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1. MR SRS ETE AR(Q, F, P)RAFEH AP(A) >
TEAEA_ EMBERER T2/ (A, Fa, Pa)

AL fo-R%: Fa={BC A3Be Fst. BNA=B}

A LR Py(B) = P(B|A)

BRI El NA=BynA, Nl P(By|A) = P(ByN A)

T SR SR /N T SR (AQZERL T A)

2. FHFHIK Rattract /repel (1.8.29)

A, BRFAF 4

A, B independent: P(B|A) = P(B) or P(AB) = P(A)P(B)

A repels B: P(B|A) < P(B) or P(AB) < P(A)P(B)

A attracts B: P(B|A) > P(B) or P(AB) > P(A)P(B)

XSIHRME: A repels B < B repels A

A repels B & A attracts B¢ < A€ attracts B

3. BRI EEE

P(A)=p— S(A) = log%

P(A|B) =p — S(A|B) = log ;

SRR A RN U F e 25 A 7 A I B R B R AR R

S(AB) = S(A) + S(B|A)

FA, BML, MIS(AB) = S(A) + S(B)

4. Shannon(f BAE: H(X) = E[S(X)] = Ellog 7] = X () log 7705
R RN 2 R R R E L T R S S B R

FAEN FAXTE: H(X|Y) = Ellog 7x1vy] = Z (@i, y5)108 7007
BEARE: H(X,Y) = Ellog 7ipy] = 3 flas, 02) log o
HRCH(X) >0 w

H(X,Y)=H(X)+H(Y|X)

X BN & B A0 N BUE, N AP () = LEBRHK
X SR TIEN S & BAE o, b BUE, N X N5 5 IS B K
FEE X WA T R o2, 2 X o IEAS 5 A i 5 B SR

— A RGUE G A T R ST BN R L TR R 77 R
5. BfFR: I(X,Y)=H(X)+H(Y)- H(X,Y)=H(X) - H(X|Y)
H(X) BRXBENER

(X|Y) FRIECHY BT XHEINMEER

(X,Y) FrX, YEFRSEERX, YIS FEEIHE)

(X,Y) £RX, Y AEMERX, YITEERHITE)

EEM: I(X,Y) >0, BiEe X, YL

WERME: 1(X,Y) = I(Y, X)

6. M= AR RS

MGREEE: d(X,Y) = /E[X — V]2 (SERR X2 — A IFHES )

~mm



dy(X,Y) = (E[X — Y]?)7

A(X,Y) = H(X,Y) - I(X,Y) = HX|Y) + H(Y|X)

JaccardFEES: d(X,Y) = %

7. Poisson 417 FI1E 5T

X ~Poisson(\) : P(X =k) = %

E[X] =\, E[X(X —1)...(X —t)] = At+1

Var(X) =X

BFRREG Gx(s) = X179

MBI S cintensity, B[] A REHILEE 1 (-4 42 A= 1B

# X ~Poisson()), Y ~Poisson(p), BX,Y M3, X + Y ~Poisson(A + )
(3.5.2) FENALEE 1, N ~Poisson(\), FIHE T3 L AIHER Fp, MIEH L AIEE 1%~ Poisson (pA)
8. A%

ck=ck  +cCk}

k _ npok-1
Cn - Ecnfl

S k=2
k=0
k
mERESES ok, = > 0.k
=0
9. BENLTE

Sp=So+ X1 +--+X,

{8, } R—FIBENL AR B B 5 ik I 57 i, 257 1

HE I S, S — S ML (m < n)

B (FRENHRBENLIFE): E[S,|Sm] = Sm (m < n)

10. FiE

Nn(a,b) = #{(0,a) = (n,b)}

NP (a,b) = #{(0,a) — (n,b) Hif 2 P}

No(a,b) = G 5

RSTRHE: Ha, bEErBIEM, MINPess v="(a,b) = N, (a,2r — b)
B Nyt return 0(0 p) = LI (0, )

TR A H % N7ot return 0((g) — S Nnot return 0(() p) = E\inl
H A 7, = I]?;Bl{Xk =b} '

N7»=7(0,b) = Ngot attain b before n(0,b) = N:Zwt return 0(07 b) = %NN(O, b)

