + f(−1)

f ′∈L1[−1,1]
======⇒ f ∈ AC[−1, 1].

g′(x) = 3x2 sin3 1
x
−3x sin2 1

x
cos

1
x
∈ C[0, 1]

g′(0)=0
=====⇒ g ∈ C1[−1, 1]

f ◦ g(x) = x sin
1
x
< AC[−1, 1]
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~K5

f ∈ Lip[0, 1], g ∈ AC[0, 1], fÚg�EÜ.

=⇒ f ◦ g ∈ AC[0, 1].
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Y

y²: |f(x) − f(y)| 6 M|x − y |, x, y ∈ [0, 1].

g ∈ AC[a, b]

⇐==⇒ ∀ ε > 0,∃δ > 0 : m(
n⊔

k=1

(ak , bk )) < δ =⇒
n∑

k=1

|g(bk ) − g(ak )| < ε

===⇒
n∑

k=1

|f ◦ g(bk ) − f ◦ g(ak )| 6 M
n∑

k=1

|g(bk ) − g(ak )| 6 Mε

===⇒ f ◦ g ∈ AC[0, 1]
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SNn: L1µeeÅ��©
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£ÁµL+FubiniÅ��©½n

^�:

3L+µeS: f ′n ∈ L+\r�fn ↑

ü>k¿Â:
∞∑

n=1
fn(x)Âñ.

Theorem 2 (FubiniÅ��©½n) ∞∑
n=1

fn(x)

′ a.e.
======

∞∑
n=1

f ′n(x).
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5P

FubiniÅ��©½n�Fubini½nØÓ:

§´a.e.¤á��ª; ¦�ÚÈ©��gS.

FubiniÅ��©½n�^�:

Å�¦���\r���L+µeS.

?2R(¥I��)



Å��©Fubini½n

(1) fk ∈ AC[a, b]

(2)
∞∑

k=1
fk (c)Âñ, ∃c ∈ [a, b]

(3)
∞∑

k=1

∫ b

a
|f ′k (x)|dx < ∞

=====⇒
∞∑

k=1

fk ∈ AC[a, b],
( ∞∑

k=1

fk
)′ a.e.
================
|^È©�ä��

∞∑
k=1

f ′k

?2R(¥I��)



5P: 3L1 µee�Å��©Fubini½n

L1µe: Å��©��?ê�L1�È5.

Å��©�C1^�fz�fC1^�,=ýéëY^�.

?êÂñ��¦�{z�3�:?Âñ

Å��©��ª´A�??¤á��ª

?2R(¥I��)



5P

Å��©��?ê�L1�È5.

f ′k (x) =: f ′(x, k) ∈ L1([a, b] × N) ⇐===⇒
∞∑

k=1

∫ b

a
|f ′k (x)|dx < ∞

⇐===⇒
∞∑

k=1

|f ′k (x)| ∈ L1[a, b]

?2R(¥I��)



y²

^�(3)
=====⇒

L1µe

∞∑
k=1

∫ x

a
f ′k (t)dt Fubini

======

∫ x

a

∞∑
k=1

f ′k (t)dt < ∞

^�(2)
======⇒
fk∈AC[a,b]

∫ x

c
f ′k (t)dt = fk (x) − fk (c)

?2R(¥I��)



Y

=====⇒
∞∑

k=1

fk (x) =
∞∑

k=1

fk (c) +
∫ x

c

∞∑
k=1

f ′k (t)︸    ︷︷    ︸
∈L1[a,b]

dt ∈ AC[a, b]

=====⇒
( ∞∑

k=1

fk
)′ a.e.
======

∞∑
k=1

f ′k

?2R(¥I��)



5P

|^È©Ø?n¼ê:

f a.e.
==== 0

f∈L1

⇐==⇒ ‖f‖L1 = 0.

|^Ä�½n?n¼ê: �¼ê��=z�Ð¼ê?n.

f a.e.
==== 0

f ∈ L1, F(x) =
∫ x

a f
⇐==============⇒
ü>È©��{

F = 0.
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�ùÌ�SN

Lp(E)´Banach�m.

