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lim &L—XQ—::O:::::::=$ —e<:&L—Zi—-<e (VY n>N)
n—oo Xn - Xn_‘] Xn _ Xn_1
m:=n+1,-,n+p Yntp = Yn
_ —E<_p — < € (n>N,\7’peN)
#8m Xn+p — Xn
p—
_ —€ < ﬁ < € (n > N)
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§5 mEEEHe

o EEHMET, YR —FXT
eX = cosx + isin x
o Flfexp, logiZE, FERIEFMA ERALFEE].
(I A FourierT#aFNiF Tk, K SF AR EHAHEE].)

o SWEHETHA R

(eX)/ = eX
L RS =
Gauss$ % % BEYTR
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o [IF 1 n __ 1 _
e:= lim(1+-) _Zm_z.ﬁszs---

o MIREFAM: FARBFFFHINLBWROEARTT)

o AMRFRMEZ:

FE (1-n)---(1-r) = 1-r1—-—ry, Vry,---rme(0,1) (%x)
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el E X &L

o1y - nl 1
en = (+7) Ki(n—K)! ik
n
*) 1 1 1 k-1
= 2+ ) z(-2)-2)(1-—)
k=2 """
(x) == en<entt
n 1 n
(x) — en<2+l;m<2+22k—1<3
(x%) ol 1424+ (k-1
(x) =—= e>2+) —(1- ( ))
k! n
k=2
n n n
11 1 1 3
= —_—— — —> —_—— —
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efYTaylorf& FF R I

e= 1+1+1+ +1+1 Onhe(n,n+1)
- 11" 2 no,’ e ‘
N 1 1 1 - 1
JERR: e-(l+q+g++-)= >, P
k=n+1

1 < Z 1< 1 1+ ! + L + _
(n+ 1)~ 4 k! (n+1)! n+1  (n+1)?2 ~nln

c(0,1077) == e =2.71828 - --




e oI

o RiEX
m
e = FE(Z,S), nmeN, n>2
f1+1+1+ +1+1 Ope(n,n+1)
B 1 2l nlg,’ AT |
UE )l 1
Lﬁﬁ — e N FIE

n
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RRREBZAR

o RE&ME(§7):

o RIEHMHINNMFNER
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LA =

o HHMER: aazm = L

R=H1&3m. . k. B RIRSHSH

o Dedekind$yEl: V2 = {A, B}, Q=Al|B

A = {xeQ:x<0,8x>0mMAx? <2}
B = {xeQ:x>0, x2>2}

o Cauchy #3:  V2={an}>,/~
an€Q, Cauchy$%I(+#RFR% V2)
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SEH R IEFNZIE

o THIFEM:

RERM

RA-EHIFRR

Dedekind 4> E| /A T8

SCH R Cauchy 5=

SEH TR DNFNEE
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WD EA

(#BEREE| — =

Cantor

= — [amEZEE

R5E% Bolzano-Weierstrass Heine-Borel

[a, b] FIE [a,b] &
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BHIAERERE

Theorem (RiAB R EIR)

BIHEFHTICBRR.

g (R ERX)



XBEEE

Theorem (X [B]EEIE)

g (R ERX)



XBEEE

[a1,b1] D [ag2,b2] D -+ D [an,bn] D -

n—oo

——=  J17e( )lan bl
n=1

[an’bn]\,-&rg—)o

g

L ﬁ [@n, bn]
n=1
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ff 7 IR IE

Theorem (AR JRIE)

BLERNEEUHLEHBA.

g (R ERX)



@ ECR, EfJLER:

X <M (¥x € E) &= MEEH—/ L&,

o EMEMFTIEAswppE: LEFPmIH—D

o supEREHILER: VxeE—= x<supE

o supE-efREMLER

VYe>0, 3dx.€E, s.t. supE—-e<x.<supE
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o HmAESEWME

maxE | £R | maxE€E
&

sup E AIBE sup E ¢ E (fIaNE = (0, 1))
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o LtmRERET o

o EERKEMNER

X € (supE —¢€, supE]NE
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o IHARRKEERRENTHIHE

rim PR o

o LMASERKREXHR

F#HAR —— mKME + lim
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o THA

inf E := RAFPHRAKH—

sup E ‘ inf E

supremum infimum

o XEXAH:




ARBEEHE

Theorem (FIRE = E1H)

BRAXEMEEHA BEEL FEARTES.
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[a.b]c| Jh  (WFFEE,

AeN

SERRNCA |

/16/\0
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Theorem (Bolzano-Weierstrass%| X 14 £ 1E)

BR#T BT,
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Cauchy#!) 71 N

Theorem (Cauchy!| Bl 4 RI)

Cauchy B 5 Hi 5.

Cauchy# 5| ———U S #51.
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Cauchy#51/#9E X

e Cauchy#37
{an}_ Cauchy# 5|

— Ve>0, AN = N(e), ZHn,m> NBt, Hla,—aml<e€
n, M5 AR
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Cauchy# 5 BY45 =

o Cauchy#7|RXE BB SRS
M TFEBRENRE, ZiIEAEARD, BALAERE THEERI

o Cauchy®FIMFERBIIBSNERETE

Cauchy#gF] SONENIE W s e
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o REFAE

Cauchy —— UW8f

o FEHRMENEZE:

RBRBRAICauchyBIFIFRAZTRR, LRI ATE.
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EIIEAR0): S THFIRT—RIEFFEE

a —— ao.ai2- -, ao €N, a1 €(0,1,---,9)
by =—— Bopif2--- 2

Gt = Yoyiya-

a Po.PyPsPg - -

o EEFII

{antgy /=—=a0<Po<y<---<M (E—FRPER)

SIEMAE LANEBYS, SEERIE B, BBk
BLTFki, -« kny, ZRIEHTKR, BT, FEEHT.

EIRE I, GREAANTTIL.
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EIBERA(1): BIAFEE——RXEEEHE

B REETE, wima ey
an / < bp\, b,—a,—0
ERBRER IR A, 2
Bl =
_ 2 b
k=1

vxe(lanbl] B
k=1

& -—xI<b,—an—0
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EIERA(2): RXEEEHE——MmFRIE

o Bk HLRMEA = LXAE

ic RATHELRNES, F=ENLRE.

[a. 61D fa bl D la bl D
eE eF

———
BEREFRd  SEREVSED AEREFHED

EHME——r =supE:
(= ER S HFSIRORIR = Foh = B F5IH9AR BR
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EIBIERA3): WA FRE——FAMREBSEHE

Homander #i&

SIERGE

°o A BE Bk

r = {xelab]: [axABEERTFEE| 0

c = supl<b

HEEFRRb € T.
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RAEZ: begrl

S HXIE ), Ble > O:

CE(C—éo, C+€0)CIO

c=supl
_ 3X0€rﬂ(C—Eo, C+€0)

Xo€l

— |2, x|BBERTES

A
==  [lac+JABERTES

——  Fc<bMX5c=suplFE.

Ec=b NX5b¢TlFE.
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EIRIEFA(4): BRBEEE—7IXMEE

RIE%
—_\—)

o Bk THAMMTS FEE.

¥

{an}y_ AT

7F!U5i§k{an}ﬁ7ﬁﬁlﬁ
{an)?>_, C [a, b]

VY x € [a,b], A(x—bx, X+ 6x)

& Alan),_ BRI

{an}yic U (x=6x.x+0x)

x€[a,b]
wic | (x-6ux+6) FRE

g (R ERK)



EIBUERA(5): I E 14 EIE——=Cauchy ;&N

Cauchy#3l ——  BFHS

— HFEWSTI, ERREZNHIIEIRR.
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EIBIERA(6): CauchyfEN|— B iFIN S EIR

ﬁiiﬁ A <@<---<a << M (’ﬁ&@JE"JJZ%)

WEZZHRESE: E—(a)>, F=-EMLRE

(& M] D e, Bl D lae fo] Do

€E €F eF eF
~— ~—

gﬁ%Eq:llﬁal’h QE%EEP)ﬁanZ /E\E%Eq:nﬁnans

AJiEEnk
_—

@k < _ap, < @mmsn)_ S Bk

iE A £#F
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X[E&iFiC
o [REEERMFTHRAL

o XEEMERETEI—LMILLE.

o XEEMFABMERIEMA— M.
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2 ZNARNRIMER
o EM: BE&JLIFR/RABIg point.

E—mRitE —tl mmEm

BEERARESETTHESPHISITHIFEA.

o &M MIREREIMESR.

SEMERNIZEB K, B3 ERMMARNXER Cauchy# 7
HIER BR.