11. #ERRIZER: M, = max Sy

for MFRBENLEEE: P(M,, > r|So = 0) = P(S,, > r|So = 0) + P(S,, > r —1|Sp = 0)
B&JE— IRV R B ] Ty, = kir(lgén{Xk =0}

for SFRRENLEEE: P(Ta, = Tor) = P(Sor = 0)P(Sapn_ox = 0)










WL et h el ¢ ] &

Gt %1 F 4l ik EREAC 2N 1)y
, b (alidet & i
O - ikl
%
5.lo b | B4 (6 . AR R X, - X BERIN @)
A E
Yo—ZAt, T (TR
L | A i | 4y 2. T AR % |
- . g < k :
NSRRI BERN AR RFNE (1) — R2l.
5 __v_ﬂ g
j e G ATHINTS L7u> >Pﬂmnﬁ)\
Y 5o )=N T fRAGER

: .[:- = [ )—r.—._:__—-"—_‘
_T(v) |+ IL‘Y "F“/) I- Fy) |

: LTT J ' 2 59
YO >E Y= {1- fl-Ff?’” 2 | B2 Picsnl

U@ﬂfi;ild4fﬁﬂ”r%1

| - ) 0T BE G5 by = e
[ II | {?’Mnfk :@@;ﬁk*{

*""u
>

WO W N
= P(yiy)s EY e 1 1orl 2 lal
- (Y12 EYry) ) = (- el
Y404 Y] / ) ¥ o } -_.r—-a._) 6
-]
s = 2
= e a2 ﬁ

el WHEF  (sten's methed )

4s 4 ILLIFurw:_ F“PIU‘:'M ) = 1- tFuy . o< <l

Cus=




o] 1A%, PRV

’ (AN
i @f.b!ul- P Xsu Cor Y cu )= l-tu)
i :
. EU- J’U urmdu:z.[ M{.;-u)ofu:«-'-

2. Gutun V= B SETREE txr--w L-X EY~Lev
Uvexy . i

L

}_

=l =

&+ = 31
Uty=XeY 9 EVE ElXT)- € U kb 22
|m LY G X = 6", then, e I e
GolX, X, )-— Cwm...x,)..—)?]-. g »’z}g,{

A ey ) _nbi.ﬂﬁ):__!_
( (w (Y,X ]-—.h, Gy (E:IX., ;Lz',x‘)" nz o

&)=
b-li"

5

l

B Gl Tk K )2 Cu oK )- Cmvc x?—*o'-

&b, \ .

L . Gavozvon )z Pixe %)= E [ E [ Loy

8 F neln o‘]’ X )
A N3 =i e P b N
| [*EL]IXH-'! x.,ax-\n]l.m, ‘,:‘ EL Gugx-X ’-]‘(o
Kz. 'Xn)ﬁﬂ*‘ o il Sy -.B; ‘

X <o.

Nae' 1. &&p,




"" F ; i et = - I g
- s

W) E ey ;E(}HT)_: I i [—:\j:%‘
Vel Eluw)=EXET =2 i

ok
_"-"'" T o

| - = e r
S eT sk e l:u-tvz,-c;’—{ff--;

Q’S_) l.\?_ EXH:H, VOI-X,::(?L. e, EXF ‘()4,’1 8 : 5 ‘::I"'

e t(Xr"X)‘-: 0. : - 'ﬂ:. ».1.*__
5, O X EdE X (= X)-%E{Z_X,X) E!x) w_‘“

E[ E [ 1,,“ Loyt %, ex |81 l X;‘l‘\ I E(] [x',f...rth,ofx, ’ﬂ] {X‘“"m
&'X,ézrzﬁhéf_ Xl - .'

Dhs
I E[‘"(Kﬁ'“‘“{"xﬂ (x.._M ] D[u

ART TR G,



714 R

Y4 SL n i 7& z@é’q iﬁnusﬂnm ”&j{, %-:Flé

el
@%"lﬂ{‘. _ T“"lej.v). . —f'?)'-’ ru)f

& kA
Now Lt 2 E2, V',""o_ V"(e l

g

-y




41937 rz?,bss_(umm %181 .),

#i ']E%t'z}""'—@-‘.ﬂz

Lo Skl kolbe T
cl2' % .= fleea i 4
i £1R k*'- \ -!’1 g.-:-l-’- 3
-Z'Sksl. Ia k % e‘ dr;ﬁ&iﬂ

dr.::%-_‘li'

grets . @ {XR=8G f";”"‘“ [_‘l"iﬁ[-r
2 ks, | s SUEEEC

jLRgzr 9)_.—};\(# 7]

@,Pu&. D% Co,2x) L5 9% | 'l.ll

Pl tan @ sY)"Wﬁ;{_ﬁms“_‘
[




@ 4 )'3 Fﬂ'r’fi :

gf—’i

r--..
g
1

f
g ¥

E DE-xs \
.ti,!, ,{a,c?/?{ ,_vg J11,5p[_“,_,_'{§4 .

