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1 )�5�§| — �5�ê

2 )��pg�§ — C­�ê

3 )õ�pg�§ — �êL«Ø
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GaloisnØ

1 ¦�±9¦�úª

⇒ Xê�£­¤��$�£�*Ü¤
⇒ ��gÓ�+£Galois+¤

2 Xê�Ï~´Ã��§
Galois+´k�+�

3 Galois�½n£1831¤µ�§�ª�) ⇔ Galois+�)

4 /¦�úª0Ø2´Ø%¯K�

£X�P�1545c

�Cardanoúª!FerrariúªQº¤
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1 Évariste Galois�Y http://www.galois-group.net

2 Alexander Grothendieck 5Long March Through Galois

Theory6, pp.1600, 1978-82.

3 https://grothendieck.umontpellier.fr/archives-grothendieck/

4 ý<��Õ arxiv.org (Algebraic Geometry, Quantum

Algebra, Representation Theory, Rings and Algebras ...)
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1 �Ø£­:µ��!û���*Ü¤

2 k�+Ø£­:µÌ�+�$�é¡+¤

3 GaloisnØ�Galois�½n£­:µf��f+�éA¤
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1 8Ü�N�

2 �d'X

3 ��$�
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8Ü

1 ��êÆ�Ä� — 8Ü

2 êÆ�ïÄé�=�k/A½(�0�8Ü

3 �=�±\Ú¦�8Ü¶�=�±oK$��8Ü
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N�

1 ½ÂµüN�f : X → Y �f ′ : X ′ → Y ′ ��§eX = X ′,

Y = Y ′�f (x) = f ′(x) é?Ûx ∈ X¤á"

2 N��EÜ§ð�N�

3 N�f��Im f!ü�!÷�!V�

4 ü��S%�xº÷��S%�xºV��S%�

xº£element-free, that is, categorical!¤

5 ;�©)µf = i ◦ π§Ù¥π�÷�§i�ü�"
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Ä��E

�X ,Y�8Ü"

1 Ã�¿X
∐

Y (eX ,YTþ�,�8Ü�f8§ù«O

u�~�¿X ∪ Y )

2 (k�ÈX × Y

3 N�8ÜMap(X ,Y )

4 ~: �3V�Map(X , {0, 1}) ' P(X )§Ù¥P(X )�X��

8"

��Î¥I�ÆEâ�Æ C­�ê��



;�V�

�X ,Y ,Z�8Ü"

1 ;�V�Map(X
∐

Y ,Z ) ' Map(X ,Z )×Map(Y ,Z )

2 ;�V�Map(X ,Y × Z ) ' Map(X ,Y )×Map(X ,Z )

3 ��V�µ�3;�V�

Map(X × Y ,Z ) ' Map(X ,Map(Y ,Z ))
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�d'X

�X�8"

1 Xþ��d'XR ⊆ X × Xµ÷vg�5!é¡5!D4

5"

2 PÒ: a
R∼ b ⇔ (a, b) ∈ R

3 �da[a]!�da��L�±9ûN�X → X/
R∼

4 'uR����L�X£ïÄ�d'X��Ø%S

N���¤

5 ~µÛó5§�3�{...
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�d'X=©
=÷�

�X�8"

1 X�©
´�Ù�8,�f8{Xi | i ∈ I} ⊆ P(X )÷vµ

��!Ã�!CX"

2 �d'X=©
£hint: �da¤

3 ©
=÷�(���da)£hint: �Ä��y�_

�f −1(y)¤
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N�Ä�½n

½n

�f : X → Y�N�,
f∼�Xþ�A��d'X"Kfp�V�

f̄ : X/
f∼ ∼−→ Im f , [x ] 7→ f (x).

AO/§ef�÷�§KY/��þ0́ X�û8"
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�S�8"

1 ��$�ψ : X × S → S , (x , y) 7→ ψ(x , y)

2 (ÜÆψ(ψ(x , y), z) = ψ(x , ψ(y , z))

3 PÒ�½µψ(x , y) = x · y£later, even as xy¤

4 WARNING: $�(Jx · y¥ØU¡EÑx½y§Ï�ψ��

Ø´ü��
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2Â(ÜÆ

½n

�(S , ·)Xþ§÷v(ÜÆ"Kéu?¿n ≥ 1§���3n�

$�

[−,−, · · · ,−] : S × S × · · · × S −→ S

÷ve�^�µ

1 [x ] = x

2 [x , y ] = x · y

3 [x1, x2, · · · , xn] = [x1, · · · , xi ] · [xi+1, · · · , xn], ?

¿1 ≤ i ≤ n − 1.
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1 ��½Â

2 ����
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�

1 �=aquZ§�þ\{!~{Ú¦{

2 å
uD. Hilbert/Zahlring01897 (��Ring¿�an

association¶q�cylical behaviour in Z[α] or Zn)

3 únz½ÂE. Noether 1921
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��½Â

½Â

�´�n�|(R,+, ·)µ��8ÜR!Ùþü���$�+±

9·§©O¡�\{Ú¦{§¦�eãl^ún¤áµ

(A1) (a+ b) + c = a+ (b + c)

(A2) a+ b = b + a

(A3) k"��0R

(A4) kK�

(M1) (a · b) · c = a · (b · c)

(M2) kN�1R£q¡ü �¤

(D1) ©�Æ

(D2) ©�Æ
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½Â�`²

1 ·�=�Ä¹N�

2 �½µn�|(R,+, ·){P��R

3 ���(R,+, ·) = (R ′,+′, ·′)��=�8Ü��R = R ′§�

N���+ = +′9· = ·′

4 �R¥�~{$�: a− b := a+ (−b), \{�_$�
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Ä�~f

1 �ê�Z = (Z,+, ·)

2 Gauss�ê�Z[
√
−1]

3 ��õ�ª�Q[x ], x�i1£d?rNµx�ÎÒ!Ø�

���½�¤

4 Ó{a�Zn = {[0], [1], · · · , [n − 1]}, n ≥ 2

5 Ý
�Mn(C)£L«Ø�§�¤
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��Ä�5�

½Âµ¦ÚÎÜ
∑n

i=1 ai = a1 + · · ·+ an

½Âµ½Â0a = 0R¶n ≥ 1, a ∈ R, a�n�±9−n�©O
½Â�

na = a+ · · · a, (−n)a = (−a) + · · ·+ (−a)

WARNINGµ/�¦0�R¥¦{´��ØÓ�Vg�

1 \{��Æa+ b = a+ c ⇒ a = c

2 (n +m)a = na+ma§?¿n,m ∈ Z

3 na = (n1R) · a§AO/§0R · a = 0R
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"�

·K

�R��"K±eäó�dµ

1 0R = 1R ;

2 R = {0R};

3 R=¹k����"

da�¡�"�. ·���Ä�"�"
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���

~f

Ä�½Â���X = {x0, x1}

\{L

+ x0 x1

x0 x0 x1

x1 x1 x0

¦{L

· x0 x1

x0 x0 x0

x1 x0 x1

}ÁµXÛ�yX´�º

g�µ�X/��þ0́ �2Ó{a�Z2

PÒµþP�F2§¡���

��Î¥I�ÆEâ�Æ C­�ê�n



��ª½n

¡R����§ea · b = b · a"
±�§·�=�Ä¹N���R"½Â�an = a · a · · · a§

±9a0 = 1R"

�y: an · am = am+n

½n (I. Newton 1665)

�a, b ∈ R��§n ≥ 1"Kk

(a+ b)n =
n∑

i=0

(
n

i

)
ai · bn−i .
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�_�

1 a ∈ R ¡�¦{�_�£½ü ¤§e�3b÷va ·b = 1R .

2 PÒb = a−1§?
kan§?¿n ∈ Z

3 Ø{$�c ÷ a := c · a−1§=�¦{�_$�

·K

�a ∈ R�_"Kk

1 an · am = am+n

2 ¦{��Çµa · x = a · y ⇒ x = y
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ü +

1 U(R) = {a ∈ R | a�_}

2 �yµU(R)g,¤�+§¡��R�ü +

3 Á�xU(Z),U(Z[
√
−1]),U(Q),U(Z8)

�u ∈ U(R)"½Â#��Ru = (R,+, ◦)§Ù¥#¦{�

a ◦ b = u−1 · a · b

g�µRu�R/��0��oº
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����

�½µ¦{a · b(k�){P�ab�

½Â

�"�R¡���§eab = 0R%¹a = 0R½b = 0R¶�"

�R¡��§e�"�þ�_"

1 ��¥÷v¦{��Ç

2 �´��

3 �´�±�/oK$�0��§��)�§�ö�«��
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~f

1 Z,Z[
√
−1]´��§Ø´�

2 Q,R,C��

3 Ó{a�Zn��� ⇔ Ù�� ⇔ n = p��ê"d�§

P�Fp

4 U(Zn) = {[m] | gcd(m, n) = 1}§Ù��φ(n), Euler¼ê

Áy²µk��R´�� ⇔ R´�"
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f�Úf�

½Â

(1)�R��"f8S ⊆ R¡�f�§e÷v1R ∈ S§Sé\{!

~{±9¦{µ4"

(2) �K��"f�S ⊆ K¡�f�§e÷v0R 6= a ∈ S§

Ka−1 ∈ S§=§éØ{�µ4"

1 f�g,¤��¶f�g����´�"

2 ùp�f����þ�UØÓ§·�r��¦1R ∈ S"

3 ²�f�R ⊆ R

4 ���f�´��"

5 Z ⊆ Q ⊆ R ⊆ C f�ó
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g�Kµf��f�

1 Z±9Znþvkýf�

2 Q±9Fpþvkýf�

3 ©aZ[
√
−1]�f�"£½Âµüf�X ,Y ⊆ Z[

√
−1]��§

e��f8X = Y"©a=���Ñ¤

4 ©aQ�f�"

5 y²Q(
√
−1) = {a+ b

√
−1 | a, b ∈ Q} ⊆ C´f�§¿©

aQ(
√
−1) �f�"
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1 �Ó�

2 û�

3 Ó�Ä�½n
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�Ó�

½Â

�R,S��"N�θ : R → S¡��Ó�§e÷v±e^�

1 θ�±\{Ú¦{

2 θ(1R) = 1S

V���Ó�¡��Ó�"

1 ·�r��¦�Ó��±ü �£'���¤�

2 Ó���3¿�X/äk,«�Ó�5�Ú/�0"

~µQ�Zn�mÃ�Ó�¶θp�+Ó�θ : U(R)→ U(S)

3 Ó��EÜ¶�Ó��_��Ó�¶�gÓ�+Aut(R)

4 Ó���/����0,=äk�Ó�5��
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~f

1 ð�Ó�IdR : R → R

2 �kf�S ⊆ R"K�¹N�inc : S → R

3 éu?Û�R§�3����Ó�Z→ R, ¡�A�Ó�
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�Ó�����d'X

�Ä�Ó�θ : R → S

1 �Im θ ⊆ S�f�

2 �A��d'X
θ∼©ÛXe: a

θ∼ b ��=�θ(a) = θ(b)

3 ù�dua− b ∈ θ−1(0R) = Ker θ§¡�θ�Ø

4 �A��da[a] = θ−1(θ(a)) = a + Ker θ§Ø�/²£0

5 �§û8R/
θ∼ �u {Ker θ �²£}
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Ø�A5

1 ØKer; θ��(½
�d'X
θ∼

2 Ker; θ ⊆ Ré\{!~{Ú¦{µ4§�Ø´f���

3 ­�*	µx ∈ Ker θ§?¿a ∈ R ⇒ ax ∈ Ker θ

4 ØékR¥¦/��0µ4£�ruµ¦{µ45¤
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n�

½Â (R. Dedekind 1871)

f8I ⊆ R¡�n�§eIé\!~{±9��µ4"P

ÒI C R

1 �,R C R§�·�Ï~=�Äýn�£n�Iý��=

�1R /∈ R¤"

2 ²�n�{0R}±9R

3 ?¿��a ∈ R�ÑÌn� (a) = aR = {a ���}

4 �R����=�R=k²�n�
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Ó�Ø=n�

1 Xþ§�Ó��Ø´ýn�

2 �½I C R§½Âû�R/IXeµ

£1¤�ÑÓ{�d'Xa ≡ bmod I±9�daā = a + I

£2¤Ùû8R/≡P�R/I§g,½ÂÙ\{Ú¦{£­

:µ�yÙ½ÂÜn5§=§��L�À�Ã'¤

3 ù����Ó{a�Zn��E§

=nZ C Z�Zn = Z/nZ�£�{�u C. Gauss 1801¤

4 öSµ©aZ�¤kn�"
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;�Ó���5�

�Än�I C R";�Ó�can : R → R/I , a 7→ ā"K

kKer can = I"

·K

�θ : R → S��Ó�"KI ⊆ Ker θ ��=�θ = θ′ ◦ can, Ù
¥θ′ : R/I → S�,��Ó�"

d�§Ó�θ′´���§dθp��"
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�Ó�Ä�½n

½n

�θ : R → S��Ó�"K���3�Ó�

θ̄ : R/Ker θ
∼−→ Im θ

¦�eã��

R

can
����

θ // S

R/Ker θ
θ̄ // Im θ

?�

inc

OO

5µθ̄(ā) = θ(a)§¿'��c�N�Ä�½n�
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A^I

1 �θ : R → S´ü�"Kk�Ó�R ' Im θ§=§R/�Ó

u0S�f�"£ü��Ó�q¡��i\¤

2 �θ : R → S´÷�"Kk�Ó�R/Ker θ ' S§=§S/�

Óu0R�û�"

3 A�N�Z→ R§ÙØ�nZ§Ù¥n = 0½n ≥ 2"

Pn = char(R)§¡��R �A�

4 ���A��0½�êp
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A^II

1 �ÄR�ü�n�I ⊆ J±9;�Ó�

R/I → R/J, a + I 7→ a + J.

