E (P ERK)

2022-2-23

Erat(PERX)



Bh3: HIEx=

.ﬁ%Eh Eﬁr%h §€2#i

7:50-8:35, 8:40-9:25

‘1531:§%3ﬁ5\fﬁ4ﬁ5\§ﬁ5ﬁ5.

9:45-10:30, 10:35-12:05

Erat (P ERX)



o Hitf: BRI (SLERHIL) E=hk 2016
o SEHL:
e Stein {Real Analysis) 2005
e Simon {Real Analysis) 2015
e Tao {An Introduction to Measure Theory) 2011
o Rudin (SEAF5E5747) Ch1-2, 1990
e Folland {Real Analysis) 1999
e MacDonald and Weiss {A Course in Real Analysis) 2005
o % CMNEILH ) 2004
o FFRA& (EiRMHS5) Ch 4, 2004

Erat (P ERX)




e

SEST TR 9T

o HFHIELL:

AXZTHIRE, HFEEALXBRE.

o ETHIEMMEXTIL, EMABFRI—FBS:

=418 3Tt
BanachZ=|8] L By 1EIR 12 LA 24 NI 1P

Erat(PERX)



Nt AEERF

o HHfT:
HEDHh
Eoth
LA
SZ R T
(Gl ST
BERIL

o X%
5 e A e
MR

o JL{
oy JUE
mEHRD

(FEFF )
(CEHZF 1)

T A=A, P E X 5

(

(TCBRUER ZF 57 4h)
(BFD IR A)
(BF D HhEVRR)

(BF iz itt)
(fF A fefR)

(ff
(fF

N

fil 30

S,
EEZE)

Erat(PERX)

SFHE

N&:0--d iy



Cla,b] c R[a,b] c L'[a, b] (LebesgueR]ER)

f € Rla,b] = fARBJLFAEL:

Lebesgue F1 432 RiemannfR 43 BOHES

Lebesgue T 19024 E 37 LebesguefR 53 IE 1L

SchwartzF1952F 23 |~ X R IR L IR 1L
(3F R BB TR PR EEIA BB R IRV /5)

Erat(PERX)



WA EAREE N B

a

Cla, b] C'[a,b]/R (BET)

dx

X

a

L'[a,b]/ ~ TAC[a,b]/R (5T

dx

o SEAMTMHMRIANIEIC IR IR RIS k.
o ML R A4 NIRIL B SHIET RS 1AFR.

Erat(PERX)




M FEFELebesgueR] TR K 2

WFHEIREM, TR, BB B IAFEI TS

(R,]-1) (R[a, b].11- 1) (L™[a, b].11- 1I)
n b b
RN f ol | Il = f F(x)ldx
s Fa& s

Erat(PERX)



R[a, b]IE5E%

STEREZEEUATRENES L. LEMIRERFTEEBIIK.

R[a,b] ¢ R[a,b] = L'[a, b]

THISE L M R T &
(RI=1.1L 0 M)

2 f5): CantorfE & HI4FHERH.

Erat(PERX)



LebesguefR 73 #CilR: 3T y5h 7 =)

o BAIFTIRHMS : [a,b] — [0, M), X T yiH 7 El
T O=yo<yi <:---<yn=M.

@ [a,b] = i:|1|1 Fyi1, ¥i), [0, M) = i:|i|1 Yi-1, i)

ety 2 Wiets ¥i) — [Viet1, ¥i) (1)

o ZEKEIFZIEENHXIEyi1, yi):
o 1zIX[8] L, RHIEI\ AEEMEE, #BF Ty =y
o (NMAEERY, HMENAIAHEHEIRA
m(f" [Yi-1. ¥1)) Yict.

Erat(PERX)




LebesgueFl 43=Riemannf2 47+ E i

RMITERERERR

Erat(PERX)



LebesguefR 53=RiemanniR 73+l & i (££)
o iAFHy = B iFR #AYRiemannfl 47,

o [O)F: WA NIEEE A ILebesgueillE ?

FftLebesgue A RINIES.

o LebesgueRJFARWAEE S
m(f' [y, +o0)) BEX

— Vy, {xela,b]:f(x)>ylELebesguerNlE
—  HFERFEEZLebesguer] ML

—  fRLebesgued] M &

Erat(PERX)



3k

THTHAR

o 4R

o MEL |

MER+F571E

A57iL

Erat(PERX)




Littlewood =[5 3E

ERhFABF DB ME KR

GRS AL eR 2 AT &R 00 R #4051
& S SANIE| — EUBTa R # 5
ST FEE 1 ) LusinEIE EgorovEIE

Erat(PERX)



Lebesgueil| E it JMME

o AN ENEELEESE CR"

o AIFIANFFAEIRE AR ERISMMIEE
m(E)= > 1kl, |kl = KEIER.
k=1

o IZtHMEEL B &/ NI RE, LR R1E

m*(E) = inf { i k| : E C O I}
k=1 k=1

(BRRkAM———= m([0,1]n Q) = 1)

Erat(PERX)




LebesgueilEie: MECKE, mF, KMFRBVHE)

o .. EcRr" e , AL —
o A%Lebesgueﬂ;ﬂﬂ%ﬁ? ARBEEESE RiFth—3I R
C n

E = (EnA)| [(EnAY)
m'(E) = m"(EnA)+ m*(EnA°). (2)
o {RIZA C |, IRBAREMR.
ARIRME = || - A°BIFNIE
(RFEEREESRPREENXETH]R: AN, HH, BFELHF)

o TE(2)H, BXE = I, |
RENE = ShME.

o EHAELebesguerMEE, N
ABLebesgueNE = m(A) .= m*(A).

Erat(PERX)



LebesguefR 5318

#01 Tt
A = XA
mAa) = | xaGodm(

M AV2)

Erat(PERX)



o NEILEIFIER AV TIL.
o AN EMEIRHIFLE, X TEXTELUNE RN EIEIL

o ANER—MTNEF 7 EmER).

felLT(E) —= f fdm = m(G(f))
E

ARG = {(x.y) : x € E.0 <y < f(x)} = T ER.

Erat (P ERX)



SN E L ME

MEZS8)(Q, X, u)
o ORIETES.
@ Y c20 Bo{H#.
@ p: Y — [0, 4oo] EME :
o u(0) =0
—+o00 —+o00
o u( Ll Ax) = 2 u(Ax).
k=1 k=1

{515 Harrjl| &, RadonM|E, Hausdorffilll &, DiracllJE .

Erat(PERX)



R N R Y FR 70

o AMEH =y, + (+. - lim)
— ATHE A5 5 B AR PRSE B A

o WIMRBEREFFIE: WTRRZEH.

f oy — BHEE A+ RSB B RS

22n

o fo= 3 G g) T2 Ut

) ffd,uzlimffnd,u
Q n—c Jo

Erat(PERX)




MR TICRIFRL AR 3

o HiASEE:
fio € LT(Q), fk/'f:>ffkd,u/'ffd,u
Q Q

o Lebesguetr I SUEIE:
foe L(Q), Ifkl<gel'(Qdu), fx—f

1
— ka—>f ffkd,u—>ffd,u
Q Q

@ Fatou3|IE:

fk€L+(Q):> “ﬂfkdu<“ﬂffkdﬂ
Q

Q koo k—o0

Erat(PERX)




@ FubinizEIE:
(Q, Zi, ui) o BRMEZE,i=1,2.
felt(QxQ)UL(QxQ). M

d,U1 (X)

fsz1x92fd“1x“2 = fm (fﬂzf(x,y)duz(y)
= [ ([ et

\
/
\
| duz(y)

o JNE oA nE:

L;XAkdﬂ:;LXAkdﬂ

fE 73t (R ERA)



WBR=2R 2, KB —TFR 7

o HHUNEZIE (N,2", u)

o TTHNE

ARITTENH, ARBRE
HA) =

00, A TohRE.

A

o (EEFES : N — [0, +-0o0) SATT.

Erat(PERX)



R = XTI HBONE IR 70

fRi%f > 0, M fo(X) du(x) = fNif(X)x{k}(X) du(x)

Erat(PERX)



o Lo  BfBanachZEIL'(Q), MAFNETR

o HEFRIL: Lo+ KL,

@ ZER M K Banachz[8), iIEEILERETFYIENL A =
o RMmATE: | NIRRT,

R ENE, MERIERT R

Fa P, -

Erat(PERX)



DI EWIRRIZAR

o SEHh7eid 17 R IRIT4E:

o
AR o L RIS
Littlewood = [RIE, | E F1FR 43 BV H1E

Erat(PERX)



2 (P ERX)

2022-2-25

Er s (FERX)




Ch1 &£ &£ (Cantor{#[E 1845-1918)

KERE: SELNEIRAYEAM.

o HE[ HIHFVANE

o MNMNESES, M— I Tx=E%?

Er s (FERX)




SRNEFRNEEM

o ITRBFAMRBAETEREIER?

F/NES NEA

BFERA RS RO S RS

B & a4 iatti

R rsit (R ERK)




SRR REER M

Theoemd |

BHERA TR ETE:

P EERERNQEER: F Az REIERREHFEE.

g RY———IB8: HY

EibR : FoBR

Er (R ERX)




o WENENREW, REVFERN I T EER.

Er s (FERX)




§$1 EE A HYTRFR

o H£ARE—VIHFREM:

FTERFH AT EERRERMFIAREREX.

Er s (FERX)




w VS ﬂA
X >
<
" o
> I —~=
U < um K
< < ~ i
P £
I =1
. < 5
& ;
EJ =
5 = =
it = i
@ 4
o o o




gait R e

. R &£ RREE i @ 3. BRy RRER
ACB XaSXg
ANB = XaXp

AuUB = hﬁ'_Xgl

Er s (FERX)




=AY ERR

lim Ay

T (x) (REROIRVRETY—8E2)

1, %%%IﬁXAK(X) — 1

fEr R (FERX)




AR T RAR

lim Ax = lim ya (x) (RER0,1HHHERE-EE)

K—o00 k— o0

1, xefrBA (RREBERAHISHN

0, Hfts
= {xeX: xeHBEA (RAFERMHIN)

Er s (FERX)




= A HITR IR

\?/‘- S Ty 4 y L
lim Ay = lim Ay E1ZFNRILEFHT im A

K— oo

K— oo

Er s (FERX)




HIFRSIIRRFAE

{Aklken T =———= A1 CAxC---C UAk :klim Ak
k=1 o

{Aklken | =——— A1 DA D---D ﬂAk :klim Ax
K1 —00

(i (R ERK)




= A HITR IR

imA, = ﬁOAk:JInm ) A
n=1 k=n k=n
imc = () 4= jim () 4

ﬁ Ak -
k=1

(6.0
lim Ak ¢ Tim Ay c | A

Er s (FERX)




i
I

S HYAR PR

lim x, = lim sup X lim A, = lim | Ak
n—o0 n—oo k>n Nn—o00 Nn—o00 k>n
lim x, = lim inf xx lim A, = lim () Ak
n—oo n—co k>n n—oo N=00 p>n

Er s (FERX)




(i

{x R : fo(x) — f(x)} _ ﬁ lim {x € R - [f,(x) = f(x)] < 1/k}

k=1

€ N
0

A lim
k=1 Nn— oo

{x eR: fo(x) » f(x)} — O n@o {x e R :|fa(x) = f(x)| = 1/k}

Er s (FERX)



§2 Zorng|IE

VAR % Zorng|IE
AJ 2 AT
—>—HEN — LB KB BKE

ZornS|HB%Fm:  apREM/NEIKRI FE, # TR T,
R RAESRUERRTR A TT BN A A K.

Zorn5|i: HEFEEXNE—IMEFTEAHEELR,
MXE/HATT.

Er s (FERX)

A




EETHXR

o XEMIXHER < Rc XxX. (x,y)eR&jlny.

o f5/4n: X =R, R=1{(x,y)eR?: x<y)

<KFZR

(x,y) e R == x <.

Er s (FERX)




RFRXAMEFRHR

o RMFEA(X,): XLEXZRHE
(1) BS1%: VxeX—=— x<x

Vx,yeX
(2) RXTFRM: x<y, y<x———x=y

\ Vx.y.zeX
(3) fRiE%: X<y, y<z—2Lx<z

sk (P ERK)




MARTHA L

o MAT(ERBEXK): WX, )BRFE, x € X

NExo<yeX =y = xo, BAFRXR—RXB—PIRKTT.

o L7 (X, )=RFE, EcX, xeX

MRYyeE—= y<x, BatixEN—1TLEF.