Q:R R[a,b] : L'[a, b]
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ARl [15] 1, 2 4, 5 6
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[1.8] 1
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RRREBZAR

o EHFRRIRRIE  (BRIVEUTSIAYANTE)
o HIFHIISRIFAIE

@ Newton]ZEEK R
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CauchyZY £ 45U &

o CauchyBIE#Ha#F{a,)>_,

qge (0,)—_REEE

|an — an-1l < glap-1 — an-2| Yn>2
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JEERR AR R

i IR

g _ , ,
WERA: lap—an1l < qglan-1 — an-2l < q°lan-2 — an-3| < q" laz — ay|

Ym>n, |an—ap < |lam—am-1l+---+lant1 — anl

(o)

< (qm‘2+-"+q”‘1)la2—a1|< Z qk|32—a1|
k=n-1
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FE4a 205 F R B F 7%

{Eé'i,!}an+1 — f(an); E

suplf'(x)l=r<1.

XeR

M), REAELF

HERR:  lapy1 — anl — If(an) — f(@a-1)|

EER (1 an - ani]

< rlan — an-1l
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HIFH SR BFRE

RiZant1 = f(an), a2 > ay,

f>0.
M(an)., BT,
JERR: f >0 ——— fEAYEIEM

an > an_‘] — an+1 = f(an) > f(an_‘]) == an.
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) FH oR 2 B 5T 5

%7 PR3
Bl EE
% | wWHEE | SRIELERFLM
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(L

R E S an)s_ FFIH /2

1
1+ ay

any1 = , Y neN.

IERE:  (an) 8K
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PR

A
an>0, YneN —— 0<ap1= <1
n Tt a,
a _ 1 S 1 _1
T e, 141 2
1 1
— l|apt1 —anl = 11 a _1—1—3 ]
n n—

lan — an-1|
1 + an)(1 + an_1)

~
- ‘§‘|a,, —anql (E4E%5)
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FE2 f(x) =30, @ = f(an)

]
an>0 VYneN — an+1€[§,1]
——= l|ap1 —anl = |f(an) - f(an—1)|
< max |f'(x)lla, — an-1| (Lagrange™{E)
xe[3.1]

< glan - an1| (E4E583%)
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151 2o 5%

&
\"b
¥

RPR1E:
B 1 A:=lim a, A 1
an+1—1+an — = 17A
V5 -1
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BIERLE: Bt

’
o H5l: ant1 = f(an), f(x) = T x

1+x
o FWMFHIN: aonis = F(aznt1), F(x):=f(f(x)) = 51 x

2
ast(a1):§<1:a1

apnt1 < @p-1 == aon43 — a2nt1 = F'(¢)(azn+1 — azn-1) <0

o BT, asn+2 = F(azn) as > ap
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BIFMEFI R 75 E

o A
>O:Xn/'
VHGN, Xn+1_Xn
<0:—_—_—>Xn\
o fRIE:

YneN, —

Xn

Xn+1 >1:=Xn/'
<1:Xn\

Xnt1 = f(xn), f(x) > O{

AR ) ATRUAE SERE SR .
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WSS B [ AT S

o IHEEARKAa)

ElE@E: acR, qge(0,1)

lan — al < qglan-1 — al, Yn>2
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AT 2 LA &

EGEHF DL \

JERB: Jan—al < q"Yay-al—0 e
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o I HYELRU S (E LRSI B T HIFRM)

|ans1 — anl < Mq" ¥ neN.

Cauchy ;&N >

> Z |an+1 — anl qiﬁi
n=1

Cauchy N
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Fibonacci#{ %!

3121, 32:2,

[E—TIZRTRIZ A

an+1 an + an_‘] (V n > 2)
an+1 1 + VE
) =
an 2
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Fibonacci# 51)(£)

N it _ @41 _ @ tant _ | 1
-U-.EEH. bn = an =——) bn = an = an bn_1
b3 B
1 1+ 5
b = 1 + Ba /sl:Fl b — 2 o
AR
b,— b= 1 l
" Y baqy b
1

— |bn — bl < qlby—1 — b| ,H\:':Fq =
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Fibonacci# 51)(£)

o a an + an- 1
g by = o, =S gy
an an bn-1
1 1 1
bpt1=1+—>1 —/ bpy1=14+—<14+-=2
bn bn 1

1 1 3
=sld=>ld===
b1 +bn> +2 5

1 3
bn = f(bn-1), f(x) =1+ - Yxe [5,2]

b1 = bnl < max |f'(X)llbn — bp—1

xe[2.,2]

< gw,, — b1 [(E£EELFY)
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WEEGEH T E TSR

o & +Va, a>o0:

o HinsEKE(E

X = [Va] +1
o HIEEAEHII:
1 a S
Xp 1= E(Xn—1 = o ) > Va
S 0<Xn_\/5 1(Xn1_ —(Xn1—\/5)
(E4a%5)
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StoltzE IR A

: Cesaro . ap
@ lm(ap—ap1)=0———= lim — =0
n—oo n—oo N
: Stolz . a
o lim(ap—ap2)=0—— lim 2—0p
n—oo n—oo N
JIERR:
. aon Stoltz . don — dp(p-1)
lim — —— im — =0
n—co 2 n—co2n—2(n—1)
. ant1 Stoltz . dzn+1 = a2(n-1)+1
lim =L ———  |im (n1) =0

n—o 2n + 1 n—>002n+1_(2(n_1)+1)
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Stoltz E IR

0<xi1<1, Xpp1=X(1-xn), YNneN

1 Inn Inn
— = n e o)

n—oo

1
Stoltz . X ) . i . 1-(1-xn)
P JL”!OT = ||mn—>oo(x,—,+1 —Xn ) — ||m _ =
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StoltzZEIRAY S (£

{}:ﬁ

%)

-1 -1
. n(nx, -1 nx, ~ 1 ) n-—x . n-—-x
II g n: ||m an i1 = m i
n—oo Inn n—oco Inn n-co Inn
-1 -1
Stolz o 1=x X
_ ||m —1
=69 |n(1 -+ ﬁ)
1 1
n—co xn(1=Xn)  Xp

—— limn(l-—— +—)

im nxn(1 —Xp) =1+ (1-xp)

= 1
n—oo Xn(1 — Xn)
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StolzEIERI N F

S
||m (28n+1 +an) —SER: ||m an = 5

n—oo

JERR: R #Higks = 0 (BMEEa, - 5)
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(e == [0,1]nQ.

EEH:

— I, nR,re,r,r,r,--:
SN~

1 2l 3I;

ZBINE B THIRREA = [0,1]
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Newtont]]%k 5% K 1R

° HH: fe C?[a,b], f >0, f" >0, f(a)f(b)<O.

o FIE(a,b)EBMHE—Rx =c:

ERE AR BIEIEM, EXERREKERS

o THLLHIE((x) = OMME—IRX = cHIHERR.
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BUEREHE: NewtontlZ EKIR 53k

o {EHixs € [a,b], T (x1,f(x1)EINL S5 LEHAIZRZ =B (X2, 0).

(x2,0) LTFHIZR vy = f(x1) + ' (x1)(x — x9).

f(X1)
f(x1)

@ XoiH B! Xo = X1 —

@ xp € (a,b):

f(x1) + f'(x1)(a — x1) < f(x1) + f'(x1)(c —x1) =f(c) =0

[E)3E Xo < b.
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o I (xn, f(xn)) BIYI L5 SLEMAYAZ R I2 A (X011, 0):
(Xnt1,0) fLTFHIZ y = f(xn) + ' (Xn)(X = Xn).

f(xn))

= e =X 500

® xp € (a,b) (YALE)
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BUEMRARIFF A

@ xp>c (=23, ---):

f(xn) - f(c))

Xp41 —C ——— Xp—C-— (%)
S (x,,—c)(1—;,g(:;)

f’ (11n)

> 0.
f'(xn)

(X = €)(xn = &n)

@ Xp> Xpy1 (N=2,3,---):

f(xn) — (c))
Xn — Xn4+1
f'(¢n)(Xn — ©)

Xn — Xn+1

0 < f'(xn)

| |

Xn > Xn+1

g (R ERK)



o {xa)y s B c:

X BV HE AN A B BN PR

a:= lim x,

n—oo

f(a)=0

HIERAME—
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e

® 1 (xn, f(xn)) BILIEE 5 SEEAAY 3 R IE 9 (Xn 11, 0):
(Xnt1,0) LFE2% y = f(xn) + ' (Xn)(X = Xn).

f(xn))

:}Xn+1 = Xp — f/(X)
n

o BT LI (xn F(x0))) BIRRBRc. (c)) iz FSTHE.

o HIERIR: y=f(x)BHMRx=c.

o HFEf(x) = OBIHERE: Xpi1 —— Xn —
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RRREBZAR

o FMRPRS TRPR(§8)
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PRI 2 =

o FRIRETHRIRZNIERRMEEFE

o _iRFRE TRIRZIEBIHTIHISEIIZRE .