2 ÙØ�J/I = {a + I | a ∈ J}§�kp���Ó�

(R/I )/(J/I ) ' R/J, ā + J/I 7→ ā.

3 �3V�

{J C R | I ⊆ J} ←→ {R/I �n�}, J 7→ J/I

4 ©aZn�n��
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1 ©ª�

2 û�
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©ª�

1 £�lZ�Q��E

2 �R���"PR× = R {0}"�Ä8ÜR × R×þ�'X

(a, x) ' (b, y) ��=�ay = bx

3 �A��daP�§¡�©ªµ

a

x
= {(b, y) ∈ R × R× | (b, y) ' (a, x)}

4 ©ª��NFrac(R) = R × R×/ ∼
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©ª�§Y

1 Frac(R)þg,½Â\{Ú¦{

a

x
+

b

y
=

ay + bx

xy
,

a

x
· b
y

=
ab

xy

2 ½ÂÜn5�

3 Frac(R)´�§¡�R�©ª�
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�5�

�Ä;�Ó�canR : R ↪→ Frac(R), r 7→ r
1R
§ü�¶

canR ´Ó���=�R´�"

½n

�R���§K��"�Ä��üÓ�φ : R → K"K�3�

���i\φ̃ : Frac(R)→ K¦�eã��

R �
� canR //

φ

��

Frac(R)

φ̃ww
K

?�Ú§φ̃´Ó� ⇔ ?¿w ∈ Kþ�L��w = φ(a)φ(x)−1§

,
a, x ∈ R"
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~f

1 Z ⊆ Qp�Frac(Z) ' Q

2 Z[
√
−1] ⊆ Q(

√
−1) p�Frac(Z[

√
−1]) ' Q(

√
−1)

3 �F��"Kchar(F ) = 0 ⇔ Q ⊆ F¶�, Fg,¤�Q-�

5�m

4 char(F ) = p ⇔ Fp ⊆ F¶�§Fg,¤�Fp-�5�m

g�µ��5`§éJ(½�d'X∼����L�X§
�8ÜFrac(R)J±T�....
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�n�

½Â

�R��"ýn�p C R¡��n�§eab ∈ p%¹Xa ∈ p

½b ∈ p"

1 �p ≥ 1"n�pZ C Z��=�p��ê

2 p C R��n���=�R/p���

3 "n�{0R}��n���=�R���

4 �R��ÌSpec(R)
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4�n��û�

½Â

�R��"ýn�m C R¡�4�n�§em ⊆ I C R %

¹m = I½I = R"

û�Xeµ

·K

ýn5m C R´4�n���=�R/m��"AO/§4�

n�´�n�"

1 ∅ 6= Max(R) ⊆ Spec(R)

2 Max(Z) = {pZ | p ��ê}
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���Ø���

�R���"a 6= 0R§�Ø�PÒa|b ⇔ b ∈ (a)

½Â

1 �"�a ∈ R¡���§e(a)��n�§�d/§a|xy%
¹a|x½a|y

2 �"�a ∈ R¡�Ø���§ea�ü §�a = bc%¹

Xb½c´ü "

1 ��oØ��"

2 3Z¥§��=Ø���=±p§p��ê

3 3Z[
√
−3]¥§4 = 2 · 2 = (1 +

√
−3) · (1−

√
−3)§2Ø��§

���
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�§Ð"

1 �k��"�Ä��õ�ª�k[x ]"

2 k[x ]¥���=Ø���§¡�Ø��õ�ª

3 Ø��õ�ªf (x))¤�Ìn�(f (x)) C k[x ]´4��

4 g,�Ó�k → k[x ]/(f (x)) = K§�*Ü

5 f (x)3k¥Ã�§�f (x) ∈ K [x ]3K%k�§=x̄"V��

E§ë�L. Kronecker 1887

6 �Ek��E. Galois 1830
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1 ��õ�ª�

2 Ìn���PID

3 Ø��õ�ª

4 V��E
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õ�ª

�R��§x�i1£/ªÎÒ¤

1 Rþ'ux�õ�ª

f (x) = anx
n + · · ·+ a2x

2 + a1x + a0

Xêai ∈ R§Ù¥�aix
i�ü�ª

2 üõ�ª�� ⇔ éAXê��

3 ean 6= 0R§K¡anx
n�Ä�§an�Ä�Xê§½Âg

êdeg(f ) = n¶a0 �~ê�

4 �½µ0Rx
i�±Ñ�§1Rx

i{P�x i

5 õ�ªf (x)¡�Ä��§ean = 1R
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��õ�ª�

1 R[x ]g,¤��"

2 "õ�ª0R§Ø½Âgê¶Ù¦~�õ�ªa�gê½

Â�0

3 k;��i\R ↪→ R[x ], a 7→ a

4 x ∈ R[x ]§u´§ü�ªx iT�ux�1ig�

R[x ]�/,a½Â0µ�Ä

R̄ = {(a0, a1, · · · ) | ai ∈ R, ai = 0R when i � 0}

�±½ÂÙþ�\{Ú¦{¦�

R[x ] ' R̄, x 7→ (0R , 1R , 0R , · · · )

��Î¥I�ÆEâ�Æ C­�ê�8



��

·K

eR���§KR[x ]½���"AO/§ek��§k[x ]��

�"

5µR[x ]ýØ´�§Ï�U(R[x ]) ' U(R)"
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�5�

·K

�R��"éu?���Ó�ψ : R → S±9s ∈ S§K���

3�Ó�

ψ̃ : R[x ] −→ S

¦�ψ̃|R = ψ�ψ(x) = s.

~f

�ÄIdR : R → R±9a ∈ R"Ka?�D�Ó�

eva : R[x ] −→ R

¦�f (x) 7→ f (a)§¡�õ�ªf (x)3a?���"(rNµù�

´/��`{§Ø(�¶Ï�f (x)Ø´¼ê§�§ØU��!)

��Î¥I�ÆEâ�Æ C­�ê�8



~f§Y

~f

�f (x) ∈ R[x ]"Kõ�ªf (x)�Ñõ�ª¼ê

f : R −→ R, a 7→ f (a)

=§f ∈ Map(R,R)"rNµ¼êf3a?£ý��±¤���

½Â¼ê�Map(R,R)±9D�Ó�

ev : R[x ] −→ Map(R,R), f (x) 7→ f .

TN���Ø´ü�"

ØU· f (x)±9f§§���Ø3Ó�8Üp�

��Î¥I�ÆEâ�Æ C­�ê�8



�{Ø{

£�µÐ�êØ�Ä� — Zþ��{Ø{
ly3m©§k��"£Ä�z: f (x) = a · f̄ (x)§Ù¥a�

Ä�Xê§̄f (x)�Ä�õ�ª¤

½n

�½õ�ªf (x)±9�"õ�ªh(x)"K�3õ�

ªq(x), r(x) ∈ k[x ]¦�

f (x) = q(x) · h(x) + r(x)

�r(x) = 0½deg(r) < deg(h)"ù��q(x)�r(x)´���"

5µh(x)|f (x) ��=�r(x) = 0"

��Î¥I�ÆEâ�Æ C­�ê�8



{ê½n

½n

�½õ�ªf (x)±9a ∈ k"K���3�3õ�

ªq(x) ∈ k[x ]¦�

f (x) = q(x) · (x − a) + f (a).

AO/§(x − a)|f (x) ��=�f (a) = 0k"

Ð"µ)8 Rootk(f ) = {a ∈ k | f (a) = 0k}��þ
´f (x)�/�5Ïf0"

��Î¥I�ÆEâ�Æ C­�ê�8



Ìn���PID

½Â

��R¡�PID§eÙ?Ûn�þ�Ìn�"

5µU½Â§��PID"�§·�=�Ä���PID"

½n

Z±9k[x ]þ�PID"

y²µ|^�{Ø{"ê�ýé�vsõ�ª�gê!

��Î¥I�ÆEâ�Æ C­�ê�8



PID�Ä�5�

�R���"|^�Ø'X§½Â��úÏ

fgcd(a, b)£Ø�½�3¤"

PID÷vXeµ

1 ?Û�"��a, b§�3gcd(a, b)

2 �3Bezout�ª

3 ��=Ø���

4 ?Û�"�n�þ4�"�§Spec(R) = {0} ∪Max(R)"
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��úÏª�Ø��õ�ª

3k[x ]§·��±�½µ=�ÄÄ�õ�ª

~Xµõ�ªf (x), g(x) ∈ k[x ]§Ù��úÏª´�Ä�

õ�ªh(x)÷vµh|f , h|g§�ea(x)|f , a(x)|g§okh|a(x)"

~Xµk[x ]¥Ø���¡��kþ�Ø��õ�ª§�

Max(k[x ])←→ {kþÄ�Ø��õ�ª}

AO/§k ↪→ Max(k[x ]), λ 7→ (x − λ)"

��Î¥I�ÆEâ�Æ C­�ê�8



�*Ü

�k���¹'Xk ⊆ K"Kf (x) ∈ k[x ]�À�K [x ]¥�

�"

1 Rootk(f ) ⊆ RootK (f )

2 f (x) ∈ k[x ]Ø�� ; f (x) ∈ K [x ]Ø��

3 �f (x), g(x) ∈ k[x ]"�§okgcdk[x](f , g) = gcdK [x](f , g)

g�µe�*Üθ : k ↪→ K£�Ó��½´ü�¤§�A�(

JQº

��Î¥I�ÆEâ�Æ C­�ê�8



V��E

�k��§f (x) ∈ k[x ]�Ä�Ø��õ�ª"5¿µ

edeg(f ) ≥ 2§KRootk(f ) = ∅"

�E

�Ä;�Ó�

θ : k
can−→ k[x ]

can−→ k[x ]/(f (x)) = K

EPθ(λ) = λ+ (f (x))�λ§u´§·�kk ⊆ K£�xÄº¤

Pu = x + (f (x)) ∈ K, Ö7#Pþ¡�ÎÒx§�u ∈ K���

Àf (x) ∈ K [x ]§k­�*	:u ∈ RootK (f )§=§f (u) = 0K"

f (x) = (x − u) · g(x)

Ù¥g(x) ∈ K [x ]§gêü$"&Äk-�5�mK��ê§Ä"

��Î¥I�ÆEâ�Æ C­�ê�8



�5�

�Äθ : k ↪→ K = k[x ]/(f (x))Xþ"

½n

?��Ó�δ : k → F§±9α ∈ F÷vδ(f )(α) = 0F"K��

�3�Ó�

δ′ : K −→ F

¦�δ = δ′ ◦ θ±9δ′(u) = α"

5µδ(f ) ∈ F [x ]; �ªδ = δ′ ◦ θ¿�Xδ′òÿδ"

