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
©Û

�ê

AÛ

êÆ�A^

m�

<a´�»�ú«, êÆ´<a�ú«.
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O�π�Ý�¯�úª (Ramanujan):

1
π

=
2
√

2
9801

∞∑
k=0

(4k)! (1103 + 26390k)

3964k (k !)4

�����: ak = O
(

k
(99)4k

)
.
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l©Û��Ýw�»: êÆ´�»��ó

�éØ:

��´Minkowski6/ 6/þ�È©

þfÔn:

�*	þ=Hilbert�m¥�g��f �¼©ÛÌnØ

5�|Ôn:

�»5K:À�éä¦�­Ç�� C��©AÛ
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l©Û��ÝwêÆ

©Ûµ

êÆ©Û (�êÚÈ©)
E©Û (CþêÆ©Û)
¢©Û (�o´È©,È©½Â��2|¤)
�¼©Û (Ã��êÆ©Û)
 �©�§ (êÆ©Û�A^)
VÇØ (êÆ©Û�ÿÐ)

�ê

�5�ê (êÆ©Û�5z)
Ä��ê (�o´\~¦Ø)

AÛ

�©AÛ (�o�ê,�ê½Â��2|¤)
:8ÿÀ (�o´ëY)

?2R(¥I��)



�§SN

¼ê.

Ð�¼ê Cω[a, b] Ck [a, b] R[a, b] L2[a, b]

TaylornØ �©Æ È©Æ Fourier©Û

4� (�È©Ä�½n£V�¤)

C[a, b]

∫ x

a
GGGGGGGBFGGGGGGG

d
dx

C1[a, b]/R

4�=?ê=È©=¦�
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�§SN(Y): ±8§120Æ�

11-2Ù 4�

13-4Ù �ê Taylor½n

15-7Ù È© Riemann½n
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350c�{¤

�È©Má: Newton(=1665), Leibniz (�)

î�z£Cauchy, Riemann, Weierstrass¤

LebesgueÈ©nØ(1902)

	�©nØ3p�å'��^(Grassman, Poincare, Cartan)

0BÌ�: �ê–�©–È©
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4��°�: l5K�Ø5K,l{ü�E,

4�L§�»<a�@£>.¿ò>.ÅÚí�Ã¡

¢ênØ knê −→ Ãnê

4�nØ ~�ê� −→ �Øõ~�

ëYnØ ~�¼ê −→ �Øõ~�¼ê

��nØ �5¼ê −→ �Øõ�5¼ê

�©Æ õ�ª −→ Ð�¼ê

È©Æ �F¼ê −→ Riemann�È¼ê
¢©Û {ü¼ê −→ Lebesgue�È¼ê
�¼©Û 1w¼ê −→ 2Â¼ê
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4�E|: ε − room

�½°Ýo÷−→°(z====�−→�====ò�Ú−→°,U�

o÷ °(

�½ε |A − B | < ε A = B ε → 0+

�½ε |f(x) − f(x0)| < ε lim
x→x0

f(x) = f(x0) ε → 0+

�½h
f(x0 + h) − f(x0)

h
f ′(x0) h → 0

�½π
n∑

i=1
f(ζi)∆xi

∫ b

a
f(x)dx ‖π‖ → 0

vk4�°(½Â,�UlóÆ��Ý½5ïÄ,ØU½þïÄ.
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C�©Û

�­�m 6/þ�È©!n�mþ�È©

Ã����m Banach�mþ�È©

����(Ü 2Â¼ê!Clifford©Û

¢©Û�Ä�È©nØ´È©nØí2��2|¤.

�©AÛ�6/Ún�mnØ´�êí2��2|¤.
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óä

Ì�gñ: �© : È©

g�gñ: ÛÜ : �N

lÑ : ëY (þfnØ)

²" : �­ (��´MInkowski6/)

k� : Ã� (Ý
��f)

�� : ��� (¼ê��f)

�* : Ä�

ê : /
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êÆ©Û*1/ã: 4�

©Û´4��²â£ýD�é{¤

�£*¿
−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→

{ü~£
äN
−−−−−→ 4�(ÿÀÆ)

Ä�
−−−−−→E,�c

g��=
←−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
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êÆ©Û*1/ã: �)Æ

�)Æ

knê

∞∑
k=0

ak

10k
=

p
q

−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→ ¢ê

õ�ª

∞∑
k=0

f (k)(x0)

k !
(x − x0)k = f(x)

−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→ Ð�¼ê
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êÆ©Û*1/ã: �©Æ°�

�ÈÆ======dÂÈ©Æ:

C[a, b]

∫ x

a
GGGGGGGBFGGGGGGG

d
dx

C1[a, b]/R

Ø½È©Ú½È©'X∫
f(x)dx Ø½È©

=========
½È©

∫ x

a
f(t)dt + C

�ê–�©–È©úª�éA

�êúª �©úª È©úª

dF(x)

dx
= f(x) dF(x) = f(x)dx F(x) + C =

∫
dF(x) =

∫
f(x)dx

?2R(¥I��)



êÆ©Û*1/ã: È©Æ°�

R[a, b]

∫ x

a
−−−−−−→ C[a, b] (�ü�)

f ∈ R[a, b]
Riemann�È5½n
⇐==============⇒ fk.A�??ëY

?¿?U¼ê3�:?��,K�È5ØC,È©�ØC.