BHIEFTF(lim ap.  Tim an]HeBZBK.

n—oo

o _FRFRE TRFRAEBKIIRRARER TEM
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BN FEBRIRAI TS

o BIBEME —— lim a, = a € R U {~co, +oo}

o EEHIIGEBMIRAITI (HIRIRY FE/FHIFA)

o HIIRIRS FHIMRAKF:

HINEWR —— Y THIERER
= V FIERRERRER
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WIRR(R )

Definition

{an)p_ | BIRRBR X € R U {200} ——= IFFllay, — x
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LRSS THRPRE X

E .= {an};o:1 i&IZEI‘I\E\éM

lim a, = limsupa, :=supE

n—oo n—oo

lim ap = liminfa, :=inf E
N—ooo n—oo
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ERFRS THRBR X &

lim (—ap) — lim ap
n—oo N—oo
lim (-ap) _rﬁoana
n—oo

lim ap < I|m an
n—oo
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SHEXFR

lim : lim = sup : inf = max : min.

lim (-a;) =———= - lim ay,,
n—oo N— oo
sup(-E) ———= -infE
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LRRZRARR S

lim a,

n—oo

maxE,  E:={a))> RRE L.
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£ TSR PR AT AR (£2)

R R supE = oo

BOE. (an)> T ER

——  BETa, > +o

1§H2: supE = -

[E]1ER1HYIERR
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1&f23: supEeR

a* :=supEeR
= dcieEn(a*-1,a" +1)

BIRE X

FERIan), FTFEWe(a -1, a" +1)

Blag, € (a" -1, a" +1)

1 1
EIBfF#Ec. e En(a* - >’ a + 5)

1 1
=  Hlay, € (a" - 5 a + 5)’ ko > ki.

WEEIX—idE, FET Iy, ), RIRAa.
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FHRBREYe — NZEX

Definition

a € REZ{an)> IR~
lima,=aeR

n—oo

Ve>0, ANeN, Ln> NABf, Ba, <a+e.
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FARBRAYEe — NZE M (£5)

IERR: B F-FKER, F-ERIARIEE.

BN, HIPERLHEZHMATa + ¢

— WHERRKTa 5a@K&ARRTE.

7 HaXHNREBITRRS.
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lim an = lim (sup ak \,) =: limsup ap

n—oo n—oo k>n N—oo

lim ay = lim (inf ak /) = liminf ay

n—oo \k>n

n—oo

s LY

il

bk = sup ak := sup{an, @nt1, @42, -}
k>n

bn+1 = sup{ant1, @nt2, -} < supi{@n, @nt1, anyo, -} = bn

sup ak \,

k>n




EHRBR 2 —FR PR (£%)

JWFER:  BF1:  lim ap = +o

n—oo

GEFY I|m ak, = +00 =——= lim supax > I|m ak, = +oo

n—oo k>n

ER2:  lim ap = —co

n—oo

lim a,=-0 =——= VY M>0,INeN, Hn> NB}, a, < -M

n—oo

——— limsupax < -M
n—oo k=n
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£
15H3: lim a, eR
— 00
— IF5lax,} . .
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cl=
<I=

«0» «F» «E» «



o TiFigx>1, MARZEERR x>1— f(x)>f(1).

1

u>v>0 ::(/11b1“+---+/1,,b;,’)“ > (44by + -+ Anby)

<I=

& x=c, asb!, ERAUSH

1=

x>1 =—= (haf +---+pa))* > a1 +---+ Anan

g (R ERX)



MERR4E

o TNHEIERR: x>1—= f(x)>f(1)

x|

f(x)>f(1) &= (ha{+ utdnay)* = 1@+ -+ Apan

== L1ai+F: -+ ha} > (L1a1 + - + Apan)”

g(u) = VBT IEEERE, HEhx > 1, u € (0, +0).

X2 grhJensenFK

{Er-s#t(FERX) «O>» «Fr «E»



Bellman A& =,

fe Cla,b], g#la,b]TE, A(X)EBETE. M

<lg(x)l, Vx € [a,b]

(1002 + 109 a0

g(a)=0

g (P ERK)



Bellmanf~ &=,

o HMERIRRFFIEME—E:

(/l(x)dix + f(x)) g(x) =0, Vxe]la,b]

ga)=0

g (R ERX)



BellmanA~Z =\ BYiERA

RiE%: 3dde(ab): g(d)#0. Ha, d|HhgiESBI&AME:

¢ :=max{x € [a,d] : g(x)= 0}

— Cc< d, gl(c’d) ;Qﬁ%:‘f_i’ g(C) =0.

ZOTOL ) +0IF ()l < 1, Vx € (o, d)

— W (X)%E(c.d)BF

— h(x)EBFEXE(c,d)BEF. Sh(c) = oF/E.

g (R ERX)



HZSYIZ& xR R ZE

P4k
lim f(X) - (f(Xo) | f/(Xo)(X — Xo)) f'(x0)3
X—Xo f(x) —(a+ b(x —xo)) (a.b)#(f(x0).f' (x0))
—_—— —
phk El 2

#3A6>0, Vxe(xo—06xd+0)\ixo), B

[£) = (f(x0) + £/ (x0) (X =0))| < [f(x) = (a + b(x = X))

HELRFNYILRE RS < HIZFNEILk R

g (R ERX)



7

i

o Hitky = f(x), BAFE (x - a)° + (- b)* = A,

o MhZk 5l ER R 7E 32 5 (X0, o) R B HEEIAY2M Taylor 15K,

Yo=1f(x0), I yg="(x). y5 =1"(x)

=

174
o HiF= _ = 2

1
RO+ pPE

{Er-s#t(FERX) «O>» «Fr «E»



o HhEEFIZ

(xo—a)® + (yo - b)? = R?

(xo—a)+ (Yo =b)y; =0

15 (52 + (Yo —b)yy =0

{Er-s#t(FERX) «O> «Fr «E»



iESHPR

o HhZR[H|

1+ ()2
Yo—b=- y”o
0
14 (y)?
Xo_a yr y/r 0
0
Ty 174
R (1+ ()22

g (R ERX)



HZR[F 5 — R Taylor I3 X &

o f(X)7E(xo, yo)HIHAZEE FTE(x — a)® + (v — b)? = R2.

o IHIE (X0, yo) M TRIREALEHEE, Bly, > b.
(BEyo = b, MTE(xo, yo ) bHITNELEE, f'(x0) = oFFIE)

o IEEFEREREIZE (x0, yo) MBI 54209

y = b+ JR?=(x-a)?

g (R ERX)



N
iy

o ER[E R Mgk

«0» «F» «E>»



(L

o f(x) = x* TR =ALHZER

F(o)=0, f0)=2¢ —S=2

‘ 1 1
HEREAGE: X+ (v~ E)2 -

B33 (R E R K)



Ml

ooyefgll: [35] @I 4, 5, 7.

g (R ERX)



WEESH(AT), E21 7R

E (P ERK)

2020-11-13

g (R ERK)



RRREBZAR

@ LHospital;£M( §6)
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|'Hospital;£ N

Iim@ — lim F(x)

x=a g(x) x=a g'(x)
o AFFEH: TFIZ—Hiz

0
et - — i —
° ¥ Imf=inex=0
o & limg(x) = co.
o X—a

- Ej%f&ﬂﬁﬁ{fe RU {+OO’ —00, OO}
o RIS BIEM(RIESBIET): g IEFAE.
o HEM: fgf(a,b)A[E a,be[-o0,+c].

g (P ERK)



’Hospital;=N|

AL bR FEIUERALAL.
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L'Hospital 3] #9 3 B AR

° 6§2
e F(X)
A )
(i) a e R.
i m — f(x) — f(a) Cauchys{& o f'(€) _

wag(x) xoag(x)—g(a)  eax)  evag(é)

g (R ERX)



L'Hospital 3] #9 3 B AR

(i) @ = —oo
1 1 1 1
(x) =1 . (3 PR
x|—|>rpoog_x) TR 115?)_1 4 >I(I~n>?) 1 1.~ XI—I>rPoo g'(x)
R (g5

g (R ERX)



L'Hospital M| #9 = 2Y5iERA

o Zay
(o]
. L F(X)
(laeR, AeR: A = lim .
x=a g'(x)
f/
Ve>0,36>0, Hxe(aya+d], B ' ,(X) —A‘<e.
g'(x)
20 " 50)  F(X)=f(0) akbecloaery F(€)
90) ~90) _ FE[x.c]Caushy c(AcAte)

_ 9@ g(x) - g(O), se(xc)o=ats (&)




L' HospitaliZ M gy =B FRR (421)

(ilaeR, A=+

Aihi&g >0 (Darboux/TEEIE) & Iim+ g(x) = —c0.