Er s (FERX)




{Xataea, A # o, Xo # o = ]_[ Xy # Q.

acA

T

[1x. ::{f:A—>UXa: f(a) € X, vqu}.

acA a€A

o EFENIESZorn3 | I EEM.

Er s (FERX)




{Xa}aeAa A # ¢, Xa/ F ¢ XQEZ:*E?E

— ﬁEYcUXa: YNX,2MEE VacA.

a€cA

3 EAES &L

¥

PEZR PEic

e,
=

L Xo Xa Y

a€cA

Er s (FERX)




#(F L, Cardinality)

o X=1{a, - .a,) = XHH =X =n

Def

X=VY e IWEH: X > Y.

Er s (FERX)




R

E T

=

—.

> X

<l
<l

)_(<(=>

WARS - X - Y, EEMEFHg: Y - X

E X Alix) = f, dlv\f(x) = Xo-

WAHEEg: Y - X, EERERE - X > Y.

GEFENE)T ZC \_| g'(x), Zng'(x)2MEE
xeX

E X f: X — Y
X +— ZNg '(x)hHysh s

R rsit (R ERK)




S

EEFXHR

o (2X, )=

&

2% = XM B FEE LK

Er s (FERX)




BREEFXAR

o RHUMAKE: f = Graph f

f:X—Y, Graph f = {(x, f(x)) c X x Y}

g8 R #ie
A XA
Graphf f
SENEZXRARRF) oK I IE +h

Er s (FERX)




ZornS|XBfEASEH: F2FLERFT. S~TiHR., —

N
o
4
i
2

B—: HERFE.

N

r— {f:A LY | fREE A CX}CZXXY

2omSIB | remmk fiA - f(A) W
F;é(b,(r,c)%'fﬁﬁ%

Er s (FERX)




BREFRARE)

FBR: BISMATTEFEILAIL.

M= A =X BE f(A)=Y.

RS AISHf: X — Y 2RSS A — YEHST.

H]|=: FHRIEEUERRETE
RAEE: RS A RAL, N F7ERRER

f: Au{xo) — f(A)U{yo)
X — Yo

SfEMATTFE

R rsit (R ERK)




el

P13 21,2, 3/

Er s (FERX)




2 (P ERX)

2022-3-23

Er s (FERX)




Ch3 1] e& 4

o AN eR %

o AIMEHXTFIEHMEAL

Er (R ERX)




Ch2F1Ch3% Z:

£a1 FHIE BR BBV ER 212 BR 12
A = X f= (x4t lim)
AL = AL R 2 AL oF 2
m(A) = anA(x) dm(x) fn f(x) dm(x)
M B V)
Ch2 Ch3

Er s (FERX)




Lo R RPN SR BN E EmRY AR R

o R HHYBERH:
m(E1) - m(Ez) = (+00) = (+00) TEX.
(80 B R A Y & B R i T BYBalH)

o TR IEHHIPEH:

f)(a (x)dx — fXEz(X)dX — (+00) — (+0) EENX.

Rn Rn

(FT ER 380 =(x .+, -, lim)) FTREAN AT R, B G BRBaH, F=2E A IR F2K)

Er s (FERX)




AN o e IR

o HAtEHEmERAIIES h, XtyFhiFEH TR E, IE516 F R B E Bk
RO EREE X EHRERE RN, XET %8
— A BERY R F 3R E SN E.

o MBI EREFETSHER, AL EHNIE, BN
T, AT BT +oo — (+oo)FEIbH, THENF R R H 34/ NBI 7T
FRERZ K.

o FESRIEIR T, AL R =5 FESLeR B A AE E] By BB Bk,
DARBTSESHMLERIN. - NSEERM R XS TH
AR PRz FE A, ATFRER M £ (At Ak BanachZ=[g].

Er s (FERX)




A R 2

o FHER AL eF £

. def
f:(X.Tx) — (Y. Ty)TM <= f'(Iy)cry

(ARG R T

o HMFIEL R

o (Xot(X) — (YY) &= (x(Y))  7(X)

(FEHNRBRZFE)

Er s (FERX)




o AJM R FFI & B TR E

f:(X,Tx)— (Y,TY)AM = f"(F)clx, o(F)=Ty.

(ERTTERT R AV R 5 A7)

1EBH: [ '={Eely: f_1(E) C ['x}

F T, [BRoR# i —=Tycrl

Er s (FERX)




(i

o B[, 1|XEMFRE, T E: TNENEGETNE

o HY[O0, 1]/™ & AR E]AE:

1 S ——
7= E(Cantorﬁl?ﬂ#l‘ﬂﬁlﬁiﬁ).

o [0, 1]HIF%5:

o0 1
0.1 = Cul |[ |he  lhal=5;
n=1 k=1
002H—1
0,11 = f(C)u| || |f(he).  fl0,1]=1[0,1].
n=1 k=1

Er s (FERX)




AEFXIE] ), L

TR EE 1.
™ Cantor RN AEW CHE
BE%IJ:FIn,k

— m(f(Ini)) = 5m(nk).

— m(f(C)) = .

Er s (FERX)

1 g5 LN 7 1

Elaé T FF2+ 21$
o0 2n—1 1

m(f(|_| || i) =3
n=1 k=1




xie:

m(f(C)) > 0 ———= BFEEFAMEW c £(C)

I
0

g:=17" Z:=g(W)cg(f(C))

LebesguePIMEZRIR %9 (Z2) = WA ZLebesguetk.

TMEZRZBorelEE.  (BMUW = g7'(2) € Z(R))

Er s (FERX)




Lebesgue ] M 2R £

o WE=R" ER[E.

Z(E) = ZR") N E = EtLebegue X #.

@ f: E— R Lebesgue A

f: (E, Z(E)) — (R, Z(R)) AT,

o EIBRA, BIAMI KB ZBorelc X # 2B (R).

Er s (FERX)




Borel o{X#{

@ Borel o KB EHFNFAIMEILRIFR, FeBUZELLAI AT,

o ELW AL

o SEEHAIMFIRHMAIANEEA = v\

P (R EREK)




@ Borel oXEHYE L
#R) = o(7(R))
= of(a,+~): aeR}
= ofla,+): acR]
= ofla.b): a<b, a,beR}

(©e]

FE: (a,b)= U R\ (b-1,+0))N(a,+oo).

n=1

R rsit (R ERK)




Lebesgue AJ U F1 51 4 M

@ Lebesgue ] iR ZF1 Al AE M.

f: E— R Lebesgued[l
= HERREEAIN
= HAFFHEZ(a, +oo)BI [RGB

—  EFENARXEa, b)H R AT,

Er s (FERX)




Lebesgue AN ek £ B9 F 53 =Riemannf2 73+ E 12

@ LebesgueRI MR HIFR 57

fa " f(x)dm(x) LM fo ¥ (', o)) L d.

Er s (FERX)




R{ELebesgueR] M &K £

I FESEHAR = [—o0, +o00].

Z(E,R) = THMEE LLebesgued]iliF £k

Z(E) = Z(E,R) := TWMEE_LR{ELebesguem MR £ .

Er s (FERX)




R{ELebesgueR] M oK £ (£5)

o fff3ER{ELebesgue ;N eF & AYIEH.

o Z(E,R)XF L. THIREEHA, tkL(E.R)EBMHMM.

o Ha.e. tBFH AIEZFHT

L'(E,R) = L'(E,R).

Er s (FERX)




1 78 SEAH A] AL A9 1A (X 8]

o I FESLHH S A X 8] AY T GT X B :
= T
®:R — [—5, E]

X +— arctanx

o RMHBE RN

R rsit (R ERK)




1] FESEAHAYER =

[ *)
A |
Pl
Mg
o
i
dj

dist(x, y) = [®(x) = ®(y)I.

Er s (FERX)




i FESRAREY AT

o REEEZTE: FEHE(ZRE),

o [-3, F|FZ=IEFhtN

(X, 7) RIS A ————— (E, 7lg) IR,
F 2B

o RRER, £ilsSEL.

o RePHIFRIM:
7(R) = H(a, b), (a,+], [-o0, b)E K.

sk (P ERK)




 FESL#aBorel o £

o I FESEHAIBorel o XHL.

ZR) = o(7(R))
= of(a,+]: aceR}
= of{[a,+]:aeR}

= {AUB:AeZAR), B=0,{+oo},{—00},{+00,—0co}}

Er s (FERX)




Y78 SE{E Y Lebesgue AT EK 24

o I 7= SE{ELebesque AT e& £ 3 Al NI .

f: E — R Lebesgued];|
— f:(E,%4(E)— (R, %AR) Lebesguen]Nl
— FERIREALN, {400}, {—co}BYRIK R
= BFFEEWREAIN, {(+oo}, {—co}BY R & AT

= FFFHABFXERRE AN, {400}, {(—co}HY R &R AT

Er s (FERX)




R

EE:

o REM:

LERMS : E— RAIBAMM AT TLERHK - E—R

P& AL —BL

Er s (FERX)




AX T8 & ERVE H 1T

P a o

o ERAIEEH:

fe CR"), g:R"— R"A[I = fo gA[M.

IE: V ARG CR = (fog)7'(G) = g7 (f1(G)) AT,

Er s (FERX)




AR FREEE R AT

o HifEefH:

f,g: E — RAM = (f,g) : E — R*ALN

iE: i2F = (f,g), M|

F~'([a1. b1) X [az, b2)) = " ([a1. b1)) N g~" ([az, bz)) AT M.

Er s (FERX)




AR TR B FERIF A4

@ A, #3k: f,g:E—RAIM = f+g, Af f-gaJj.
iE: £

F:E—R?  F=(fg)

h:R®— R, h(x,y)=x+y

———  ho F(x) = f(x) + g(x) BT

Er s (FERX)




AL 25 TR R IZ B AV E A1

o MIREEH:

fe Z(E,R) = supfy, inffg, limf, lim f e Z(E,R).
keN keN k—o0 _

k— o0
uE: g =supfy, M
keN
g '(a,+oo] = | | (a,+o0] = g
k=1

o f,ge Z(E,R) = max{f, g}, min{f,g}, fT,f, |fl € Z(E,R).

Er s (FERX)




FMEAIEH

o TNEAESHEMTRHILHERN:

Lebesgue R &E=BorelSE+ T M.

o TMEARILPAEI TN, AIFAM. A E.

fe L(E.R) e——2m g € Z(E.R).

o ML hIAXBTME:

RPN RYEEEES LA PHEl— ENJLFLAHESEF.
o MMt H T RAHEEF /L FAHEE.

R4 FRa.e. i e BRE—DFEMERKIL.

Er s (FERX)




JLF AL AL

o Z(E,R)%TFa.c lasati.

ERR:  i&f € Z(E,R), f =S5
— m(E\A)=0, HPA={xecE:limfi(x) = f(x))
— fre Z(E\AR) fre Z(AR)
— fe Z(E\A,R), fe%(AR)
— fe Z(E,R).

R rsit (R ERK)




AR B BRI B (1 9 FE LR M RYFET )

o AIMZRERE R

_ E=U Ee &FT B
fe Z(E,R) —— = flg, € Z(Ex.R), Vkel

IERR:  f'(a,0] = U (flg )" (a, o).

keN

Er (R ERX)




AN AT R 25

o #aXIALM= AT
BUER: Xy — X e  WASTTA.

o AR TARIHEN LfA A HBE .
Blgn: x,, = SUD X - WASTT.

(REE: AT AT 53 R R )
o FMXTEABHREM.

1 — . .
gl=f= E(CantorJr'I‘Eé), ARMW c £(C), g(W)=ZFNK

Myzog AAM:  (xz09) (M) =g ox (1) =W

Er s (FERX)




el

P107 251, 6f:

P126 £82, 3R

Er s (FERX)




2 (P ERX)

2022-3-25

Er s (FERX)




o AR L5

o =TS

(JLFR AW,  JLF—EURe,

Er s (FERX)

LA ST 87




RS —: AR 251

o MiES: E c R"AMM.

Z(E) A R{E

Z*(E) |37 Pl R
S(E) 1] 52 AT R
ST(E) 3 £ &) 2 AL R

Er s (FERX)




1] £ A 0] R 44 25 )

RINFTy A S 2 Slebesguedl 45 HE £ T 4 B &K 3.

o &) B AN pR #1454

S(E) = {f: E— RAM |Range fRBMMRE )

= {(ya,+,")

Er s (FERX)




18] 55 AL R B Fr R R

o fe S(E)tnERMR:

\
/|

o FRAERTH, AERL, KMIHEZ R

Rangef

o JEFriERRAITF:

sk (P ERK)

—HEE

Xio4] = Xjo.1/21 TX (17241




A0 oR) 20 18] E2 oR SRV BX &R

o GN{A]A% AT eR B Rk U 18] 2R R B 1 O AR BRR
XA + (—|—a ) llm)?