(9 M :J{ggyg;r}-F —']{J\x\}d

7 ]{3(...*-(.’ YJ]*'

4 -/
:-{MGJ[:,$J_+ fo"_‘ed—z[é %)-tm B]tﬁ 3?"( L% it
”“_’"E_“_—""_ ,dz-ﬁ—— €9)

1{»1-101-(,7!. ft)"'{'c" B]( =A "T)"'fﬁne_] (_3;;1

z " ;

moax (Ix], 1Y

P
by
o’

w
el s

o

f=r
o/

_.f
-+ 0n (-:7—-97, =tend -

D). foalf+x) =120

I
1\:.

_toa(x-p )= Temb

9 4ol Cn-0)= w0

@ =ton fof——) =Ton 6 |

= \/ Y
i ';_ L oeredt < lf‘-’f?'f‘*g_f e l‘n’OS*Y.f-}rB

Tfuw}f X

@

() ~to 7~ 0 )= tom8

@ o {-ﬂm""[e-{ _13;( ) = taq6-

fhnm{b{’ IT, } Jao’ ‘fdnG‘/},& z' 0“'-"2":'2—
mx 1%, frl
}
ﬁ tongsle et ,‘;%‘z‘dmzlr‘t'ﬂz
B V= anctanlt.
CLR
du = uwt
= Con X, X ) b
155 7 )2 e e g
F 4 VorX - VerX . 4 '

C’le't X)..-Co-u{?(l—‘lf X)'i’ Varx V E

y/

/
\




(‘ d fu'lfﬁm')“‘(t/ir. | .‘

St D #‘%. EIX"| cen : U L Ggeay) 2O,y el . |
a ¥ % |
i) KF'P”K‘)?O. G Ix ulo Frw)y -0 .. x—4= v 3 |
A ; 2 .
't 222 F=Fum .

@. IR x"Puxisx)->o0. 120 #4F  Oes<i

b iy | = fMusolHu) : |

M=i4Q ‘ :
N Lebes que stieltjes :f;q %\éa/nﬁ)*hﬁ\_"

f sy Fllet [ un GAF = Fo) G0~ Fimy o).
rf B C&r"ﬂn ;R - ?%&ffé@.

J;s w ol Fu) = (= us fI-Fuu Iﬂ f&M sus™ [ 1-Fw Jolu
T | ;

= [S [y & &
- Ftur ¢ C.-u’r e U o WdFu) <t . |

{-wle- Fwtf]l ['? M -Em) « S e Fil

,_-*_L-_O Cmct -

f;”f“ﬂ“’ﬂw-] ol ¢ C-ﬁd'urﬁhl_of'/(ﬁ*m _ um-}omlr A

=
S-r- [ <§)
( . Flﬁbiﬁ[. " ofu
: LHede o= “j‘g‘.,—_% -
£.02): T A Fluy=s | U Feietn 2
F M-:f_—"--""_"_ i [

eq S ]

S=0, E U°d Fruy= | .
i

5 [ )Z: .._;/O,,

{7 wdFunz [ (Y5t ol Fu)

=-§"°“ i +wlolf-{u}ol'ﬁ..f s{;””,_g“),t-(-'-’f- '

o

H<
-—--..__'
0\
=ty
3 _"""'---.., .
(. ] i:\
s :
1—'- 8 - Il

Hotrs. N Fer e Coets
Came 05 |4 .