E ⊂ Rn�ÿ, p ∈ [1,+∞].
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5P

cÊÙ 18Ù �¼©Û

�N �N �N

L1(Rn) Lp(Rn) Ä�Banach�m

5Pµ Lp�m´SobolevnØ�)�:"

?2R(¥I��)



Lp�½Â

Lp(E)
p∈[1,+∞)
=======

{
f : E −→ R�ÿ : ‖f‖p < +∞

}

L∞(E) ======
{
f : E −→ R�ÿ : f3Eþ a.e.k.

}

(
f ∈ L∞(E)⇐⇒ ∃M > 0, |f(x)|

a.e.
6 M

)

Lp(E)�m��½:

Lp(E)�m¥A�??��À�ð�.

?2R(¥I��)



Lp�m��ê

‖f‖Lp(E)
p∈[1,+∞)
======= ‖f‖p :=

{∫
E
|f(x)|pdx

}1/p

.

Rn Lp(E)

ýé� �ê

k�� Ã��
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L∞�m��ê: ��ê¦�U���L�§¦�U��
�L���ê´Ã¡

‖f‖L∞(E) = ess supx∈E |f(x)|

= inf
m(Z)=0

sup
x∈E\Z

|f(x)|

= inf
{
M > 0 : |f(x)|

a.e.
6 M︸       ︷︷       ︸

M´�5þ.

}

= sup
{
M > 0 : m

{
x ∈ E : |f(x)| > M

}
> 0︸                               ︷︷                               ︸

MØ´�5þ.

}
?2R(¥I��)



�5þ(.

�5þ(.

ess sup = essential supremum

~K

sup
x∈R

χ
Q
(x) = 1, ess sup

x∈R
χ
Q
(x) = 0.
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�5þ(.��^

È©Ø¥,�5þ(.��þ(.��^:

∫
E
|f | 6 ‖f‖∞m(E)

y²: � =

∫
E\Z
|f | 6 sup

E\Z
|f | m(E).

�5þ(.�þ(.�'X:

‖f‖L∞(E) 6 sup
x∈E\Z

|f(x)|, ∀ m(Z) = 0

?2R(¥I��)



�Ý�ê

�Ý�ê(p, q):

1
p
+

1
q
= 1, p, q ∈ [1,∞].

~f: (p, q) = (2, 2), (1,∞), (∞, 1).

?2R(¥I��)



HölderØ�ª

HölderØ�ª: �p, q�Ý,K

‖fg‖L1(E) 6 ‖f‖Lp(E)‖g‖Lq(E)

�Ò¤á^�:

�Ò¤á
p,q∈[1,+∞)
⇐=====⇒
∃~êλ>0

|f(x)|p a.e.
==== λ|g(x)|q, ½g(x) a.e.

==== 0.

?2R(¥I��)



SchwarzØ�ª

SchwarzØ�ª:

f , g ∈ L2(E) =⇒ ‖fg‖L1(E) 6 ‖f‖L2(E)‖g‖L2(E)

∫
E
|fg| 6

√∫
E
|f |2

√∫
E
|g|2

�Ò¤á^�:

�Ò¤á ⇐=====⇒
∃~êλ>0

|f(x)| a.e.
==== λ|g(x)|, ½g(x) a.e.

==== 0

?2R(¥I��)



YoungØ�ª

�p, q´�Ý�ê, p, q ∈ [1,+∞), a, b > 0,K

ab 6
ap

p
+

bq

q

�ª¤á⇐===⇒ ap = bq.

y²: log x´(0,+∞)î�]¼ê.

?2R(¥I��)



HölderØ�ª�y²

�/1: p, q���∞,Ø��p = ∞.

‖fg‖L1 6 ‖f‖L∞
∫

E
|g|.