X—a

f'(x)
g'(x)

A=+c0 ——= d(a,a+4d: > 1

— ' >¢g
— f(x) - 9g(x) <f(c)-g(c), V[x,c]c(a,a+d]

== lim f(x).= lim g(x)) = —oo.
x—a+t x—at

Jim_ £(x)) = —o0 A= ”EZJ;A =9 sy

g (R ERX)



L' HospitaliZ M gy =AY FRR (422)

(i) aeR, A=

red|
g(x)|”

FDarbouxF R MEEEEERE, Mg FES, NMEHILAIL:

FMRIRIRBRA TS, HiEam Ml

LACIN @ o WRL(t)

x—a g’(x) X—a g’(x) = ook — 0.

g (R ERX)



'Hospital;& N 5 Stolz 2 A [E <z 4k

@ LHospitalixN| 5Stolz E IR EL A B Z &b
G iR PRI A=c0.

@ LHospitali:N| 5 StolziE IR A B8 [E]

(x) «

g (R ERX)



L'Hospital ;M £ £ R — A 7

o A =EM:

X ’
0= lim % lim =1.
x—=0X + 1 x—»O(X-|-‘|)’
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L'Hospital ;M £ £ R — A 7

o HImRPRAEFE:

x—0 X x=0

g (R ERX)



LHospital 3% NI (#% BR A~ FEEhRAX)

Theorem (LHospital)
ELIRRIRFEENHRYIER T, 55579

m X)) T f(x) <Tm f'(x)
22 0'(X) 552 g(x) xoag(x) x—ag(x)

g (PR ERX)



HTaylor& FF & 3 B! 'Hospital ;£ N

&f,g e C'(c,d), ae(c,d),

f(a) =g(a) =0, ¢ BFAE, JBHWRREE. W

“m@ _ i f(a) +f(a)(x—a)+o(x —a)
“ag(x) | xsxo(a)to(a)(x—a)to(x-a)
ffta) . f(x)

g@) " ag(x)’

o TaylorRFF .
TEEAER I em e

g (R ERX)



WRFE—ATH K

o FEHKHIM

In x, x¥(a > 0), e, x*, e, .- X — 400

{Er-s#t(FERX) «O> «Fr «E»



. . In x
HE lim —
X—4o00 XX
In x L’ Hospital +
X——4oco X X——+00 ClXa/_1




WIRG— A TH KL

01
HE lim —
X——+o00 @X
X L’ Hospital _ axe! L’ Hospital
||m _X — ||m =
Xote € Ao eN *ofe € X — T FZPER

{25 «O>» «Fr «Er» 4



WIRG— A TH KL

eX
HE lim —
X——4o00 XX
. e : _
lim — =—2"|im ¢*(1-hx) —q,
X——o00 XX X—+-00
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A EBUAFRIEL

o AEHALIAIRIER

’

OIO

00 — 00, 00 00 0°, 1%,
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(L

HE lim x*Inx  (u>0)

x—0t

- 1
0-00 . Inx x i 5 _

lim x*Inx

m m
x—0+ >0 x—0F X H L’Hospital x—0t —/JX_“_1




(L

itE  lim(secx —tanx)

X—>§

co—co ., h=sin x g . —cosX
lim — —— lim —— =

lim (sec x — tan x)

x—% x—% 0 COSX  L’Hospital x—% —sin X




(L

A) A . b
Vi I|m Xarctanx—§
+§- X——400
0 arctan X — Z |n x
. _T ©0 .
I:= lim x¥retenx-z  —""n|= |im ————2-""=0

X——+oc0 X——00 l X
X




E T TR R

fe C(R), a#0,

lim (af(x) + xf'(x)) =B

X— 400

g (P ERK)



JUERR:  FIREM SIS

U()(F (%) + F(x)g"()) L= () f(x))’
— i oy i X)) UHospiar . x7H(x)
B o XﬂTm(af(X)jLXf (X)) J XHTOO X"_1 m xlmoo j;Xa/

g (R ERX)



E T TR R

f,ue C'(a, +), U"/EZ‘_%QE,X“T u(x) = oo,

im () + 5'(();)) F(x)) := 1 € R U {20}
— XETOO f(x) = A.

g (PR ERK)



BT R IIR R £

_ - u(x)f(x)
g igy) == Ja, u(x)
L’ Hospital. | (U(X)f(x))/

g (R ERX)



(L

feC'lo4] | a>p+1

f7E[0, 1] Lipschitz | a > B+ 1
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a>1
feCllo,1] G
a>p+1
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L
> B+1—— R =% f ipschitz

L — f(x) - f(0
w<pii L, 02O
X=0* x—-0

——— f3ELipschitz

g (PR ERX)



Ml

F21RMEoll: [3.6] 1(F); 2, 4, 5
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WEESH(A1), Fo2) kiR

E (P ERK)

2020-11-16

g (R ERK)



RRREBZAR

o FIIER
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B, RES, 2

JIEfR] &
o A xRS =:—:>X°Bﬁ]“m_r f'(x0) = 0.
HEfa] &
o Es  xRfomEs TS e e

RZ BRI, f(x) = x3(2 +sin 1).

Xo=ffIpm < > PR MEE T =
;XOM‘TﬁfEI\—E‘J—

= RIS
Xo M’Ji&fZlZfl\Ef%

2

ExES, (X)) =0

g (R ERX)



2, RIEER, =5

'(x0) = 0

£ (x0) = 0

RERER | ARt R

BiFETR —— RER

FEROMERT R — HR

EDUESICY

FSE R > Kt

AR, ML SIS BER Y, VL2 21884

g (R ERX)






AT 2%

o IKFARILL:

f(x) Bk FAifiLky = a = lim f(x)=a
(x--e0)

o EHAMIL:

f(X)BI7k E#iE%x = a == lim f(x) = o0

x—at
(x—a~)

o RAMLLk:

f(x) IRy = ax + b = lim (f(x) - (ax + b)) =0
(xe0)

g (R ERX)



FHATT 2895 E

o RAMLLk:

f(x)BIRIARESyY = ax + b <= lim (f(x) - (ax + b)) = 0
()

f(x)— (ax + b)

lim —=————— =
X—+00
(x—>—c0) X
f(x
— a= lim Q b= lim (f(x) - ax).
X—>—+oc0 X X—+-00

(x—-e0) (x—-e0)

g (R ERX)



1EEISHR

°o EMHE

o [FH, FE, XIFR.
o EIF MM

°o iz

o HFERm:

e, RER, ZRins, NS, SERHZ R

{Er-s#t(FERX) «O>» «Fr «E»



(L

4(x —1)
o EMiE: R\({1L.
o Hmki%k:
o IEHMALZ: x=1
o flHA%L: y==1(x+3)
- fx) 1
M T g
1 3
Xlljgo(f(X)—(—ZX)) = 7

g (R ERX)



("]

B, MM

o 1 (xxDx-3)
=G T Ax-1r
B

] 5%*&5&&1@\(_190)3 (0’ 2_1)‘
° Eli:ﬁx: X= _17 3

o IuMES: (-1,0). MHMK{ES:

\\\\\

g (R ERX)

)
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TaylorZInz,

o Taylor®Ini\:
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TaylorZInz,

o  f(X)FNTa(x)ExoAE RNk FEAEE:

Ta(X) = f(xo)

Ih(x0) = f'(x)

T (x0) = f7)(xp).

g (R ERX)



TaylorZ Iz,

Theorem (T A Peano& N g Taylor B FF)

77 (x0)3

f(x)

Tn(x)  +o((x=x)")
~—— ———
Taylor% 15z, PeanoRIi

{Er-s#(FERX) «O> «Fr «E»



Taylor I3\, (4% 1)
WERA1:  R(x) := f(x) = Ta(x)

R(x) =0, R'(x0)=0, ==, RM(x)=0.

R(x) /n-1X%LHospital . M

XII—>n;o (X = Xo)n X—Xo n!(x - Xo)
i F(=D(x)= 0= (x0) — FM) (x0) (x = Xo)
x|—>n)1<o n!(x = Xo)

B33 (R E R K)



TaylorZ In I\ (£:2)

JERR2: (M) (x)3

n-1)XLHospital

g (R ERX)



Taylor 5 I s ME— 1%

f(x) = Pn(x) + o((x = x0)"),  Pn@XR# < nZIWZ

f(”)(xo)

(1) (x0)3 f'(Xo)
n!