RiemannÈ©nØ
�»«mk.

===========⇒
�»¼êk.

2ÂRiemannÈ©nØ
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�©Æº¸: �È©{��Taylorúª

f(x) = f(a) +
f ′(a)

1!
(x − a) + · · ·+

f (n)(a)

n!
(x − a)n +{�

È©{�
f (n+1)�3��È

==============

∫ x

a

(x − t)n

n!
f (n+1)(t)dt

k
�êÚÈ©±�,ïÄ¼ê�Ãã4�/O\
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�È©{��Taylorúª�Úôì

�Lagrange{��Taylorúª

�Cauchy{��Taylorúª

�È©Ä�½n

©ÜÈ©úª

È©¥�½n(1�!1�)

�©¥�½n(Rolle, Lagrange, Cauchy)

L’hospital{K
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�Peano{��Taylorúª

f(x) = f(a) +
f ′(a)

1!
(x − a) + · · ·+

f (n)(a)

n!
(x − a)n +{�

Peano{�
f (n)(a)∃

======
n≥1

o
(
(x − a)n

)
�Peano{��Taylorúª(n = 0)⇐===⇒ f3a:ëY

�Peano{��Taylorúª(n = 1)⇐===⇒ f3a:��

�Peano{��Taylorúª(n = 1)
4�7�^�

===========⇒ Fermat½n

�Peano{��Taylorúª(n = 2)
4�¿©^�

===========⇒4��.

�Peano{��Taylorúª(n = 1) =====⇒
0
0
.L’Hospital{K.
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�Lagrange{��Taylorúª

f(x) = f(a) +
f ′(a)

1!
(x − a) + · · ·+

f (n)(a)

n!
(x − a)n +{�

Lagrange{�
f∈Cn[a,b]

==============
f (n+1)|(a,b)∃

f (n+1)(ζ)

(n + 1)!
(x − a)n+1

�Lagrange{��Taylorúª(n = 0)⇐===⇒ Langrange¥�½n

�Lagrange{��Taylorúª(n = 1)
üN7�^�

===========⇒üN5

�Lagrange{��Taylorúª(n = 2)
à]7�^�

===========⇒à5
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1�Ù: lim
n→∞

an ∈ R

§1. R

ú�c2z�c: knê. ú�c2Zc: 4�

PÒ:

N
~{
−−−−−→ Z

Ø{
−−−−−→ Q

4�
−−−−−→ R

x2 + 1 = 0
−−−−−−−−−−−→ C

(knê�, ¢ê�(��), Eê�(�ê4�))
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~K:
√

n < N ====⇒
n∈N

√
n < Q

�y{:
√

n =
p
q
∈ (m,m + 1), p, q ∈ N, m ∈ N ∪ {0}.

=====⇒ q1 := p − qm ∈ (0, q)

=====⇒
√

n =
p
q

p − qm
p − qm

=
qn − pm

q1
=

p1

q1

q > q1, p =
p1

q1
q > p1, p1, q1 ∈ N.

√
n=

p
q
=

p1

q1
===========⇒
q>q1,p>p1,all in N

gñ(Ã¡4ü{).
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Q�Ø{

a0. a1

q ) p
a0q

r0 × 10
a1q

r1 × 10

rk=0,1,···q−1
⇐=========⇒

ak>1=0,1,··· ,9
a0∈N∪{0}, p,q∈N



p = a0q + r0

10r0 = a1q + r1

...

10rn = an+1q + rn+1

...

⇐=====⇒
p
q

=



= a0 +
r0

q

= a0 +
a1

10
+

1
10

r1

q

= a0 +
a1

10
+ · · ·+

an

10n +
1

10n

rn

q

þª4�
=========

rn < q

∞∑
k=0

ak

10k
= a0.a1a2 · · · (�?�)
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knê

knê


k��ê : ∃rn = 0

Ã��ê,�´Ì� : ∀rk , 0
rk=0,1,··· ,q−1

===========⇒
�§|7­E

ÑyÌ�
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~K

0.9̇ = 1 (ÄK§ål> 0)

x = 0.ȧ1 · · · ȧn =====⇒ 10nx = a1 · · · an + x

=====⇒ x =
a1 · · · an

10n − 1
.
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¢ê�x

�?�L«: a0.a1a2 · · · =
∞∑

k=0

ak

10k

R =d1²L\!~!¦!Ø!4�$���

Dedekind©�:
√

2 ≡

{
A , B

}
, Q = A

⊔
B

A := {x ∈ Q : x 6 0,½x > 0
�x2 < 2}

B := {x ∈ Q : x > 0, x2 > 2}

Cauchyê�:
√

2 ≡ {an}
∞
n=1/ ∼

an ∈ Q, Cauchyê�(4��
√

2)

?2R(¥I��)



knê�È�5

ØÓü�¢ê�m7k(Ã¡�)knêÚ(Ã¡�)Ãnê.

∀(x, y)
∃q∈N

======⇒
q(y−x)>1

∃ p ∈ (qx, qy) ∩ Z ==⇒
p
q
∈ (x, y)

∀(x, y), ∃
p
q
∈ (

x
√

2
,

y
√

2
) ==⇒

p
q

√
2 ∈ (x, y) ∩ (R \ Q)

?2R(¥I��)



¢êAÛL«

R
V�

←−−−−−−−−−−−→ ¢ê¶

 ∞∑
k=0

ak

10k

 «m@
================
@Ñ¢¶þ��:

∞⋂
k=0

[
a0.a1 · · · ak , a0.a1 · · · ak +

1
10k

]
.

