








 











1. 条件概率与概率空间的子空间 A是(Ω,F , P )的可测子集并且P (A) > 0

想在A上构造概率子空间(A,FA, PA)

A上的σ-代数: FA = {B ⊂ A|∃ !B ∈ F s.t. !B ∩A = B}

A上的概率: PA(B) = P ( !B|A)

要验证: 若 !B1 ∩A = !B2 ∩A, 则 P ( !B1|A) = P ( !B2 ∩A)

注: 条件概率其实是缩小了总的概率空间(从Ω变成了A)

2. 事件的关系:attract/repel (1.8.29)

A,B是两个事件

A,B independent: P (B|A) = P (B) or P (AB) = P (A)P (B)

A repels B: P (B|A) < P (B) or P (AB) < P (A)P (B)

A attracts B: P (B|A) > P (B) or P (AB) > P (A)P (B)

对称性: A repels B ⇔ B repels A

A repels B ⇔ A attracts Bc ⇔ A
c attracts B

3. 事件的惊奇程度

P (A) = p → S(A) = log 1
p

P (A|B) = p → S(A|B) = log 1
p

事件发生的概率越小,则事件发生产生的惊奇程度就越大

S(AB) = S(A) + S(B|A)

若A,B独立, 则S(AB) = S(A) + S(B)

4. Shannon信息熵: H(X) = E[S(X)] = E[log 1
f(X) ] =

"
i

f(xi) log
1

f(xi)

熵表示随机变量的混乱程度,即该随机变量包含的信息量

条件熵/相对熵: H(X|Y ) = E[log 1
f(X|Y ) ] =

"
i,j

f(xi, yj) log
1

f(xi|yj)

联合熵: H(X,Y ) = E[log 1
f(X,Y ) ] =

"
i,j

f(xi, yj) log
1

f(xi,yj)

性质:H(X) ≥ 0

H(X,Y ) = H(X) +H(Y |X)

若X是离散型随机变量且有n个取值,则当P(xi) =
1
n
时信息熵最大

若X是连续型随机变量且在[a, b]中取值,则当X为均匀分布时信息熵最大

若给定X的期望µ和方程σ2, 则当X为正态分布时信息熵最大

一个封闭系统有熵增的趋势,如果没有外力的介入,总是倾向于熵增的方向发展

5. 互信息: I(X,Y ) = H(X) +H(Y )−H(X,Y ) = H(X)−H(X|Y )

H(X) 表示X包含的信息

H(X|Y ) 表示在已知Y的情况下X增加的信息

H(X,Y ) 表示X,Y共同包含的信息(X,Y所含信息的并集)

I(X,Y ) 表示X,Y公共的信息(X,Y所含信息的交集)

正定性: I(X,Y ) ≥ 0, 取等⇔ X,Y独立

对称性: I(X,Y ) = I(Y,X)

6. 概率空间的距离

欧式距离: d(X,Y ) =
#
E[X − Y ]2 (实际上这是一个内积空间)
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dp(X,Y ) = (E[X − Y ]p)
1
p

d(X,Y ) = H(X,Y )− I(X,Y ) = H(X|Y ) +H(Y |X)

Jaccard距离: d(X,Y ) = H(X,Y )−I(X,Y )
H(X,Y )

7. Poisson分布的性质

X ∼Poisson(λ) : P(X = k) = e
−λλk

k!

E[X] = λ, E[X(X − 1) . . . (X − t)] = λt+1

V ar(X) = λ

母函数: GX(s) = e
λ(1−s)

λ的意义:intensity, 单位时间内随机事件的平均发生次数

若X ∼Poisson(λ), Y ∼Poisson(µ), 且X,Y 独立, 则X + Y ∼Poisson(λ+ µ)

(3.5.2) 掷N枚硬币, N ∼Poisson(λ), 每次硬币朝上的概率为p, 则朝上的硬币数∼Poisson(pλ)

8. 组合数

C
k

n
= C

k

n−1 + C
k−1
n−1

C
k

n
= n

k
C

k−1
n−1

n"
k=0

C
k

n
= 2n

范德蒙恒等式: Ck

m+n
=

k"
i=0

C
i

m
C

k−i

n

9. 随机游走

Sn = S0 +X1 + · · ·+Xn

{Sn}是一列随机变量满足马氏性,时齐性,空齐性

增量独立性: Sm, Sn − Sm独立 (m < n)

鞅性(需要对称随机游走): E[Sn|Sm] = Sm (m < n)