Pn(x) = f(x0) + 1

(X =X0) + -+ +

(x —x0)"

{Er-s#(FERX) «O>» «Fr «E»



Taylor Z IR ZI &l 1% R4

DR fX)AFRENZE

B i Pn(x) — Th(x)
x=x (X =X)"

=0

HFRRB< SR,

Pn(x) = Th(x).

g (R ERX)



(L

feC3R), f'(x)+ gf’(x) +f(x) = 0= 5 ARELE J

{Er-s#t(FERX) «O> «Fr «E»



151 2o 5%

&
"b

<0, x>0
(P + (F)?) #—x(f)2

>0, x < 0.

——— P4 (M OB A MALR.
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3 (=1)"KCkF(x0 + kh)
(n) fM(x0)3 . k=0
Mee) — Jm A

{Er-s#(FERX) «O> «Fr «E»



£

455 f(x)=x", x =0
DiraceR ¥ #0457 i
Omn = l Z(_Un_kcﬁkm, o<ms<n.

|
n: i

N
N

{Er-s#t(FERX) «O> «Fr «E»



Diracel #1089 57 %

1
6mn = — ) (F1)"KCRK™. (1-x)"= ) (1) Chx

k=0

d n
— : 0= —1)kekk
= ;J( )ci
d2 n n
2| 0= > (-1)5ChK(k - 1) = > (-1)FChk®

x=1 k=0 k=0
al" -

: N _1\kck —1)...(k —

e O (=4)"nt = Y (~1)*Chk(k = 1)+~ (k=n+1)

k=0

E
= ) (=1)ChKk
k=0

{Er-s#t(FERX) «O>» «Fr «Er 4



By 5 22 53 %) E1 89 1ERA

il

3 (=1)"kKCkf(xo + kh)
k=0

n hn

. 1 ¢ n—k ~k f’(XO) (n)( ) n
= — — S R Yt 4 h

mhn;)( 1)K Cx | f(x0) + 2 kh -+ — =2 (kh)" + o(h")
= M(x)

{Er-s#t(FERX) «O> «Fr «E»



(L

feC?[0,1], f(0)=f(1)=0, min f(x)=—1
x€[0,1]

e A£€(0,1), f(&)=38

{Er-s#t(FERX) «O>» «Fr «E»



PR

MERR:  Xp € arg nfénﬂ f(x) : f(x0) = =1, F(x)=0.
10) =20 1) + () (O o) - (51)(0 xo)?
2€(0, f’
f(1) iﬁ) f(XO) 4 f,(XO)(1 _ XO) + £$2)(1 _ XO)2
2

X0 € (0, 1] — &) == =28, (&)=

oxml N

=P <°
DarbouxfﬂﬁmﬂiHf 0.1 (&) =8 (% e(%,”;gwﬁi{g)

{Er-s#t(FERX) «O>» «Fr «E»



st}

BRI E IR, A K=FK=a.
Ja]RE:  FLFIEL R B0 2 KR, HEEE & K.

g (R ERX)



i AR

a+2acosf) +a

s(6) = >

asing = a?(1+cosf)sin 6, 0 € [O,g].

1
S =0 —m cosH:E

22 0= TP R, AT TRRR M EA
—— 0= ZRRAMEA

g (R ERX)



(L

feC'(R) x
e f(x) =0(1),x » +o0o == e *f(x) = O(1),x = +oo.
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JIERR:
e *f(x) N f(>;)x—_fé1) exe: © +o(1)
CauchyFfHEHEE F(§He*-e +o(1) = O(1)

e eX
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Ml

22 il [3.7] 8

g (R ERX)



WEESH(A1), F23kiR

E (P ERK)

2020-11-18
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FRREZAS (BHF: TaylorEE)

° WA ENX

o —MWRHANEE
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MBIt LR (L)

o i M ew g

A

o MiLFIILHIESR

P = ) (of(x)Esbays
(x,f(x)) efhzk

g (R ERX)



MY E(T)
o “TEMNZR, MFREMAEMEE—FRYI%k. N—FRIIEMERRE

BUMZREIE R -
2 s bk

B O, M

%k ) I

(MF=E=-YI&EFHERS)

g (R ERX)



A E X
X0 ATl = (X0 MHEAEN, IEHA € R, #13

f(xo + Ax) — f(xo) = AAx + o(Ax), Ax —0

"] /IH’E—, A= f’(Xo)

o AAXFRAfEXWS. 125

dy := AAx = f'(xg) Ax.

{Er-s#t(FERX) «O>» «Fr «E»



WM EX
WA -E ML BN ES (E5)=Taylor RIF A9 = Ti=dly.

f(xo + Ax) — f(x0) = f'(x0)Ax + o(Ax)

= Ay =dy  HZH

o Ly = f(x) = xHY,

dy.= f'(x0)Ax = AXx, dy = df(x) = dx.

~—— S—_——
= dyly:f(x)zx EE,JEQ 3=

{Er-s#(FERX) «O>» «Fr «E»



MTaylor BB

M5 = Taylor B FFH)— R &R 47 -

f(xo + Ax) = f(x0) + f'(x0) Ax+ o(Ax)

=dy | TRABE

DM A— L= E=-Y1&FRBERR

WO RELMAIERT, ZEEE RS FITT VL.

xBESHNER
——
dy = f'(x) dx
N e’ S———
1 dxeBE&FRENAEE

dy=E&HIEHREE

g (R ERX)



o s =M NI T =AY R

dy = f'(x)dx, X, dxmm Ny TE.

o dyRBRIAFIdxAY LR iR 5L

dy = f(x) _dx
S—— " N
g TR E

o IxBUINA LT E, RIREEHE, MIEPE.

IXHNFRESH: VIMANBEE; R Hf(x) = xBTS

{Er-s#t(FERX) «O>» «Fr «E»



A2 A1) 2%

iiiE57 55
B L E
BT = Xo = Xo + Ax Ax
BR 3 f(x0) = f(Xo+ Ax) Ay = f(xo + Ax) — f(xo)
%% I3
BEs LE
BEE Xo = Xg + dx dx = Ax
BRE | f(x0) = f(x0) + f'(X0)(X — Xo) dy = f'(xo)dx

{Er-s#t(FERX) «O>» «Fr «E»



o MLk LMTHE:

Ax Ay
BEXENTE R EE
HITE
o P& EMTHE:
dx dy
BEEMT EEDSs)
dx = Ax SitEdy = f'(x0)dx
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o WERMITEIFNEZMEE:

Bh%k | Ytk

X0, f(x0), AX; Ay dx, dy
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o EBTENMRNTESZTEMMADHIC

Ax, Ay iiF53
ElEfZ ER S (X0, f(x0)) BENE
dx, dy Pk
° MIMIUTE

Hhk LN

g (R ERX)



o YIMEMTTE:

= . = AX’ Ay Hjﬂg&
s S ThE
lﬁlmma.ﬂm,m(x(),f(xO))Ex%E{ e @y 14k
o FMEYLTE
sk | i

X, AX X, dX

g (R ERX)



° WIMERIES (Leibniz)

dy = f'(x)dx = f'(x)Ax

dy = df(x) = d(f(x) = (df)(x) = df(x, Ax) = df(x, dx)

° MoHEEMRIES
df(x) = BRINAf R dxHLE 1 & 3

° WMIMEMNEZE:

g (R ERX)



o FH-ME=-MIZH

rx) = TN Sz smameEy.
ax

o WSTHIIRIIE X

dx, dy ARV ENS Ef1RYIZEFRIZEEMEE
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I

> im 2

dx Ax—0 AX

zi] £HRIR
e ik
AIEREA R BiRs
YIFRHR -

B33 (R E R K)



R FANAI K &

ERTENRS T, AISNRDZ2—HRE, 2—EE.

N
L A, CIfC

K
Hﬂlﬂl
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WaHE

Kigor =3KF.