?2R(¥I��)
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?\5êÆ©Û6�Ü�,¤�2��<

\þÔÑpÝ�:P,¤�3��<

ÙU)|,ÝºêÆ�Ü®k�£¤�4��<.

êÆ©Û´êÆ�Æ���këìÔ§´·��e½Ú½°

 �¶Ù§Æ�ÑkêÆ©Û�Kf"
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1�g��: [1.1] 4, 5, 10

¯K: 1, 3, 5, 6
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�g�Ì�SN

ê�4�(§2).

4�½Â: ε − N�ó.

4�5�(§3).

4��O{.
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l�)Æw4�

~f: ¢ê´knê4�

4�Ú?ê´�Nü¡: 4�
V�

←−−−−−−−−−−−→ ?ê

?ê´��4�:

∞∑
n=0

bn

an=
n∑

n=0
bk

======= lim
n→∞

an.

4�´��?ê(��¦Ú):

lim
n→∞

an
bn=an−an−1========

a0=0

∞∑
n=0

bn

?2R(¥I��)



ê�

ê�´��Nì:

a1, a2, · · · , an, · · ·︸                ︷︷                ︸
kS��ê

V�
←−−−−−−−−−−−→

f : N −→ R

n 7→ an

ê�P� {an}
∞
n=1. eIn´åI.

?2R(¥I��)



4��¶gÂ

lim
n→∞

an = a ⇐===⇒ anÃ��Ca (n¿©��)

⇐===⇒ an → a (n → ∞)

½5£ã,Ø��,{N4�nØ�?�ÚuÐ.

~XÃ{y²Cesàro²þ�Âñ5. ���ú

?2R(¥I��)



XÛ½þ�x4�?

8I:

|^ê�
D4����ê�&E

==================⇒ ê

üÑ: |^�)Æ

²þ�Ý
%C

====⇒ ]��Ý

%CØÑ|
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%CØ�°�:

o÷
ε−Ñ�N=Ý

==========⇒
%C

°�

/Ïε − room´4��°�:

εÑ|
%C

====⇒ ò�Ú°,U��{Ñ|

?2R(¥I��)



�½ε:

ε�À�ÿþ�p�¤ì°Ý.

ê�ck��éuD4�4�&Evk?Û�Ï,�±í�,

NÑ|:

í�E�¿ê�
NÑ|�x

=============⇒
I�í�õ��

�{��½°Ýe�Ó.

?¿�½ε:
�½ε �½°Ý o÷�p D4&EØ��

?¿�½ε ?¿�½°Ý °��p D4&E��

?2R(¥I��)



PÒ

∀
•

====== A
•

n y, ∃
•

====== E
•

x i s t .

ε = epsilon

?2R(¥I��)



Âñ=~��í2

~�ê�
an ≡ a

=================
Trick :Ø�ª�x�ª

∀ ε > 0, |an − a | < ε

(∃N�½~�, n = N + 1,N + 2, · · · )

�Øõ~�ê�
~ lim

n→∞
1

10n =0
==========

∀ ε > 0, |an − a | < ε

(∃N = N(ε), n = N + 1,N + 2, · · · )︸                                              ︷︷                                              ︸
ε−N�ó

?¿ε°Ýe,�Kc¡k���~�ê� (��εÀ�ð�. )
?2R(¥I��)



óÆ�Ýw4�

Ñu:: ~�ê�
4�L§

−−−−−−−−−−−−−−−→
4��)�C

ª:: Âñê�

�ì´ì

an ≡ a, ∀ n ∈ N.

�ìØ´ì: (�ÝJ,)

|an − a | < ε (n > N,N�εÃ')
==⇒

:
lim

n→∞
an = a

�ì�´ì: (�ÝJ,)

|an − a | < ε (n > N,N�εk')⇐==⇒ lim
n→∞

an = a

?2R(¥I��)



4��°�: ε °NÝ%CE|

�ª Ø�ª

~�ê� a = b ∀ε > 0, |a − b | < ε

Âñê� lim
n→∞

an = a ∀ε > 0, |an − a | < ε (n > N(ε))

∀ε > 0,�Kk���ε°Ýe~�

4�´�«ª³,O~k��ØK�4�

?2R(¥I��)



εE|�å


¯K 34�¥,XÛdan(½���êa?

JÝ an, a�mvk(½�'X.

)� �U/Ïε-room.

?2R(¥I��)



εE|�óÆ)Ö: 4�üÜ­

εN=Ý = ε − room = ò�Ú°,U�

= k���

= k��³

= ±ò�?

= ò���,7k��

= ���p

�½ε �p ko÷(%C)

ε?¿ �� 2°�(4�)

~f: ]��Ý=²þ�Ý£�½ε¤�4�£ε?¿¤
?2R(¥I��)



ürºf

(4�´�«ª³) Nºf⇐==
lim
n → ∞

an = a ==⇒ εºf(�Øõ~�)

4�½þ�x:

∀ ε > 0, ∃N = N(ε) ∈ N, �n > N�︸                                  ︷︷                                  ︸
n¿©��

, |an − a | < ε.