��Î¥I�ÆEâ�Æ C­�ê�8



~f

~f

�ÄØ��õ�ªx2 + 1 ∈ R[x ]§±9�i\

θ : R −→ R[x ]/(x2 + 1) = K

Pu = x + (x2 + 1) ∈ K"KK¥���a + bu§Ù¥a, b ∈ R"
&¦µK�C�'X§�(��§üÓ��'X

K

R

θ

88

inc
&& C
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o��

PF2 = {0̄, 1̄}"

~f

�ÄØ��õ�ªx2 + x + 1̄ ∈ F2[x ]§±9�Ó�

F2 ↪→ F2[x ]/(x2 + x + 1̄) = F4

Pu = x + (x2 + x + 1̄) ∈ F4£¿#Px�F4�'X¤"

&¦: F4�\{L�¦{L"

)�§µ3F4¥)�§x2 + x + 1̄ = 0̄"

'�: F4�Z4

��Î¥I�ÆEâ�Æ C­�ê�8



Ê��

PF3 = {0̄, 1̄, 2̄}"

~f

�ÄØ��õ�ªx2 + 1̄ ∈ F3[x ]§±9�Ó�

F3 ↪→ F3[x ]/(x2 + 1̄) = F9

Pv = x + (x2 + 1̄) ∈ F9£¿#Px�F9�'X¤"

&¦: F9�\{L�¦{L"

)�§µ3F9¥)x2 + 1̄ = 0̄"

'�: F4�Z9

��Î¥I�ÆEâ�Æ C­�ê�8
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xwchen@mail.ustc.edu.cn
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SNòV

1 îª��ED

2 ~f
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îª��

�Ä��R§±9R× = R \ {0R}"

½Â

��R¡�ED§e�3size function

φ : R× −→ {0, 1, 2, · · · }

¦�?�a, b ∈ R×§�3q, r ∈ R÷v

a = qb + r

Ù¥r = 0R½φ(r) < φ(b)"

þL�ªØ��:33 = 3 · 9 + 6 = 4 · 9− 3£1���Ð§

Ï�φ(−3) = | − 3|��¤"
��Î¥I�ÆEâ�Æ C­�ê�Ô



ED´PID

½n

ED ´PID"

5µsize function�ÑÎ=�Ø{"

��Î¥I�ÆEâ�Æ C­�ê�Ô



Gauss�ê�

£�Z[
√
−1] = {m + n

√
−1 | m, n ∈ Z}"

½n

Z[
√
−1]´ED§l
´PID"

y²µThe norm map

N : Q[
√
−1]× −→ Q+, z 7→ z · z̄

´¦{N�§���size function"I©Û{�a + b
√
−1,

|a|, |b| ≤ 1
2"

y²µU(Z[
√
−1]) = {±1,±

√
−1}"

öSµPi =
√
−1"O�gcd(4 + 7i , 3 + 4i)"
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Z[
√
−2]

£�Z[
√
−2] = {m + n

√
−2 | m, n ∈ Z} ⊆ Q(

√
−2)"

½n

Z[
√
−2]´ED§l
´PID"

y²µThe norm map

N : Q[
√
−2]× −→ Q+, z 7→ z · z̄

´¦{N�§���size function"

y²µU(Z[
√
−2]) = {±1}"

��Î¥I�ÆEâ�Æ C­�ê�Ô



Z[
√
−3]Ø´PID

£�Z[
√
−3] = {m + n

√
−3 | m, n ∈ Z} ⊆ Q(

√
−3)"

·K

Z[
√
−3]Ø´PID"

y²µ2 ·2 = (1 +
√
−3) · (1−

√
−3)§2Ø��§����"

��Î¥I�ÆEâ�Æ C­�ê�Ô



Eisenstein�ê�

�Äω = e
πi
3 = 1+

√
−3

2 §÷vω2 − ω + 1 = 0±9ω6 = 1"

5¿Z[
√
−3] ⊆ Z[ω] = {m + nω | m, n ∈ Z} ⊆ Q(

√
−3)"

½n

Z[ω]´ED,l
´PID"

y²µ�´^the norm map N(z) = z · z̄ ∈ Q+§£�

âa, b�K5,�UI�N�a, b¤©Û{�

a + bω = (a +
b

2
) +

b

2
ω

(¦�U�)��Ý"

y²µU(Z[ω]) = {±1,±ω,±ω2}"
g�µ��oZ[

√
−3]Ø§�*��%�±ºº
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Ð"µ�ê�ê�§ë�Atiyah-Macdonald

�ÄZ ⊆ R ⊆ F = Frac(R)¦�Q ⊆ F´k���m"

½Â (E. Kummer 1847)

α ∈ F¤��ê�ê§eα÷vÄ���Xê�§"PF¥�

ê�ê�N�OF"

­�¯¢µOF´f�§�Frac(OF ) = F"

·K

b�R ⊆ OF"eR´PID£½�f:§�UFD¤"KR = OF"

y²µR�UFD%¹XR�4"�§�â½Â, ·�w

ÑOF�R��4�"

5¿µOFo�4£Dedekind��¤§�Ø´UFD"
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Z[
√
2]´ED

£�Z[
√

2] = {m + n
√

2 | m, n ∈ Z} ⊆ Q(
√

2) ⊆ R"

½n

Z[
√

2]´ED§l
´PID"

y²µm + n
√

2 7→ |m2 − 2n2|�
öSµ1 +

√
2 ∈ U(Z[

√
2])§l
U(Z[

√
2])�Ã�+"

öSµZ[
√

3]? Z[
√

5]?

ó�µhttps://oeis.org/A048981
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SNòV

1 Gauss�ê

2 ²�Ú¯K
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PID�4�n�

½Â

��R¥�"�a, b¡����§e�3u ∈ U(R)¦�a = bu"

ù�du(a) = (b)"

��´�d'X"

·K

�R�PID"K�3V�

{a ∈ R |��}/��'X←→ Max(R), a 7→ (a).

£�§d�Spec(R) = {0} ∪Max(R)"
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Gauss�ê

Gauss�ê�Z[i ]¥���¡�Gauss�ê"

£�µN(m + ni) = m2 + n2, �N(m + ni) = 1��=

�m + ni ∈ U(Z[i ])"

�§U(Z[i ]) = {±1,±i}"
u´§m + ni��u−m − ni , n −mi ,±9−n + mi"

~f

2 = (1 + i)(1− i) = (−i) · (1 + i)2

�§2Ø´Gauss�(��u/²�ê0)"

öSµ1 + i´Gauss�ê"£�ÄNorm¤
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Ún

Ún

�z ∈ Z[i ]"eN(z) = p��ê£ù�p�U´2½4k + 1¤§

Kz´Gauss�ê"

Ún

�ÄÛ�êp"ep = 4k + 3"Kp´Gauss�ê"

y²µpØ��µp = x · y§|^norm map"

��Î¥I�ÆEâ�Æ C­�ê�l



Fermat�²�Ú½n1640

½n

�p�Û�ê"Kp = 4k + 1��=�p = a2 + b2"d�§ù�

�a, b��"

y²µ/�0éN´"�L5§�p = 4k + 1"KEuler�O

{§−1̄´�p�g�{£½§|uÌ�+F×
p±94|(p − 1)¤"

�Ä�Ó�

Z[i ]/(p) ' Fp[x ]/(x2 + 1̄)

�§p��§�§z |p"KN(z) = p�p = z · z̄§z�£a,b���

5�dZ[i ]��©)�Ñ¤"
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p = 4k + 1�¹

Xþ§p = 4k + 1"Kp = (a + bi)(a−bi)§�ÏfØ��"

~Xµ5 = 12 + 22"�§��1 + 2i±91− 2i�

~Xµ13 = 22 + 32"�§��2 + 3i±92− 3i�

öSµïÄû�Z[i ]/(a + bi)"
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Gauss�ê©a

½n

3���¿Âe§Gauss�ê�±eµ

1 1 + i

2 �êp > 0§Ù¥p = 4k + 3

3 a± bi§Ù¥p = a2 + b2�4k + 1��ê§0 < a < b

5µ4k + 3±94k + 1��êþÃ¡�"

��Î¥I�ÆEâ�Æ C­�ê�l



Spec(Z[i ])

£�µSpec(Z) = {0} ∪ {pZ | p = 2, 3, 5, ...}
?�Ó�θ : R → Sp�Spec(S)→ Spec(R), q 7→ θ−1(q)

~f

ïÄSpec(Z[i ])→ Spec(Z)�ã�"

ù´÷�§ïÄÙfibers!
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�²�Ú½n

½n

�n ≥ 2"Kn��¤�²�Ú��=�kIO©

)n = 2rpm1
1 · · · p

mt
t §Ù¥§epi = 4k + 3§�A�mi�óê

y²µ/�0'�N £́Fermat�²�Ú½n¤"

�L5§n = N(z)§éz3Guass�ê�¥��Ïf©)

£��o�±�º̂ Norm8B�¤"
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SNòV

1 ��©)��UFD

2 Gauss½n
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UFD�½Â

½Â

��R¡�UFD§e÷v±eü^µ

1 �3Ø��©)µa = c1c2 · · · cr§ciØ��

2 Ø��©)��µa = c ′1c
′
2 · · · c ′s§c ′jØ��§Kr = s��

���, ci�c ′i��"

·K

�R�UFD"K±e·K¤á"

1 Ø���=��"

2 �3gcd±9lcm

3 IO©)a = upn11 · · · pnrr §pi��§üüØ��¶l
§�

±�Ña�¤kÏf£3��¿Âe¤"
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Noether�

�X ⊆ R"K�¹X���n�, ¡�X)¤�n�:

RX = {k�Ú
∑
i

ai · xi , Ù¥xi ∈ X}

en�Idk����)¤§KI¡�k�)¤n�"

½Â

�R¡�Noether�,e?Ûn�þk�)¤"

~X§PID´Noether�"̄ ¢þ§·�ïÄ��ý�õ

ê´Noether�"

½n (HilbertÄ½n1890)

�R�Noether�"KR[x1, · · · , xn]±9Ùû�þ�
�Noether�"
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Noether��kØ��©)

Ø��©)ÊH�3�

·K

�R�Noether��"K?Ûa ∈ RkØ��©)"

�©)o���

·K

�R���"eak�©)"KÙØ��©)��"

AO/§Noether��R´UFD��=�µØ���=��"

~X§PID´UFD"
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J�g�

½n (Gauss 1801, Heegner 1952/ Baker 1966/ Stark 1967)

�d�square-free���ê"KQ(
√
−d)¥��ê�ê

�O´UFD��=�´PID§��=

�d = 1, 2, 3, 7, 11, 19, 43, 67, 163"

5µO´ED��=�d = 1, 2, 3, 7, 11"

5µQ(
√
d)��¹�J; norm-ED��©a[Hardy-Wright

1979]"

ß�(Gauss)µ�3Ã¡�square-free���êd ¦

�Q[
√
d ]��ê�ê�´PID"
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Gauss½n

½n

�R�UFD"KR[x ]½�UFD"

AO/§Z[x ]�UFD§Ø�PID (Ù�n�(x)§Ø4�)"

y²µ½ÂNþc(f )±9��õ�ª"

Ún (GaussÚn)

�f (x), g(x) ∈ R[x ]"Kc(f · g) ∼ c(f ) · c(g)§Ù¥∼L«��"
AO/§��õ�ª�ÈE´���"

�ÄR[x ] ⊆ K [x ]§Ù¥K�©ª�¶|^K [x ]¥®k�

Ø��©)"

�ÑR[x ]�üaØ���µa ∈ R±9��Ø��õ�

ªf (x) ∈ R[x ]"
��Î¥I�ÆEâ�Æ C­�ê�Ê



ü�k^�(Ø

�'uK [x ]¥§3R[x ]�OØ��Ï~�N´
"

·K

�R�UFD§K�Ù©ª�"�f (x) ∈ R[x ]���õ�ª"

Kf (x) ∈ R[x ]Ø�����=�f (x) ∈ K [x ]�Ø��õ�

ª"

·K (Eisentein�O{)

�R�UFD, f (x) =
∑n

i=0 aix
i ∈ R[x ]��§p ∈ R��"�p - an,

p|an−1, · · · , p|a1, p2 - a0"Kf (x) ∈ K [x ]Ø��õ�ª"

~X§xn − 2 ∈ Q[x ]þØ��"
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SNòV

1 �*Ü�Vg

2 ü*Ü
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�*Ü

½Â

�*Ü´���Ó�θ : k ↪→ K§{P�K/k"

´wµPÒK/ké�x��*Ü��´Ó�θ§
dPÒ

/ý¯Û0�

PÒK/k�ndµk ' θ(k) ⊆ K§k/�Ó0uθ(k)§�ö

�K�f�"u´§�*Üθ : k ↪→ K/�Ó0u�¹N

�inc : θ(k) ↪→ K

¤¢�Óµλ ∈ k/�Ó0uθ(λ) ∈ θ(k) ⊆ K"
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Ä�~f

~f

£1¤�½Ø��õ�ªf (x) ∈ k[x ]§�ÄK = k[x ]/(f (x))§

-u = x + (f (x)) ∈ K"Kk�*Ü

k ↪→ K , λ 7→ λ+ (f (x))

m>�λ�~�õ�ª"

£2¤�Äk[x ]�©ª�k(x)§¡�kn¼ê�£6�§§��

Ø /́¼ê0�¤"K;�i\k[x ] ↪→ k(x) p��*Ü

k ↪→ k(x), λ 7→ λ

1
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�*Ü�Ó�

'�ü�*Üθ : k → K±9θ′ : k → K ′?