i 7 O

I = -
7 = e - 3 X 106
_IEE’LJ{':_.J—- ,{ ¢ ow= b ’{" & = ifv{)" _

--""f' ;} _’4-2.'_’ t) _:"'?6{- -
et Tebs e A;;.I;m;wo&.eA)'[e*’: A ”ch-m

Qe Tl

[ ] B

N e +
— = "__f_ - .t '_..., , =] -
o, %o - h) vetio-, O — (e YA )@Y BTAT) Y B A 87
V=Y, = %)
__f)wu&ﬂ 1___ ¥ ”fbr- PAfEE L s Ik < n. ?:: (2 k ) _

—j
Pzt~ M), V= Wi e, an'. let V=VE L V0. fie ot }f>0
=
O{p}\\zﬁi’.a .M e [Phj";!"fl'.l..}' Vﬁ? = (v{"fﬂ}°(.F=':'lk
:E'| f&b_ [4'{ O[d—f V: 2.0 V k g( ¥ e Then '
i __ ‘ y @AV R-FS
o X NERE )T 7["” '

X' )= _#,__._
J(zx;"!vf

‘{:'}15"'- { TF ~N (/&q‘? i V? i

|~L w. 1. gq. (et 7 Gl osbmte.  Xiz Xz, Xsz )

-'F{I XY Xrp:= (Xi#t, =1 Xn ), “ﬁ‘u-'.
f -t = - —— -t
4 (& = —_— ,gu_,uw ’cx-—,MJ O"XIL
I 0T Juaxhiv| 2+ € h_--c_i)(.k ol
i} 7 .

/ ' 7 Z Vr \‘ﬂ_
0) e Yulerity ) = o Z, &Lm ) V'" ( J

J fi . {}/{; s Vs = {_

2-}:. ZL‘L i V‘L V;‘- j

= RV i
_{4&‘?“ 2__: [Vu ‘/.I'].- Vn. H}.) m—'ﬁ.‘"ulv):f « Sbh--

Zol Z; V WL z
- 2 -{ -" } l (‘_ 2’ )( I' ) llll
.Zu.: V:;, Vr| [V:.J; H.. ) z‘f Zq, v: Hz f: I'.

O(U{V: (/L’tv” ol (L{L"Vutvl:[wl.. )-: MML M(H‘-H‘-l'{:' Fa{).

As. ot V#o ke Vito, ok Vet 0. 2 okt Wm VSV, YootV u:vV.f)#o
!'!"-"0": (Vrr-v“-\/lzlvlf)-lt {Vu'v:f H._!W;)‘J- exist
htes '-F'N' Z‘-.‘!( Z;j existy Hen e

\@ V: ((Z.;-Z.;Z,}'Z: )_f 35 )
3

ok

*

| (_m.}; b ation )



(Y-F)Z (=)= O i) 2 (XM 1-{:*2___(}&_;41 )2, (Xrp~fag )"
+fog'HIf_ )Z (X‘rz-f"'v)t. ‘
- bl . (X J
4(1 TR rg o LW (X)) Xe-My

I'

l u)”Nl

: e (k’u - My, )Z.u (ks ) *JWI*P'I)Z.JXEI'%H ]dx
RH s e e i W e i L ___-__&_""‘-——:E__.______

(s .X +4
K" Jm (, 2,L IL#-‘;J.XIL ”l XIJ. ‘z—'l; {XI MI}D&:L>

-5t
MU )T e Jm Mt Z, S0 T -fZ 0 5,5 gy o

i _

T "".'\:-'T;] <

P e s 5t
= ______*L—_:T{:"Lf?-_:' oxp (-5 ( Xz -HM1) (Z,“-‘Z_MLELIZ_,IL )(X_z--//’_r ){J
r{z;) uff/cl'\f'r :

ot V4= olot Z, > ok T -0k (Zy=Z0, 23 2,5 Voobke 2oy ot Y-

(ﬁ !I-'f_' '*:;- “:r“ ‘_‘.!-_| *‘-t
oW m SGyT Lgdan <t
) s i
- Iu’_::“._k;’;:.[:f ‘Q--{V ey 1“)\/:-’ ,U_,) v”-\'{ XI -P'I ){j G 3
F/T\:,u‘n:i _I—J F1:{'X 3{ = F_‘ “_}"
oI Xe %R X AN IS, 1Y) SAERARE ()8

+hen T} N D), i rekD=mn

i s o < CP?&}- b(e“*‘?] éy e.q. (5.6.4). [}
’{‘u\hj’
L
l

"Jg;”ﬂ“"' :_Eleﬁu)?"] b[__e ’%’)VI)I*?