?2R(¥I��)



ürºf��^

εºf (½ê�´ε°Ýe�~�ê�

Nºf �Kc¡N�,ê�´ε°Ýe�~�ê�

ê�c¡N�Ø�Nê��5�,�±?¿¿ï

XÛ^��ê�£ã��ê?

ê� 7→ ê
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kkε,�kN

kkε (½ê�´Û°Ýe�~�ê�

�kN �Kc¡õ��,¦�ê��½°Ýe�~�ê�
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ε�?¿�½

�½ε �½°Ýe�~�ê� o÷� Ø��

ε�?¿À� ��u4�L§ °(� ��
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4��AÛ)Ö

~�ê�, :,

Âñê�, �:, o÷

°[ (an ∈ (a − ε, a + ε),∀ n > N)

a + εa − ε
?2R(¥I��)



�K{K: ÔÑÔâ�K

é~�ê�·K¤á =====⇒ éÂñê�·K¤á

ÔÑ Ôâ

?2R(¥I��)



ε − N�d�x

�O�

∀ ε ∈ (0, 1)

|an − a | < Mε M´�½�~ê.

|an − a | 6 ε.

?2R(¥I��)



Ä½·K

lim
n→∞

an , a ⇐===⇒ ∃ε0, ∀ N ∈ N, ∃n0 > N s.t .

|an − a | > ε0.

�n:

∀ ⇐===⇒ ∃, Ä½Ø�ª

?2R(¥I��)



~K: lim
n→∞

n
√

n = 1

y{�:
1 6 n√n =

n
√

1 · · · 1
√

n
√

n 6
n − 2 + 2

√
n

n
< 1 +

2
√

n
n

=====⇒ 0 6 n√n − 1 6
2
√

n

=====⇒ ∀ε > 0, �N = [
4
ε2 ], �n > N�, | n√n − 1| < ε.

y{�:
n√n = 1 + αn, αn > 0

=====⇒ n = (1 + αn)n >
n(n − 1)

2
α2

n

=====⇒ 0 < n√n − 1 <
2

√
n − 1

Óþ

?2R(¥I��)



ÏéN��K

NØ��,é���Ò1

ØI�é����N,é���N´x�Vv.

éN,ÏL/� 0�{.

N = N(ε)L«�6'X
Ø´¼ê.

?2R(¥I��)



4�c�

�£*¿
−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→

{ü~£
äN
−−−−−→ 4�(ÿÀÆ)

Ä�
−−−−−→E,�c

g��=
←−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−

c�:

4�L§ò·���£>.4�í2���?

�´��>.?��£´d4��>�ÚØ%�£u)éX.
?2R(¥I��)



4�c�(Y)

*¿
−−−−−−→

*¿
−−−−−−−−−−−−−→

*¿
−−−−−−−−−−−−−→

Q : R ===== ~�ê�: Âñê� ===== õ�ª: Ð�¼ê

{z
←−−−−−−

{z
←−−−−−−−−−−−−−

{z
←−−−−−−−−−−−−−

lim
n→∞

an = a =====⇒ an�5�´Ä¢D�4�

a�5�XÛÐ«an5�

?2R(¥I��)



§3Âñê�5�(�ÌÔÑÔâ�Küö)

��5: Âñê�4���

lim
n→∞

an = a, lim
n→∞

an = b =====⇒ a = b .

y² : |a − b | 6 |a − an |+ |an − b | <
ε

2
+
ε

2
, n � 1

?2R(¥I��)



Âñê�5�(Y)

k.5: Âñê�4�7k.,��Ø,

k.: |an | 6 M, ∀n ∈ N (.Ø��).

kþ.: an 6 M, ∀n ∈ N.

ke.: an > M, ∀n ∈ N.

y²: �M = |a1|+ · · · |aN |+ |a |+ 1.

5P:
k. ÷*��

Âñ 8¥ª³(�:)

?2R(¥I��)



4��oK$�'X: ���!�oK$�!��{

{an}
∞
n=1, {bn}

∞
n=1Âñ =====⇒ {an ~ bn}

∞
n=1Âñ

lim
n→∞

(an ~ bn) = lim
n→∞

an ~ lim
n→∞

bn

(PÒ: ~ = +,−,×,÷ Ø�©14�b��".)

y²:
∣∣∣∣∣ 1
bn
−

1
b

∣∣∣∣∣ =
|bn − b |
|bn ||b |

<
ε
|b |
2 |b |

, |bn | >
|b |
2
, n � 1.

?2R(¥I��)



�S5

(1) lim
n→∞

an = a ∈ (α, β) =====⇒ an ∈ (α, β), n � 1.

(2) lim
n→∞

an < lim
n→∞

bn =====⇒ an < bn, n � 1.

(3) an 6 bn, n � 1 =====⇒ lim
n→∞

an 6 lim
n→∞

bn.

(4) an < bn, n � 1 =====⇒ lim
n→∞

an 6 lim
n→∞

bn.

5P: 4��xª³,�NØÑck���&E.

?2R(¥I��)



uÑ5�O{: f�

f�: {akn }
∞
n=1 ⊂ {an}

∞
n=1

kn =f���3�ê� �

n =f���3g�ê� �

kn÷v�x5� :

kn
OOOOOOOO
, kn > n ( ?)

f(�´êÆ¥U,�(�:

f8Ü,f+,f�,f�,f�,f6/,f�m. f�ê

§´&�,�&ÿïÄé���N(�.