½Â

�*Üθ±9θ′�m�Ó�´��Ó�φ : K → K ′¦

�φ ◦ θ = θ′"

eθ = θ′§Kθ�gÓ�φ : K → Kq¡��*ÜK/k�gÓ

�"

u´§Aut(K/k) ⊆ Aut(K )�f+"
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PÒ

1 �R ⊆ S�f�, α ∈ S"PR[α]��¹R9α���f�

2 KkR[α] = {
∑

riα
i | k�Úri ∈ R}

3 ���/§��üÓ�θ : R ↪→ S§PR[α] = θ(R)[α] ⊆ S

4 �k ⊆ K�f�§α ∈ K"Pk(α)��¹k9α���f�

5 Kkk(α) = {(
∑

riα
i )(

∑
r ′iα

i )−1 | ¤k�U}

6 �*Üθ : k ↪→ K"Ó�k(α) ⊆ K±9k ↪→ k(α)

7 �õPÒR[α1, α2], k(α1, α2)
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ü*Ü

½Â

�*ÜK/k¡�ü�§e�3α ∈ K¦�K = k(α)"

~f

1 V��Ek ↪→ k[x ]/(f (x))

2 kn¼ê�k ⊆ k(x)

3 Q ⊆ Q(
√
−1)

4 R ⊆ C
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�ê�

½Â

α ∈ K3kþ�ê§e�3�"f (x) ∈ k[x ]¦�f (α) = 0K"Ä

K§K¡α�kþ���"

1 �½c/kþ0é'�"

2 C/Q§K
√
2, e

2πi
3 þ��ê�

3 π (Lindermann 1882) ±9e (Hermite 1873)þ����

4 k ⊆ k(x)§Ù¥x3kþ��

��Î¥I�ÆEâ�Æ C­�ê��



��õ�ª

½n

�ÄK/k±9α ∈ K3kþ�ê"K���3Ä�Ø��õ�

ªf (x) ∈ k[x ]÷v:

1 f (α) = 0;

2 eg(x) ∈ k[x ]÷vg(α) = 0§Kf (x)|g(x).

ù��õ�ªf (x)¡�α'uk���õ�ª"

y²µ�Ä3α?�D�Ó�

evα : k[x ] −→ K , g(x) 7→ g(α)

�	ÙØ"

��Î¥I�ÆEâ�Æ C­�ê��



öS

1 'uC/Q, O� 3
√
2§
√
2 +
√
3���õ�ª

2 �Ä�*Üθ : k → K±9θ′ : k → K ′"e�3�*Ü�Ó

�φ : K → K ′÷vθ(α) = α′"Kα�ê��=�α′�ê§

���õ�ª��"

3 þ~kÏuN¬^�/φ ◦ θ = θ′0!

��Î¥I�ÆEâ�Æ C­�ê��



ü*Ü(�½n

½n

�kü*ÜK/k¦�K = k(α)"

1 eα�ê§��õ�ªf (x), gê�d"K:

dimk K = d <∞, Ä�1, α, · · · , αd−1�K = k[α]¶k�*

ÜÓ�K ' k[x ]/(f (x))"

2 eα��"Kdimk K =∞§�k[α] 6= K¶k�*ÜÓ

�K ' k(x)"

��þ=kü«ü*Ü�·�Ì�ïÄk���*Ü�

��Î¥I�ÆEâ�Æ C­�ê��



~f

~f

�ÄQ( 3
√
2)/Q§kQ-Ä1, 3

√
2, 3
√
4"

�ÄQ( 3
√
2ω)/Q§kQ-Ä1, 3

√
2ω, 3
√
4ω2"

k�*ÜÓ�

Q(
3
√
2)/Q ' Q(

3
√
2ω)/Q

rN§Q( 3
√
2) 6= Q( 3

√
2ω)!

�kQ( 3
√
2ω2)/QQº

��Î¥I�ÆEâ�Æ C­�ê��
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SNòV

1 �ê*Ü

2 �êúª

��Î¥I�ÆEâ�Æ C­�ê���



�ê*Ü

½Â

�*ÜK/k¡��ê*Ü§e?Ûα ∈ Kþ3kþ�ê"

Ún

k���*Üo´�ê*Ü§=§edimkK <∞§KK/k�

ê"

��Î¥I�ÆEâ�Æ C­�ê���



�êúª

½n

�Ä�*Üók ⊆ K ⊆ E"eK/k±9E/K�k��*Ü§

KE/k�k��*Ü"

dimk E = dimk K · dimK E .

�:£7LÝº¤µ|^K/k±9E/K�£�5¤Ä�

EE/k�Ä�

~f

�ÑQ(
√

2,
√

3)/Q±9Q( 3
√

2, ω)/Q�Ä,Ù¥ω = e
2πi
3 �

öSµ�K/k�k��*Ü, α ∈ K���õ�

ªf (x) ∈ k[x ]"Kdeg(f )|dimk K !

��Î¥I�ÆEâ�Æ C­�ê���



k�)¤�ê*Ü=k��*Ü

½n

�*ÜK/k´k��� ⇔ K/k´k�)¤��ê*Ü"

�:µk�)¤*Ü´ü*Ü�/EÜ0

·K

�Äk ⊆ K ⊆ E"KE/k�ê ⇔ K/kÚE/Kþ�ê"

��Î¥I�ÆEâ�Æ C­�ê���



�ê4�

�ÄK/k"½ÂE = {α ∈ K | α 3k þ�ê}"KE ⊆ K�

f�§¡�k 3K ¥��ê4�"�§k ⊆ E ⊆ K�K/EÃ�

ê�"

~f

�ÄQ ⊆ Q̄ ⊆ C§Ù¥Q¥��¡��êê"5¿µQ̄E��
ê��

gÓ�+Aut(Q̄) = Gal(Q̄/Q)§Q�ýéGalois+§́ y

��êêØ¥�¥%ïÄé�"

��Î¥I�ÆEâ�Æ C­�ê���



C­�ê���

��Î

¥I�ÆEâ�Æ

xwchen@mail.ustc.edu.cn
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SNòV

1 �Ó��òÿ

2 ©��

��Î¥I�ÆEâ�Æ C­�ê���



òÿÓ�

¯Kµ�ÄE/k9E ′/k ′, �i\σ : k ↪→ k ′òÿ�E ↪→ E ′º

Ún ('�Ún)

�Äeã, α/k���õ�ªf (x) ∈ k[x ]

α ∈ E E ′

k
?�

OO

σ∼ // k ′
?�

OO

1 �β ∈ RootE (σ(f ))§K���3σ�òÿ

σ̃ : k(α)
∼−→ k ′(β) ⊆ E ′, α 7→ β

2 TÐk|RootE (σ(f ))|�ù��òÿ"

��Î¥I�ÆEâ�Æ C­�ê���



©��

½Â

õ�ªf (x) ∈ k[x ]�©��´��*ÜK/k÷vµ

1 f (x)3Kþ©�µf (x) = (x − α1) · · · (x − αn) ∈ K [x ];

2 E = k(α1, · · · , αn).

~f

�f (x) ∈ Q[x ]"|^�êÄ�½nµ

f (x) = (x − z1) · · · (x − zn), zi ∈ C.

KE = Q(z1, · · · , zn)�f (x)�©��"

��Î¥I�ÆEâ�Æ C­�ê���



�õ~f

~f

�Äx2 + x + 1̄ ∈ F2[x ]�©���

~f

1 �Äx2 + 1̄ ∈ F3[x ]�©���

2 �Äx2 − x − 1̄ ∈ F3[x ]�©���

��Î¥I�ÆEâ�Æ C­�ê���



©�����5

½n

�½�Ó�σ : k
∼→ k ′§f (x) ∈ k[x ]±9�A�σ(f ) ∈ k ′[x ]"

�E/k�f (x) �©��§E ′/k ′�σ(f )�©��"Kσ�òÿ�

�Ó�

δ : E
∼−→ E ′.

ù��òÿ�õkdimk E = dimk ′ E ′��

y²µédimk E8B§òÿ�

k(α1)
∼−→ k ′(α′1), α1 7→ α′1

5¿�E/k(α1)�f (x) ∈ k(α1)[x ]�©��"

1�Úòÿ¥µα′1�õkdimk k(α1)��U��

��Î¥I�ÆEâ�Æ C­�ê���



©���gÓ�

~f

�Äx3 − 2 ∈ Q[x ]§Ù©��E = Q(ω, 3
√

2)"

£�Aut(E/Q) = Aut(E )"

|^òÿ��{äN�ÑÙ���

~f

�ÄF4 = F2[x ]/(x2 + x + 1̄)�gÓ�

+Aut(F4) = Aut(F4/F2)"

��Î¥I�ÆEâ�Æ C­�ê���



k­��õ�ª

½Â

�"õ�ªf (x) ∈ k[x ]¡�k­�§e�3E/k¦�

k(x − a)2|f (x)§,�a ∈ E"

�î�`§3,�*�pk­�"

S%�xµÚ\/ª�© f ′(x) ∈ k[x ]"

Ún

f (x) ∈ k[x ]k­��c=�gcdk[x](f , f
′) = 1"

��Î¥I�ÆEâ�Æ C­�ê���



�©õ�ª

½Â

�"õ�ªf (x) ∈ k[x ]¡��©�,eÙ£3k[x ]¥�¤Ø�

�ÏfþÃ­�"

WARNING: f (x)��©5��kk'! î�`§�kþ�õ�

ªf (x)�©

Ún

echar(k) = 0§K?Ûõ�ª�©"

~f

�Äkn¼ê�k = Fq(t)"Kxp − t ∈ k[x ]Ø��§�k­

�"�§xp − t ∈ k[x ]Ø�©"

��Î¥I�ÆEâ�Æ C­�ê���



�©5�gÓ�

½n (Y��5½n)

�½�Ó�σ : k
∼→ k ′§f (x) ∈ k[x ]±9�A�σ(f ) ∈ k ′[x ]"

�E/k�f (x) �©��§E ′/k ′�σ(f )�©��"Kõ�

ªf (x) ∈ k[x ]�©��=�σTkdimk E�òÿ"d�§·�

k

|Aut(E/k)| = dimk E .

y²µ£���5½n�y²§òÿ�

��Î¥I�ÆEâ�Æ C­�ê���



Ð"

1 eE/k´,��©õ�ªf (x) ∈ k[x ]�©��§

KAut(E/k)P�Gal(E/k)§¡�E/k�Galois +, �¡�

�§f (x) = 0�Galois+§qP�Galk(f )"

2 GaloisnØµéXGal(E/k)�f+�E�f�"

3 ÄuGaloisnØ§y²Galois�½nµ

echar(k) = 0§f (x)�ª�)��=�Galk(f )��)+"

��Î¥I�ÆEâ�Æ C­�ê���
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SNòV

1 k��

2 k���f��gÓ�+
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k���Vg

�E�k��E"

1 char(E ) = p > 0

2 Fp ⊆ E

3 ÀE�Fp-�5�m: m̄.a = ma§=m�a�\

4 l
, |E | = pn§Ù¥n = dimFp E

5 p��7Ó�uFp

��Î¥I�ÆEâ�Æ C­�ê��n



FrobeniusgÓ�

½Â

k��Eþ�FrobeniusgÓ�σ : E → E½Â�σ(a) = ap"

1 Fermat�½n(1640): n̄p = n̄

2 �ÄFp(t)§ÙFrobeniusgÓ�x 7→ xpØ´÷�!