�/2 : p, q , ∞

F(x) :=
|f(x)|
‖f‖Lp

, G(x) :=
|g(x)|
‖g‖Lq

|F(x)G(x)| 6
|F(x)|p

p
+
|G(x)|q

q

YoungØ�ª
==========⇒ ‖FG‖L1 ≤

‖F‖pp
p

+
‖G‖qq

q
‖F‖p=‖G‖q=1
========== 1
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HölderØ�ª���ª�/

�Ò¤á ⇐==⇒ |F(x)|p a.e.
==== |G(x)|q

⇐=====⇒
∃~êλ>0

|f(x)|p a.e.
==== λ|g(x)|q, ½g(x) a.e.

==== 0.

?2R(¥I��)



MinkowskiØ�ª

‖f + g‖p
∀ p∈[1,+∞]
6 ‖f‖p + ‖g‖p
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MinkowskiØ�ª

y²: Ø��p ∈ (1,+∞)

‖f + g‖pp 6

∫
|f ||f + g|p−1 +

∫
|g||f + g|p−1

Hölder
6 ‖f‖p

(∫
|f + g|(p−1)q

)1/q

+ ‖g‖p

(∫
|f + g|(p−1)q

)1/q

= (‖f‖p + ‖g‖p)‖f + g‖p/qp

?2R(¥I��)



ChebyshevØ�ª

�p ∈ (0,+∞), f ∈ Lp(E), K

m[|f | > ε] 6
(
‖f‖p
ε

)p

y²:

‖f‖pp >

∫
[|f |>ε]

|f |p > εpm[|f | > ε].

?2R(¥I��)



LpÂñ

fk
Lp(E)
−−−−−→ f

def
⇐===⇒ ‖fk − f‖p −→ 0.

?2R(¥I��)



o«Âñ

fk
Lp(E)
−−−−−−→
p∈[1,∞)

f
Chebyshev
======⇒ fk

m
−−−−−−→ f

Riesz
=====⇒ fnk

a.e.
−−−−−−→ f

fk
L∞(E)
−−−−−→ f ==⇒ fk

a.un.
−−−−→ f ==⇒ fk

m
−−−→ f fk

a.e.
−−−→ f

?2R(¥I��)



o«ÂñY

y²: ∀ε > 0, ∃"ÿ8Z :

sup
E\Z
|fk − f | 6 ‖fk − f‖∞ + ε/2 6 ε (k � 1).

=====⇒ 3E \ Zþ, fk
a.un.
−−−−→ f

?2R(¥I��)



Lp´�5�m

Lp(E)´�5�m (p ∈ [1,∞]).

5P: a, b > 0

(a + b)p 6


2p−1(ap + bp), if p > 1

ap + bp , if 0 < p < 1.

?2R(¥I��)



Lp´D��5�m

Lp(E)´D��5�m (p ∈ [1,∞]).

�K5:

‖f‖p > 0, ‖f‖p = 0⇐⇒ f ≡ 0, =f a.e.
=== 0

à5:

‖αf‖p = |α| ‖f‖p , ∀ α ∈ R

n�Ø�ª

‖f + g‖p 6 ‖f‖p + ‖g‖p

?2R(¥I��)



äNBanach�m

Theorem 1

�E ⊂ Rn�ÿ, p ∈ [1,+∞]. K

Lp(E)´Banach�m.

?2R(¥I��)



5P

Banach�m=��D��5�m

Lp(E)��⇐⇒ CauchyS�´ÂñS�.