?2R(¥I��)



ê��f�ñÑ'X

e��d

{an}
∞
n=1Âñ

{an}
∞
n=1?¿f�Âñ

{an}
∞
n=1?¿f�Âñ�4��Ó

y²: (1) =⇒ (3)

∀ ε > 0, ∃N ∈ N, ∀n > N =⇒ |an − a | < ε

�´kn > n > N =⇒ |akn − a | < ε

?2R(¥I��)



~K: {sin n}∞n=1 uÑ

y²: �

kn ∈ (nπ +
π

3
, nπ +

2π
3

)︸                      ︷︷                      ︸
�Ý

π

3
>1

=====⇒ sin kn


> sin π

3 =
√

3
2 nó

6 − sin π
3 = −

√
3

2 nÛ

?2R(¥I��)



ü>Y½n('��O{)

an 6 bn 6 cn, n � 1

lim
n→∞

an = lim
n→∞

cn = a

=====⇒ lim
n→∞

bn = a.

y²: ∀ ε > 0, n � 1 =====⇒ a − ε < an 6 bn 6 cn < a + ε.

?2R(¥I��)



��

1�g��: [1.2] 1(ÛêK) 4, 5, 6, 7

[1.3] 10, 11, 12
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êÆ©Û(A1),13g�
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�g�Ì�SN

Ã¡�ÚÃ¡�

∞

∞
.Stolz½n(lÑL’Hospital{K)

0
0.Stolz½n(lÑL’Hospital{K)

~êe

e´Ãnê

?2R(¥I��)



§4Ã¡�ÚÃ¡�

4�í2��:

lim
n→∞

an = a ∈ R ∪ {−∞,+∞,∞}.

í2�{:

√
2^knê£ã

aq
⇐===⇒ ∞^ê�£ã.

?2R(¥I��)



¢¶ü:;z

¥4ÝK

S1 V�
−−−−−→ R ∪ {∞}

A 7→ B

S1´±¢¶��:��%�ü �±.

S1��4�A:�ë��¢¶uB:.

?2R(¥I��)



Ã¡�Ã¡��½Â

Ã¡�:

lim
n→∞

an = +∞ ⇐===⇒ ∀ M > 0, ∃N ∈ N, �n > N�, an > M.

lim
n→∞

an = −∞ ⇐===⇒ lim
n→∞

(−an) = +∞

lim
n→∞

an = ∞ ⇐===⇒ lim
n→∞
|an | = +∞

Ã¡�: lim
n→∞

an = 0.

Ã¡�ÚÃ¡�'X

{an}Ã¡�
an , 0
⇐===⇒

{
1
an

}
Ã¡�

?2R(¥I��)



Ã¡�ÚÃ.'X

Ã¡�ÚÃ.:

Ã¡� =====⇒Ã.⇐===⇒ ∃f�Ã¡�

?2R(¥I��)



ñÑ/�

a ∈ R ±∞ ∞

{an}
∞
n=1 Âñ uÑ uÑ

A5ÓR A5ØÓuR

a = 0Ã¡�þ Ã¡�þ

?2R(¥I��)



Ã¡��`³

Âñ���´Ã¡�:

lim
n→∞

an = a ⇐===⇒ lim
n→∞

(an − a) = 0

Ã¡��`³:

lim
n→∞

an = 0
UþKe��Kóä
⇐===============⇒
=z��KÃ¡�

lim
n→∞
|an | = 0

{z��
⇐================⇒

=z�þ4�
lim

n→∞
|an | = 0

?2R(¥I��)



í2�Âñ: Cesàro²þ

Cesàro²þ:

lim
n→∞

an = a ∈ R ∪ {±∞} =====⇒ lim
n→∞

a1 + · · · an

n
= a.

éua = ∞,(ØØ¤á:

an =


n, nó

−n − 1, nÛ.

?2R(¥I��)



y²

lim
n→∞

an = a =====⇒ lim
n→∞

a1 + · · ·+ an

n
= a.

y²: {z: Ø��a = 0.

∀ ε > 0, ∃N1 ∈ N, ∀n > N1

=====⇒ |an | <
ε

2

=====⇒

∣∣∣∣∣a1 + · · ·+ an

n

∣∣∣∣∣ 6 |a1|+ · · ·+ |aN1 |

n
+
ε

2
< ε.

éun > N := N1 + [
2(|a1 |+···+|aN1 |)

ε ] + 1¤á.

?2R(¥I��)



ToeplitzC�

b½

n∑
k=1

tnk = 1, ∀ n ∈ N

lim
n→∞

tnk = 0, ∀ k ∈ N

�½ê�{ak }
∞
k=1,��E#ê�{bk }

∞
k=1:

bn :=
n∑

k=1

tnk .

éA'X{ak }
∞
k=1 7→ {bk }

∞
k=1¡�ToeplitzC�.

ToeplitzC��±Âñ5,�±4��ØC.

?2R(¥I��)



ToeplitzC�~f

b�αn > 0,
�

lim
n→∞

αk

α1 + α2 + · · ·+ αn
= 0, ∀ k ∈ N.

ToeplitzC�

tnk =
αk

α1 + α2 + · · ·+ αn
.