��Î¥I�ÆEâ�Æ C­�ê��n



ü +

�|E | = pn"Kü +E ∗ = E\{0E}÷v|E ∗| = pn − 1.

Ún (Lagrange½n�AÏ�¹�)

?Ûa ∈ E ∗§·�kap
n−1 = 1E"

�§?Ûa ∈ Eþ�xp
n − x = 0̄��"

y²µ�k���d÷vad = 1E (why?)"�

ÄH = {1, a, · · · ad}±9E ∗þ��d'Xc ' d§ecd−1 ∈ H"

�Ä�A�©
, �Ñd |(pn − 1)

��Î¥I�ÆEâ�Æ C­�ê��n



�3��5½n

½n

éu?Ûn§���3pn�k��"

Ï~P�Fpn !£´wµ§� /́����0�¤

y²µFpn�xp
n − x ∈ Fp[x ]�©���

AO/§·�k

xp
n − x =

∏
a∈Fpn

(x − a).

��Î¥I�ÆEâ�Æ C­�ê��n



FpþØ��õ�ª

·K

xp
n − x =

∏
d |n

∏
{f (x)∈Fp [x]| monic irr. of degree d}

f (x)

y²µ�Äxp
n − x�Ïff (x)§±9a ∈ RootE (f )"

KFp(a) ⊆ E§�êúª"

��§�g(x) ∈ Fp[x ]�dgÄ�Ø��"�ÄÙV��

EK = Fp[x ]/(g(x))"Kkg(x)|(xpd − x)|(xpn − x)"

��Î¥I�ÆEâ�Æ C­�ê��n



~f

~f (p = 2)

x4 − x = x(x + 1̄)(x2 + x + 1̄)

x8 − x = x(x + 1̄)(x3 + x2 + 1̄)(x3 + x + 1̄)

x16 − x =

x(x + 1̄)(x2 + x + 1̄)(x4 + x3 + x2 + x + 1̄)(x4 + x3 + 1̄)(x4 + x + 1̄).

~f (p = 3)

x9 − x = x(x + 1̄)(x − 1̄)(x2 + 1̄)(x2 + x − 1̄)(x2 − x − 1̄)

��Î¥I�ÆEâ�Æ C­�ê��n



f�

�½E¦�|E | = pn"

·K

1 �K ⊆ E�f�"K|E | = pd�d |n"

2 �d |n"K�3���f�K ⊆ E÷v|K | = pd"

�Ä�8RootE (xp
d − x)"

g�µ}Á£ãE�f��£f���¹'X�¤

~f

F26�f��"

��Î¥I�ÆEâ�Æ C­�ê��n



)¤�

�n = qr11 · · · q
rt
t "KE�4�ýf�Ki§��p

n
qi"

·K

·�k∪ti=1Ki 6= E"�§�3u ∈ E÷vE = Fp(u)"

1 Fp[x ]þokngØ��õ�ª; �f (x)"

2 �u ∈ RootE (f (x))"Kf (x) =
∏n−1

i=0 (x − σi (u)).

3 AO/§σi (u) 6= u§éu1 ≤ i ≤ n − 1

��Î¥I�ÆEâ�Æ C­�ê��n



gÓ�

5¿σ ∈ Aut(E )÷vσn = IdE"

½n

Aut(E ) = {IdE , σ, · · · , σn−1}.

y²µ�ÄgÓ�δ ∈ Aut(E )3)¤�uþ��^"

�, Aut(E )�Ì�+"�ÄÙf+...

��Î¥I�ÆEâ�Æ C­�ê��n



k���GaloiséA

�E�k��§|E | = pn"

½n (k���GaloiséA)

�3���Ó�

{K ⊆ E f�} ←→ {H ⊆ Aut(E ) f+}

¦�K 7→ Aut(E/K )±

9H 7→ EH = {a ∈ E | h(a) = a, for any h ∈ H}

¤k�f�Úf+þäN�Ñ"

5µT?§�ê�Ø'X�ü«ØÓ/�êJ,0�

��Î¥I�ÆEâ�Æ C­�ê��n
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1 ü �

2 ©��
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ü �

1 ü �w ∈ k÷vwn = 1k"

2 ü ���ord(w) = d : �����êd¦�wd = 1"d

�§¡z�dg��ü �"

3 �kdg��ü �"Kchar(k) - d"

Ún

�ü �w ∈ k÷vord(w) = d"Kwn = 1k��=�n|d"

��Î¥I�ÆEâ�Æ C­�ê��o



ü ��+

¯¢µe�3dg��ü �w"

K{1,w , · · · ,wd−1} = Rootk(xd − 1)§�k×�d�f+"

ù´���U�d�f+"

½n

�k�£�UÃ��¤�§�H ⊆ k×�d�f+"K�3dg

��ü �w§�H = {1,w , · · · ,wd−1}.

AO/§k���ü +F×pn´Ì�+"

��Î¥I�ÆEâ�Æ C­�ê��o



Eü �

�n ≥ 2§�Äζ = ζn = e
2πi
n "

KRootC(xn − 1) = {1, ζ, · · · , ζn−1}"

xn − 1 = (x − 1)(x − ζ) · · · (x − ζn−1).

Ún

Eng��ü ���NT�{ζd | 1 ≤ d < n, gcd(d , n) = 1}§
Tkφ(n)�"

��Î¥I�ÆEâ�Æ C­�ê��o



©��

½Â

©��Q(ζ)§�uxn − 1 ∈ Q[x ]�©��"

5¿µQ(ζ2) = Q, Q(ζ3) = Q(
√
−3), Q(ζ4) = Q(i),

Q(
√

5) ⊆ Q(ζ5)

��Î¥I�ÆEâ�Æ C­�ê��o



©�õ�ª

½Â

ng©�õ�ª

Φn(x) =
∏

ng��ü �w

(x − w) =
∏

{1≤d<n|gcd(d ,n)=1}

(x − ζd)

�§degΦn(x) = φ(n)"

��Î¥I�ÆEâ�Æ C­�ê��o



©�õ�ª�O�

Ö¿½ÂΦ1(x) = x − 1.

Ún

xn − 1 =
∏

d |n Φd(x)"u´§Φn(x) ∈ Z[x ].

~f

Φ2(x) = (x + 1)§Φ3(x) = x2 + x + 1, Φ4(x) = x2 + 1,

Φ5(x) = x4 + x3 + x2 + x + 1, Φ6(x) = x2 − x + 1

��Î¥I�ÆEâ�Æ C­�ê��o



Ø��5

½n (Gauss 1801/Kronecker 1854)

©�õ�ªΦn(x) ∈ Z[x ]Ø��"

l
§

½n

±eäó¤áµ

1 dimQ Q(ζn) = φ(n)

2 �3+Ó�Aut(Q(ζ)/Q) ' U(Zn)§÷vσ 7→ k̄§Ù

¥σ(ζ) = ζk .

��Î¥I�ÆEâ�Æ C­�ê��o



y²

~f (AÏ�¹)

�p��ê"y²µf (x) = 1 + x + · · ·+ xp−1 = xp−1
x−1Ø��"

�Äg(x) = f (x + 1)§|^'up�Eisenstein�O{"

~f (���¹)

�Äng��ü �w���õ�ªf (x)§�p - n��ê"
äóf (wp) = 0"8B§·�kf (wp1p2···pt ) = 0"

�
yäó, wp���õ�ª�g(x) ∈ Z[x ]"

�§f (x) · g(x)|Φn(x)§�f (x)|g(xp)"

�p�{µZ[x ] 7→ Fp[x ]§�xn − 1̄ ∈ Fp[x ]Ã­�"

��Î¥I�ÆEâ�Æ C­�ê��o



Kronecker-Weber½n

½n (Kronecker 1853-Weber 1886)

�K/Q�,�õ�ª�©���Aut(K/Q)�Abel+"K�

3n±9f�L ⊆ Q(ζn)¦�K ' L"

5µ?Ûk�Abel+G§�3Ü·�n¦�U(Zn) � G"

��Î¥I�ÆEâ�Æ C­�ê��o
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SNòV

1 +�½Â

2 Lagrange½n

3 ����
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+

½Â

��|(G , ·)¡�+§Ù¥G���8Ü§¦{“·”���$�

G × G → G , (a, b) 7→ a · b

÷vXeµ

(G1) (ÜÆ(a · b) · c = a · (b · c)

(G2) kN�1G = 1

(G3) k_�£_����¤

5µk�{P�+G , ¦{$�a · b = ab

��Î¥I�ÆEâ�Æ C­�ê��Ê



Ä�5�

Ún

�G�+"

1 ¦{��Ç: ab = ac ⇒ b = c

2 (ab)−1 = b−1a−1

3 ¦_$�(−)−1 : G → G , g 7→ g−1�V�"

4 éu?Û�ên§½Â�gan"�§an+m = an · cm!
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f+

½Â

��f8H¡�f+§ea · b ∈ H, a−1 ∈ H"P�H ≤ G.

²�f+µ{1G}, G .
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Ä�~f:5g�

1 �½�R§g,kn�+: \{+(R,+)§ü 

+(U(R), ·)§gÓ�+(Aut(Q), ◦)

2 �R = Z,Zn,Z[i ]�

3 �Ä�*ÜK/k"KAut(K/k) ≤ Aut(K )

��Î¥I�ÆEâ�Æ C­�ê��Ê



Ä�~fµ+=é¡

1 ���5+GL(n,C)

2 AÏ�5+SL(n,C)

3 SOn ≤ On ≤ GL(n,R)

4 �ÄP ⊆ Rn§ã/P�é¡+

Σ(P) = {g ∈ SOn(½On) | g(P) = P} ≤ SOn
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Ä�~fµ+=��

1 Ä�8X§Ùþ��� σ : X → XV�

2 é¡+ S(X ) = {X þ¤k���}

3 ~XµAut(R) ≤ S(R)

4 Cayley½n£1878¤µ?Û+“��þ”Ñ´S(X )�f+�
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Lagrange½n

e|G | <∞§¡�k�+.

½n

�G�k�+§H ≤ G"K: |H|�Ø|G |.

´Ä�åµk ⊆ E ⊆ K§KdimkE |dimkK?
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Lagrange½n�y²

1 a ∈ G§aH = {ah | h ∈ H}¡�H���8

2 Ha = {ha | h ∈ H} ¡�H�m�8

3 �!m�8Ñ�H���§§�Ñ´Gþ,��d'X

��da"

4 ek©
G =
⋃

i∈I aiH§K¡{ai | i ∈ I}�G'uH���

8���L�X§|I | = [G : H] ¡�f+H��ê

5 d�k§G =
⋃
∈I Ha

−1
i "�§{a

−1
i | i ∈ I}T�'uH�m

�8���L�X
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Lagrange½n§revisited

½n

�G�k�+§H ≤ G"Kk

|G | = |H| · [G : H]

a'µk ⊆ E ⊆ K§Kk

dimkK = dimkE · dimEK !
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����

½Â

��a ∈ G��§P�ord(a)§´������êd¦

�ad = 1G"eØ�3ù��d§KPord(a) =∞.

1 e|G | <∞§K?Û��aäkk���"

2 �ord(a) = d <∞"Kan = 1G��=�d |n"
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�£Y¤

·K

�|G | >∞§a ∈ G"K

ord(a) �ê|G |

£�Fermat�½nµa ∈ F×p , ap−1 ≡ 1 (mod p)
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+Ó�

½Â

N�f : G → G ′¡�+Ó�§ef (a · b) = f (a) · f (b)"V�+Ó

�¡�+Ó�"

5µ+Ó�%¹Xf (1G ) = 1G ′±9f (a)−1 = f (a−1)"

~f

1 f+H ≤ Gp��¹Ó�inc : H → G

2 det : GL(n,C)→ C×

3 ü �+µn = {z ∈ C | zn = 1}"K: k+Ó�

µn ' (Zn,+)

4 +U(Z8)�µ4Ó�oº

��Î¥I�ÆEâ�Æ C­�ê��Ê



+��È

½Â

�G§H�+"KG × Hþkg,�+(�§¡�Ù�È"

1 Ué�G�G × H�m�g,Ó�oº

2 ��(g , h)��º

3 �R, S��"KU(R × S) ' U(R)× U(S)!