10. 轨道

Nn(a, b) = #{(0, a) → (n, b)}

N
P

n
(a, b) = #{(0, a) → (n, b)且满足性质P}

Nn(a, b) = C

n+a−b
2

n

反射原理: 若a, b在r的同侧, 则N
pass y=r

n
(a, b) = Nn(a, 2r − b)

投票定理: Nnot return 0
n

(0, b) = |b|
n
Nn(0, b)

不返回出发点: Nnot return 0
n

(0) =
"
b

N
not return 0
n

(0, b) = E|Sn|
n

首中时: τb = min
k≥0

{Xk = b}

N
τb=n

n
(0, b) = N

not attain b before n

n
(0, b) = N

not return 0
n

(0, b) = b

n
Nn(0, b)

11. 游走的最远距离: Mn = max
1∼n

Sk

for 对称随机游走: P (Mn ≥ r|S0 = 0) = P (Sn ≥ r|S0 = 0) + P (Sn ≥ r − 1|S0 = 0)

最后一次访问原点时间: T2n = max
k=0∼2n

{Xk = 0}

for 对称随机游走: P (T2n = T2k) = P (S2k = 0)P (S2n−2k = 0)
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1 Distribution

X : (Ω,F , P ) → (R,B(R))

X is a random variable ⇔ ∀A ∈ B(R), X−1(A) ∈ F

The distribution function of X: FX(x) = P (X ≤ x)

FX is right-continuous, monotone nondecreasing and FX(−∞) = 0, FX(∞) = 1

The distribution of X: ∀A ∈ B(R), define µX(A) = P (X−1(A))

µX is a probability measure on R,B(R)

Theorem: (1) ∀F : R → [0, 1] right-continuous, monotone nondecreasing and FX(−∞) = 0, FX(∞) = 1, there exists a

random variable X s.t. F = FX

(2) There is a 1-1 correspondence between distributions functions on R and probability measures on (R,B(R))

(3) ∀µ is a probability measure on (R,B(R)), there exists a random variable X s.t. µ = µX

Proof: (1) Let Y ∼ U([0, 1]) and X = F−1
X (Y ) for F−1

X (u) = sup{x|FX(x) ≤ u}

(2) If µ is a probability measure, let Fµ(a) = µ((−∞, a]), then Fµ is a distribution function

If F is a distribution function, let µF ((a, b]) = F (b)− F (a), then µF can be uniquely extended to a probability measure on

(R,B(R))

(3) By (1) and (2)

2 Singular Random Variable

1. Discrete random variable: It takes values only in a countable set

X has distribution mass function fX(x) = P (X = x)

Distribution function: FX =
!
x
fX(x)I[x,∞) is a step function

Distribution: µX =
!
x
fX(x)δx where δx(A) =

"
#$

#%

0, x /∈ A

1, x ∈ A
is the Dirac measure

Expectation: E[g(X)] =
!
x
p(x)g(x)

Entropy: Shannon Entropy H(X) = −
!
x
fX(x) log fX(x)

2. Continuous random variable: Its distribution function F is absolutely continuous

X has density function fX(x)
a.s.
= F ′(x)

Distribution function: FX(x) =
& x

−∞ fX(t)dt is absolutely continuous 1

1f is absolutely continuous⇔ ∀ε, ∃δ, s.t. if
n!

i=1
|bi − ai| < δ, then

n!
i=1

|f(bi)− f(ai)| < ε

If f is absolutely continuous, then f is a.e. differentiable and f(b)− f(a) =
" b
a f ′(x)dx for a < b
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Distribution: µX(A) =
&
A
f(x)dx is absolutely continuous 2 w.r.t. Lebesgue measure

Expectation: E[g(X)] =
&
R fX(x)g(x)dx

Entropy: Differential Entropy h(X) = −
&
R fX(x) log fX(x)dx

3. Singular random variable: Its distribution function F is continuous and F ′ a.s.
= 0

F and F ′ don’t satisfy Newton-Leibniz formula

Distribution function: F continuous and F ′ a.s.
= 0

Distribution: µX is singular 3 w.r.t. Lebesgue measure

Expectation: Lebesgue-Stieltjes Integral

Entropy: can’t define because it doesn’t have something like distribution mass or density

Example (Cantor distribution)