~f:

tnk =
(n

k)

(n
1) + (n

2) + · · ·+ (n
n)

=
(n

k)

2n − 1
.

tnk =
k 2

12 + 22 + · · ·+ n2 =
k 2

n(n+1)(2n+1)
6

.

?2R(¥I��)



Toeplitz½n: ToeplitzC��4�

Theorem

lim
n→∞

an = a ∈ R =====⇒ lim
n→∞

n∑
k=1

tnk ak = a

?2R(¥I��)



Toeplitz½ny²

y²: Ø��a = 0.

lim
n→∞

an = 0 =====⇒ ε > 0, ∃N ∈ N, �n > N�, |an | < ε/2

=====⇒

∣∣∣∣∣∣∣
n∑

k=1

tnk ak

∣∣∣∣∣∣∣ 6
N∑

k=1

tnk |ak |+
ε

2
(∀ n > N)

6 ε (∀ n � 1)

���Ú|^
e�¯¢:

�½N, lim
n→∞

N∑
k=1

tnk |ak | = 0

?2R(¥I��)



ToeplitzC��Ý
L�



a1

a2
...

an
...


7→



t11

t21 t22
...

...
. . .

tn1 tn2 · · · tnn
...

...
...

...
. . .





a1

a2
...

an
...



ToeplizÝ
´�Ken�Ý
,

z1´ü ©),z�´Ã¡�þ.

�ToeplizÝ
z1���Ñ���,

ToeplitzC�======Cesàro²þ.

?2R(¥I��)



∞

∞
.Stolz½n(lÑL’Hospital{K)

Theorem (Stolz½n)

lim
n→∞

yn

xn

xn
?? ???? ??+∞

==============
mà∈ R ∪ {±∞}

lim
n→∞

yn − yn−1

xn − xn−1
.

?2R(¥I��)



∞

∞
.Stolz½n(lÑL’Hospital{K)

y²: �/1 a ∈ R (màP�a). Px0 = y0 = 0.

yn

xn
=

n∑
k=1

xk − xk−1

xn

yk − yk−1

xk − xk−1
=

n∑
k=1

tnk
yk − yk−1

xk − xk−1
.

Toeplitz =====⇒ Stolz

?2R(¥I��)



y²(Y)

y²: �/2 a = +∞: z�a = 0�/,��yyn
?? ???? ?? +∞

lim
n→∞

yn − yn−1

xn − xn−1
= +∞ =======⇒

yn − yn−1

xn − xn−1
> 1 (n > N)

=======⇒ yn − yn−1 > xn − xn−1, yn
?? ???? ??

�\
=======⇒
n:=N+1,··· ,n

yn − yN > xn − xN → +∞.

�/3 a = −∞: z�a = +∞�/.

?2R(¥I��)



5P

∞

∞
.Stolz½n, ¢Sþ

?

∞
.

a = ∞(Ø��:

xn = n, yn =


n2, nó

0, nÛ

AÛ: :Mn(xn, yn)3x¶ÝK ?? ???? ?? +∞

−−−−−−−→
MnMn−1�Ç→ a =======⇒

−−→
OMn�Ç→ a

?2R(¥I��)



0
0.Stolz½n(lÑL’Hospital{K)

Theorem (Stolz½n)

lim
n→∞

yn

xn

xn, yn → 0, xn �� ���� �� 0
==================
mà∈ R ∪ {±∞}

lim
n→∞

yn − yn−1

xn − xn−1
.

y²: Ø��a = 0 (yn^yn − axn�).Ù§�/ÓToeplitzy².

lim
n→∞

yn − yn−1

xn − xn−1
= 0

∀ ε>0, ∃N∈N
=======⇒ −ε <

yn − yn−1

xn − xn−1
< ε (∀ n > N)

n:=n+1,··· ,n+p
=========⇒
�\

−ε <
yn+p − yn

xn+p − xn
< ε (n > N,∀p ∈ N)

p→∞
=======⇒ −ε 6

yn

xn
6 ε (n > N)

?2R(¥I��)



§ 5 �­�~êe

3E�*:e§�ê¼ê�ÚUe

e ix = cos x + i sin x

|^exp, log$�, ¦Ø{Ú\~{/ �Ó.

(|^FourierC�Ú_C�,¦�È©Ú¦Ø{/ �Ó.)

�ê$�e�ØÄ:

(ex)′ = ex

VÇØ  �©�§ o+

Gauss©Ù 9Ø üëêf+

?2R(¥I��)



e�½Â

e := lim
n→∞

(1 +
1
n
)n =

∞∑
k=0

1
k !

= 2.71828 · · ·

4��35: |^üNk.ê�7k4�(y²�e!)

ü�4���:

Lemma
n∑

k=0

1
k !
− (1 +

1
n
)n =

3αn

2n
, αn ∈ (0, 1)

I� (1−r1) · · · (1−rn) > 1−r1−· · ·−rn, ∀ r1, · · · rn ∈ (0, 1) (??)

?2R(¥I��)



e�½Â�Ün5

en :==== (1 +
1
n
)n =

n∑
k=0

n!
k !(n − k)!

1
nk

(F)
==== 2 +

n∑
k=2

1
k !

(1 −
1
n
)(1 −

1
n
) · · · (1 −

k − 1
n

)

(?) ====⇒ en < en+1

(?) ====⇒ en < 2 +
n∑

k=2

1
k !