4 µ2 × µ2Ó�uU(Z8)ºKleino�+§P�V4"

��Î¥I�ÆEâ�Æ C­�ê��Ê
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xwchen@mail.ustc.edu.cn
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SNòV

1 Ì�+

��Î¥I�ÆEâ�Æ C­�ê��8



1 �X ⊆ G"P(X )��¹X���f+§¡�dX)¤�

f+"

2 ¯µ(X )¥k=
��º

3 e(X ) = G§K¡X�G�)¤�8.

��Î¥I�ÆEâ�Æ C­�ê��8



Ì�+

½Â

+G¡�Ì�+§e�3a ∈ G÷v(a) = G"d�§¡a�G�

)¤�"

~f

1 Z, )¤��1½ö−1

2 Zn

3 µn

��Î¥I�ÆEâ�Æ C­�ê��8



Ì�+�(�

·K

�G�Ì�+"KGÓ�uZ ½Zn"

·K

�G�Ì�+§)¤��g"

1 e|G | =∞"KGTkü�)¤�§�f+T

�{1G}, (gd), ?Ûd ≥ 1¶z�f+þ�Ì�+§þÓ�

uZ, �Ó�uG.

2 e|G | = n <∞"KTkφ(n)�)¤�{gk , gcd(k, n) = 1}§
éuz�d |n§�3���f+Hd§÷v|Hd | = d"

5µn =
∑

d |n φ(d), Ï�φ(d)T�d����ê"

��Î¥I�ÆEâ�Æ C­�ê��8



Ì�+��x

·K

n�+G�Ì�+��=��3n��"AO/§p�+�½

�Ì�+"

5µù´1��U�ê�+©a½n�

~µ+Ó�µ3 × µ2 ' µ6.

½n

�|G | = n <∞"KG�Ì�+⇐⇒ ?Ûd |n§�õ�3��
�d�f+"

hintµ�Äd����ê�

��Î¥I�ÆEâ�Æ C­�ê��8



�ü +�f+

½n

�k��§G ≤ k×�k�f+"KG�Ì�+"

~f

�Äk��E/Fp"KE×�Ì�+§AO/§E/Fp���ü

*Ü�

��Î¥I�ÆEâ�Æ C­�ê��8



C­�ê��Ô

��Î
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SNòV

1 Ó�Ä�½n

2 �5f+

��Î¥I�ÆEâ�Æ C­�ê��Ô



+Ó�

1 �Ä+Ó�f : G → G ′

2 �Im(f ) ≤ G ′´f+§�§Ùþk+(�

3 �d'X: a
f∼ b ��=�f (ab−1) = 1G ′§���=

�f (b−1a) = 1G ′"

��Î¥I�ÆEâ�Æ C­�ê��Ô



Ó��Ø

½Â

Ó�f : G → G ′�Ø½Â�Ker(f ) = {h ∈ G | f (h) = 1G ′}"w
,§Ker(f ) ≤ G�f+"

5¿µ-N = Ker(f )"Ka
f∼ b ��=�ab−1 ∈ N§���=

�b−1a ∈ N"�§Nb = bN§�Ò´§N��m�8­Ü�

��Î¥I�ÆEâ�Æ C­�ê��Ô



�5f+

½Â

f+N ≤ G¡��5f+§eaN = Na§?¿a ∈ G"

1 eG�Abel+§K?Ûf+þ�5"

2 +G�¥%Z (G )´�5f+"

3 Ó�Ø´�5f+"

��Î¥I�ÆEâ�Æ C­�ê��Ô



�Ý

1 �N ≤ G , a ∈ G"Ù�Ý aNa−1 = {axa−1 |; x ∈ N} ≤ G

2 �3+Ó�N ' aNa−1§���f+§Ï~Ø��

3 f+N ≤ G�5⇐⇒ N = aNa−1§?Ûa ∈ G

~f

G = GL2(F2) = SL2(F2)"

�Ä

(
1̄ 1̄

0̄ 1̄

)
±9

(
0̄ 1̄

1̄ 1̄

)
)¤�Ì�f+�

��Î¥I�ÆEâ�Æ C­�ê��Ô



û+

1 �Ä�5f+N B G , P��88Ü

G/N = {ā = aN | a ∈ G}

2 ½Â¦{ā · b̄ = ab. ¯Kµ½ÂÜn5º

3 ;�Ó�can : G → G/N§Ø�º

��Î¥I�ÆEâ�Æ C­�ê��Ô



+Ó�Ä�½n

½n

�Ä+Ó�f : G → H"Kf��p�+Ó�

f̄ : G/Ker(f )
∼−→ Im(f ),

¦�eã��

G

can
����

f // H

G/Ker(f )
f̄ // Im(f )

?�

inc

OO

1 fü��=�Ker(f ) = {1G}"d�§GÓ�uH�f+"

2 ef÷§KHÓ�uG�û+"

��Î¥I�ÆEâ�Æ C­�ê��Ô



~f

~f

�ÄA = (1, 1),B = (−1, 1),C = (−1,−1),D = (1,−1)�¤�

��/� ⊆ R2"Kkg,+Ó�

Σ(�) −→ S({A,B,C ,D})

~f

�Äx3 − 2 ∈ Q[x ]�©��E/Q§9Ù�
8X = RootE (x3 − 2) = { 3

√
2, 3
√

2ω, 3
√

2ω2}"Kkg,+Ó�

Aut(E/Q) −→ S(X )

��Î¥I�ÆEâ�Æ C­�ê��Ô



éA½n

½n

�ÄN C G"KkV�

{K | N ≤ K ≤ G} ←→ {G/N�f+},K 7→ K/N

·�kµK C G��=�K/N C G/N§d�kg,Ó�

(G/N)/(K/N)
∼−→ G/K .

��Î¥I�ÆEâ�Æ C­�ê��Ô



Ó�½n

½n

�N C G, H ≤ G"KNH = HN ≤ G§�(H ∩ N)C H§kg,

Ó�

H/(H ∩ N)
∼−→ NH/N.

5µT½nØ´­:��!§+Ó��~f´­:�

��Î¥I�ÆEâ�Æ C­�ê��Ô
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SNòV

1 é¡+

2 �Ýa

3 ü+

��Î¥I�ÆEâ�Æ C­�ê��l



é¡+

·K

�k8ÜmV�σ : X → Y"Kk+Ó�S(X ) ' S(Y ).

�Än = {1, 2, ·, n}§PSn = S(n), n�8Üþ�é¡+§

Ù$�����ÎÒ.

5µS1�²�+§S2 ' µ2�2�Ì�+"

��Î¥I�ÆEâ�Æ C­�ê��l



PÒ

1 σ ∈ SnP�σ =

(
1 2 · · · n

σ(1) σ(2) · · · σ(n)

)

2 σ−1 =

(
σ(1) σ(2) · · · σ(n)

1 2 · · · n

)

~f

S3¥µ�Äσ =

(
1 2 3

2 1 3

)
±9τ =

(
1 2 3

1 3 2

)
"O�στ ±

9τσ

��Î¥I�ÆEâ�Æ C­�ê��l



Ó�

1 �i1, i2, · · · it ∈ nüüØÓ§t ≥ 2"½Ât-Ó�

c = (i1i2 · · · it) ∈ Sn

Xeµi1
c7→ i2

c7→ · · · c7→ in
c7→ i1, Ù¦��ØÄ"

2 2-Ó�¡�é�

3 1-Ó�(i)þ�ð�C�§��Ø�Ä

Ún

�ÄÓ�σ, τ"e§�Ø��§Kστ = τσ!

Ún

k^�ª: σ(i1i2 · · · it)σ−1 = (σ(i1), σ(i2), · · · , σ(it)).

��Î¥I�ÆEâ�Æ C­�ê��l



.��Ýa

·K

?Ûσ ∈ Sn§�3���L�ªσ = c1 · · · cl§Ù¥ci�pØ�

��Ó�"

hintµ�Änþ�σ-;��

½Âσ�.1λ12λ2 · · · nλn§÷vΣn
i=1iλi = n.

£�µ+G¥a�b�Ý§e�3g ∈ G¦�a = gbg−1¶ù´�

d'X§Ù�da¡��Ýa"

½n

Sn¥ü���p�Ý ⇐⇒ §�Ó.�

��Î¥I�ÆEâ�Æ C­�ê��l



~f

~f

1 äN�ÑS1, S2, S3, S4��Ýa

2 �Ñe¡N���

Σ(�) −→ S4

��Î¥I�ÆEâ�Æ C­�ê��l



��+

Ún

?Ûσ ∈ SnþU�¤é��È"

(ij) = (i + 1, j)(i , i + 1)(i + 1, j)

�§Snd(12), (23), · · · , (n − 1, n))¤�

Gf'X

(i + 1, i + 2)(i , i + 1)(i + 1, i + 2) = (i , i + 1)(i + 1, i + 2)(i , i + 1)

Ún

�3+Ó�

Sn −→ GLn(R), σ 7→ Pσ ���


�§sign : Sn → {±1}§ÙØAn§n�8Üþ���+
��Î¥I�ÆEâ�Æ C­�ê��l



ü+

½Â

+G¡�ü+§evk�²���5f+"

ü+´+�building blocks, �ý�{ü�+�

½n

�n ≥ 5"K��+An´ü+�

1�ÚµAnd3-Ó�)¤"

1�Úµ3-Ó�3An¥�Ý"

1nÚµ�N C An"KN�¹,�3-Ó�£�x ∈ N�ê�§

é·��g ∈ An¦�gxg−1x−1 �3-Ó�¤"

��Î¥I�ÆEâ�Æ C­�ê��l



é¡+

·K

é¡+Snd(12), c = (1, 2, 3, · · · , n))¤"

·K

é¡+S5�dE��é�Ú5-Ó�)¤�

hint: S5�dc±9(1i))¤"

��Î¥I�ÆEâ�Æ C­�ê��l



~f: A4

~f

UÄ�ÑA4��Ýaº§´Äk6�f+º

��Î¥I�ÆEâ�Æ C­�ê��l
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SNòV

1 +�^

2 �Ý�^

��Î¥I�ÆEâ�Æ C­�ê��Ê



+�^

½Â

+G£�>¤�^u8X§P�GyX, ´�N�

ψ : G × X → X , (g , x) 7→ ψ(g , x) = g .x

÷vµ

1 1.x = x

2 h.(g .x) = (hg).x

d�§¡X, ½(X , ψ), �G -8"

5µG -8(X , ψ)p�+Ó�

ρ : G → S(X ), g 7→ ρ(g)

¦�ρ(g)(x) = g .x . ��§�½ρ§½�½ÂG -8"
��Î¥I�ÆEâ�Æ C­�ê��Ê



;�

�½GyX , x ∈ X"

1 x�G -;�Ox = G .x = {g .x | g ∈ G}

2 �½ÂXþ��d'Xµ;��Ù�da

3 kÃ�¿

X =
⊔
x∈I
Ox ,

¡�X�;�©)§I�;�����L�X

4 ¡+�^GyX�[�§e�k��;�

5 ~X: éu?Ûx ∈ X§ok����^GyOx¶§o´

�[�"

��Î¥I�ÆEâ�Æ C­�ê��Ê



­½zf

½Â

�ÄGyX±9x ∈ X"Kx�­½zf

Gx = {g ∈ G | g(x) = x} ≤ G

.

Ún

�x = h.y"KGx = hGyh
−1"�§Ó�;�¥�­½zf´p

��Ý�"

��Î¥I�ÆEâ�Æ C­�ê��Ê



~f

1 �H ≤ G§�ÄG/H = {aH | a ∈ G}"KGy(G/H)§�p

��^"

2 AO/§GyG§��K�^

3 S(X )yX

4 �K/k"KAut(K/k)yK"�Äf (x) ∈ k[x ]±9�

8RootK (f )"Kk�^

Aut(K/k)yRootK (f )

5µGalois+��þ´����+�

��Î¥I�ÆEâ�Æ C­�ê��Ê



�õ�~f

1 GL2(F2)yV = F⊕22

2 Σ(�)yVect(�)

3 eGyX§KGg,�^uP(X )§X��8"

��Î¥I�ÆEâ�Æ C­�ê��Ê



;�-­½zf½n

½n

�ÄGyX±9x ∈ X"K�3V�

G/Gx −→ Ox , gGx 7→ g .x

��G-�^�N"AO/§·�k;�-­½zfúª

|Ox | = |G/Gx | = [G : Gx ]!