ER: BRRHNTFSSEEER. ALFEZWNTFE:

Syi—HE R, Bakagin

Strategy: #lm=1B1L=1LE AF =R EIB=[E]Riemann

Er s (FERX)




{E D3 A] I R 1 25 4

o BBWMEKEM: fe .2 (E)

[0, +0o0]

)|_|[2k,+oo].

VKR — HEHIE 4> |2_| j
EEZH D KE2 5

I\)
—

L
E = 1[0, +oo e g0 LR el

EXﬁﬂﬁlJ

P (R EREK)




{E D2 AT R B 25 A

o TEy IR E/N—iHHIX 8]

j—1 j
ok SV ok

o FORTHHIFIT: XEKE=1
o BURTHFIRIS: XEKE=R—XH—HF=

(j=1,2,..., 22K)

N|—

o HORTHAIBISN: RIEKE= FI—RH—%=1 etc

o FEyEMAY i HIR £ X|8]
2K <y < oo
o R EEL, B Am/ME.
B BRXE K, IXEHCEWYE

Er s (FERX)




{E D2 AT R B 25 A

o fal R

—, if — <f(x)< =
2k 2k 2k

fk(X) =

2k it f(x) > 2%

o —EHIHIRIRIE:
FE(x € E: 0 < f(x) < 2K} Ek:
’
0 < f(x) — fi(x) < ok

R rsit (R ERK)

.., 22Ky




{E D2 AT R B 25 A

o HEEEREEMN T ERE EE T

22/(
_ J=1 k
fi j§1 2k f_1[j2_k1 ’2Lk) +2 = [2K +o0] / f
S*(E) Z*(E)

Er s (FERX)




2 f1r

f(x) = x, xeRT
0, if xel0,1)
fo(x) =
o(x) 1, if x>1.
0, if xe[0,3)
I, if xe[3,1)
fi(x) =2 A1, if xe:1,%)
3, i xe[3,2)
2, it x> 2.

° o ZHEEIS: XEHKE= fI—Ri—=L
HEFEEZ[2K, +o0]

Er (R ERX)




BRI ESE (AR SR

RMHHFEIAE TR T, FRBRHATERTIRNFR,

1 1

fo= —(Ifl+f—-=(fl-f) =f"-f, f£ >0
Sl +1) =5 (fl = )

f = ff—f (Ba& kMg RE—mIEE)

fl = 41

it = IER = max(f,0) = MFEHOBA T, HEFE

fr = fRGAER = max{-f,0} = KTTEWRBD TN, HEXTLMRE

R rsit (R ERK)




AN o 2 25 74

o FIM R B L EIE:

fe T(E) e—= 3AfieST(E), fi1f

fe Z(E) — dek € S(E), ok —f, ekl T Ifl.

Er s (FERX)




AN oR 2 25 Fh 238

WERA:  1&f e Z(E), Mt € Z(E),

Auk, vk € ST(E) = w117, w1t

— @k =Uk—Vk € S(E), ¢x—f

Vxe E —= ZE4u=0F%4v=0
— |ekl=uk+wv T T+ =|ff

Er s (FERX)




AN o 2 25 74

o TN R E A R T o i (AU T ¥ eR B Y Taylor R FF)

Z(E) = (an+on M)

o AR B A 5T HY U FRER

S—i—ciﬂ—i—
—_— E
X = Z(E).

Er s (FERX)




o TFLMERE: HEMNREFREALNE

o TMEH: BEFHE x,+RECERREE

F3E— R S RN FESLRY K B
A= =37 ) et i AL 2 JR

Er s (FERX)




M EIEFNF IR KR

IR EANE

MR RHEip

RaL R HL

EEnE AT R B (UFHE R A TAAK)
o H AT R 2 T H A

M AT 5 RT p e ORI E N 21

Er s (FERX)




o BBZK—BIEEEATUEY. (T2 2~-AR)
fe STE)NLS(E) = 3AfeSHE), f1f, fi 3T
o XTI B HME—FIEEIEATNEL: gk = forson

Z—H
fe ZTENL®(E) = 3AgkeSS(E), a1f g« = T

X ___

fe Z(ENYP(E) = dhceS(E), IhlTIfl, he = f.

Er s (FERX)




“B —
o =Fusie
a.e. almost everywhere JUF A b Ui
a.un. almost uniformly convergence JLF—EEs
m measure LU ST
i8S

def

[Ifa = f| > €]

Er s (FERX)

{x € E :|fa(x) = f(x)| > €}




= AT

@ IXE € Z(RM), fy,fe Z(E,R).

fi —> f = mlfy-»f]=0:

f, = f e——— Ve>0, JAGNE cCE:

onE\E,
m(E¢) < e, f. = f

fi, — f = VYe>0, lim milf ~f| > €] = 0.

(MERE/NERS)

Er s (FERX)




= FRUTE R B & X

o JLFAAUIHZEIRE—TTMERN RS

o JLF—HUNEURPAZEZ—NMEE/NNE S —EUEL

o LUNEWHA RS, Bk EMRES/NNE
&, BEMEIESHVE.

R rsit (R ERK)




F AN SRR K /), 46 i HAT S

a,bitEm ——= |a—-bl>e¢

Er s (FERX)




= ST SET Y (A B U S BY Y %) L

o THZIMImEAEMIZFNE.

fe =5 f ———=VYe>D0, nﬂgﬁaﬂm-—ﬂ;ad)::a

o (RIFBMRIMBISMNY)—HIZE M RERNUESE

fi =5 f ——=VYe>0, Im1nﬂtjﬂf—f|>eD::O.
kooo  Sj=k- 1

o KMEE XA/ NUELSE.

M-ﬁgf —— VYVe>0, Jm1nﬂm<—f|>e]::0

Er s (FERX)




18127 7%

a.e. B ZINRE TN &
a.un. [RARINEH—EBIZE INES
m R INES

Er s (FERX)




)‘IZ'T+

WERR: (1) PSR = TH ST

(2a)

TEf.

P == |lm [Ifc — 11 > €].

fk a.un f

—

Er s (FERX)

e>0 k—oo

VO>0, AE: m(E) <6, #FS
Ve>0,djeN, Hk>|j

sup |fc(x) —f(x)| <€
XeE\Ey

k‘G’ lfc—fl> €|l c By —BUEERNEA
=/

lim m(kU [Ifc = fl=€]) <6

j—)OO




(2b) :

Y [EEk € N, ’Mnoom U[If —fl >

—=V0>0, An=n(k) eN: m( U[If—fl ])

9._U U [ = I >

=1 j=n(k)

:>7£E9:ﬁ ﬁ [|f,-—f|<21—k

Er (R ERX)

j=n(k)

k

L,

m(ES) <6

fi 3 f.

0

2k




= FUSTEIAY X A

® fk a.un f fk a.e. f, fk—nl)f

a.e. m(E)<+oo a.u

o m-——éf c::::::ﬁ(———af

o fi—f ——= YF5I,IFHIf, — f.

Er s (FERX)




Littlewood =Rz —

Theorem 1 (EgorovEIE)

a.e. m(E)<+oo a.un
fk — f e fk —> f.

Littlewood = [RIE 2z —:

[a, b] X (8] £ R #FNL S ——=ET % — BT

Er s (FERX)




Theorem 2 (Riesz EIE)

fi— f =——= AFFf, —> f.

AT AT BT, R PR i ME—.

(JLFLLEFAAESE, NETEDHTNE)

Aic2: AARMESE L, AHTHla e iHEXT, =ZMUFM.

Er s (FERX)




(&%) ,3ERR: f,— f  —— VFFI, AFFIf, f..

1
f —> f = VkeN, limmffi-fl>—]=0
j—)OO
- 1. 1
=  XMTEEFI. T FI: mf, - > —k] S ok
-C ' 0
Boiel amtelllj im m( U[|fnk > lk]) 0
BCMEABR 57 s 2
Y 0,4
= U fy, — f| > —k m(E°) < e

k=sg

. = 1
— mk:3f IN EEZZ(W[MM'_H<:§F]
k=sp

a. un.
= fy — 5 f

Er s (FERX)




45 JEER: f— f  — VF5I, AFFIf, f..

1ERA:

fk—r/n->f — deg >0, kﬁm[|fk—f|>eo]:50>0

— 3AF5Nf, ) mlif, — fl > e] > %

— {fi, ] ESa.un WELFFI.

Er s (FERX)




e G C Ty

o JLFAALUT L, FE 4 FE AT L.
E = (0, +)

X(n,n+1) — 0

X(n,n—|—1) -

(i (R ERK)




JLF- A AL YST ST 4400 i ST Sl i 9 S A e 258

o 1 E AT, IETLFAbAL UL
E = [0,1]
b =Xjeyp =1k kEN
{gk} == {fi1, o1, fo2, - . )
Ok = 0

a.e.

gk + 0

Er s (FERX)



JLF AU v s 42 B U &

a.e. JLFALAIS | RS T
m DMEWS | RS | PMUES

R rsit (R ERK)




Borel-Cantellig | I

(0.0]

Z m(Ap) < o0 —= m(kﬁ Ac) =0
o —00

SEID: lim m(Ag) =0 ===y, — 0

n—o0

Er s (FERX)




el

P119 81,480
P127 128

P109 %86, 780

Er s (FERX)




2 (P ERX)

2022-3-30

Er s (FERX)




o LUME Cauchy

@ LusinEIE

(Littlewood = /RIE 2z —)

Er (R ERX)




[EI/E: =FHUCEs T

@ IXE € Z(R"), fy,fe Z(E,R).

fp — f ——— m[fy»f]=0;

f, = f e—= Ve>0, JAGME cCE:

onE\E,
HKEJ<<E, fn =3 f;

f — f &= VYe>0, lim milf ~f| > €] = 0.

Er s (FERX)




= ST SET Y (A B U S BY Y %) L

o EEZMin BT NE.

fe =5 f ——=VYe>0, m(kﬁ[|fk—f|>e]):o.

o RAMRIVM—HITEMIZ/NNEE.

fi = f == Ve>0, kli_r)noom(jgkﬂfj— fl>€) =0.

o KMEE X mEfZ NUESE.

fk—m>f ——— VYVe>0, klim m(|fx — f| > €] = 0.

Er s (FERX)




%M Cauchy

@ EcCR"AIM. fx e £(E,R), VY kEeN.

(e MKMECauchy == {fi)o fMIEUIEL.

{fi}>_, 4 Cauchy, HI

Ye>0, lim m[fi—f|>¢€]=0.

i,k— o0

Er s (FERX)




{1 Cauchy £:

UERR: (o) A Cauchy, Bl

Ye>0, lim m[fi—f]>¢el=0.

I—>oo

VALNIRERF g = fy,

._]g.l’

. VY jeN.
20 2

mllg; — gj+1l >

j=18F, A1k Bgy, g0, g1 BUE, g» BEHIEIE.
j = 2B, AliE BN g0, g3, A BURE, 95 BEFS IR

itk E 2.

b)

Er s (FERX)



Borel—-Cantelli

—_

—

m(E;j)<

1
2l

1

Ej = [|gj gji+1l > o b

m( lim Fgx) = I|m m(Fx) =

k—o0

Er s (FERX)

0.




(0] (e

;
Vx € F¢ = ﬂ Ef = ﬂ[lgj — gj+1l < 5]
j=k j=k

i—1

1 .
19i(x) — gi(X)I < SZ_; [9s+1 — gsl < ] (Vi>j>k)

fEF. k£, (g} &= Cauchy, JLF—HULE

AT A3 B AT ST, 5T A0 B AT St

R rsit (R ERK)




Littlewood =[R2z —

@ LusinEIE:

f:E— RA @ —— Ye >0, AFEF Cc E :

nKE?\F)<:e, ﬂFﬁiéi

Er s (FERX)




o Zm(E) < ocoff, ATERAIEEF A R &K.

o Wm(E) = coftf, FATBNFAIEEF K K.

fHlgn E=R", m(K) < oo.
@ e—ARANBEEN 0. BlanHEr BYCantorSe & BUSFIE R E

o FHILHRYEL R B —MRAREIZ A ZIEN.