Ay =f()ax |

5F dsin X = cos xdXx.
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Mo E
df(x) = P (x)dx

d(f(x) +9(x)) ="df(x) + dg(x)

d(fg) .= fdg + gdf

f  gdf—fdg
g g
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—Br i o AT

y=1x), x=¢(t), x=HhETE t=HZTE

== dy =F(x)dx = (f(e(t))dt

ay = at(e() = LGVt f gt = 1) ox

dt — "
thyEsg  fdt IR
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WA ELRREMERX —— —MEIERLTTH

= EBAaRIKE

~

&= dy = f'(x)dx,

REERLPELR
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W HIAIE

o WARIENBFHAIO

o WM,  KEnNH,.  IMUEEER

— IR LA

o TR HME

—RIHF
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FSzEXAR

X, dx ax, Ax
xeAEE ) kv dx = Ax
xEPEEE 2Ny kvl dx # Ax
X = ()
dx = ¢'(t)dt
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Z Mgy

>

—

y=1(x), x=BT=

dy = f'(x)dx
d?y =:d(dy) = f”"(x)dxdx =: f’(x)dx?

3%

f“(X) = W
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o nMfsy

n

d"y = d(d™'y) = d-+dy= D (x)(dx)" =: fN(x)dx"

n
£(n) (x) ) (C:,Ix}’:

dy =d-udy, / dx" = (dx)"HRBBIFF
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d---dx (dx)" nx"~1dx
=
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dy = f'(x)dx
d?y = f/(x)dx® + f'(x)d*x

d®x = d(¢/(1))dt= ¢ ()(dt)* =0 === ¢"(t) = 0

{Er-s#t(FERX) «O> «Fr «E»



x = ¢(t)

y=y(t)

_dy _y(fhat  y(t)
S _g(dt ()

y'(x)
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X=y+lny

dx—(1+1)dy
y

ay. y

dx 14y
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S = S(r) = EZ R EER

AS = S(r+ A) - S(r) = n(r +Ar)? —nr? = 2arA + (Ar)?

= dS = 2nrdr

Motk HBET=FBFMrBEr + dr, BN ERMS

ds Wtk o
=80

rar.
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ax®+bx

y=e

y=e""" u=ax®+bx

dy =e'du = eax2+bX(ZaX + b)dx.
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RRREBZAR

o TaylorRF
e T Peano, Lagrange, Cauchy4 i Taylor B FF
o TaylorfRFFHIRIF:  SEMEATER %

o TaylorBF—4% KT
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m Peano R I A Taylor B FF (R iP5 KR BR)

o TaylorBFF:  f(x) = Ta(x) + o((x — x0)")

; ’ £(n)
Tn(X) M f(XO)_|_f S)EO)(X_XO)—i_"'_‘_ n(!XO)(X—XO)n.
o TaylorRFHIRIRFTIE
(" (xo) f(x)3 lim f(:) — Tn-1(x)
° m(x - Xo)"
o TaylorRFFHYUERR(FI AL Hospital ;& N E R PR)
lim f(X) — Th-q (X) L’ Hospital f(n)(Xo)

fy
m(X_Xo)n n—1>)\




R # A TaylorZ N Z YK &

VRE < nBIIHP, # Tp, 3 >0, VYxe(xo—6x+6)\{x) :

1f(x) = Ta(x)] < If(x) = Pn(x).
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R ¥ AN Taylor ZIN A BB K R

Pn(x) = ao + ai(x — xo) +--- + an(x — x0)"
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mwLagrange sk M A Taylor & 7 (G5 & P {EETE)

o nMER(EHET G E+CauchyH{EEIR):

feC'la,b], fatlZE(a,b)3
—— VY x,Xp€[a,b], &€ (x0,x)3(X, X0) :

()
(n+1)!

()= Th(x) + e

(x = xo)

@ n=0, ttkHlagrangeH{EEIE.
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% I3\ B Taylor & FF

o VY mREZIMMRP(x), EHTaylorRIF

P(x) = P(xo0) + @(x—xo) +-o0 4
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T Cauchy R A Taylor B FF (G5 K& P {EEIE)

feCa,b], f™Vf(a,b)3, p>0

—= V¥ Xx,Xp €[a,b], 30 (0,1):

f(1+1) (x0 + 6(x - x0)) i N+ 1 .
= - L _(1-g)ti-p
1) = Tol) + —— g2 (x = ) (1-6)
Cauchys® I
n+1, Lagrange#In
p =
1, CauchyRIn
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m Cauchy & I B4 Taylor & FFBY1ERR

o EFEHITGZE REEX BxrATEt

() (1)
n!

So(t) = f(t)+@(x—t)+--.+ (x - t)".

e(t) = (x-t)P

11
™~ f,;(!t) (x—t)+ f,;(!t) (x —1)?) +
(1) n
= Py (x—=t)".
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T Cauchy & In A Taylor & FFAYIERR (£5)

o CauchyH{EEE: xEE, (T=

1(x) - Snlo) = 2 ZB00) sy i)

P(¥)=¢(x0)

. (x—9)"
caucy  ""V@ "5 (—(x = xo)P)
S
emxotb—s0)  F Vo 6(x = x0)) (x = xp)™1 n+1 (1—g)m+1p

0(0,1) (n+1)!
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SR FNEE (R Taylor & FF

T PeanoRINK Taylor R FF | BED | K158

tLagrange R A TaylorRFF | ¥k | 452

tCauchy RN Taylor RFF | Bk | 452
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TaylorRFFHIRIFAH: i Taylor R FF I BT AR (B =

g ffEXo BT n JRATZ
fl(xo) =---=Ff"ND(x)=0, fM(x)#0
XoJEfR{E=,  nEF
s WA1E f(N <0
xo2lR1E=,  nfE
whE M so

BAGIF: f(x)=x3, X5
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AT oR 2

feC¥a,b) === feC®(a,b).V x € (a,b), ZExoMEm

e f(n)
-5 0y
n=0 ’
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AT eR 2

M7
ZN

£ A #Ij\;
fe C“(a,b) ijlzﬁg fe C™(a,b),¥ xo € (a,b), ZExoFf LRz

(f(x) = Ta(x,X%0)) =0
Cauchys® I

lim
n—oo
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SERRAF 1 i

feC”a,b) == feC”(a,b), k3 /FEB—E Cauchy F=:
VY x €(a,b),16>0, M>0, R>0:

f(”)(x)
n!

X

ﬁ,

Vx € (Xo — 6, X0 + 6) c (a,b),
Yn=0,1,.---.
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Taylor RA—% KT

AT f(x) = f(xo0) + F'(x0) (= Xo)+ 0(X = x0)

hEEE: f(x) = f(x0) + f'(£)(x - )

FermatEIE:

= AR ()] (x0) = 0
= " () =f(x0)+ (X0 ) (X—X0)+0(X~Xo) 0
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Taylor RFF—% KT~ (41)

o 1RE:

f'(x0) =0, f’(x0)>0=—= f(x) > f(xo)R/ME

e iFRR:
/ f”(Xo) 2 _ 2
f(x) = f(xo0)+ fi{x)(x — x0) + T(X - X0)° + o((x = x0)°)
> f(xo0) + fN(XO)(x — xo)?
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Taylor RFF—% KT~ (£22)

o B
f>0—f
e iFHRE:

X > xg === f(x) = f(x0) + f'(£)(x — x0) > f(X0)
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Taylor RFF—4 X T (4£3)

>0 =—TH

o FHB
f//
(O 10) + 7 G0)x —x0) + o (x = o)
S = f(x) =f(x0) + f'(X0)(X — X0)
XXX

> (1 = t)f(xq) + tf(x2) > f((1 — t)x1 + tx2)
Xo = (1 = T)X1 + txo
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Taylor RFF—%5 KT~ (£14)

@ L'Hospital;xN:

Taylor BF === L'Hospital;£ N
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o fe C®(R):

fEINR TaylorRFHE AZE, fiTaylorRFHEAZE.

o fEEFLaurentEFH:

ch-SL e




B IRE A R I8

o KL RBINBEEFIRLDAIRE.

FHETEATETESREIIENE, ST EFFEEE
EEREEVa, 7_T=|=:|:ﬁ1:’§?§1_r F{EVs. RIZAEM
EHEFER(0, h)H %, AE NS Ao B ZEIASKEH (X, 0),
ZAFHE, BENHALMNEZEIEL S (c - x, —k).

o IZ{THIE]A

Vx2 ¥ h2 N V(c-x)2 + k2
Va VB

T(x) =
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o s/ MES:

0=T(x) = X _ c—X

VX2 + heva  4J(c—x)2 + k2vg
cos@ . cospf
VA VB

T”(x)>0, T/(0)<0, .T/c)>0.

o HrET/RIE

cosf g

cosa  Va
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AR A A B E T8

%f, g € [a,b], 7£(a,b) AT &, g’ 1B AE, W77 7Eé,n € (a,b), s.t.

f'(n) g(b) - g(a).