��Î¥I�ÆEâ�Æ C­�ê��Ê



BurnsideÚn

½n (Cauchy 1845/Frobenius 1887/Burnside 1897)

�ÄGyX§±9;�8ÜG/X"éug ∈ G§�

ÄX g = {x ∈ X | g .x = x}"Kk¶

|G | · |X/G | =
∑
g∈G
|X g |

hint: Oê{(g , x) ∈ G × X | g .x = x}!

��Î¥I�ÆEâ�Æ C­�ê��Ê



§¢�^

�^GyX�ØN = ∪x∈XGx"eN = 1G§KGyX�§¢

�§�d/§ρ : G → S(X )´üÓ�"

~f

1 ��K�^GyG´§¢�§�§G ↪→ S(G )£Cayley½

n�¤

2 m�K�^GyG½ÂXeµg◦h = hg−1§½�§¢�"

��Î¥I�ÆEâ�Æ C­�ê��Ê



gd�^

�^GyX¡�gd�§e?Ûx ∈ X÷vGx = {1G}§�
d/§|Ox | = |G |"AO/§|G |�Ø|X |!
~Xµ�m�K�^þ�g,�^"

~XµH ≤ G§K¦{p���^HyG�´gd�"

��Î¥I�ÆEâ�Æ C­�ê��Ê



²��^

�^GyX¡�²��§eg .x = x§?Ûg ∈ G±

9x ∈ X§�d/§Gx = G"

~f

�GyX"KX�ØÄ:8XG = {x ∈ X | g .x = x ,?Ûg ∈ G}"
eXG��§KGy(XG ) ´²��"

��Î¥I�ÆEâ�Æ C­�ê��Ê



�Ý�^

�Ä�Ý�^GyX = GXe: g◦x = gxg−1

1 ;���ÝaCx

2 Cx = {x}��=�x ∈ Z (G )

3 ­½zf�Z (x) = {g ∈ G | gx = xg}§�¹(x)

4 |Cx | = |G |
Z(x)

·K (a�ª)

|G | = |Z (G )|+
∑
|Cx |>1

|Cx |

��Î¥I�ÆEâ�Æ C­�ê��Ê



~f

~f

£�µA4��Ýa?

��Î¥I�ÆEâ�Æ C­�ê��Ê



p-+

k�+G¡�p-+§e|G | = pn"

·K

p-+þk�²�¥%"

·K

p2�+þ�Abel+§�Ó�uZp2½Zp × Zp"

��Î¥I�ÆEâ�Æ C­�ê��Ê



~f�

~f

S4�Ý�^u�Ýa

X = {A = (12)(34),B = (13)(24),C = (14)(23)}

�Ä�A�+Ó�

S4 −→ S(X )

��Î¥I�ÆEâ�Æ C­�ê��Ê



~f�

~f

�H ≤ G"KG�Ý�^u

XH = {H ′ ≤ G | H ′ �ÝuH}

Kµ

|G | = |NG (H)| · |XH |

Ù¥§�5zfNG (H) = {g ∈ G | gH = Hg}.

��Î¥I�ÆEâ�Æ C­�ê��Ê



A^

·K

�f+N ≤ G÷v[G : N] = p�G����Ïf"KN��5

f+"

hintµ�ÄGyG/N§ÙØKáuN"�Ä[G : K ]!

��Î¥I�ÆEâ�Æ C­�ê��Ê
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SNòV

1 Sylowf+

2 ~f�A^

��Î¥I�ÆEâ�Æ C­�ê���



Sylowf+

�|G | = pr ·m§Ù¥p - m"

½Â

f+P ≤ G¡�Sylow p-f+§e|P| = pr"

½n (Sylow 1872)

�|G | = p3 ·mXþ"Ke�äó¤áµ

1 �3Sylow p-f+"

2 Sylow p-f+�m�p�Ý¶�§þÓ��

3 Sylow p-f+��êµ´m�Ïf§Ù/Xkp + 1"

4 ?Ûp-f+B ≤ G§�3Sylow p-f+P÷vB ≤ P ≤ G.

��Î¥I�ÆEâ�Æ C­�ê���



~fS4

~f
1 |S4| = 31 · 23

2 Sylow 2-f+Tk3��©O�(K4, (12)), (K4, (13)),

((K4, (14)))

3 Sylow 3-f+Tk4�"

4 S4�4-�f+Ø�½�p�Ý�2-�f+Qº

��Î¥I�ÆEâ�Æ C­�ê���



~fA4

~f
1 |A4| = 31 · 22

2 Sylow 2-f+=k��§��5f+K4"

3 Sylow 3-f+k4�"

��Î¥I�ÆEâ�Æ C­�ê���



35�+

·K

35�+7Ó�uZ35"

hint: �ÄSylow 5-f+P±9Sylow 7-f+Q; §�Ñ´�5f

+�

��Î¥I�ÆEâ�Æ C­�ê���



108�+

·K

108�+oØ´ü+"

hint: |G | = 22 · 33"�ÄSylow 3-f+P§�ÄG�p��^

uG/P"KkÓ�

ρ : G −→ S(G/P)

��Î¥I�ÆEâ�Æ C­�ê���



A^µk�Abel+

·K

�G�Abel+§÷v|G | = ps11 · · · psrr "KÙSylow pi -f+Pi�

�§�k

G = P1 × P2 × · · · × Pr .

�§8(uAbel p-+(�¯K�

��Î¥I�ÆEâ�Æ C­�ê���



A^µ��ü+

½n

�G��Abelü+"K|G | ≥ 60"�§60�ü+7Ó�uA5.

��Î¥I�ÆEâ�Æ C­�ê���



Ü©y²

1 �ÄX = {U ≤ G | |U| = pr}"KGyXXeg .U = gU.

2 5¿�p - |X | (Á'�i±9m · pr − pr + i�p-gê)

3 �3U ∈ X¦�p - |OU |"�Ä­½zfGU§

�|GU | = pr ·m′"

4 �, Gy
U U freely§ù�|GU |�Øpr"�k§|GU | = pr§�¤

¦�

��Î¥I�ÆEâ�Æ C­�ê���
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SNòV

1 gd+

2 +�Ly

��Î¥I�ÆEâ�Æ C­�ê����



i1�i

1 �Ä8ÜX§V\/ª_X−1 = {x−1 | x ∈ X}

2 i18ÜX ∪ X−1

3 ½Âiw = x1x2 · · · xn, xi ∈ X ∪ X−1

4 Q�iµØ�3xi = x−1i+1¶z�iþU�z����Q

�i�

5 �iP�1

��Î¥I�ÆEâ�Æ C­�ê����



gd+

½Â

8ÜXþ�gd+

F (X ) = { ¤kQ�i��N}

¦{�i�ë�£±9�z¤"eX�k�8§KF (X )¡�k

�)¤gd+"

�yµ¦{(ÜÆ?

¯KµeX = {a}§F (X )´�oº

��Î¥I�ÆEâ�Æ C­�ê����



gd+��5�

·K

�G�+±9?ÛN�f : X → G"Kf��òÿ�+Ó

�F (X )→ G.

·K

?Û+þ�gd+�û+"

��Î¥I�ÆEâ�Æ C­�ê����



+�Ly

½Â

+G�(k�)Ly´�

G = 〈x1, · · · , xn | r1, r2, · · · , rm〉, ri ∈ F (x1, · · · , xn)

Ù¥§m>´�

F (x1, · · · , xn)/N(r1, r2, · · · , rn)

ùp§N(r1, r2, · · · , rm)��¹ù
ri����5f+"¡xi�

)¤�§ri�)¤'X"

¯Kµf+N(r1, r2, · · · , rm)d=
��)¤º

��Î¥I�ÆEâ�Æ C­�ê����



�5�

·K

�G = 〈x1, · · · , xn | r1, r2, · · · , rm〉±9H�+"KN

�f : X = {x1, · · · , xn} → H�òÿ�+Ó�G → H��=�

��f (xi ) ∈ H/÷v0'Xri"

The Word Problem£(J��¤µG¥���º½§F (X )/N�

�8�L�Xº

PÒµG = 〈x1, · · · , xn | r1, r2, · · · , rm〉, ri ∈ F (x1, · · · , xn) ~P
�

G = 〈x1, · · · , xn | r1 = 1, r2 = 1, · · · , rm = 1〉

��Î¥I�ÆEâ�Æ C­�ê����



~f

~f

y²µµn ' 〈g | gn = 1〉

~f

y²µS3 ' 〈s1, s2 | s21 = 1 = s22 , s1s2s1 = s2s1s2〉

��Î¥I�ÆEâ�Æ C­�ê����



~f

~f

�ÄR2��n/§Ùé¡+�Dn§�¡N+§��2nµn�^

=±9n�u�"

Áy²µDn ' 〈x , y | xn = y2 = 1, (xy)2 = 1〉

LyØ��µDn ' 〈s, t | s2 = t2 = 1, (st)n = 1〉.

¯KµÃ��¡N+

D∞ = 〈x , y | y2 = 1 = (xy)2〉 ' 〈s, t | s2 = 1 = t2〉

´Ã�+º

��Î¥I�ÆEâ�Æ C­�ê����



o�ê+

~f

�Äo�ê�êH = R⊕ Ri ⊕ Rj ⊕ Rk§��Ø�"
�Äf+Q8 = {±1,±i ,±j ,±k} ⊆ H×"
Áy²µQ8 ' 〈a, b | a4 = 1, b2 = a2, ba = a3b〉

¯KµQ8�D4Ó�oº

�Òµz�/äN+0ÑkgC�/�¯0�

��Î¥I�ÆEâ�Æ C­�ê����
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SNòV

1 k�)¤Abel+

2 �êÝ
�-

��Î¥I�ÆEâ�Æ C­�ê����



\{+

1 Abel+AP�\{+µa+ b§N��0A§K�−a

2 ü\{+��ÈÏ~P��ÚA⊕ B = A× B

3 £k�)¤¤gdAbel+ Zn = Z⊕ · · · ⊕ Z, Ù��Ï~
P���þ

4 ZnkIOÄ; aha, we are doing linear algebra over Z!

��Î¥I�ÆEâ�Æ C­�ê����



gdAbel+

�±½ÂÄ

·K

k�)¤Abel+A´gd���=�Ak�|Ä�

f+Ò /́f�m0�

·K

?Ûk�)¤Abel+þÓ�uZn/K§Ù¥K ≤ Zn�f+"

Ø²��(Ø�

·K

Zn�?Ûf+K�k�)¤�"

J«µén8B�

��Î¥I�ÆEâ�Æ C­�ê����



Ý


�ÄMn×m(Z)"

·K

�3V�

Mn×m(Z)←→ { +Ó�Zm → Zn}, A 7→ φA �¦Ý


g�µZn ' Zm´Ä�Ñn = m?

�½ÂφA�{ØCok(φA) = Zn/Im(φA).

íØ

?Ûk�)¤Abel+þÓ�uCok(φA)!

��Î¥I�ÆEâ�Æ C­�ê����



�-IO.

�Ä�_��
�+GLn(Z)§½Â�-"

·K

�-�Ý
k���{Ø�

½n

�A ∈ Mn×m(Z)"K�3P,Q�_¦�

P−1AQ = diag(d1, d2, · · · , dr , 0, · · · , 0)

¦���êd1|d2| · · · |dr .

��Î¥I�ÆEâ�Æ C­�ê����



íØ

íØ

�Ä�
A ∈ Mn(Z)"KCok(φA)k���=�det(A) 6= 0"d

�§|Cok(φA)| = |det(A)|.

íØ

�ÄK ≤ Zn"Kk:

1 �3Zn��|Ä{e1, · · · , en}§±9d1|d2| · · · |dr§¦
�{d1e1, · · · drer}T�K�Ä"AO/§Kgd�

2 Zn/K ' Zd1 ⊕ · · · ⊕ Zdr ⊕ Zn−r .

��Î¥I�ÆEâ�Æ C­�ê����



k�)¤Abel+(�½n

Abel +G�Ûf+t(G ) = {g ∈ G | g k��}§́ f+�

½n

�G�k�)¤Abel+"K�3+Ó�

G ' Zr ⊕ t(G ),

Ù¥r = rank(G )§+G��, t(G )�k�+§Ó�

uZd1 ⊕ · · · ⊕ Zdr , di ¡�G �ØCÏf"

5µk�p-+7Ó�uZps1 ⊕ · · · ⊕ Zpst , p
si�Ð�Ïf"
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SNòV

1 Galois +

2 ØCf�

3 Galois *Ü
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£�

�Ä�*ÜK/k§ÙGalois+

Gal(K/k) = Aut(K/k) ≤ Aut(K )

Ún

�dimk K <∞. K|Gal(K/k)| ≤ dimk K! eK = (k, f (x))��

©õ�ªf (x) ∈ k[x ]�©��§K�Ò¤á�

�{µ�\¥m�k(α), �Ä�U�òÿ!