Bty 012 RERFBAME, $2(0. 100 MU S, RATGES—A
Je{E 2 IR R,

Er s (FERX)




Lusin BRI 7T 7314

FESTTEUERR: AUt R R R

E — U F,LZ, fle EELE
n=1
1 .
m(E \ Fp) < — #lF, C E, m(Z) =0

Er s (FERX)




LusinZEIBAI A E 4

HEMEUERR: S TOFE .

(1) f=xa:

FNE B9 IE N4, ATENAIEEF; Cc A, Fo C ACiERE

m(A\F1)<E/2, m(AC\F2)<E/2 XA|F1|_|F25§§F=-

Er s (FERX)




HVAEEF; c Ej,

HEF = UF;,
J

m(Ej\ Fj) <

m(E\ F) <e

Er s (FERX)

£

2’

f|Fj PEZE.

flr 3

&
~




dok € S(E), ¢k 3 f.

AAEF, Cc E:

Fi=()F. m(F)<e
k=1

Er s (FERX)

CklF, E5




f(x)

AHKEF, 9IFEE = flp &

_ f(x)
(X))

_9(x)
1—|g(x)|

Er s (FERX)

4

-

= (1= 1g()N( + [f(x)1) = 1

¥




o AMEMAHHHERHHHIT

T:Z(E)— Z%(E) W&

__9x)
1—1g(x)l

f(X) —1

Tf(x) = T I T~ g(x)

(1 = ITFE) )N + ) = 1. (1 +1T'g() N = 1g(x)1)

o Y (E)FSR:  HHEERBEML”(E).

Er (R ERX)




Urysohng |

Urysohng|IE:

KcGcR", KZ, GH

—— dfe C,/(R"): xk < f<xya.

Er s (FERX)




Urysohn5 |TE 4%

WERR: AR GERF (BMEEG N B(0,k)). BY

B dist(x, G°)
~ dist(x, G¢) + dist(x, K)

f(x)

Ei2:  ATHLf € CO(R™) (FIAHETR).

Er s (FERX)




T rRc T #rb

AXE(BREXBRWEXTER) EHBHR

Er s (FERX)




Tietzed 5K EIE

Tietzed Sk EIE:

= B
K(%)R” — C¢(K) (éc )CC(R”).

: Fib
K(I?)Rn — Cb(K)( C )Cb(Rn)

Er s (FERX)




LusinZEIE: AL S ELIRYF5L

Theorem 1 (LusinEIE)
wf: E— RBEJM, M

Ve>0, 3ge C(R"), AHEFCE:

m(E\F)<e flr= glr.

fENIHAE A g € Cc(RM)

FESE R g € Cp(R") HL=SEEAEm

Er s (FERX)




Y 00 R 80 12 25 eR 2 R T L AL A MU= ST B AR PR

Theorem 2 (RI N R 2 5 ETE)

fe Z(E,R) 5 S gk € CR"): g« a—eE> f.
on
fENXIBABR gk € Cc(R")
fMEBF gk € Cp(R")

A8 HAEWA R, g BEEBERF, BL TR EM.

dig2:  SfFEXBAERE, gIERH.

Er s (FERX)




WERR:

fa]

Lusin
—

Riesz
>

Er s (FERX)

B gk € C(Rn)

m[|f — gk| > 0] <

gk— f

E]gkj a.e. f

x| =




S8 a, b|E, Fa.e TR, STRRAE.Z([a. b]. R) T,

R rsit (R ERK)




1

o f:R — RAIM+F/EEA— 4.

@ f:R — RANM+AMN— Z&%.

Er s (FERX)




Littlewood = JRIE ik B SN

) B 1E D) CIRES FE&E

LusinEIE A 0 2R 3 43R 3
EgorovEIE AT ST ER 20 51 — B S e #51

o AIMEE=FF4E{&+ lim +Caratheodory = Gs\ Z = F,UZ

o TALMERE= ya + (+,-lim) =FL+a.e.lim

Er s (FERX)




(i

S . Lusi .
{iERR:  FAT =" AEK c[-1,1]: m(K) > 0, fl, ELE
f|[_1’1]-|i.|-;)n\lj

Tietze

= flx ELELANELSS KEBIC(R), —HUE

Steinhaus

— 3[—50,50] CK-K:

f(2)| Z;y: f(x) = f(y)I < M.

Er s (FERX)




B2 (ae EZE) , (5EZERa.c. BEREE)

R) =»  g#&ERLtaeZE4.

(5lE0: g = xg, f=0)

(2) g#EREfaeiEE = (R)

(BIEn: ARG = x g, )

Er s (FERX)




1

i

4

o  Wlpklp_mEWAEZINN, w0 =0, fk = vk — ¢k—1. W

Y fe Z(la,b],

f a.e.

R), FEMB SR IERER

(f1 ‘|‘"'fn1)‘|‘(fn1+1 ‘|‘""|‘fn2)‘|'“‘-

MERR: B %ok — fa.e. in [a,b].

Biek) o THlen, :

a.e. .
= f lim ¢p,
k— oo

ok — ¢nl < % infa,b], FMen =¢o = 0.

(0]

- Z(‘:an+1 —on) = (fit - fo )+ (Foy 14+ A fn) 4+
k=0

Er s (FERX)




(i

o BEc Z([R"), mE)<co fi.fe L(ER), f —2sf.

— JANERE 1, AFNEZ . E = im ExliZ, ik 3F In Ex

WEER:

e . E : 1 .
fo 205 F =5 3 ENMEAL mA) <7, K3 in A

k (6.8) o0
—— Ec=| AT, Z = (Jim Ex)° = (VEfc ()AL
j=1 % k=1 k=1

Er s (FERX)




1

]

4

o fIlFn

fr 2 [0,1] — RAJN

Er s (FERX)

1 C,>0

Cn




1

MERR:

wmnMM>kL:mMp:wk:Q

dk(n)eN

SO, Allf] > k(n)] < %

Borel-C

—m (Ilm [ fn(X)

Cn

— VYV e>0, m(ﬁ

n(x) ae o
Cn

Er s (FERX)

1

n

fn
C

-0 @

(%)

n

el =0

YneN

nk(n))




el

P119 £85, 6/

P123 251, 27}

Er s (FERX)




2 (P ERX)

2022-4-1

Er s (FERX)




o [OLittlewood =JRIE

@ Ch4. Lebesgue 47

§1. TP ENX

Er s (FERX)




Littlewood =JRIH

o [a,b]B— 1 FAIMEENZEHRMTXIEHIF.
o F—NHMERBENZEELRH.

o F— N ELUSHY AR HFNEN L 2 — B R .

Er s (FERX)




3 1E 14

VECR" mE)<co. M Ve>0,3 BHRNFFEEIEL,. .., Is:

mE\| Jik)<e  m(| Jk\E)<e
k=1 k=1

WERH: PNIHRE = GRHE, ANEENMEFEEEKCG

m(G\ K) < e.

G= U FFRE{K, K c U FHH X c G.
AR

Er s (FERX)




LusinZEIE: AL S ELIRYF5L

Theorem 2 (LusinEIE)
wf: E— RBEJM, M

Ve>0, 3ge C(R"), AHEFCE:

m(E\F)<e flr= glr.

fRE MDA geCc(RM)

FESE R g € Cp(R") HL=SEEAEm

Er s (FERX)




EgorovEIE

Theorem 3 (EgorovEIE)

fo ae. .
E 00
\tm( )<+ °, fo a.un f
onE\E,
= = VYe>0,dE.CcE: m(E) <e, f. 3 f

Er s (FERX)




@ E c R"AJN.

St SH(E) £ |57 B RI&
7 ZLT(E) JE G AL R{&E
1 ZLV(E) IR R{E (ARR{E)

Er s (FERX)




R EX

o FrfEMZE:

St,.z+

@ Lebesgue FRIE S

Lf(x)dx:ﬁf(x)dm(x):fEf

R—=R" = (X,I,du)

Er s (FERX)




(1): EFR=KXFEAVHES

(2): ZMETERIEK:

f; Z C]XE]. : ;:T:}E%ﬂ_: Z c;m(E;).

J=1 =1

st (FREREK)




7Eid2:

7F183:

Lebesgue IR E|DEE— F—. B LML

A ERER

lé_l
ﬁ:Cj,JFE,:m(Ej)

B_ERE.

Lebesgue 253 JLIATE. X

Er s (FERX)




(3) B IFUSUE IRERANBIFR 7 E X

ff' STopkTfe L™
E

(st (R ERK)

lim

k—o0

fSDK
E




Fid: ZENX B2A:
F1 BB AT R 5 50 PO 2R, 18 T 2 M 1 AN B S E AR

+,-,lim
Xp— kA4

:>fEf:j;)(A+(+,-,lim)

Er s (FERX)




Fig:

HRIUEFARE4:

[+
E

Er s (FERX)

sup
Stop<f

|




Fig:

BeaBs:

Er s (FERX)




f
fe Z(E) LB e ZTENZLYE) = |fle L(E) =>f|f| < +o0
E

fAEE LR HFEBEN) ifiz—e;ﬂ(lz)@ f feR
E

Er s (FERX)




o AERIBAESHEEEXNE:
SRS AL ER.
o AEFIAERBEREEXIRS:
U ALAFAE o8 BB R B AR PR E B SR AY R 4
o ANEFHEFLNEBEHETEXIR:
T T (F-00) — (+o0)BealH.

o AEAEFEXITRIRHALAIIA

Er s (FERX)




PTFR 57 B ZE 7l

Riemannfi 4> Lebesguefi 43
AELE XTI HIFR 7T I IR BT HFR P ER IR
MERTEH% &R T4
AR F R AT A ATHIR Fr 35055
Ex& T
SRR BT 5 B9 F B, Gi— T B EAIELL

Er s (FERX)



REM: ARET o HIIEER

(1) Zel%: FRTMEARIRZLEAR

fE(aer,Bg):afEerﬁng

(REXFFHERBIGIE: AL TR HE XA E L)

Er s (FERX)




REM: ARET o HIIEER

(2) B R {EARBRFF

f<g:>ff<fg.
E E

(REXTHFE R B E: VAT E R 2 F %)

Er s (FERX)




REM: ARET o HIIEER

(3) AIEREF 51 fe £ LN m(f > 0] < +oo.

MERR: i f € STERYIEEAE:

O<ay<a<---< a.

= A|q) < Ml < kX ppg)-

Er s (FERX)




(4) BIFUS:  (FNESRIERA = yaET 2|ST)

+#E 28
da) £, Lf fet = 1E’“Pl,fEf,,ifEf.
stHEZEA
(4b) fy T f = [fh 1 [
5o
4o) £ hgnt, limf < limg, SRR L [ fa < lim [ gn.

(i (R ERK)




R RE M (5E)

MUERR: (4a) StTNn ¥ >f, 0.
Ve>0, fn < Mx[f,>¢] + €X[0<f,<e]
M = max fy, [0 < f, <€ C[fi >0]
O<ﬁffn<em[f1 > 0.
E

Er s (FERX)




fe £

(42)
f—fn¢0::>ff—fnl0.
E

152 fe¢ £

(3)

f¢ ¥ —= 3Fa>0, m[f>a]=+w

HUERR: (4b) 1B
a
ﬂ72=E?XT%

feS+

) > 2mif s 21 =
g = En—Em[n/E]—JFOO-

Er (R ERX)




STHEZRA

(4c) f,T.gn 1, limf, <limg, = lim [_f, <lim [_ gn.

CEELRIAZEXKIm S, € ST, limg, € ST)

(4c) min{@I7): AIEIFEFRKIT

VEIEm, min{gn, fn} T fm.
lim fgn > |im fmin{gn,fm} (40) ffm.
n—oo E Nn—oo E E

R rsit (R ERK)




did: BRoRIREMREBE T (40).