As rekDzm . 3 Peomidation| mistrix' R RD--

| : Dy I
D, wwveriitle, thea : L@é‘%ﬁuﬁ) (O ) 'D:P(o )

ronk (DFYD) )= Fmk [ BODIE 301 ] 2 pank (V3D FenkDoin
YM“A{A ) :Jrr.m’t fAA{ ) =ramk A e | A*
b 1o sey. DUDL r Averddlet Hedfie NS bty

¢ 'f""l'ﬂ ""Wd
: wltrid cimal_cose olso hedds ec""”“‘_ fe e
Famark | Tth _ipyat LIRS ST
4 v =] 2
, wa’;{w ety AU fﬁf“’ﬁ;‘e (Vo exists ,ﬂh X

X ~VIF, V)




prbon . I X200 X ey onid, V) Y=gy
B o $ I§; 'y
G Whil . him. *‘M}LD =n. ol

I\

Fend o e clor,

04 T Pernetetin meirk R 5ot
DR="tB¥ v, ). D,"’_ exf;'f}'. =
VeXD2 00, 0I0R™Y shwste - K= B,

.
Froist piben 3. 13, ~ MAZ, DEVD A
3 e : o
W)KW:‘ [XI,XI Df-'D,_). entr les u‘J’ X/IV,"’])L Gre. !;“m,. Cons

thet i5 v 5&7 ? bh()( AM" Nn<m) u'\deps..-!mf']ﬁ'kq

Polen s T X= (0, - X )MV S ,m mm

While raak D=y <m<n. In thir Cage R

 § E D:P(ir L(:)Qi 3

?——1_.: ?[)‘ (T )&' (u_ XI XP /ﬂ:.. ‘
Ot Il ¢

?f~Nfs. PEYVP) 7 (;'_r, ;;) Gl(g'
?:[xx.m@:ﬁm. ml@r—mi(m 0

e PVP = 'f; %);_um o it

i".ﬁ’l"‘f'ef Ly

et




Afe sk 0 AIRR 1R

5604, S
LSS a R b S IE
ast AL # ﬁﬁﬁqiﬁ’ﬁﬁ*ﬁlﬁi
B 1=k, 5)
Sl




& S BT L
{Hh-fu-um ]? ﬂ'd&
l.u{e_w *

—H:».F.mkl

W) fisn — g'f Ej“ﬁ)
B —f-‘._u —3 l'i!ftﬂ :
) e =t —f({") R A

w. g —
» ( Stemn | Fﬁ?&, g £ 30

{e SUR— }ESUQ]

%?j Gh&'&ﬁ&n p Y Ll S {_ y
,Ej‘n_hs‘é— 'Ul Itip{’17 il_;ﬁaz ]U-",%‘ E«t

-%&’E‘fﬂl L‘?c“'?;ti %




 Hr A4 A ﬁ\ﬁg\eﬁ&%zﬁl{i@\

Ref-: follomed  eal mﬂfhbeﬁ ch

7}‘6]}/’:’ Vigige Goue =Pt ﬁ}
e
i ?EDM@U;‘%&%\

[p.t e —d“’ ); i o da ".L' S .{1.- \ :'_'f:!lf ¢

PR FITPS LR é‘.ﬁﬁr- w@s&kﬁ%
;Lsrm. Iﬂ,&adﬂ?wﬁﬂ éﬁ]ig,‘,

kA%










1 Distribution

X : (Q,F, P) - (R,B(R))

X is a random variable < VA € B(R), X }(A) € F

The distribution function of X: Fx(z) = P(X < x)

Fx is right-continuous, monotone nondecreasing and Fx (—oc0) = 0, Fix(c0) =1

The distribution of X: VA € B(R), define ux(A) = P(X~1(A))

wx is a probability measure on R, B(R)

Theorem: (1) VF : R — [0,1] right-continuous, monotone nondecreasing and Fx(—o0) = 0, Fx(00) = 1, there exists a
random variable X s.t. F = Fx

(2) There is a 1-1 correspondence between distributions functions on R and probability measures on (R, B(R))

(3) Yu is a probability measure on (R, B(R)), there exists a random variable X s.t. p = px