Lp(E)¥CauchyS�:

lim
k ,j→∞

‖fk − fj‖p = 0

?2R(¥I��)



��5y²

p ∈ [1,+∞) :

LpCauchy
Chebyshev
======⇒ �ÿÝCauchy

=====⇒ �ÿÝÂñ

Riesz
=====⇒ ∃a.e.Âñf�

Fatou
=====⇒ Lp Âñ

?2R(¥I��)



��5y²Y

∫
E
|f − fk |p 6 lim

j→∞

∫
E
|fnj − fk |p < εp , k � 1

=====⇒ fk
Lp

−−→ f , f = (f − fk ) + fk ∈ Lp

?2R(¥I��)



��5y²Y

p = +∞ :

L∞Cauchy =====⇒ 3E \ Z��Cauchy

=====⇒ 3E \ Z��Âñ

=====⇒ �L∞(E \ Z)Âñ

=====⇒ L∞(E)Âñ

?2R(¥I��)



��5y²Y

y²: ∀ε > 0,∃"ÿ8Zkj :

sup
x∈E\Zkj

|fk (x) − fj(x)| 6 ‖fk − fj‖∞ +
ε

2
< ε, (k , j � 1)

=⇒ sup
x∈E\Z

|fk (x) − fj(x)| < ε, (k , j � 1, Z =
∞⋃

k ,j=1

Zkj)

f(x) := lim
k→∞

fk (x)χE\Z(x)

=⇒ ‖fk − f‖L∞ 6 ε, f = (f − fk ) + fk ∈ L∞

?2R(¥I��)



OêÿÝ�/

ÿÝ�m(N, 2N, µ =OêÿÝ)

Lp(N, dµ) = `p(N) :=
{
{xn}

∞
n=1 :

∥∥∥∥{xn}
∞
n=1

∥∥∥∥
`p

:=
( ∞∑

n=1

|xn |
p
) 1

p
< ∞

}

ÿÝ�m(Zn, 2Zn , µ =OêÿÝ)

Rn = L2(Zn, dµ) = `2(Zn).

?2R(¥I��)



~K1: ��HölderØ�ª

��HölderØ�ª: �p, q ∈ (−∞, 1), 1
p + 1

q = 1,K

‖fg‖L1(E) > ‖f‖Lp(E)‖g‖Lg(E)

�Ò¤á^�:

�Ò¤á
p,q∈(−∞,1)
⇐=====⇒
∃~êλ>0

|f(x)|p a.e.
==== λ|g(x)|q, ½g(x) a.e.

==== 0.

?2R(¥I��)



��HölderØ�ª�y²

Ø��p > 0, g , 0, �Ý�ê

u =
1
p
, v =

1
1 − p

.

‖f‖Lp = ‖fpgpg−p‖
1/p
L1

6 (‖fpgp‖Lu‖g−p‖Lv )1/p

=
‖fg‖L1

‖g‖Lq
.

?2R(¥I��)



~K2: Lp�¹'X

Lp[a, b]'upî�↓ (HölderØ�ª)

Lp(R)éØÓ�ppØ�¹.

Lp(Rn) ⊃ Ap :=
{
fα, gβ : β <

1
p
< α

}

fα :=
1
xα
χ
[1,+∞) ∈ Lp(R) ⇐===⇒ α >

1
p

gβ :=
1
xβ
χ
(0,1) ∈ Lp(R) ⇐===⇒ β <

1
p

�.� 1
p

?2R(¥I��)



~K3: p�ê�4�

lim
p→∞
‖f‖Lp(E)

m(E)∈(0,+∞)
========== ‖f‖L∞(E)
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p�ê�4�Y

y²: ‖f‖Lp(E) 6 ‖f‖L∞(E)m(E)1/p

�þ4�
=======⇒ lim

p→∞
‖f‖Lp(E) 6 ‖f‖L∞(E)

?2R(¥I��)



p�ê�4�Y

∀ M < ‖f‖L∞(E)

======⇒ A =
{
x ∈ E : |f(x)| > M

}
, m(A) > 0

======⇒ ‖f‖Lp(E) > M m(A)1/p ,

�e(.
=======⇒ lim

p→∞
‖f‖Lp(E) > ‖f‖L∞(E)

?2R(¥I��)



~K4: HölderØ�ª�í2

f , g ∈ L+(E), p, q ∈ [1,∞), r ∈ [1,+∞]. �½00 = 1.