Cn =
2n'
k=1

Cn,k where Cn,k is an interval of length 1
3n

Cantor set: C = lim
n→∞

Cn = {(0.a1a2 . . . )3|ai = 0 or 2}

Cantor function: c : [0, 1] → [0, 1], x )→

"
#$

#%

(0.a1a2 . . . )2, if x = (0.(2a1)(2a2) . . . )3

sup
y∈C,y≤x

c(y), if x /∈ C

Cantor function is continuous, and c′
a.s.
= 0 but it is not absolutely continuous

Cantor distribution function: F (x) =

"
####$

####%

0, x < 0

c(x), x ∈ [0, 1]

1, x > 1

Cantor distribution is a singular distribution

4. Lebesgue’s Decomposition Theorem on (R,B(R)): If µ is a σ-finite measure on (R,B(R)), then there exists a

decomposition: µ = µcont + µsing + µdisc where µcont(≪ µL)
4 is the absolutely continuous part, µsing(⊥ µL) is the singular

continuous part and µdisc is the discrete part

Corollary: If X is a random variable, then there exists a decomposition: X = Xcont +Xsing +Xdisc

where Xcont is a continuous random variable, Xsing is a singular random variable and Xdisc is a discrete random variable

Example Suppose X0 ∼ Poisson(λ), X1 ∼ N(0, 1), Y ∼ Ber( 12 ) and they are independent

Let Z = XY =

"
#$

#%

X0, if Y = 0

X1, if Y = 1
, then Z is a mixed random variable

2If µ, ν are measures on (R,B(R)), then µ is absolutely continuous w.r.t. ν (denoted by µ ≪ ν) if µ(R) < ∞ and ∀A, ν(A) = 0 ⇒ µ(A) = 0

By Radon-Nikodym theorem, if ν is σ-finite, then µ ≪ ν ⇔ ∃f s.t. dµ = fdν
3If µ, ν are measures on (R,B(R)), then µ and ν are singular to each other (denoted by µ ⊥ ν) if ∃E ⊂ B(R) s.t. µ(E) = 0 and ν(Ec) = 0
4µL denotes the Lebesgue measure
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Let Z0 =

"
#$

#%

X0, if Y = 0

0, if Y = 1
and Z1 =

"
#$

#%

0, if Y = 0

X1, if Y = 1
, then Z = Z0 + Z1 is a Lebesgue decomposition

5. Any distribution can be weakly approximated by discrete distributions

Proof: Suppose F is a right continuous, monotone nondecreasing function and F (−∞) = 0, F (∞) = 1

Let Fn(x) =
22n−1!
i=−22n

F ( i
2n )I[ i

2n , i+1
2n )(x) + I[2n,∞)(x), then Fn are distribution functions and Fn

W−→ F

2.1 Expectation

The Lebesgue-Stieljes integral of f(x) in (R,B(R), µX) is denoted by E[f(X)] =
&
R f(x)dFX =

&
R f(x)µX(dx)

For indicators (IA for A ∈ B(R)): Let E[IA(X)] =
&
X
IA(x)µX(dx) = µX(A)

For simple functions (S =
n!

i=1

aiIAi): Let E[S(X)] =
&
X
S(x)µX(dx) =

n!
i=1

aiµX(Ai)

For non-negative measurable functions (f ∈ L+ ⇒ ∃fn ∈ S+ s.t. fn ↑ f): Let E[f(X)] =
&
X
f(x)µX(dx) = lim

n→∞
E[fn(X)]

For measurable function (f ∈ L+ ⇒ f = f+ − f− for f+, f− ∈ L+)

If E[f+(X)] < ∞ or E[f−(X)] < ∞, then E[f(X)] exists and E[f(X)] = E[f+(X)]− E[f−(X)]

3 Sample Space

When we claim a random variable, we sometimes ignore its sample space, like we can simply say X ∼ N(0, 1) without

mentioning its sample space

For one single random variable, we can ignore its sample space if we only care about its distribution

But for several random variables, their relationship is closely related to their joint sample space.