"O=Gm b-a
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El—1MERAAHEETE~EEFN:

;2((77)) , CauchyH{E E TE;
f(b) —f(a) _
g(b) -g(a)

%, Lagrange F{EEFE.
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AR A A B E T8

i#f,9 € [a,b], #(a,b) AT, f(a) = g(a), f(b) = g(b). M7F
fEE e (a,b), £ #nsit.

F(&)+F(n) =g'(&)+9 ()
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a+b

G(x) = f(x) — g(x), c=—

G(c)= G(a) =G'(§)(c - a)
Lagrangre

G(b)=G(c) = G'(n)(b-c)

RN

e e G G'(n) =0
(@)=Glb)0 (&) +G(n)

— O +F() =g &)+
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WahE

f,g € Cla, +), #(a, +) A &,
IF(x)<d'(x), VYxe(a,+x)

—  |f(x) - f(a)l < lg(x) - g(a)l
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f(x) - f(a)
9(x) - 9(a)

_ ‘ 1)

<1.
g’(f)’ \

ge(x) :=g(x) +ex, Ve>0
1&fz2: g >0 ) ) = g.>0.

Hshi%

|f(X) - f(a)l < |ge(X) - ge(a)|

——  |f(x) - f(a)l < lg(x) - g(a)I.
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RRREBZAR

o 1K ¥ TaylorfR F&

{Er-s#t(FERX) «O> «Fr «E»



AEH: X e I HIFEY
a=y 20 f(x) = io] an(x — xo)"
n=0 10” n=0
£(n)
ao€Z, a=0,1f: .9 an = n(IXO)
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o TaylorZInz,

Ta(x) f(x0) +
o TyCauchy& I Taylorf&Ff
f(x) = Ta(X) + Ra(x), YneN

f(141) (x0 4 (X — x0))
(n+ 1!

n+1n+-I

Rn(X) _ (1 _ 0)n+1—p

(x —xo)

o Taylorgh#

f(x) = i f(”)(IXo)(X — Xo)" &= lim R, =0.
n=0 ’

n n—oo
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E AR Y] K Taylor R 7

sin X

COS X

(1 +x)

In(1 + x)

arctan x

|x|<1

aeR

|x]<1

|x]<1
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525 2K 2 Taylor R F+
n ox o
X — .. — n
e I 5 == 4 +n|+(n+1yx , 6€(0,1)
. eax n+1
ﬁ$m+nx 0

HF R R

+(ERMEAEE) | 1+ (REIRIREH)
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e oI

e¢Q
RiE: o 2
q
Hep,geN, (p.g)=1
29nl(3—(1+l+---+l))— o €(0,1), n>1
\q 11 nt’/ - n+1 77 '
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1E 5% K # Taylor & &

x?"=1_sin(6x +(2n+1)3)

. X K _4\n—1 2n+1.
Snx TR I L Y - P TR R oY
0 k=2m
. (k) — o kz ) | ,
(sin x) 0 sin(x + 2) o {(_1)m' kK =2m+1.

sin (6x + (2n+1)3)

2n-+1 — 0
n—oo (2n =+ 1)'
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1E 3% 25 2 Taylor & FF (4

. 1 .
@ sinx =Ime” = 7(eIX)Odd

o REMEFIEM:

f(x) = +f(-x) — £20) (x) =R (—x), FR-N)(x) = £k (—x),
€

fff—— fR—— EH — -

faF == f(x) = a;x + asx® + - -
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5% R ¥ Taylor R 7

2 x4 X207 “cos (6x + (2n 4 2)73)

0e(01) , X n 2n+2
I N W i
cosx st ) et T e
0 k=2m+1
] k5 =17
(cos x) | 7 cos(x + 2) o {(_1)m‘ kK = 2m.
- cos (X +(2n+2)3) ,,.» _a
n—co (2n+ 2)!
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7= K 2 Taylor & F+

(1+X)a 6<(0,1) 1_'_2”: (a)xk+a(a_ 1)"'(a_n)(1+ex)a—n—1xn+1(1_0)n

k n!
|x|<1 o
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1-6
0<1—|——0X<1’ V0€(0,1), |X|<1.
k
lim X" i, L g

n—oco a=1/x n—ooo an




= bR # Taylor R FF 45

a Y aeR

1 -2
Wakegf™ = = 21 * 3l
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;. DUFEH, o= -1,-

BREE IX<1.




{Er-s#t(FERX) «O> «Fr «E»



X 8 oF # Taylor R 7+

1
K L3y
1-x
1 |x|<1 2 3

= — = — 1—X+X - X" 4
14 x

REFEAKRS Ix<1 x> x3 x*
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{ # Taylor R FF (4%

(In(1+x)) =

1+ X

_)\k-1(k —
(In(1+x))("):(L)(k—1):( 1) (k = 1)!

1+ x (1 + x)k
—1)"n! 1 nyn
il = (1(+0)x)n”+1 (n+1)!(”+1)(1 -0
(1)

n,n+1
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R =R & Taylor R 7+

1
arctan x)’ = = 1-x2 1+ x*—x54..
( V=18

REERAKS 3 x5 X

———— arctanx = X—-—+ ——— .
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R = & ¥ Taylor & 71 (45)

>

>

>

y

/

y

’7

y

y("

= arctanx, X'=tany
2 : bis

= cos“y = cosysin(y + §)

= 2cosy(—siny)y’ :coszysin2(y+g)

= n—=1)cos" ysinn(y + g)
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cos(x + y) = Ree™ ™u=cos x cos y — sin x sin y.

- _
% cos(x —y)=Ree™™¥ = cosxcosy + sinxsiny
&M 1
————  CcOosSXCosy'= E(cos(x +y) + cos(x = y))
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y = arctanx

y(n = (n—1)!cos"ysinn(y+g)
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MERR: VAR

y(t ) = nlcosy cosn(y + g)y’ + nlcos™ y(=siny)y’sinn(y + g)

= nlcos"t!

T, n
y(cosy cosn(y + 5) —sinysinn(y + E)
= nlcos™ " ycos ((n+ 1)y + ng)

= nlcos™ Lysin((n4+ 1)(y + g))
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151 2o 5%

&
\"b
¥

. 1 1 1 1
sinx __ _ 3 2 1 3 3
° - 1+1!(x 3!X) 21" T3 o0

4
= 1+x+§x2+o(x3)

«0» «F» «E» «



(L

HEYV2  RE<10

{Er-s#t(FERX) «O>» «Fr «E»



{/_ ad=2, a~—g 6 6
a= 77—(1—b)%:=>b— 5
2 —1-2(=) ¢ 0
( ) Qﬂ(,‘l).

(6, ]

(142" 9€(0.1) 5 (a
13 (oot Nule
(1+6X)a—n—1xn+1
(1-0)"




EIE: RS SHEELR

REZHE Cauchy {HEHE

Tt 27 S
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ff£la, b]iELE, (a,b)ATE, fIF—RZW,

— 3d¢&,ne(ab):
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MERR: SRARhZ-EIZ A
pigf(a) = f(b) = 0, fNEAZE.
I FAEX € (a,b): f(x0) > 0.

Lagrange f(Xo) . f(a) _ f(Xo)

f(f) Xoi— a Xo—a>0
o Laghe,_f(%) ~f(b) _ f(x0)
f()]) Xo—b _Xo—b<0
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fZE[0, +o0)

—— f(a)+f(b)<f(0)+fla+b) Va,bel0 +cx).
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WERR: A5k 0<a<b<a+b, MBEEH A

f(a) - f(0)~_ f(a+Db) — f(b)
a-0 ' (a+b)-b
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[4.2] 1

[4.3] 1, 2(4), 5
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Taylor & FF HI R A

Q : R=——= 2N : MIFRHK

—RZWN: RiEE >0, RIE
MEFRBAREZMAER

—REBWE: CME >0
o Hif:

f(X2) = f(X1)
Xo — X1

f’>0ﬁ

o MMt

=f({)20—=f .

f” >0 == f(x)-(f(x0)+f (x0)(Xx—X0)) =
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T RRIR —22 578 R B4R R

PeanosRk Iﬁi

. siniX.— arctanx
m-———-—
x—0 SIn X —tan X
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Taylor A HHIITE

ag(x—1)2+a1(x—1)+ao— Vx2 + 3

(x—1)2 =0

figE  lim
X—1

Kooax

BHEGH —— Vx2+3=ay+ai(x—1)+ax(x-1)>2+0((x-1)3)

) (1)
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Taylor A HHIITE

Ktan xg9= X TaylorZIiz. ]
BiE— tanxBHFEH, tanx = aix + azx® + o(x3)
(tan x)"”

a; = (tan x)’|X:0, a = —, '
’ x=0
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1,3 3
X — 71x° 4 0(x°)
_ 3! 4 3 3
tanx = = X + azx” + o(x
T o) et