< 2 +
n∑

k=2

1
2k−1

< 3

(?)
(??)
====⇒ en > 2 +

n∑
k=2

1
k !

(1 −
1 + 2 + · · ·+ (k − 1)

n
)

=
n∑

k=0

1
k !
−

1
2n

n∑
k=2

1
(k − 2)!

>

n∑
k=0

1
k !
−

3
2n

?2R(¥I��)



e�TaylorÐm{�

Lemma

e = 1 +
1
1!

+
1
2!

+ · · ·+
1
n!

+
1

n!θn
, θn ∈ (n, n + 1).

y²: e − (1 +
1
1!

+
1
2!

+ · · ·+
1
n!
) =

∞∑
k=n+1

1
k !

1
(n + 1)!

<

∞∑
k=n+1

1
k !

<
1

(n + 1)!

(
1 +

1
n + 1

+
1

(n + 1)2 + · · ·

)
=

1
n!n

íØ: e−
10∑

k=0

1
k !
∈ (

1
11!

,
1

10!10
) ⊂ (0, 10−7) ==⇒ e = 2.71828 · · ·

?2R(¥I��)



e´Ãnê

�y{

e =
m
n
∈ (2, 3), n,m ∈ N, n ≥ 2

= 1 +
1
1!

+
1
2!

+ · · ·+
1
n!

+
1

n!θn
, θn ∈ (n, n + 1).

ü>¦n!
=======⇒

1
θn
∈ N gñ
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13g��: [1.4] 3 4, 5

[1.6] 1, 2, 14, 15, 16

[1.11] 3, 4, 5
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êÆ©Û(A1),14g�
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�g�Ì�SN

R��5(§7):

R��5�8��d½n
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¢ê�x

�?�L«: a0.a1a2 · · · =
∞∑

k=0

ak

10k

R =d1²L\!~!¦!Ø!4�$���

Dedekind©�:
√

2 ≡

{
A , B

}
, Q = A

⊔
B

A := {x ∈ Q : x 6 0,½x > 0
�x2 < 2}

B := {x ∈ Q : x > 0, x2 > 2}

Cauchyê�:
√

2 ≡ {an}
∞
n=1/ ∼

an ∈ Q, Cauchyê�(4��
√

2)

?2R(¥I��)



¢ê��5�d�x

e��d:

R��5

====== R�?�L«

====== Dedekind©�ún

====== ¢ê�Cauchyê�L«

====== ¢ê��5�8��d½n

?2R(¥I��)



�È©Ä�

üNk.½n ==⇒ «m@½n ==⇒ (.�n

Cantor~wwwwwwwwww
wwwwwwwwww�

CauchyOK ⇐== �;5½n ⇐== k�CX½n

R�� Bolzano-Weierstrass Heine-Borel

[a, b]�; [a, b];

?2R(¥I��)



üNk.½n

Theorem (üNk.½n)

üNk.ê�7k4�.

?2R(¥I��)



«m@½n

Theorem («m@½n)

e4«m@��Ýªu",K7@Ñ���:.

?2R(¥I��)



«m@½n

[a1, b1] ⊃ [a2, b2] ⊃ · · · ⊃ [an, bn] ⊃ · · ·

lim
n→∞

(bn − an) = 0

=====⇒ ∃! ζ ∈
∞⋂

n=1

[an, bn]

=

∞⋂
n=1

[an, bn]
[an ,bn]↘,�Ý→0

===========⇒Õ:8

?2R(¥I��)



(.�n

Theorem ((.�n)

kþ.�8Ü7kþ(..

?2R(¥I��)



E ⊂ R, E�þ.:

x 6 M (∀x ∈ E)⇐==⇒ M´E���þ..

E�þ(.P� sup E: þ.¥�����

sup E´E�þ.: ∀ x ∈ E ==⇒ x 6 sup E

sup E − εØ´E�þ.

∀ε > 0, ∃xε ∈ E, s.t . sup E − ε < xε 6 sup E

?2R(¥I��)



����þ(.

max E þ. max E ∈ E

sup E þ. �U sup E < E (~XE = (0, 1))

?2R(¥I��)



þ(.
3εØ�e

=========���

åX�����^

xε ∈ (sup E − ε, sup E] ∩ E

?2R(¥I��)



þ(.´���34�¿Âe�í2

þ(.
4�

=====⇒���

þ(.����'X

þ(. ======���+ lim
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e(.

inf E :=e.¥�����

sup E inf E

supremum infimum

éó'X:

sup(−E) ====== − inf E

inf(−E) ====== − sup E

?2R(¥I��)



k�CX½n

Theorem (k�CX½n)

k.4«m�?¿mCX7�3k�fCX.

?2R(¥I��)



[a, b] ⊂
⋃
λ∈Λ

Iλ (Iλm«m, Λ�I8Ü)

∃k�8Λ0 ⊂ Λ
============⇒ [a, b] ⊂

⋃
λ∈Λ0

Iλ

�~: (0, 1) ==
∞⋃

n=1
( 1

n , 1)

?2R(¥I��)



�;5½n

Theorem (Bolzano-Weierstrass�;5½n)

k.ê�7kÂñf�.

?2R(¥I��)



Cauchy�OOK

Theorem (Cauchy�OOK)

Cauchyê�7Âñ.