1
r
=

1
p
+

q
r
− 1

=====⇒

∫
E

f(x)g(x)dx 6 ‖f‖
1− p

r
p ‖f‖

1− q
r

q

( ∫
E

fp(x)gq(x)dx
) 1

r .

?2R(¥I��)



y²

fg = (fpgq)
1
r (f1− p

r g1− q
r )

1
r
+

1
r ′

= 1

∫
E

fgdm 6
( ∫

E
fpgqdm

) 1
r
( ∫

E
(f1− p

r g1− q
r )r ′dm

) 1
r′

(f1− p
r g1− q

r )r ′ = (fp)r ′( 1
p−

1
r )(gq)r ′( 1

q−
1
r )

r ′(
1
p
−

1
r
)�r ′(

1
q
−

1
r
)�ê�Ý
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~K5

f ∈ Lp(Rn), g ∈ Lq(Rn), p, q, rÓþ~K, r , ∞

h(x) =
∫
Rn

f(t)g(x − t)dt

=====⇒ ‖h‖r 6 ‖f‖p‖g‖q

y²g´ : O�

∫
Rn
(h(x))rdx,|^c~K+Fubini½n

?2R(¥I��)
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�ùÌ�SN

Lp�È�f�m

Hilbert�m

��§o(
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SN�

Lp�È�f�m
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Lp�m�È�f8

b�p ∈ [1,∞).

{
PQχB(0,m)

} È�
⊂ Lp(Rn)

C∞0 (Rn)
È�
⊂ Lp(Rn)

?2R(¥I��)



Lp�m�È�f8Y

y²: Rn�/
ýé�È5
=========⇒;8�/

L1(K)
Hölder
⊃ Lp(K)

È�
⊃ C(K)

Weierstrass
⊃
È�

P(õ�ª) ⊃ PQ(knõ�ª)
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5P

0 < p < 1 1 6 p < ∞ p = ∞

[� �© Ø�©

�©=�ê+4�
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~K

D��m
(
R[a, b], ‖ · ‖2

)
Ø��

‖f‖2 =
( ∫ b

a
|f(x)|2dx

)1/2

(È©��RiemannÈ©)

D��m
(
R[a, b], ‖ · ‖2

)
���zL2[a, b]

χ{r1,...,rn}3D��m
(
R[a, b], ‖ · ‖2

)
¥´ð�",Ø�¤�~.
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y²

Ø��[a, b] = [0, 1]

[0, 1] ∩ Q =:
{
r1, r2, . . . , rn, . . .

}

In :=
(
rn −

1
2n+2 , rn +

1
2n+2

)
Jn = I1 ∪ I2 ∪ · · · ∪ In ≡ χJn =: fn

CauchyS�

n < m =====⇒ ‖fn − fm‖2 6
( m∑

k=n+1

|Ik |
)1/2
6

( 1
√

2

)n
→ 0
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y²Y

b�Cauchyê�{fn}n∈N´
(
R[0, 1], ‖ · ‖2

)
Âñê�,

�3g ∈ R[0, 1]
============⇒ lim

n→∞
‖fn − g‖2 = 0

Å:Âñ

fn = χJn ↑ f := χlim Jn

fn�L2Âñug
Riesz½n

=========⇒
�ÿÝÂñ

fn�3f�Âñug

�3"ÿ8Z ⊂ [0, 1] :

f(x) = g(x), ∀x ∈ [0, 1] \ Z .

?2R(¥I��)



y²Y

J =
∞⋃

k=1

Ik

J´[0, 1]È�m8

J \ Z´[0, 1]È�8 (?U4��¥��L�)

J, Jc´[0, 1]�ÿ8.

g23�ÿ8Jc \ ZØëY=====⇒ ‖g‖2Ø�½Â,gñ.