(1- e + 0(x?))(x + azx® + o(x®)

1
_ X — —X3 + O(XS) 2|

3l
RS 1 1
e

N

1
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Taylor RFFRYFIERDE T EARFR

X <In(1+x) <x Vx> 0.
1+x

L T 1.3
— —x< < In(1 = =X =X°, Vx> 0.
X=X n(1+x)<x 5 —|—3

X

|n(1 +X) — |0g1 -+ - +X’

€ (

ool 2t
2 3 (1+6x)8"°

x)

1+9xx

In(1 + x)

6 € (0,1)
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R Taylor AT (B — 5 514 B A

7(0)3, lim 09 _ 6 fim n3/2f(1ﬁ) =0 J

x—0 X n—oo
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f(x)=o(x) x—-0 IABMEHE

1) = 10) + F(O)x + O Po(xd) st

M Taylor A, ——— f(x) = f’/(o)x 2+ o(x

2l )
—l() = 0 5 + olip) = o)
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R Taylor 2 2 (H—J9 554 B R FH (£%)

) (x0)#0 "D (x0) pn-1 [ (x0+6h) 1 n
— D ¢ coo g B 0) g1 X0 E00) 4,
6=6(h,n)€(0,1) (Xo) + -+~ + (n-1)! (m)!

f(xo)

1

h—0
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R Taylor 2 2 (H—J9 554 B R FH (£%)

A Taylor/azh:
A=) () (x0) + F"1)(x0)6h + o(h
f(Xo-+h) = f(X0)++ -+ (x0) g1y, L7 (x0) (xo) (") o
(n—1)! n!
f(”)(xo) n f(n+1)(X0) n+1
= [T lan
f(xo + h) = f(xo) + -+ Py ¥+ CEEN h™" 4 o( )

s ) .
ﬂﬁi*ﬁﬁk:ﬁe_—n+1+o(1), h— 0.
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@ Darboux_ EFR 4

—b
f f(x)dx := i?rf S(f, n)

a

72 0 P b
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< sup  Cf(z1)=1f(yi)l + If(yi) — f(z2)l
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¥ feRla,b), f,= BhLEfBINZF 7 a, b|EI%k

: L'[a, b]4g8g
> ||m fn _—————— f

n—oo

{Er-s#(FERX) «O>» «Fr «E»



fe R[a,b], f2ffInZEnEI%

ERHOETE n|irr30fblfn(x)—f‘(X)lO’X:O

b b
tim, [ fagx)ax ZLEL [ (x)g(x)dx
-0 g a
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feRla,b], fhRfHINFIEIL

r!'l‘lof If,(x) <F(x)ldx = I|m Zf If2(x) — F(x)]dx

< lim wiAx; =0
n—oo

i=1

{Er-s#t(FERX) «O> «Fr «E»



fe R[a,b], f,2ffInEnEIZ%
——  L—HBR O fi(a)=1(a), f.(b)=f(b)

— AR WLEWE. HERRE, LR8I

g (R ERX)



'1[a,b]

Rla. b < {[a. bl EERLit i 45 T )

VfeR[ab], I e{[a blEELIELEY)
b
lim 1f(X).— on(x)ldx = 0.

{Er-s#t(FERX) «O>» «Fr «E»



= E IR N

RER L M IELE ﬁz]:ki RiemannaJ 1R 24

Newton-LeibnizZARxtF[a, b] & EE Zetd E LR 3L

{Er-st(FERX) «O>» «Fr «E»



Riemann-Lebesgue3|IE

b
feRlabl— lim f f(x) sin(Ax)dx = 0
g o0 a

lim fb f(x) cos(Ax)dx = 0.

A——+o00
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o FEEELMIELL R

f(x) cos(Ax)dx === f(x)

f" SRR 5 sin Ax|? fb (05 gy
a A a A

a

0 (1 —> )

@ feRJa,b]

lim
n—-+oo

Lb f(x) cos(Ax)dx — Lb fn(x) cos(Ax)dx

N

fim fb 1£(x) = fa(x)ldx = 0

n—-+4oo
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MoE _PEEHE

b f.g € R[a, b] 4 b
fi f + f(b g.
fa I B  [a.b] (a)fa T )fg
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JERA
Fiigg  Cla. b].

fo = FRONSE N Elk, G(x) = fxg

b b
a n=c0 Ja

PBRS ek [ o)
R ingan-aw [

fGI3 ~ G(¢)(f(b) - f(a))

g (R ERX)



MoE _PEEHE

b 4
f 9 f,g € Rla, b] f(a)f .
a f\=>03¢ € [a,b] a
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fo = fEINF ST BIL,

X
G(x):f g, M= max.G(x),, m= min G(x)
a xé€[a,b] x€la,b]

f(a)f:gw(b)ffg

(f(a) - f(b))G(¢) + f(b)G(b) € [f(a)m, f(a)M]

g (R ERX)



Young N EI

@ € C[0,+), ¢>0, @ IELFEM, ¢(0)=0
Y=y

a

A\

0, 0 < b < p(+x)

a b
—_— abéf 9o(x)dx+f w(x)dx.
0 0

FEMZ == b=¢(a)
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R fri%p € C'{0, o). RFb < p(a).

b € [¢(0), ¢(a)] % FrEce[0,a]: b =¢(c)

c b 4 c c
fo o(x)x + fo y)dy = fo o(x)x + fo x¢/ (x)alx

y=p(x)

ya f " (xe(x))'dx = cb
0

fca o(X)dX'S ¢(c)(a - c) = b(a-c).

GEVIEEIE

g (R ERX)



3R

5 F

RN E m—— FEH—TFR
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J5R BR 2 A0 73 RRAR 53 B N A

f € C[O,n], f f(x)dx =0, f f(x) cos xdx = 0
0 0

———  ABAMEEG,L e (0,7) 0 (&) =f(L) =0

ARRH A & S5 R

g (R ERX)



_ [ SEBRS (7 -
0_£ f(x)cosxdx—_f F(x) sin xdx

0

=  FEAEERLE (0.7)

Rolle

= LHILRRAL
F(O)=F(0)=F(x)=0
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Lagrangeffi{E 2 i3\

@ 4B (x1,f(x1)), - (Xn, f(Xn)), X1 <Xo <-++ < Xp.

o LagrangeE AR LI,

(X =x1) - (X 7 Xim) (X =Xi1) -+ (X = Xn)
) = (Xi = x1) -+ (X = Xie1 ) (Xi = Xie1) -+ (X5 — Xn)

o LagrangeE A% INT

o LagrangeififE %Iz

g (R ERX)



Lagrangeffi{E 2T\ R W fh it

fla, b] NAAT S (A5 1 T 55)
as<Xxg<Xp<---<xXp<b

e(ab n
i=1

I_l< =)

NFEKRROMSEFHEEE

g (P ERK)



n

n n l:I (X - Xk)
fx) = " () = (#() = Y Hpx)i(e) S——
i=1 i=1 I (c = Xk)

k=1

() - (1O 1))} =0
i=1 kI;I1(C - Xk)

o MIRIFIE—=—IERCIEFH

g (R ERX)



n = 1@LagrangefB{E L AR BIETE = X TEILHHEEE

g (R ERX)



MERFFERIM S EFLagrange P{EEIE

P(x) = (O =M@ iig

b-a
VAT TSR EE MR
f(X) = w(x—a)‘kf(a)
\—\‘/‘-—-;
iP5 YL E|% G512

ZHERBT ERRERAR Y

g (R ERX)



(L

feC®R), [fM(x) <M, f(%) =0,YneN

|

iR FARFEZINER, LLOARR, f(0) = 0.

BRI ERESRBN—I TS

[=]38 F(0) =(0) = --- = FM(0) = --. = 0.

f(k)
f(x) % #Xk ——— |[f(x)| = 0, k — oo.

g (P ERX)



(L

pFEH

< []a +%+é+---) (B SHR)

1 1
<1+2x<e®,  Vxelo, -
(1—x +2x<e X €| 2])

g (R ERX)



N BRI R B FH R DRI Taylor I

X _an "
b= ff(n+1)(t)udt:f O oy
X0 n! X0 n!

=y - wm( =
= h- o XOf’(X =... 2 (x —n;(O)nf(n)(XO)
= (%) - f(Xo)= > ;!XO f'(xo) — - — & —n?(o)" (") (xo0)

{E7 3R (P ERKX)



T =RBREIZ R

g (R ERX)
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