Proof: (1) Let Y ~ U([0,1]) and X = F'(Y) for F'(u) = sup{z|Fx(z) < u}

(2) If p is a probability measure, let F},(a) = p((—o0,a]), then F), is a distribution function

If F is a distribution function, let up((a,b]) = F(b) — F(a), then up can be uniquely extended to a probability measure on
(R, B(R))

(3) By (1) and (2)

2 Singular Random Variable

1. Discrete random variable: It takes values only in a countable set
X has distribution mass function fx(z) = P(X = z)
Distribution function: Fx =3 fx (2)I}; 00) is a step function

x

0,z ¢ A
Distribution: px = fx(z)d, where 0,(A) = ? is the Dirac measure
x

l,zre A
Expectation: E[g(X)] =Y p(z)g(x)
Entropy: Shannon Entrof)vy H(X)=-5 fx(x)log fx(x)
2. Continuous random variable: Its distiibution function F' is absolutely continuous
X has density function fx(z) = F'(z)

Distribution function: Fy(z) = [*_ fx(t)dt is absolutely continuous *

n n
Lf is absolutely continuous<s Ve, 35, s.t. if 3 |b; — ai| < 6, then > |f(b;i) — f(a;)| < e
i=1 i=1
If f is absolutely continuous, then f is a.e. differentiable and f(b) — f(a) = f: f'(z)dz for a < b



2 w.r.t. Lebesgue measure

Distribution: pux(A) = [, f(z)dz is absolutely continuous
Expectation: E[g(X)] = [, fx(z)g(x)dx

Entropy: Differential Entropy h(X) = — [, fx () log fx (z)dx

3. Singular random variable: Its distribution function F is continuous and F’ “Z 0
F and F’ don’t satisfy Newton-Leibniz formula

Distribution function: F' continuous and F’ £

Distribution: px is singular ? w.r.t. Lebesgue measure

Expectation: Lebesgue-Stieltjes Integral

Entropy: can’t define because it doesn’t have something like distribution mass or density

Example (Cantor distribution)
C,, = U Cp i where C, i is an interval of length %
k=1
Cantor set: C = lim C, = {(0.a1az...)s]la; =0 or 2}
n—oo

(0.&10,2 e )2, if x = (O(Qal)(QaQ) e )3

Cantor function: c¢: [0,1] — [0,1],z —
sup c(y),ifx ¢ C

€Cy<z
Cantor function is continuous, and ¢/ a.:s.% bjt it is not absolutely continuous
0,x <0
Cantor distribution function: F(x) = c(x),z € [0,1]
l,x>1

Cantor distribution is a singular distribution

4. Lebesgue’s Decomposition Theorem on (R,B(R)): If u is a o-finite measure on (R, B(R)), then there exists a
decomposition: p = feont + flsing + Hdisc Where feont (<K @ )% is the absolutely continuous part, tsing(L pr) is the singular
continuous part and pg;sc is the discrete part

Corollary: If X is a random variable, then there exists a decomposition: X = Xcont + Xsing + Xdisc

where X on+ is a continuous random variable, X4 is a singular random variable and Xg;. is a discrete random variable

Example Suppose Xy ~ Poisson(\),X; ~ N(0,1),Y ~ Ber(%) and they are independent

Xo,if Y =0
Let 7 = Xy = , then Z is a mixed random variable

X, ify =1

21f p, v are measures on (R, B(R)), then p is absolutely continuous w.r.t. v (denoted by p < v) if u(R) < co and VA, v(A) = 0= p(A4) =0

By Radon-Nikodym theorem, if v is o-finite, then p < v < 3f s.t. du = fdv
3If u, v are measures on (R, B(R)), then u and v are singular to each other (denoted by p L v) if 3E C B(R) s.t. u(E) =0 and v(E€) =0
4z, denotes the Lebesgue measure



X, if Y =0 0,if Y =0
Let Zy = and Z; = , then Z = Zy + Z; is a Lebesgue decomposition

0,ifY =1 X, ifY =1

5. Any distribution can be weakly approximated by discrete distributions

Proof: Suppose F is a right continuous, monotone nondecreasing function and F(—o0) =0, F(c0) = 1
22" 1
Let Fo(w) = 5 F(g)] 4 w1y (2) + 120 00 (), then F,, are distribution functions and F, “* F

i=—227

2.1 Expectation

The Lebesgue-Stieljes integral of f(z) in (R, B(R) pix) is denoted by E[f(X)] = [; f(2)dFx = [, f(x)px (dz)