∀x ∈ Jc \ Z ,∃xn ∈ J \ Z : lim
n→∞

xn = x

lim g2(xn) = lim f2(xn) = 1 , 0 = f2(x) = g2(x)

?2R(¥I��)



SN�

Hilbert�m
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Hilbert�m: ��SÈ�m

�E ⊂ Rn�ÿ,KL2(E)´Hilbert�m.

?2R(¥I��)



Hilbert�mY

SÈ

〈f , g〉 =
∫

E
f(x)g(x)dx (Å:SÈ�È©)

�ê
‖f‖2L2 = 〈f , f〉

R�
f ⊥ g ⇐⇒ 〈f , g〉 = 0

Y�

cos θ =
〈f , g〉

‖f‖L2‖g‖L2

?2R(¥I��)



IO��Ä

L2(E)�IO��Ä{ϕk }
∞
k=1:

IO

‖ϕk ‖2 = 1

��

〈ϕk , ϕj〉 = 0, ∀k , j

Ä

L2(E) = span{ϕk }k∈N
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d¢©ÛwFourier©Û: äNFourier©Û

Theorem 1

L2[−π, π]~^�ü|IO��Ä

(1)
{ 1
√

2π
,
cos x
√
π
,
sin x
√
π
, · · · ,

cos kx
√
π

,
sin kx
√
π
, · · ·

}

(2)
{ 1
√

2π
e ikx

}
k∈Z

?2R(¥I��)
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Fourier©Û======�ª©Û

f
A�??��À�ð�
⇐================⇒
�uÅL�&E

{ak }k∈Z

Ø�ê&E �ê&E+"ÿ8

�m� ªÇ�
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Fourier©Û���nØ

Theorem 2

�{ϕk }k∈N´L2[−π, π]IO��Ä,K

L2(S1) = L2[−π, π]
�åÓ�
⇐======⇒ `2

f 7−→ {ak }N

FourierXê
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Fourier©Û���nØY

²�²þÂñ:

f(x)
L2[−π,π]
======

∞∑
k=1

〈f , ϕk 〉ϕk

Parseval�ª(��½n):

‖f‖2 = ‖
{
〈f , ϕk 〉

}
k∈N
‖`2

?2R(¥I��)
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Fourier©Û�Âñ5:

�k3LebegueÈ©nØ¥âUù�Ù

RiemannÈ©nØØ2·^.
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Fourier©ÛnØ���uÐ:

Fourier©Û
�ÅÄ

==============⇒
(ä;|81wÄ)

�Å©Û

p�¥NÚ
==========⇒
L2(S1)−→L2(Sn)

NÚ©Û

L2(G/H)
=========⇒ o+L«Ø

?2R(¥I��)



éó�m

Theorem 3

�p, q ∈ [1,+∞)�Ý,K

Lp(Rn)∗
�åÓ�
========= Lq(Rn)

fdm = 〈·, f〉 � f

?2R(¥I��)
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T ∈ Lp(Rn)∗
def
⇐==⇒ T : Lp(Rn) −→ Rk.�5

Lp(Rn)∗ ´Banach�m

‖T‖ := sup
f∈Lp(Rn)

|Tf |
‖f‖p

= sup
‖f‖p=1

|Tf |

��Ç. ��ÛÉ�(p = 2,Ý
)
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2Â¼ê

éóÚC©´©Û�ü�{�.
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2Â¼ê

2Â¼ê

C∞0 (Rn) ⊂ L2(Rn) ≡ L2(Rn)∗ ⊂ C∞0 (Rn)∗

X5ÃÃ%
ÏLÿÀ=4�
==============�4�

?2R(¥I��)



L2(X , dµ)�Ú�

Rn = L2(Zn, dµ) L2[0, 2π] L2(R)