R rsit (R ERK)




fe £ (E)

— [ -

Er s (FERX)

sup
Stopf

90




ECRE/AN

Y ZE s+af1f
<

X

def

Er (R ERX)

lim

K— oo

f‘Pk
E

sup f ¢
Stop<fJE

lim

K— o0

lim

K— o0

K

f‘ﬁk
E

ft_max{m,wz,--- Wk, ) T
€ [fk,f]




(i

o % CE[0,1]X[B =F 5 Cantorf,

0, ifxeC

%, it x € EnREEEK A3 HIX ),

Er (R ERX)




- 1
0.1 = Cul || |he  lhil=5;

= 1
) = )2 %, %
n=1k=1
1 0o 20 ® 1 Hn—1
11 12
f f(X)dX = Z EEZZE 3n =|n\/§
g n=1 k=1 n=1

Er s (FERX)




LebesguefR 53=Riemannf2 4+ E i

fE f(x)dx

n

=1

Er s (FERX)




M IT AR IR T ERER TR

N4y B AL
f f(X)dX /\ﬁj HIJ HE\*I\\\%T
E

—+o00
11 m(f'[t, +0)) | dt
fAECa B 75 Rl 0

Er s (FERX)




M IT AR IR T ERER TR

o fEIFTARI/KFEEME:
{(x,t): xeE, 0<ty<f(x)}, Hrt [0, )EE.

o IZESH—HNAE:

m({x: x€E, 0<ty<f(x)})=m(f[ty, +0))

o MMEIFEMNTHMTAEERLZY = tFy =t + dtZ[BRIEFR
m(f[t, +o0))dt

o FIARUITE, MBI TARERA
00
f m(f7[t, +o0))dt
0

Er s (FERX)




1

]

4

@ &fe ¥ ([a,b],R) M

5 1E 8 eR 2L Riemann B] 3|
fe 2'a.b] Eﬂmuy& I AJE lg

Er s (FERX)

(0.0]

k=0

m(f > k] < +oo.




el

P189 18R

Er s (FERX)




2 (P ERX)

2022-4-6

Er s (FERX)




(5RiemannfR 53 #8{L)

o XTHXELMERFSD

FRPBNEILEH)

®
X
S
t
5

AN F A E 3R

(RBRFERERE D HEERETE

Er s (FERX)

FREVEZMMA)




Lebesgue 243 & X [E] i

@ E c R™aJ;M.

St = St(E,R) 3 7 &) 2 AL
£t = Z*(E,R) E[SARI DI

£ = P1(E,R) AFa

Er s (FERX)




Lebesgue FA53xE X [E] /i

o MEL || Hmie

ML 0458
X \ L , Lyt
A BR 21
M o AT AN v =AU ki

o MEILFI ML E—IAME, T EETEIXTFF.

Er s (FERX)




)y

AIS: NFIERBEEE M RE R, FE=MEM:
[ E % (8454, ThiMGHa, Frai.

f)(A::m(A),
E
+ +
ff:sas”k“eg lim f¢k: sup fgo.
E k—oo JE S+ap<f JE
fla f
ff: iiCE 4 ff+ ff‘ f* ||+
E fforf e &1

fe Z1(E) = e L(E) <:>|f|eg1(E)<=>f|f|<oo.
E

R rsit (R ERK)




*/El ﬁj\’l‘i I~

(1) &tE: f,ge LY (E), a,BeR.

fE(af+ﬁg):afEf+ﬁng

Tlim

WERR:  ST(E)MR =— 1 (E)4 /.

SHEWMRE =5 2 (B,

04\ ==\
Lt "ﬁjméf—f:—ff.
E E

Er s (FERX)




I

Y2

ff—f+g'-g =f+g=(f+9)" - (f+9)

ffr4gt+(f+g) =f +g +(f+9)*"

f,;f++fgg++f,5(f+g)_:f,;f_+j;g_+f,;(f+g)+
fEerng:fE(f—kg)

Er s (FERX)




(2) BiFH: f,ge L'(E)

3) =AAFENFR

WERR:  —|f(X)] <

A i%i=0
f<g = [ f< | g
E E

PG — T BRIFELL):

‘ff‘<f|f|'
E E

f(x) < |f(x)l, FR53ENAJ.

Er (R ERX)




288 3ot 3 L &

o BIEGME: (R",ZR"),u)

u(A) fdm, vV A c E Lebesgued] il

fe T (E)n L (E) f

A

o XTI ELINE TS

f gdu = f gfdm,  Vge Z'(E,du).
E E

Er s (FERX)




Fiet: EXTESNERIEA
du = fdm

Eic2:  HMNEFAERTHIITRERHER

,u(A):ffdm<::>fgd,u: gfdm Hrhg = ya
A E E

o E ZFFERHAI D

o HAMMEAMAMFEIERENE

Er s (FERX)




XF N Ef dmBIFR 4y

@ ACECR'®M, f:E— RIESEFEE. M

fXA fdm:ffdm.
E A

Er s (FERX)




KT MES dmByFR 53 A TN AYIERR

UERR: PUEREh:
(1) FRFHERZ, VIS TN EL.

(2). LR AT LAET Bf € STFH.
(3). f e LTIBHAIEL L Af € STIBT.

(4). [ 3, TS € 21(E), Wit € Z1(A).

jﬂf — pr+—-jﬂf_
A A A
3 _
TUE ff+XA—ffXA=ffXA-
E E E

(i (R ERK)




57 BREYA] 014

o FASPRAYAINE.

ff:ff+ff
E A E\A

Aict: EPARBTRIRD 2 ARELTR .
Fig2: XEPR ERFESNERARATINE.

did2: MoERTERBEE. WEATHFER.
R BRAVE T T HEBARTHHF TS

Er s (FERX)




FTMERAIER (NNE L EFRIFR7R)

o i&f:E—RMANFE AcCERTNE N

f - f f f F—o0.
E E\A A
JERA: ffi<f|f|: sup fgoz .

A A S+30<f| JA

Er s (FERX)




TR AR

FNUEAZ WA S FEM, TR, HAE.

o i&f,ge Z(E),f==g.M

(1) fEf3<=>ngﬂ.

2) fe LY (E) < ge L (E).

(3) f/;fa:j;f:fgg'

Er s (FERX)




AR R LA B PR

o Wfe XY E) = |fl<xo a.e.inE.

WERR: If| > kX[|f|:—|—oo]’ ¥V keN

— —|—oo>f|f|>km[|f|:‘|'°°]
E

Er s (FERX)




a2 (E) FRILRE: (BanachZ

a.e. lHEFMAIEF

a.e. WS 9USLsg.

PElILt AT AR eR #A 9 [BEUA BRIE.

ELERAET, ¥=ENZ AL (E).

L1(E)&Banach 2

Er s (FERX)

I [E].

=B TR K)




o i&fe ZT(E)UZLY(E), N

(aenE o f f=0, YA EAJHI.
A

o RHMITFE, FIHERHBFE.

R rsit (R ERK)




WERA:  FEo %, ROIESE:

m[f # 0] > 0 = ALHIEmM[f > 0] >0

[f>0]=U[f>1/K]
k 1

= deg=-—, m[f> ¢l >0
ko

— f f>em[f>e]>0
[f>60]

Er s (FERX)




THZFN

o NEsRMM

o LeviBiJi8EIE

e Fatous|#

@ LebesguetzTHI|U S EIE

@ FubiniEiE

did: KRFERELT U LTHIERA.

Er s (FERX)




LeviB IF W& ETET

Theorem 1 (LeviB EUSUETE)

L+(E)9fan:>ffanf.
E E

Er s (FERX)




ER ST S R 24 5 AR 1 Y 08 1) R R 3 S

S* g

P11 P12 @1z o My
P21  @op o3 - —> 0o
031 P32 @33 - —— I3
Om1 Pm2 Ym3 - — Im
L (BRI
g1 02 gz -—f

St BB

gf = max{¢1j, S02j, e ’90]']'} < fj, g_[ T f

(i (R ERK)




B i KRR #5451

o O O O
o O o —
O O =4 -4

Er s (FERX)

O =) A

—t )t )t

e — 1

o — 1




B KRS

BRI

gj := max{p1j, ), -+ , @i}l f

WERR:  EEx, REEf(x) € RIFF, F—1ERZLEM.

[EEe, 1£B kg > mo:

f(X) — € < Omgky (X) <y (X) < f(X)

— f(X)_E<()0moko<gko<fko<f

Er s (FERX)




o L+(E)9fan:>ffanf.
E E

WEBR: BXST 3¢ T f, g = max{er, 1), et <fi, g Tf

ff:Iimfgj<limffj<ff.
E E E E

Er s (FERX)




LeviB2 EUNSETR |

Theorem 2 (LeviB EUSUETE)

$+(E)m$1(E)afn¢f=>ffn¢ff.
E E

Er s (FERX)




LeviEB U S EIE | UERA
ERR: 458 f, (S PRIE.

f1—ﬂ7Tﬁ-—f e U[f1—ﬂ7TUffﬁ—f
E E
fel’

= fnlff.
E E

Er s (FERX)




Fatous|IE

Theorem 3 (Fatou5|3E)

fre ZT(E) = | lim f, < Ii_mffn.
E

E n— n—oo

2 151

Er s (FERX)




Lebesguetz HI| UL & E I

Theorem 4 (LebesguetZHI W& EIE)

&f, e Z(E), |Ifal <gel'. N

fn—)f _ fn_>f ffn f

Er s (FERX)




Lebesguetz U S ETE /2 51

Bl FIEHEFE A TR ERLE:

o HIIEExHREIR:

fn(X) :X(n,n+1)(x)’ x €R
o HFLEE LR

fa(x) = nX(O’l)(x), XeR

o ELLMARERLIR

sk (P ERK)




4
-

>
il

2N ETEAYIERA

o LeviB WS EIE — Fatou5|IE:

5 c ev: . 5 0
limf, = lim inf f, =— Iim inf f, < lim fi.
E- E k—+00 n>zk k——+oco JE N>k k—>_—+—oo E

Er s (FERX)




@ FatouS|3E — LebesgqueizHIW S ETE:

fl<g = 2g-Ifh—fle £

— lim (2g—1f,—f]) < lim f(ZQ fn — f])

E n—+4c n—>—|—oo

lim flf —f| <
n——4oo

AER AT ZEF?

Er s (FERX)




>
=
g

@ LebesguetTHIWEIEIE — LeviB AU SUETE:

REEERfec L1\ LR

BUST 305 1T fk,  gj = max{erj, 1)+ gy} < f,
Iimffj>limfgj:ff:+oo.
E E E

Er s (FERX)

g Tf




el

T
<)
&

P143

3
w
i

P149

i
S
&

P159

I
<)
&

P189

Er s (FERX)



2 (P ERX)

2022-4-8

Er s (FERX)




J\— J\ I

Y
W
W
)
él;

SBN)
Fsit (R ER
£




[o] B FR 53 FE 12

o FRTIEILHITHEE:

o XJyiHE|— LebesguefR =R DIEiL.

=+,-,lim

o wu I LtuLll.  GRBNERRSRE—ARE)

o FAMIEIRFARLNER . AR HERNA.

o WHRFEELT UL EESRN.

Er s (FERX)




HEv.s .24

Riemann#fl 43

Lebesguefi 53

M=EHE

I & 2544y

EHIBPRE

Er s (FERX)

SREBFHE




M IT AR IR T ERER TR

Layer cake reprersentation:  fe ZT(E) N Z*(E).

fE f(x)ax f;m m(f~'[t, +o0)) | df

Er s (FERX)




A6 2RI 7K &=

ElZEf > 0.

(x, to) € BIBETA (RO ERAH0 T75) M7k &k
= 1y < f(x)

== xe€f [l +oo)

Er s (FERX)




FR M IT AR TR T ERER R

o BN THTMFZELZY =ty =t + dtZ[BERIEFR

m(f~'[t, +oc0))dt

o FAMITE, EIRE T HRIERA

—+o00
[ m it reoe
0

Er s (FERX)




Riemann#l 43

Lebesguefi 4

YA HEE

Er s (FERX)

EINERE




o L'(E)2BanachZz3d],
o LV (E)hUssfRa.e I8, LU

o AR AN IEEARIE.

Er s (FERX)




Mo R INTESF T

: 4 felL™

Levi L o f——= [fa1 [f
frel ™
Fatou Lt [limf, "< lim [f,
a.e. fal<geL’ L
Lebesgue | L' fp—>f—f—f [fh— [f
fr AT

. feLtulL’

Fubini | LT UL' | [, f=——=—= [ ( fn.f(x.y)dm(y))dm(x).

P (R EREK)




EIBAELT U LEZRRK

o RHEURFHIFMERELT U LTIERA

Levi felt
Lebesgue fell
Fatou fel™
Fubini felLTuUlLT

Er s (FERX)




o Fatou5|I¥E" < " AJENZ|(EFI A gE IR E] T 53).

o LebesguetFH|UISEIR(HMIN < iRE T 35)

Er (R ERX)




ERINFA 57 € T8

@ FubiniEIERIREALR:

= f(n,x) e LTULT(NXE) <
fE nz; £ (x)dx nZ fE f.(x)dx.