For indicators (I4 for A € B( )): Let E[14(X fX Ta(z)px(dz) = ,uX(A)

For simple functions (S = Z a;la,): Let E[S fX x)px (dx) = Z aipx (A )

For non-negative measurabZIe functions (f € LT = Elfn €Stst fut f) Let E[f = [y f(@)px(dx) = nh_)rréo E[fn(X)]

For measurable function (f € LT = f = f* — f~ for f*,f~ € L™)
If E[f*(X)] < 00 or E[f~(X)] < o0, then E[f(X)] exists and E[f(X)] = E[f*+(X)] — E[f~(X)]

3 Sample Space

When we claim a random variable, we sometimes ignore its sample space, like we can simply say X ~ N(0,1) without
mentioning its sample space

For one single random variable, we can ignore its sample space if we only care about its distribution

But for several random variables, their relationship is closely related to their joint sample space.

1. Sample space is not unique

1, the outcome is odd
Example If we roll a die, let X = , then we can let

2, the outcome is even

1, w odd
(1) @ ={1,2,3,4,5,6},F =22, P(A) = 4 and X : Q = R, w

2, w even
4 1,w = odd
(2) @ = {odd, even}, F =29, P(A) = 5! and X : Q —» R, w —

2,w = even
or we can even suppose that we roll it twice but we only care about the first toss:

1,w; odd
(3) Q= {1,2,3,4,5,6)2, F = 22, P(A) = 4l and X : Q - R, w s '

2,wy even



2. Sample space can depict the relationship between random variables

Example Suppose X7, Xs,... and X : (Q,F, P) — R are random variables

X;, X; are independent< VA, B € B(R), we have P(X; ' (A)X;'(B)) = P(X; '(A)P(X; ! (B))

{Xy,|n > 1} are independent<s Viy, ... i, and Ay, ..., A, € B(R), we have P(X; '(A1)... X; '(4,)) = P(X; (A1) ... P(X; "
X, 5 X & Ve, P(w: | Xp(w) — X(w)] >€¢) =0

X, 2 X e Pw: X,(w) = X(w) =1
Example (7.2.8) If X,, are independent and X, 5 ox , then X is almost surely constant

Proof: (1) If X is not a.s. constant, then we have a < b s.t. P(X <a) >0 and P(X >b) >0
Then Je s.t. P(X <a)>eand P(X >b) > ¢

By X, ©» X, we have N s.t. P(|X, — X| > 23%) < §
Then P(X, <a+%5%) > P(X <a,|X, - X|<5%) =1-P(X>a)—P(X <a,|X, - X| 254 >1-(1-¢) - 5=
Similarly, P(X, >b—252) > £

So for m,n > N, we have P(|X,, — X| > 5%) > P(X,, > b— 5%, X, <a+ 5%) > <

forn> N

(2) X,, is convergence in probability, so X,, is Cauchy convergence in probability (7.3.1)
Then AN’ s.t. for m,n > N, we have P(|X,, — X,| > "’Ta) < §, contradicts.
Note: Independent and (Cauchy) convergence are somewhat opposite: independent says that different variables don’t have

mutual information, while Cauchy convergence says that variables in a sequence are close to each other in some extent.

4 Some Consequences about Convergence

1. On the functional space L(Q, F, P), define di(X,Y) = E|X — Y|, ds(X,Y) = B(|X = Y| A1), ds(X,Y) = (15297
(1) dy,ds, ds are metrics on Q

(2) X, 5 X & dy(X,, X) =0

(3) X B X & do(Xn, X) = 06 dy(X,, X) = 0

Proof:(3) If X, 2> X, then Ve > 0, AN s.t. P(|X, — X| > €) <eforn>N

then dy(X, X) = [y _xo 1 Xn = X[ AL+ [ o 1Xn = X| < P(IX, = X| > )+ eP(| X, — X| <€) S et eforn>N
then we have da(X,, X) = 0

Unless X,, = X, then Je,d > 0 and subsequence X, s.t. P(|X,, —X|>¢) >4

Then dz (X, , X) > | X, — X|AN1>eP(|X,, —X|>¢€)>¢d

Then dz(X,, X) » 0

Note:We have ds,ds < dy, i.e., do,d3 are weaker than d;. This implies that X,, 4y x = X, d—2> X and X, s x