��Î¥I�ÆEâ�Æ C­�ê���n



�Äf+G ≤ Aut(K )§ÙØCf+

KG = {a ∈ K | σ(a) = a, ?Ûσ ∈ G} ⊆ K

ù´f��

1 H ≤ G§KKG ⊆ KH ⊆ K

2 �K/k§�G ≤ Gal(K/k)"Kk ⊆ KG ⊆ K

3 k ⊆ KGal(K/k)

4 G ≤ Gal(K/KG )

��Î¥I�ÆEâ�Æ C­�ê���n



½n

�G ≤ Aut(K ) �k�f+"Kk

1 [K : KG ] = |G |

2 G = Gal(K/KG )

yµ�n = |G |�k = KG"��{e1, · · · , en+1} ⊆ K´k-�5Ã

'"�Än × (n + 1)Ý


A = (σ(e1), · · · , σ(en+1))σ∈G

�Ä)�mV ⊆ Kn+1µ§´G -ØC��

��"�þv = (λ1, · · · , λn+1) ∈ V¦��"©þ��

£�"©þ��ü�§�ØUÑ3k¥�¤"

Ø��λ1 = 1, λ2 /∈ k"�g ∈ G¦�g(λ2) 6= λ2"

Kv − g(v) ∈ V§gñ�
��Î¥I�ÆEâ�Æ C­�ê���n



Galois*Ü

�Äk��*ÜK/k, G = Gal(K/k)"®�k ⊆ KG

½n

±eäó�d"

1 k = KG

2 |G | = dimk K

3 ?Ûα ∈ K§α���õ�ªÃ­�§�3Kþ©�"

4 K = (k, f (x))§f (x) ∈ k[x ]�©õ�ª"

d�§¡K/k�k�Galois *Ü�

��Î¥I�ÆEâ�Æ C­�ê���n



½ny²

1 (1)⇒ (2) �þ½n�

2 (2)⇒ (3) £��Ó��òÿ�

3 (3)⇒ (4) ©���½Â

4 (4)⇒ (1) �´£��Ó��òÿ£Ùy²¤�

��Î¥I�ÆEâ�Æ C­�ê���n



V�

·K

�3V�

{k�f+G ≤ Aut(K )} ←→ {f�k ⊆ K | K/k k��Galois}

·K

�K/k�k��Galois *Ü"K�3V�

{Gal(K/k) �f+} ←→ {K/k �¥m�}

5µ¥m�E§K/Eo´Galois"�§

K/k´Galois���=�σ(E ) = E§?Ûσ ∈ Gal(K/k)"

��Î¥I�ÆEâ�Æ C­�ê���n



~f

1 K/Fpk���

2 K = (Q, x3 − 2)

3 K = (Q, (x2 − 2)(x2 − 3))

4 ?Ûk�+G ≤ Sn�^uk(t1, · · · , tn)§�§¤
�Galois+�
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1 f+��f��

2 Ä�½n
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�

1 �Ä S8(L,≤)

2 ��þ.∨§��e.∧

½Â

 S8(L,≤)¡��§e��þ.±9��e.þ�3"
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~f

1 +G�f+�Sub(G )

2 �Ä�*ÜK/k"K¥m���Lat(K/k)

3 (L,≤)���
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Ó�

Ún

�L, L′þ��"�f : L→ L′� S8Ó�"Kf�±∨±9∧"

~f

�n ≥ 1"KLn = {d | 1 ≤ d ≤ n, d |n}3�Ø'Xe��"
�Cn = 〈g | gn = 1〉 �Ì�+"Kk�Ó�

Sub(Cn) −→ Ln

��Î¥I�ÆEâ�Æ C­�ê���o



GaloisnØÄ�½n

½n

�K/k�k�YGalois*Ü, G = Gal(K/k)"Kk�Ó�

Sub(G ) −→ Lat(K/k)

Gal(K/KE ) = H 7−→ KH

3déA¥§·�kdimk KH = [G : H]�dimKH K = |H|"

£�µ�êúª ⇔ Lagrange½n�

��Î¥I�ÆEâ�Æ C­�ê���o



íØ

÷^Ä�½n"Kk

1 �H,U ≤ G"Kk

KH∨U = KH ∩ KH ,KH∪U = KH ∨ KU .

2 �B,E�¥m�"Kk

Gal(K/B ∨ E ) = Gal(K/B) ∩Gal(K/E )

Gal(K/B ∩ E ) = Gal(K/B) ∨Gal(K/E ).

��Î¥I�ÆEâ�Æ C­�ê���o



íØ£Y¤

1 �Äσ ∈ G"KGal(K/σ(E )) = σGal(K/E )σ−1

2 £�¥m�E¦�E/k´Galois*Ü ⇔ E3GþØC"

3 �§¥m�E¦�E/k´Galois*Ü ⇔ Gal(K/E )C G d

�µ

G/Gal(K/E ) ' Gal(E/k)

��Î¥I�ÆEâ�Æ C­�ê���o



~f

1 �ÄFpn/Fp�GaloiséA

2 �ÄK/Q, Ù¥K = (Q, x3 − 2)

3 �ÄK/Q§Ù¥K = (Q, (x2 − 2)(x2 − 3))

Ún

�Äf (x) = h(x)g(x) ∈ k[x ]"�

ÄK = (k , f (x)),B = (k , h(x)),C = (k, g(x))"�B ∩ C = k"K

k

Gal(K/k) ' Gal(B/k)×Gal(C/k)

J«µ�Ä�5f+Gal(K/B)±9Gal(K/C )§§�/pÖ0�
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1 ���½n

2 �êÄ�½n
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Steinitz½n

½n (E. Steinitz 1910)

�K/k�k��*Ü"KK/k�ü*Ü��=�K/k¥�k

k��¥m�"

5µù�GaloisnØÃ'"

“⇒” �|k| =∞§�Äk(α+ tα) ⊆ K = k(α, β)§t ∈ k

“⇐0�Ä)¤�α3¥m�Eþ���õ�ª�

~f

�Äk = Fp(x , y)±9K = (k , (tp − x)(tp − y))"y²K/kk�

�§�Ø´ü�"
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���½n

½n (E. Galois)

�K/k�k���©*Ü"KK/k�ü*Ü"

�Äk ⊆ K ⊆ E¦�E/k�Galois*Ü¶|^GaloiséA"
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�êÄ�½n

½n

Eê�C´�êµ4�"

5µAT¡�“êÆÄ�½n0�

1 K/R"KdimRKØ�Ûê"

2 K/C"KdimCK 6= 2
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y²

1 �f (x) ∈ C[x ]Ø��"�R ⊆ C ⊆ K = (C, f (x));
G = Gal(K/R)

2 äóµ|G | = 2?"£ÄK§kf+H¦�[G , : H]�Ûê!|

^GaloiséA¤

3 kdimCK = 2?−1"�ÄG ′ = Gal(K/C)"§kf+H÷

v[G ′ : H] = 2£whyº¤"2^GaloiséA�
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1 �ª*Ü

2 �)+

��Î¥I�ÆEâ�Æ C­�ê���8



�ª*Ü

½Â

¡E/k��ª*Ü of type m§eE = k(α)§�αm = a ∈ k"/

�/§·�Pα = m
√
a

�ª*Ü©´��*Ü�ó§¦�������ª*Ü

k = E0 ⊆ E1 ⊆ · · · ⊆ En

5µEnlk­E“�m�Ò”���

1 eE/k��ª*Ü of type m§�k�)mg��ü �"

KE = (k , xm − a)"d�§

Gal(E/k) ↪→ (Zm,+), σ 7→ ī

¦�σ(α) = αωi"

��Î¥I�ÆEâ�Æ C­�ê���8



�ª�)

½Â

õ�ªf (x) ∈ k[x ]¡��ª�)§e�3�ª*Ü©

k = E0 ⊆ E1 ⊆ · · · ⊆ En

¦�f (x)3Enþ©�§=En/�¹0f (x)�©��"

~f

�Äf (x) = x2 + bx + c ∈ C[x ]"KkQ(b, c)�Xê�"�

Äf (x) = (x − r1)(x − r2)�©��"

Kk = E0 ⊆ Q(r1, r2) ⊆ k(
√
b2 − 4c) = E1"

��Î¥I�ÆEâ�Æ C­�ê���8



�ª*Ü©

1 ?Û�ª*Ü©�*¿¤#��ª*Ü©§¦

�En/E0´Galois"

2 ek = E0k¿©õ�ü �§K

Gal(En/E0) ⊇ Gal(En/E1) ⊇ Gal(En/E2) ⊇ · · ·

����5f+§ÙÏf£û+¤�Abel+"

3 ��/§�kA�"§·��Äk ⊇ k ′ = (k , xm − 1)"K

k � _

��

� � // En� _

��
k ′ �
� // E ′

n

KGal(E ′
n/k) ⊇ Gal(E ′

n/k
′)§ÙûÓ�uGal(k ′/k),

�Abel+"
��Î¥I�ÆEâ�Æ C­�ê���8



�)+

½Â

k�+G¡��)+§e�3f+ó

G = G0 ⊇ G1 ⊇ · · · ⊇ Gn = {1}

¦�Gi+1 C Gi�ÏfGi/Gi+1�Abel"

~f

1 Abel+�)

2 p+�)

3 eG�)§KÙf+H��)"

4 �N C G"KG�)��=�N�G/NÓ��)"

5 SnØ�), n ≥ 5"

��Î¥I�ÆEâ�Æ C­�ê���8



�§�Galois+

£�µ

½Â

�§f (x) ∈ k[x ]�Galois+

Galk(f ) = Gal(E/k),

Ù¥E = (k , f (x))�Ù©��"

��Î¥I�ÆEâ�Æ C­�ê���8
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1 Galois�½n

2 ~f
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Galois�½n

½n

�chark = 0±9f (x) ∈ k[x ]"K�§f (x)�ª�)��=

�Galk(f )��)+"
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“=�”�y²

1 �Äk ⊆ K ⊆ E¦�K = (k , f (x))§E/k��ª*Ü©�

�Galois*Ü"KGalk(f ) ´Gal(E/k)�û"

2 �Äk ′ = (k , xm − 1)§·�“�”�m"�Ä

k � _

��

� � // E� _

��
k ′ �
� // E ′

3 l½Â§“®�” Gal(E ′/k ′)´�)+! u´§̂ �)+

�Ä�¯¢...
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'�Ún

Ún

�K/k�k��Galois*Ü÷vGal(K/k) = Cp = 〈σ〉§p�ê"

�k�¹pg��ü �"K�3β ∈ K¦

�K = k(β)�βp ∈ k"

hintµ�Äk-�5C�σ : K → K'uA��ω�A��þ�
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“�”�y²

1 �K = (k , f (x))±9G = Gal(K/k)

2 ekk|G |g��ü �"KH C G¦�G/H ' Cp"

Kk ≤ KH ⊆ K ; 8B=�.

3 V\ü �K ′ = K (ω)

k � _

��

� � // K� _

��
k ′ �
� // K ′

3$/´§Gal(K ′/k ′) ↪→ G , ��)!

��Î¥I�ÆEâ�Æ C­�ê���Ô



~f

~f

�Äf (x) = x5 − 4x + 2 ∈ Q[x ]§§��{α1, · · · , α5}§Ù
¥α1 = α2�E�"KGalQ(f ) = S5"

5µS5�d(12)±9?Û5-Ó�)¤"

��Î¥I�ÆEâ�Æ C­�ê���Ô



~f

~f

�ÄF = k(t1, · · · , tn)�kn¼ê�"K���§½Â�µ

f (x) = xn − t1x
n+1 + t2x

2 + · · ·+ (−1)ntn ∈ F [x ]

Ø��õ�ª£whyº¤§ÙGalois+�Sn£whyº¤�

5µ�ÄSng,�^uk(y1, · · · , yn)§ïÄÙØCf�£k�
+�ØCþnØ�¤"

��Î¥I�ÆEâ�Æ C­�ê���Ô
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