@ fy(x)=:f(n,x)e L'(NxE) & Z f|fnx)|dx<oo

Er s (FERX)




o LHFH, KRB RIS EE.

o LVIER, kBEIEHINHEE.

o LTE:

o HiAWSEERRIFL.
o NE oI ANE B4FE R 2 2 AE Ca ] e’ B RO HES
o FubiniEIEMLRHA .

Er s (FERX)




KT R BREYo AT 04

o D XRTIIIRAYoAI AL

f f feL*(E) i f .
E E:kg E.EcB]M = JE«

Er s (FERX)




o D XTIPIRAVoAI AL

@ FubiniEIBAYR I

o KRTEXELEMES dmHyo Rl N4 .

R rsit (R ERK)




26 X5 4 FE

o MEZE(E, Z(E), du)iMEZE

fe s TnL',  du=fdm.

:fdu:ffdm.
E E

f gdu = f gfdm,  Vge Z'(E,du).
E E

o Eid: AT M E (BXTELNE).

HIER: Riemannfl 43 2 A s ZR0mE .

Er s (FERX)




N
0ig

1

4\
X

Z
A

S
= JE¥IF R

I¢
I
&\
4l

o ;¥icd:

V)

=
=1

Ef19 — LebesguelEZR THI2S

5

RiemanniEZ2 TRV S

|_A
]
g
wﬁﬁm
1
aa



(.Di<gel ' (E)

f(x, ) 2= Ft € [a, b]RELE , f e, P & Bl B
XTxeER[fA JE

Er s (FERX)




RS ERTRIESERYEIS

R ZAJFAME N 58 942 %l P R4

Er s (FERX)




R0 2 B IERR

WE: Iimff(x,t)dx:ff(x,to)dx
=h JE E

Nn—oo

& lim ff(x, tn)dx RIS ff(x, to)dx, VY tn — fo.
E E

Er s (FERX)




ELE b ZS B LebesgueE YL S E I8

Theorem 1 ((EZERR A EYLebesgueta I UL S E IH)
BRI f(x, t) X TXEE LR, X TFt#E[a, b| L, MA

f(.t) <gelL'(E), Vte]la,b]

— |im f f(x, t)dx :f lim f(x, t)dx, Y to € [a, b].
E E

t—to t—tp

Er s (FERX)




Theorem 2 (S FNFA 7 3 HXF)

of(-, 1) 1
| <geL'(E)
f, fi=FxA[FA f(X,
S T*Q d f(x, t)dx = f of(x t)dx.
ﬁ??ﬁi dt E E ot

Er (R ERX)




RERYREFHAR, mHXTSFHAYATERE 053 26 rJFRE.

o FBEMNRFAFTMN

P

o KSFHFR 7 A LA HIRF.

P (R EREK)




Y to#th—to f lim f(Xa tn) - f(Xa tO) dX
E

A, th & T

n—oo th — to
:f,(X,é"‘n)
N f(x,t dx—ffx,t ax
nC J 0w [t
n—oo th — o
ZEﬂ”hﬁf

Er s (FERX)




Borel-Cantelli5 | 3E:

Dl < +oo == £ 250,
n=1

AT f(n,x) = fy(x) e L'(NX E) &= Z IfallLr gy < 400

n=1

EiG: fel'WxE) —= f,250.

R rsit (R ERK)




o a.elTMAYIERRRE L AL AT (FR 3 TEIR) AL FE.

o (fm3E)L'AIFRZE Za.e Y&

o HUAFERY, SEIHHERNEILER.
BRI E IR R T TR L S ?

Er s (FERX)




WERR:

(e)

oo>Z||f lie) = medm
i fa(x)l € L' (E)
n=1

i |fn(X) a.e
n=1

.25 0.

Er s (FERX)




1

7l 1

.I}'L —]
f.
f: |0 — R &
R
A Y
X
ys|

(X, y)
=
f 4 |
if XYy €

’
ot
herwis
e

HE

onr f(x
, y)dxdy

=
J_\_
it
it (R ER
P
)




f a.e.

xy € Q] = | Jixy = ] = RPPENEE

f(x,y)dxdy = f 1dxdy = 1.

[0,1]2 [0,1]2

(i (R ERK)




2

wfelL'(E),

f>0, EcR™AM. ERR:

lim

k— oo

f f(x)"*dx = m(E).
E

Er s (FERX)




MEER:
R ER 5>

REERAR BRFNFR 53 AT 3ZHOR T, 79 A3 53 BR& 53 BX

E=[f>1]u[f<1].

> 1)Lk f(x)"k < f(x), ATFI F LebesgquetEHI W S E IE.

FE[f < 1]k f(x)VE 11, ATF A Levis2 BUL S0 E R

Er s (FERX)




RIS

1E
BA T~ ik
A
—a i@ .

felL'l0
A=
lim f
:
; nlo
g(1 + n
X)
|2
)d
X
=0

n—oo
n2

=
J_\_
it
it (R ER
P
)




JERR:

¥Yx >0,

log(1 + x?) < x

log(1 + x?) < xX* === lim nlog(1 +

ERRRER, mrmms i
f 2

Er (R ERX)

Yo
IN

52




2 (P ERX)

2022-4-13

Er s (FERX)




o [T HYBZHRIR FHY E TR

o IEAIMESFHRISHIL

o EHIMFHHIFEIL

Er s (FERX)




Mo R INTESF T

: 4 felL™

Levi L o f——= [fa1 [f
frel ™
Fatou Lt [limf, "< lim [f,
a.e. fal<geL’ L
Lebesgue | L' fp—>f—f—f [fh— [f
fr AT

. feLtulL’

Fubini | LT UL' | [, f=——=—= [ ( fn.f(x.y)dm(y))dm(x).

P (R EREK)




EIBAELT U LEZRRK

o RHEURFHIFMERELT U LTIERA

Levi felt
Lebesgue fell
Fatou fel™
Fubini felLTuUlLT

Er s (FERX)




o 35LRVIESIME

Er s (FERX)




HET HILeviBR VEUSUSUE TR

o HEIRVEN:

HET

fe YT e—— =0 —s fe¥Tne

Er s (FERX)




HET RYLevi R AU SUETET

Theorem 1 (I BYLevi R UL EIR)

_ ffeltny
Z(E,R)>f, 1f = ffanf.
E E

Er s (FERX)




4544

ft = @ — max{f,0}, f = % = max{—f,0} = (-f) "

f<g =—— max{f,0}<max{g,0f —— f"<g"

f<g =—— min{f,0} <min{g,0} —— f >g

Er s (FERX)




fan e

regtngt S

Er s (FERX)

[ Yn

fre TN,

Yn




HET HYLevi B A S E TR THYIERR

AR B ¢ L

ff1:ff1+—ff;:+oo:>ffn:+oo
E E E E

Er s (FERX)




&2 £ e 2
ffe?! —= fed (R Ih1f IEEVEBR{E)
— ngn—ﬁ Tf—f1 :>f(fn—f1)Tf(f—f1)
E E

=>ffanf
E E

Er s (FERX)




HET RYLevi R AU EETR |

Theorem 2 (¥ BILeviB AU S ETE)

Er s (FERX)




WERR: IR FeEf sk A1 89X & BN AT

fn l f, f1+€$+ﬂ$1
= -f1-f, (-f) =fteLTn

— (_fn) T (_f)
E E

— ffnlff
E E

Er s (FERX)




HE BYFatous |38

Theorem 3 (] HYFatou5|IE)

(inffa)” € LT n L
f, € Z(E,R) = | lim f, < lim ffn.
E

E n—oo n—oo

(inffa)” € LT n L

(inffy)” > f,, Yk e N = fre T ng
n lim = liminf

R 2 ANERz5IgRf, = —n.

Er s (FERX)




WERR:

I E D

f,, > inffic T lim 1,

> e

= lm

n—oo

Er s (FERX)

k>n

> J.
Jet

Nn—oo

inf fi T

k>n

> lim f
n—oo E

lim
E n—~

inf fk =
k>n

J

lim f,

n—oo




HE BYFatous |38

Theorem 4 (¥ HYFatou5|IE)

(supfy)t € £+ N
f, € Z(E,R) =— = | iimf>im [ f.

E n—ooo Nn—oo E

Er s (FERX)




HE RY3Z AR 530X FF E 3

M /oAl N TEFMN T

Levi 1 f~4F fpf= [fa 1 [f

Levi | fr4F fplf= [fal [f

Fatou | (inff,) 4% [limf, <lim [ f,

Fatou | (supfy)™#F | [limf,>1im [ f,
n

Er s (FERX)




o FEHIWTSR 4 S5 1L o Fe BT Fr 51 55 1

Er s (FERX)




HEI BYLebesguets WS E I

o I HiLebesguetTHI UL S EIE

1 HI K1

N T RLL N e

LG R

Er s (FERX)




L "SI AN R #RFR 53 0K Fr A S

a.e.

(1) fh—>f
(2) fo,fe ZH(E)n 2L (E).

o)

fn——>f<=> lim ffn_f lim f,.
n—oo En—>oo

Er s (FERX)




HET HILebesguetT HIU & E T 45

WERR:“ =" : lim

\f‘m“Jﬂffimﬁv[|m“ﬂ::0
E E E

Er s (FERX)




=" (fy+f)=I|f—fleLF(E)

Fatou . .
:>fEn_m((fnJrf)—|fn—f|)<I|_me((fn+f)—|fn—f|)

Em:fzf
E

Eiﬂ:nme(an)—mewn—ﬂ):szf-mem,—ﬂ)

:mf|fn—f|<o.
E

Er s (FERX)




FatouS | FEGE=E F IR R A

im | |f,—f| <0 —= Iimflfn—fle.
n—oo E n—oo E

Er s (FERX)




HEI BYLebesguets WS E I

Theorem 5 (]~ HLebesguetZ I & EIH)

wf, e Z(E), |ff<gell. W

Er s (FERX)




= lim ||f, — fll;+ =0
n—oo
——= VYe>0,ANeN, ZHn> NBEf, B|f, - fll;1 <e.

A F A FHFRE

— dey > 0, 3%5']1‘;(” : ”fkn —fll1 = €

.
e f, Tk 251

Lebesgue*?%']q&“ﬂb& fk,; L_1> f &

Er s (FERX)




55 LA I SUE TR

Theorem 6 (LebesgueiTHIUL S IR, ELERFIRIE)
iﬁfn S X(E),

L
fal <gn— 9
a.e.

fn—)f — fn_)f ffn f

o

Er s (FERX)




55 (L1 HI U SBUE TR LR

UERA: (gn+9) = Ifs — fle LT(E)

Fatou

— Ii_magn+g)—|fn—f|)<"ﬂf((gn+g)—|fn—f|)
E E

:mf|f,,—f|<o.
E

Er s (FERX)




Theorem 7 (FI FH iR #5i=H 8 Lebesgue EIE)

a.e.

iﬁfn € L(E), fn E— f

1

L
Ifll < gn— 9

a.e.

l
(1)  F=HIRETEE

o259 g, fgn f

(2)  WAZHIREEF i

fo 2 f, f,,—>f ff,, f

Er s (FERX)




F A R #1513z HI Y Lebesque B IR E1C

15
a.e Y g L1y | o AR PR
eR 2 5{ £} v
Y=l & %[ﬁlj{gn} v V
i
a.e Y &g L1y | o AR PR
ER 2 5(f,) v v vV

=HIRES(gn) v v vV

Er s (FERX)




el

P191 813,14, 15,16, 17 &

Er s (FERX)




2 (P ERX)

2022-4-15

Er s (FERX)




KT AT (H)EAR 5 i -

RS 8] :
202254817 H(28AX) k% _£7:00-9:00

e 5103(EZ)

s,
v
i
|

[ I
[1]
ok

Er s (FERX)




o NS NHURFRAVFTEE KM
— BRI RS AR (B L T ARk iR

o I HYFatoud|IE
o I HILebesguetTHIW &I ETE

o Vitalillt &l xE 3B

(i (R ERK)




Mo R INTESF T

: 4 felL™

Levi L o f——= [fa1 [f
frel ™
Fatou Lt [limf, "< lim [f,
a.e. fal<geL’ L
Lebesgue | L' fp—>f—f—f [fh— [f
fr AT

. feLtulL’

Fubini | LT UL' | [, f=——=—= [ ( fn.f(x.y)dm(y))dm(x).