〈a, b〉 =
∑n

i=1 aibi 〈f , g〉 =
∫ π

−π
fg 〈f , g〉 =

∫
R

fg

a =
∑
i
〈a, ei〉ei f(t) =

∑
k∈Z
〈f(s), e iks

√
2π
〉 e ikt
√

2π
f(t) =

∫
R
〈f(s), e ixs

√
2π
〉 e ixt
√

2π

�þdÝK)¤ Fourier?ê Fourier_C�

SÈXêÝK SÈ´FourierXê SÈ´FourierC�

ei´IdA��þ e iks
√

2π
´��fA��þ e ixs

√
2π
´��fA��þ
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¢©Û�¢: ©Û´4��²â

1��: LebegueÿÝØ ‖ LebegueÈ©Ø

?2R(¥I��)



¢©Û�¢Y

LebegueÿÝØ

Lebegueσ�ê=��NNÈ+ lim+Caratheodory

Lebegueσ�ê=m8+ lim+"ÿ8=Borel σ�ê��z

Ø%SN: Littlewoodn�n
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LebegueÈ©Ø

LebegueÈ©oÚ½: (χA ,S+,L +, L1)

Ø%SN: ��È©gS�Ê��d½n
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¢©Û�¢Y

LebegueÿÝØÚLebesgueÈ©nØ�xù:

A�¼ê

ýéëYÿÝ

È©´p�ÿÝ
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¢©Û�¢Y

1��: Ä��ÿÝnØÚÄ��È©nØ

ÎÒÿÝ!¢ÿÝ!EÿÝ

1n�: ÿÝØÚÈ©Ø�?�Úí2:

�þ�ÿÝ!�f�ÿÝ

�È¼ê*¿:î¼�m,6/,n�m,Ã���mþ�¼ê
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l¢©Ûw�È©

l¢©Ûw�È©: �ép_$�

L1[a, b]/ ∼

∫ x

a
GGGGGGGBFGGGGGGG

d
dx

AC[a, b]/R £V�¤

L∞[a, b]/ ∼

∫ x

a
GGGGGGGBFGGGGGGG

d
dx

Lip[a, b]/R £V�¤
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l¢©ÛwFourier©Û

l¢©ÛwFourier©Û: �f©)(Ä�À�)

f(x)
L2(S1)

========
ϕk (x)= eikx

√
2π

∞∑
k=−∞

〈f , ϕk 〉ϕk

f(t)
L2(R)

========
ϕs(x)= eisx

√
2π

∫
R
〈f , ϕs〉ϕs(t)ds

¢©Û¥é?ê@£�,u.
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l�Nw¢©Û

Lp(X , dµ)´Banach�m

Lp(X , dµ)



Rn = L2(Zn, dµ)

`2 = L2(N, dµ)

L2(S1) Fourier?ê

L2(R) FourierÈ©
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��©ÛnØ:6/Ún�mþ��È©

ïÄ«1�8Ü´6/: ù´�­���5�.

ïÄ��5�Ãã´�5z.

�)�m,{�m,Üþm,	�©/ªm, Spinm, Cliffordm.

D��«(�:

oK$�!4�$�!ëY!¦�!È©!E(�"

�«(�äk�N5.

?2R(¥I��)
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�5�ê +, · �5(�
êÆ©Û d

dx ,
∫
[a,b] ¦�ÚÈ©

¢©Û
∫

E È©

�©AÛ ¦� éäÚ­Ç
�¼©Û ‖ · ‖, 〈, 〉 �êÚSÈ
E©Û J E(�
Clifford©Û ¦{ ¦{(�
êÆÔn

⊗
,
∧

ÜþÚ	�©
PDE f 2Â¼ê
Ä��ê oK$� +���
ÿÀÆ lim 4�
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êÆòL¡þvk'X�y�éX3�å

(�)ÆÿÐ,�êÆ�nÜ,4��>�)

4�Ny
þãéX

äN!{ü
4�
====⇒Ä�!E,
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4��¢y8uo÷ö�

o÷(εNyo÷Ý)+°[(ε?¿5Ny°[Ý)L§

4�====Ð+�====Ì�gñ+g�gñ====Ì�+>��
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P.289 14, 5, 8, 15K
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