1. Sample space is not unique

Example If we roll a die, let X =

"
#$

#%

1, the outcome is odd

2, the outcome is even
, then we can let

(1) Ω = {1, 2, 3, 4, 5, 6},F = 2Ω, P (A) = |A|
6 and X : Ω → R, w )→

"
#$

#%

1, w odd

2, w even

(2) Ω = {odd, even},F = 2Ω, P (A) = |A|
2 and X : Ω → R, w )→

"
#$

#%

1, w = odd

2, w = even

or we can even suppose that we roll it twice but we only care about the first toss:

(3) Ω = {1, 2, 3, 4, 5, 6}2,F = 2Ω, P (A) = |A|
36 and X : Ω → R, w )→

"
#$

#%

1, w1 odd

2, w1 even
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2. Sample space can depict the relationship between random variables

Example Suppose X1, X2, . . . and X : (Ω,F , P ) → R are random variables

Xi, Xj are independent⇔ ∀A,B ∈ B(R), we have P (X−1
i (A)X−1

j (B)) = P (X−1
i (A))P (X−1

j (B))

{Xn|n ≥ 1} are independent⇔ ∀i1, . . . , in andA1, . . . , An ∈ B(R), we have P (X−1
i1

(A1) . . . X
−1
in

(An)) = P (X−1
i1

(A1)) . . . P (X−1
in

(An))

Xn
P−→ X ⇔ ∀ε, P (w : |Xn(w)−X(w)| > ε) → 0

Xn
a.s.−−→ X ⇔ P (w : Xn(w) → X(w)) = 1

Example (7.2.8) If Xn are independent and Xn
P−→ X, then X is almost surely constant

Proof: (1) If X is not a.s. constant, then we have a < b s.t. P (X < a) > 0 and P (X > b) > 0

Then ∃ε s.t. P (X < a) > ε and P (X > b) > ε

By Xn
P−→ X, we have N s.t. P (|Xn −X| > b−a

4 ) < !
2 for n > N

Then P (Xn < a+ b−a
4 ) ≥ P (X < a, |Xn −X| < b−a

4 ) = 1− P (X ≥ a)− P (X < a, |Xn −X| ≥ b−a
4 ) > 1− (1− ε)− !

2 = !
2

Similarly, P (Xn > b− b−a
4 ) > !

2

So for m,n > N , we have P (|Xm −Xn| > b−a
2 ) ≥ P (Xm > b− b−a

4 , Xn < a+ b−a
4 ) > !

4

(2) Xn is convergence in probability, so Xn is Cauchy convergence in probability (7.3.1)

Then ∃N ′ s.t. for m,n > N , we have P (|Xm −Xn| > b−a
2 ) < !

4 , contradicts.

Note: Independent and (Cauchy) convergence are somewhat opposite: independent says that different variables don’t have

mutual information, while Cauchy convergence says that variables in a sequence are close to each other in some extent.

4 Some Consequences about Convergence

1. On the functional space L(Ω,F , P ), define d1(X,Y ) = E|X − Y |, d2(X,Y ) = E(|X − Y | ∧ 1), d3(X,Y ) = E( |X−Y |
1+|X−Y | )

(1) d1, d2, d3 are metrics on Ω

(2) Xn
1−→ X ⇔ d1(Xn, X) → 0

(3) Xn
P−→ X ⇔ d2(Xn, X) → 0 ⇔ d3(Xn, X) → 0

Proof:(3) If Xn
P−→ X, then ∀ε > 0, ∃N s.t. P (|Xn −X| > ε) < ε for n > N

then d2(Xn, X) =
&
|Xn−X|>!

|Xn −X| ∧ 1 +
&
|Xn−X|≤!

|Xn −X| ≤ P (|Xn −X| > ε) + εP (|Xn −X| ≤ ε) ≤ ε+ ε for n > N

then we have d2(Xn, X) → 0

Unless Xn
P−→ X, then ∃ε, δ > 0 and subsequence Xnk

s.t. P (|Xnk
−X| > ε) > δ

Then d2(Xnk
, X) ≥

&
|Xnk

−X|>!
|Xnk

−X| ∧ 1 ≥ εP (|Xnk
−X| > ε) ≥ εδ

Then d2(Xn, X) ! 0

Note:We have d2, d3 ≤ d1, i.e., d2, d3 are weaker than d1. This implies that Xn
d1−→ X ⇒ Xn

d2−→ X and Xn
d3−→ X

2. There doesn’t exists a metric d on L(Ω,F , P ) s.t. Xn
a.s.−−→ X ⇔ d(Xn, X) → 0. Furthermore, there doesn’t exists a

topology on τ L(Ω,F , P ) s.t. Xn
a.s.−−→ X ⇔ Xn → X in τ
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Lemma: In a metric/topology space, if xn, x s.t. for any subsequence of xn, there exists a further subsequence converges to

x, then we have xn → x

Proof of Lemma: If xn ! x, then there exists an open neighborhood U of x and a subsequence xnk
s.t. xnk

/∈ U

Then for the subsequence xnk
, it doesn’t have a further subsequence converges to x