P (R EREK)




HET RYLevi R AU SUETET

Theorem 1 (I BYLevi R UL EIR)

_ ffeltny
Z(E,R)>f, 1f = ffanf.
E E

Er s (FERX)




HE BYFatous |38

Theorem 2 (3 HJFatou3|3E)

(inffn)” € £ N L
f, € Z(E,R) j,f lim f, < lim ff,,.
E E

n—oo n—oo

Er s (FERX)




— B A R

o —EAIFR M

Er s (FERX)




o MUNEILFRUAESAZAE:

fe Z1R") —— Iimf f(x)ldx = 0.
R—+o0 [IxI>R]

(i (R ERK)




B

WEER : = lm OO X [0y (X) X

R—-+oco RN

BRI

Er s (FERX)




RO EBRLLEESZ AT

fe Z1(R") ———= Ve>0, 36>0, HATM, m(A) <o, A

f Ifldm < €.
A

lim flfldm—o
m(A)—0

I A)=0,  du=|fldm.
— m(/l\r;Lou( ) = |fldm

Er s (FERX)




WERR:  RAEE:

Borel—-Cantelli

—_
7

dey, AR,

A:=lim A,

0

n—oo

m(A)=0 f f
A

Er s (FERX)

1
m(A,) < o
m(A) =0
fel

lim
Lebesgue n—oo

k

ffjAk

n

An

Ifl > €

If] > &.




IR — B XL

% E c R"2Lebesqgued] M.

R—oo

fe Z1(E) — Iimf fl =0
[1f1>FR]

(i (R ERK)




T & = AITIHKf e L'(R")

1 Chebyshev 1
HY R>—f|f| — m[|f|>R]<—f|f|<6, R > 1
) E R E

BAEARARETENE [

[If>R]

If] < e.

fE53@ (R ERK)




lim [Ifl > R] = [Ifl = 0] FTiM&E

R—

im f f Lebesgue 0
[If>R]

Er s (FERX)




— B AT X

Def
wf, e LY E), m(E)<oco EcR" .

def ,
(lnen—BAH  ——=  lm sup =0

—HHME: IBEITEAZE—

(st (R ERK)




—HAIRRF N E X

wf, e Y E), m(E)<oco, EcR" N

sup f fl<o  (LRER&ES)
n E
{fn}neN_ﬁﬁ.ﬁﬂ L X

Ve>0, 36>0, ZHm(A) < 6B, B3

supflfn|<e
lim s fnl = 0.
m(llé\)—>0 %pf|n|

Er s (FERX)




w2 IERR

B

flfn|=f |fn|‘|‘f fal < € + Rm(E)
E [If21>R] [Ifl<R]
€
|f|:\f‘ H|+;f If,] < =+Rm(A) < €, 0= —
fA ! AN[If,[=R] " AN[lf,I<R] T2 (A) 2R

R rsit (R ERK)




FE 53 4 UERA
FESE:

’
HY R>_5Upf|fn|
O n JE

Chebysh f f
e}/seé m[lfn|>R]<f Mgfﬁ<5
it=R] B e R

— supf Ifn| < €.
n Jlf>R]

Er s (FERX)




R AT FRZE & — B AR

&f, e LY(E), m(E) <o, EcR" N

fol < g € L'(E) =—= {f}nen— B ATFR

R rsit (R ERK)




1ERR:

—HARNENENL
RHA—MRE

R AT R —E(AJHA

Er s (FERX)




BB —H [ fAZHRVHET BYFatous | T8

Theorem 3 (3 HIFatou3|3E)

%f, e Z(E,R), m(E)<o, ECcCR",

{fn}neN—ﬁﬁf A

:—>f|i_mfn<|i_mf nmff,,\ im f,
E n—>c n—oo s E N—

Er s (FERX)




JERR:

R—)OO neN

[
[f,<—R]
ffn:f fn—l—f fn
E [f2>—R] [fa<—R]
ffn>f fn—e

E [fr>—R]

sk (P ERK)

{fa)nen— B AT R - lim sup‘f‘ If,] = 0
[Ifal>R]

Ve>0, dR>0: <e ¥n




—_

Fatou5|38

an[fn>_R] > fn

an[fn>—R] > _R

(inffaxy o _p)” <(-R)"=Re L'(E)

Il_m“[[;n>—R] > flfhﬁ(fnx[f”>_'q]) g E“_mfn

Er s (FERX)




73 ik

E [fr>—R]

e—0 . .
:)“_m fn> I|_m1cn
E E

Er s (FERX)

fn_€>f|i_mn’;_€
E




HEI BYLebesguets WS E I

Theorem 4 (HEI™ HLebesguets Y & E IE)

&f,f,e Y (E), m(E)<co, EcR". N

fo—sf e—— f—5f  {f,)—ATH"

Er s (FERX)




w2 IERR

DAE T

L1
neN

N
swp [ 1l < ) [ tl+sup [ it=1+ [ 18
n Ja — Ja n>N JA A

< ZNZ%+E+E

n=1

Er s (FERX)




T4
- O NTE a.e.
. B iﬂz_ﬁ,\fﬂumx f, — f— BT, PR
fnk_ﬁ_.r
i R R NN
BF A RIEE.

Er s (FERX)




MERR:

Lebesgue
—

|
o ——m 3 >0,

Riesz

375, -

ae

fo— f ——— Afy, FHlf — f

L1

fp — f  FET

Er s (FERX)

Ifx, = fll.1 > e

1Tk, = fliL1 > €0




L "SI AN R #RFR 53 0K Fr A S

a.e.

(1) fh—>f
(2) fo,fe ZH(E)n 2L (E).

o)

fn——>f<=> lim ffn_f lim f,.
n—oo En—>oo

Er s (FERX)




HEI BYLebesguets WS E I

Theorem 5 (¥ HLebesguetz Hl Y & EIE)

&1, f, e L1E), m(E)<o, ECR, f,—f N

f,— f PR {f}—E A1

JEic: ENEEREZET, a.e. = a.un = m.

Er s (FERX)




4

AR FHY TR S

Theorem 6 (AZHRX I FE B2 55 14)

a.e.

&1, f,e LT(E)NZLE), m(E)<oo, ECR", fr—f, 0

f lim f,dx = Ilim ffndx == {f,}—E A A
E E

n—o0 n— o0

Er s (FERX)




Vitali LS5 € 18

&fk,fe L'(R"), W

L1

fk ¢ s ] Ye > 0, dR > 0: Sl:p”fk”U(B(O,R)C) <€

Ye>0, d6>0, Ym(A)<o¢: sup [[fkllL1a) < €
k

Bl lim suplifall1(ay = lim suplifallLi(s(o.r)e) = O
m R—c n

)—0 n

Er s (FERX)




Vitalit5t & 32 AV 1E A

SHEM:  ChebyshevlER,

If,—f] 1
T < —|lfy = fll
E

Mm—ﬂ>d<j‘

[[fa—fl>€] €

j\ il < mw+f 1.
B(0,R)° R? B(0,R)°

Jn|&|< i —fl+ | Ifl.
Es R" Es

R rsit (R ERK)




Vitalit5t & 32 AV 1E A

a.e

oM B =5 f
fm4l
Rn

<f (m+m+f |mw+f (Ifc| + If])
B(0,R)¢ B(0,R)\E;s B(0,R)NE;s

<e (BZINF AEgoroviEIR, f&xfE—InF|AFatous|IE)

Er s (FERX)




oM B2 f-Df
— s, L -
RUE::  Rigfc — FARRAL.
— >0, 3FFI,

I, — fll1 > €0, YK,  fy — f

5l
— Ifn, — fll,+ — 0. xE

Er s (FERX)




Littlewood =Rz —

Theorem 7 (EgorovEIE)

a.e. m(E)<+oo a.un
fk — f e fk —> f.

Littlewood = [RIE 2z —:

[a, b] X (8] £ R #FNL S ——=ET % — BT

Er s (FERX)




= AT

@ IXE € Z(RM), fy,fe Z(E,R).

fi —> f = mlfy-»f]=0:

f, = f e——— Ve>0, JAGNE cCE:

onE\E,
m(E¢) < e, f. = f

fi, — f = VYe>0, lim milf ~f| > €] = 0.

(MERE/NERS)

Er s (FERX)




= ST SET Y (A B U S BY Y %) L

o THZIMImEAEMIZFNE.

fe =5 f ———=VYe>D0, nﬂgﬁaﬂm-—ﬂ;ad)::a

o (RIFBMRIMBISMNY)—HIZE M RERNUESE

fi =5 f ——=VYe>0, Im1nﬂtjﬂf—f|>eD::O.
kooo  Sj=k- 1

o KMEE XA/ NUELSE.

M-ﬁgf —— VYVe>0, Jm1nﬂm<—f|>e]::0

Er s (FERX)




o ITHRFRSIRIFEIE R LARRE A Z MU T Z R X &

o FNMMEBT XM IBXER. (a.e.,a.un,m, L")

Er s (FERX)




el

P191 %818, 19, 20, 215%

Er s (FERX)




2 (P ERX)

2022-4-20

Er s (FERX)




o HERAVNE L

o HRAVFR TR

Hi:  LebesqueRAIEL — = g MIS IS

e

Er s (FERX)




o HFRAINIEL:
o HausdorffME (JL{AJeR#L)
o EME (CZETH)
o WienerllE (HLZxip)

o HaarIE (Z=EFIEP)

Er (R ERX)



o HRAIFMIL:

BT e FM, Gi— TR EECKF. ELER .

PR =T X R B = =FR 7 =R B =R PR

Er s (FERX)




HARMEIL: NE

MEZTE(X,MLu): XBIETEE, c2X Bo-REL

@ u:l — [0, +oo] BN

o u(0)=20

+o0 oo
o u( [l Ac) = X p(Ak).
k=1 k=1

Er s (FERX)




Lebesgueilll & Z3|8]
(R", Z(R"), m)

i

Bix

Er s (FERX)

SR =S (8]

(X, T, 1)

MR




@ AN K

@ AN pK

W =xa+(+ - lim)

= ALMAHIE R HA S K Bz E MR PRIZE L

f: X — RAN
= HEREEAN
= [a, +oo] FIJRIG A, Va eR

R NTRRZEEHH.

(i (R ERK)




@ Littlewood =J&IE

Er s (FERX)




Radon;l| &

IENIBoreliM E u:

(1) ZERNEFIR

it

(2) FEE M SR E AT AR SN E A SE

(3) fEE M EE RV B AT LA X R R E B AR5 2|

(i (R ERK)




o IEX=FEEZFE, u=_2X_LHIENBorel/lE.

f:X—RALM, AEcCX, m(E)<oo: flee =0
— Ve >0, dpe C:(X): m({x € X : f(x) # ¢(x)}) < €.

o HfelL®(X,du), MAEE:

[lelleo < I Flloo

Er s (FERX)




EgorovEIE

WMEEE(X. T.u),  wu(X) < oo,
a.e

LX) fy — 5 f

—— Ve>0, JdEel: u(E)<e f, 3f on X\E

(i (R ERK)




o (X,I,u)ME=g].

St(X, ) 3 2 & 2 AL R{E
Lt (X, p) JESA AN R1&
L' (X, u) AffR R1&E

Er s (FERX)




o FrfEMZE:

57t (SHAE, LT HRIR
TR R (STHRA R TN
PR

2 1(A) = [, x50
XA s S felLtul
&t %o 4

Er s (FERX)




77 E X BB A

f=x

(1) fXXAdu: A u(A)

k k

feST
(2) f Cix 5, At == C'f)( du.
D Ha e =), | Xa

= =1

+
(3) ffd,u: = lim fgokd,u: sup fgod,u.
X Staglf k—oo Jx Stap<f JIX

_ AIENX, ffz—eL'(X,du)
4ffd::ff+d—ffd: =2
) Xﬂ X s X ﬁl{%EX,EE.