2. There doesn’t exists a metric d on L(Q, F, P) s.t. X, 2 X e d(X,,X) — 0. Furthermore, there doesn’t exists a

[Xn, —X][>e

topology on 7 L(Q, F,P) s.t. X, “» X & X,, » X in T



Lemma: In a metric/topology space, if x,, s.t. for any subsequence of x,,, there exists a further subsequence converges to
x, then we have x,, — x

Proof of Lemma: If x,, » x, then there exists an open neighborhood U of = and a subsequence z,,, s.t. z,, ¢ U

Then for the subsequence z,,, it doesn’t have a further subsequence converges to x

1, with probability%
Proof: Let X, =

0, with probabilityl — 1
Then X, 5 x , by Egoroff theorem, for any subsequence of X,,, there exists a further subsequence almost surely convergences
to X. However, we don’t have X,, = X
3. For a continuous function f: R — R
(1) If X, =25 X, then f(X,) =2 f(X)
(2) If X,, & X, then f(X,) & f(X)
(3) If X,, 2 X, then f(X,,) 2 f(X)
Proof: (1) There exists N € F s.t. P(N) =0 and X,, = X on Q\N
On Q\N, we have X,,(w) = X (w), so f(Xn(w)) — f(X(w)) since f is continuous
So f(Xa) =55 f(X)
(2) If f(X,) Ly #(X) doesn’t holds, then there exists €, > 0 and f(Xg,) st P(|f(Xk,) — f(X)]|>e) >T
By Xk, o x , it has a subsequence Xz 225 X (Egoroff theorem)
By (1), we have (X ) =5 £(X), thus f(Xp ) = f(X). Contradicts.
(3) By Skorokhod’s representation theorem, we have (2, F, P) and Y,,,Y : (2, F,P) > Rst. V, 2 X,,,Y 2Y and V,, &5V
By (1), we have f(Y,,) = f(Y), s0 f(Ya) > f(Y), s0 f(X,) 2 f(X)
4. (7.12.25)
(1) If X,, 2% X and N 225 oo, then Xy, =25 X
(2) If X, 225 X and Ny £ oo, then Xy, 2> X
(3) If X, £, X, Ny P, 5 and X, are independent of Ny, then Xy, P x
(4) If X, b, X, Ng P, 5 and X,, are independent of Nj, then Xy, Do x
Proof: (1) 3F s.t. P(F) =0 and X,, » X, Ny, — oo on Q\E
For w € Q\E, Ve > 0, AN s.t. | X, (w) — X(w)| < e for n > N, 3K s.t. Ny(w) >n for k > K
So |Xn, (w) — X (w)| < e for k > K
So Xn, (w) = X(w)
So Xy, = X on Q\E
(2) P(| XN, — X| >€) < P(N,, <n)+ P(|Xn, — X| > €, Ny >n) < P(N, <n)+ P(sup | X, — X| >€)
Let k — oo, we have klgr;@ P(| XN, — X|>¢€) < P(:;il?I | Xm — X| > €) "

Let n — oo, we have klim P(|Xn, —X|>¢) <0
—00



(3) Ve > 0,3N s.t. P(|X,, — X|>¢) <dforn>N,3IK st. P(N, >N) <dfork>K

P Xy, —X|> ) S P(Ne < N)+ 3 P(IXw,—X|>e,No=n) = PN, < N)+ 5> P(Xn—X|> ) P(Ny = n) < 26
Jim P(|Xy, —X|> €)= 0 e e

(4) Let ¢ (t) = E[e" ], ¢(t) = E[e"*"] and 1. (t) = E[e"* ¥ (1)]

[Yi(t) = 9(8)] = | 32 PN = m)n(t) = 6(8) < 3= P(Ne = m)l6n(t) = 6(2)

aN s.t. [¢n(t) — o(t)| < eforn >N, IK s.t. P(Ny < N) < 57 for k> K

For k > K, we have |i(t) — ¢(t)] < 17 max |¢n(t) — @(t)] + P(Np > N)e

Let M =1/ max [6a(t) = 6(0) we have [i(t) — 6(0)] < 2€, 50 G (t) > (1
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