Proof: Let Xn =

"
#$

#%

1, with probability 1
n

0, with probability1− 1
n

ThenXn
P−→ X, by Egoroff theorem, for any subsequence ofXn, there exists a further subsequence almost surely convergences

to X. However, we don’t have Xn
a.s.−−→ X

3. For a continuous function f : R → R

(1) If Xn
a.s.−−→ X, then f(Xn)

a.s.−−→ f(X)

(2) If Xn
P−→ X, then f(Xn)

P−→ f(X)

(3) If Xn
D−→ X, then f(Xn)

D−→ f(X)

Proof: (1) There exists N ∈ F s.t. P (N) = 0 and Xn → X on Ω\N

On Ω\N , we have Xn(w) → X(w), so f(Xn(w)) → f(X(w)) since f is continuous

So f(Xn)
a.s.−−→ f(X)

(2) If f(Xn)
P−→ f(X) doesn’t holds, then there exists ε, τ > 0 and f(Xkn

) s.t. P (|f(Xkn
)− f(X)| > ε) > τ

By Xkn

P−→ X, it has a subsequence Xk′
n

a.s.−−→ X (Egoroff theorem)

By (1), we have f(Xk′
n
)

a.s.−−→ f(X), thus f(Xk′
n
)

P−→ f(X). Contradicts.

(3) By Skorokhod’s representation theorem, we have (Ω,F , P ) and Yn, Y : (Ω,F , P ) → R s.t. Yn
D
= Xn, Y

D
= Y and Yn

a.s.−−→ Y

By (1), we have f(Yn)
a.s.−−→ f(Y ), so f(Yn)

D−→ f(Y ), so f(Xn)
D−→ f(X)

4. (7.12.25)

(1) If Xn
a.s.−−→ X and Nk

a.s.−−→ ∞, then XNk

a.s.−−→ X

(2) If Xn
a.s.−−→ X and Nk

P−→ ∞, then XNk

P−→ X

(3) If Xn
P−→ X, Nk

P−→ ∞ and Xn are independent of Nk, then XNk

P−→ X

(4) If Xn
D−→ X, Nk

P−→ ∞ and Xn are independent of Nk, then XNk

D−→ X

Proof : (1) ∃E s.t. P (E) = 0 and Xn → X,Nk → ∞ on Ω\E

For w ∈ Ω\E, ∀ε > 0, ∃N s.t. |Xn(w)−X(w)| < ε for n > N , ∃K s.t. Nk(w) > n for k > K

So |XNk
(w)−X(w)| < ε for k > K

So XNk
(w) → X(w)

So XNk
→ X on Ω\E

(2) P (|XNk
−X| > ε) ≤ P (Nk ≤ n) + P (|XNk

−X| > ε, Nk > n) ≤ P (Nk ≤ n) + P ( sup
m≥n

|Xm −X| > ε)

Let k → ∞, we have lim
k→∞

P (|XNk
−X| > ε) ≤ P ( sup

m≥n
|Xm −X| > ε)

Let n → ∞, we have lim
k→∞

P (|XNk
−X| > ε) ≤ 0
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(3) ∀ε > 0, ∃N s.t. P (|Xn −X| > ε) < δ for n > N , ∃K s.t. P (Nk > N) < δ for k > K

P (|XNk
−X| > ε) ≤ P (Nk ≤ N)+

∞!
n=N+1

P (|XNk
−X| > ε, Nk = n) = P (Nk ≤ N)+

∞!
n=N+1

P (|Xn−X| > ε)P (Nk = n) ≤ 2δ

lim
k→∞

P (|XNk
−X| > ε) = 0

(4) Let φn(t) = E[eiXnt], φ(t) = E[eiXt] and ψk(t) = E[eiXNk (t)]

|ψk(t)− φ(t)| = |
∞!

n=1
P (Nk = n)φn(t)− φ(t)| ≤

∞!
n=1

P (Nk = n)|φn(t)− φ(t)|

∃N s.t. |φn(t)− φ(t)| < ε for n > N , ∃K s.t. P (Nk ≤ N) < !
M for k > K

For k > K, we have |ψk(t)− φ(t)| ≤ !
M max

1≤n≤N
|φn(t)− φ(t)|+ P (Nk > N)ε

Let M = 1/ max
1≤n≤N

|φn(t)− φ(t)|, we have |ψk(t)− φ(t)| < 2ε, so ψk(t) → φ(t)
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