Er s (FERX)




o PRFAIFA:

fe$1(X)<::>f|f|<oo.
X

o R AIRAFMNZIE:

fe (X)) e—==|fle LX) == fF e LX)

Er s (FERX)




f f = BEE AT R BB B R IREE
X

ffd,u: Iimffnd,u
X n—oo p%

22n
k-1
on Xf—1[k;1 L) + 2an—1 [27,4c0) /e L7
on >on 2

2

fn =

k=1

Er s (FERX)




o HMHWRMA/BHZLAR: HRIXFNFENEE

Er s (FERX)




BRI E TR

o HIFISIEE:

fk€L+(X), fk/f:ffkdll/'ffd,u
X X

Er s (FERX)




Fatous|IE

@ Fatoud|IE:

fk€L+(X) _ f”_m& dﬂ<“_'“fﬁ< du
X X

Er s (FERX)




Lebesguetz HI| UL & E I

@ LebesguetZHlIU S ETE:

foe L(X), Ifl<gell(X,du), fx—f. N

1
fo = f, ffkdu—>ffdu
X X

Er s (FERX)




ELE b ZS B LebesgueE YL S E I8

Theorem 1 (EZERR A HILebesguets UL & E IE)
R f(x, t) R TFXEX LR/, xFt1E[a, b]ZELE, T HE

(1) <gel'(X,du), Vte]la,b]

— |lim f f(x, t)du(x) :f lim f(x, t)du(x), Y 1ty € [a, b].
X

t—to X =l

Er s (FERX)




FRTHESL

(-, 1) < g e L(X,du) , \[x f(x, t)du(x) € Cla, b].

XFxA[FA

Er s (FERX)




Theorem 2 (SF#F1FI 573 32 #X

f, ft;'é:J:XEI%/D_\ d
e It

Er s (FERX)




FubiniEIE
@ FubiniEIE:
(Xla Z/,,u:)zEO'ﬁBE/)”UF-EE j i=1,2.

fe Lt (X x Xo) | JL" (X1 x Xo, durdiuz)

=== fduiduz = j); U}; f(X,Y)duz(Y)) du1(x)

X1%xXo
— fxz U}; f(x, y)d,u1(X)) dua(y)

Er s (FERX)




M FE B0 AT 0 M RYER 77 faids

o MEsRIIME:

L;XAKdM=I;LXAKdM

Er s (FERX)




FubiniEIB—% X T

S T S FubiniZE 32
W BR = =F1 5
¥ 1) AT S RE T LES FubiniE I

R PR=2K = 77

s EOME SRS
MEsoTmy SoNESHERBIAN e
BRI

Er s (FERX)




o HMZMEFNHRIR 5T RVHGIF

Er s (FERX)




DiracIERIFR5:  REW=F5

@ DiracMEZIE)(X,T,dy):

1, x€eA;

0, x¢A

o DiracillErFA
fdoy = f(x), Vfe Z(X).

RPN : x, = ST(X) = LT(X) = Z(X)

X S+(X)sp<f JX

Er s (FERX)




TN E AR 75

o SME=ZE (N, 2V, u)

ARTTENY, ARBIRE

+00, AR TIRE.

Er s (FERX)




TN E BRI E

ffd,u:if fd,u:if(k):iak
M k=1 vkl k=1 k=1
wazgwd

o IR Z R THHMERTR 7.

Er s (FERX)




o 1% (X, I, du) =M E = E).

o LENTELINME dv = fdu, felL'(X,u)nLt(X).

o YENTIELIMBEZE)(X,T, dv)

Er s (FERX)




o KT 4axt L ErIF 57
V(A):fdv:ffd,u.
A A
fgdv:fgfdu, Vge LT(X,u) UL (X, p).
X X

WERA: 3T g = x , 3.

(i (R ERK)




HEr EAV RN E 18 HErEBRHR IR DL
SN L MRATIL

Lebesgue ME it Lebesguefi 5312

Er s (FERX)




el

P191: 22,23

Er s (FERX)




2 (P ERX)

2022-4-22

Er s (FERX)




o RIS FELEE

o MR X eR B (N E 57 i = iR BUE S 3R 7 RRAVHET )

o FASANLEXTIELL M (28 A N )
o JNBLLTHUN E

o MIHER

Er s (FERX)




A Y 468 5 EE 40 14

Er s (FERX)




N Y 28 X EE 41

@ W(X,I,u),(X,I,v)ZMEZE.

vy 2HBRE, Blv(X) < .

o v XTuBXELE (v <p):

Er s (FERX)




N Y 28 X EE 41

o v XX ELF| A%

— |im y(A)=0
u(A)—0

(Ve >0, 36>0, HAecTl, ul(A) <o, Bv(A) < e)

Er s (FERX)




M B 28 3 1 £ 22 % 1IE R

SER: lim v(A) =0
u(A)—0

——— Ve>0, 36>0, HAecTl, u(A)<obf,Bv(A)<e

Ael

— “u(A) 0—=v(A)<e (Ye>0)"

Er s (FERX)




M 1Y 28 X 2% 3 73 1% HYUE R

Ael

“u(A) 0—=v(A)<e (Ye>0)"

——— VYe>0, 36>0, HAeTl, u(A) <o, Bv(A)<e

WERR: REJE: deg, FAnel, u(Ap) < %, v(An) > e.

Borel-C —_— o0
A = Tm An, u(A)=0, v(A)=Ilimv(U Ag) > e.

n—ooo n—ooo k=n

Er s (FERX)




Radon-NikodymEIE: i Tn g

Theorem 1 (Radon-Nikodym EIE)
Wy B BRNE, N

A1 feLt(E)nL'(E)
U<Kme —  du = fdm.

A MO ENX T HE—

Er 3 (FERX)




m(E) < oo.

Ocl = {g e LT(E)nLY(E): fg dm < u(A), YA C EED)”JJ}.
A

dlfel

/l::supfgdm \ ffdm
ger JE fHUE JE

Er s (FERX)




L haf

El{gnins1 C T : fgndm — A
E

h,:= max gk €T, fhnme/l
E

1<k<n

f tm _Levi
E

bf‘ﬂjn7 Levi

A

fel, f
E

Er s (FERX)

lim f hadm(= A) < u(E),&f e LT(E)n L'(E)
E

Iimf hndm < p(A)
A

fdm:maxfgdm
gel JE




RIE%: A3EEYv(E) > 0. deo > 0 : eom(E) < v(E)

v — M SNE, EBHahn S ##(E., E)

——— VYAIMEACE: em(AnE.)<v(ANE))

Er s (FERX)




)‘IZ'T+

v=0

— f dm < fd ANEL) <ulA
=2 fA (F + eoxe, )dm fA m+ v(A N Ey) < u(A)

——= f+eyxe, €l f(f—|— €xE, )dm > f fdm, /&
E E

#NFEIERAM(EL) > 0:

v(A):=u(A)-|, fdm
ME;) =0 =— u(E;) =0 L = v(E4) =0

——— 0<(v-em)(E)=(v-em)(E-) <0.

Er s (FERX)




TR 5T Y LB X EE 4R 4

R rsit (R ERK)




fl e L'(E)

fldm < dm (Radon — NikodymEIE)

mn‘fHWm:O
m(A)—0 JA

Ye>0, do>0,

A €T,

f Ifldm < e.
A

Er s (FERX)

m(A) < 6B, A




RO EBRLLEESZ AT

feL'(E)
@ mA) =0 —m f|f|dm:0.
A

Er s (FERX)




o MNELRFRUESNZAHE:

fe L'(R") = lim f f(x)ldx = 0.
|x|>k

K—o00

e G

WEER : o= lim () g () OX

—0 Rn

Er s (FERX)




ARAR it B

Er s (FERX)




PREL T 20N

o JNARIHEIM = 8]

(Zn, 2%, p)  Zp:={1.2,....n}.

o AT EUNA:

u(ii}) = 4, j=1,...n

1R A+ +4,=1, ;>0

o EERMSf: Z, — R AR,

73 (R ERVK)




A1 2 —FFR o7

o NIRRT MB+HUME RIFR
ffd,u:Zf fdu:Z/lkf(k):Z/lkak
Zn k=1 K} k=1 k=1

n
[ 1=’ A
Sl k=1

Er s (FERX)




o K#ly: (a,b) —

Vaje(ab), 4>

Er s (FERX)

0, Ay +-+A,=1.




o MNARITHUME:

Er s (FERX)




Jensen I\

@ JensenPEET\:

¢:(a,b)E>R — go(ffd,u)<f900fd,u,
X X

fell(X,u)

XY f: X (a, b)RX L.

Hop(X, I p) 2 EEHERNEZE.

P (R EREK)




Jensen NER 4L

o JensenfEI\:
WX, T u)@ME=E, u(X)e (0,+). N

go:(a,b)HR = gp(/ﬁ‘ﬁ(fdu)<ﬁfxgpofdu,

fel(X.u)

Y f: X (a,b)RRAL.

Hep(X, T, p)EENESE:
1(X) € (0, +o0).

Er s (FERX)




RWAS (Jnki) < Jﬂ fd
— Y . — ¢ Hl S $o
2 I A X x“ o

o Jensen P FER R

R rsit (R ERK)




MERR:

Q:Mffd,ue(a,b).
X

(a=a = fX(f—a)d,u:O

— f-a= 05uX)=1F&.)

Er s (FERX)




(o, p(a)) LRI EZ Y

o(a) + k(x — a).

ol

— ¢(a) +k(x-a) <¢(x)

1 AN
:igzlj ¢01)<‘jﬂ¢C>fdu.
x:=f(t) X

Er s (FERX)




PR HYEEE

Er s (FERX)




R Y EE 4L 3R 7k Layer cake reprersentation:

o Hik=m

) fe LT(E) ~[Of(x) ”

o HREMEHRRT

felLt(E)

f(x)

-+ co
| et

R rsit (R ERK)




MNHITTER R ERER R

RMMERER (T .
AEsa BTN Jo ™ (tteo)
28 A0, 18T

f(x) (x)dt

o [ElEtEMtrx, WER T HEAEKMIFIERRIIRR:
Xt (409)X) = X010 ()
AR R ERE

o (X)THMER ‘ ™, if(x) a2k
5T

R rsit (R ERK)




ERERAHER

o WIEEH, .. () —— THHEHI(x)

. BEBR
R ———— AR
ERER R

Fubini

o HRHMEHRRT = RTHERERT

mRIaFA 5y

R rsit (R ERK)




IRV EREAR

IEES
E

7

AR ERER T

fAESAa B F el

Er s (FERX)

0

—+ oo

p(f7 (1. +0))
(R T 757k F R

ldt




PR E RV E

o RIHIEE:

=34
RO 2, 0 B RTEAE)

Er s (FERX)




R # = %2: Rearrangement

o EHEAEHIEE

A m(A):m(A*j))

A* = B(0,r)

m(A)<oo

o FHERHAIER

X;=Qm)5=A*=X€:

o IAEGIFMRBHIER

F(x)= [ x* dt
(x):=, Xf_1[t,—|—oo)(X)

LTRYN LT R 5 f = f*
(0= x, 1 (et

1 [t,4o0)

R rsit (R ERK)




BR ZL B EE R 4 R

o HigM: BmRH x, =l

o fIRIFM: f<g=—f<g

BT A c gMIBIFE T A

ﬂ%ﬁ?ﬁ; I1Fl4 Rﬁi%ﬁ%ﬁ%%eﬁi

7

17711+

o HEAHE: |If -glh <IIf - gl

(ZLieb {Analysis) )

Er s (FERX)




el

P189 %£3, 4,5, 8§%

Er s (FERX)




2 3H(PERK)

2022-4-27

Erat(PERX)



AHAZE: NEILRITFHE

o NERMErT: LB

fxiy

o fT?MM*

o EME

Erat(PERX)




MIHEE X

IEN FSME SNE

RET BB far 3 % [ EENE

Erat(PERX)



HET HIALE =

o REENE. MEZI NERH-

o R ZIFIRIINE . LEXTELUNE. NE ZHFIREI R .

f=fdm

o NIEF A R, MELURBAKXEE.
=} ft f- If] Ref Imf
o=} YAl Va V| Rev Imy

Erat(PERX)




R E BIHahn-Jordan 4y #&

LebesgueIE = [E](R", Z(R™), m), f:R"—R
@ Jordany f&: f=fT—f =ffdn-fdn=:v" -y
@ Hahn4fi#: RT=[f>0]| |[f<0]=AT||A™

o MEEE:

vHAT) = [y dvt = [ g frdm =0,

v 1y e—= |

v (AT) = fA+ dv. = f[f>0] f~dm =10

Erat(PERX)




i 3

=

M

Erat(PERX)




5= =

AGMZE(X,N): X2IEZES, [ c2X Bo-R#L

+o0 oo
o u(L A= % n(A)

Erat(PERX)



553 E B 5151

AM=S8)(X,T):

wyvlENE, Edhz—2FRNE —— u —v2HFSNE

Erat(PERX)



55 E B 52

LebesgueillE = [8)(R", Z(R"), m).

= ) fiz_e 31 Y ol = I
o Fy f fdm BENX = v = fdmE2FFsNE
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