Cauchyê�======Âñê�.

?2R(¥I��)



Cauchyê��½Â

Cauchyê�

{an}
∞
n=1´Cauchyê�

⇐===⇒ ∀ ε > 0, ∃N = N(ε), �n,m > N�︸                               ︷︷                               ︸
n,m¿©�

, k|an − am | < ε

?2R(¥I��)



Cauchyê��A:

Cauchyê�´U)äkÂñ]��ê�

éu?¿�½�Ø�,�Kc¡k��,´3�½°Ýe�~�ê�.

Cauchyê���½dê�g��&E�½

Cauchyê�
vk	3�a
⇐=========⇒g��&E

?2R(¥I��)



5P

S%�O{

Cauchy =====⇒ Âñ

����*w{:

vk4��Cauchyê�¡��Y, Ã�Y¡���.

?2R(¥I��)



½ny²(0): ¢ê�?�L«====⇒üNk.½n

a1 ====== α0.α1α2 · · · , α0 ∈ N, αj>1 ∈ {0, 1, · · · , 9}

b1 ====== β0.β1β2 · · · aq

c1 ====== γ0.γ1γ2 · · ·

...
...
...
...y

a ====== P0.P1P2P3 · · ·

�Ä1��:

{an}
∞
n=1 ↗=====⇒ α0 6 β0 6 γ0 6 · · · 6 M (1��üNk.)

üNO\kþ.��ê�,�kk��Ñya�§b�a�
 uk1, · · · kn0 ,�Kckn0�,�~�ê�.

�Ä1��,UYaq?Ø.
?2R(¥I��)



½ny²(1): üNk.½n====⇒«m@½n

�{: «m@
�E

=====⇒üNk.ê�.

an ↗ 6 bn ↘, bn − an → 0

üNk.½n
===========⇒ ü�ê�4�þ�3���§P�ζ

∃!
=========⇒ ζ ∈

∞⋂
k=1

[an, bn].

∀x ∈
∞⋂

k=1

[an, bn] k

|ζ − x | 6 bn − an → 0

?2R(¥I��)



½ny²(2): «m@½n====⇒(.�n

�{: kþ.�8Ü
��©

=====⇒«m@.

P E´�½�kþ.�8Ü§F := E�þ.8.

[ a︸︷︷︸
∈E

, b︸︷︷︸
∈F

]︸              ︷︷              ︸
¹k,E¥:d0

⊃ [a1, b1︸︷︷︸
∈F

]

︸          ︷︷          ︸
¹k,E¥:d1

⊃ [a2, b2︸︷︷︸
∈F

]

︸          ︷︷          ︸
¹k,E¥:d2

⊃ · · ·

@Ñ���:ζ = sup E:

ζ = E¥:�S��4� = F¥:�S��4�

?2R(¥I��)



½ny²(3): (.�n====⇒k�CX½n

�{: ÛÜ
Hömander�E

============⇒
��?º�{

�N.

Γ :=
{
x ∈ [a, b] : [a, x]äkk�fCX

}
, ∅

c := sup Γ 6 b

��y²b ∈ Γ.

?2R(¥I��)



�y{: b < Γ

�CX¥m«mI0,�ε0 > 0:

c ∈ (c − ε0, c + ε0) ⊂ I0

c=sup Γ
=====⇒ ∃x0 ∈ Γ ∩ (c − ε0, c + ε0)

x0∈Γ
=====⇒ [a, x0]äkk�fCX

V\I0
=====⇒ [a, c +

ε0
2

]äkk�fCX

=====⇒ ec < b ,Kù�c = sup Γgñ.

ec = b ,Kù�b < Γgñ.
?2R(¥I��)



½ny²(4): k�CX½n====⇒�;5½n

�{: Ø�3Âñf�
�y{

=====⇒
�E

mCX.

{an}
∞
n=1Ø�3Âñf�

Ø��{an}pØ�Ó
===============⇒
{an}

∞
n=1 ⊂ [a, b]

∀ x ∈ [a, b], ∃(x − δx , x + δx)

=¹k{an}
∞
n=1k��.

{an}
∞
n=1⊂

⋃
x∈[a,b]

(x−δx ,x+δx )

===============⇒ {an}
∞
n=1 ⊂

⋃
k�

(x − δx , x + δx) gñ
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½ny²(5): �;5½n====⇒CauchyOK

Cauchyê� =====⇒ k.ê�

=====⇒ �3Âñf�, Ù4�´��ê��4�.
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½ny²(6): CauchyOK====⇒üNÂñ½n

b� a1 6 a2 6 · · · 6 an 6 · · · < M (ê��þ.)

�E��©«m@: E := {an}
∞
n=1, F := E�þ.8

[ a1︸︷︷︸
∈E

, M︸︷︷︸
∈F

]

︸              ︷︷              ︸
¹k,E¥:an1

⊃ [α1, β1︸︷︷︸
∈F

]

︸          ︷︷          ︸
¹k,E¥:an2

⊃ [α2, β2︸︷︷︸
∈F

]

︸          ︷︷          ︸
¹k,E¥:an3

⊃ · · ·

�À�nK ↗
==========⇒ αk 6︸︷︷︸

�E

ank 6︸︷︷︸
üN5

am(m>nk ) 6︸︷︷︸
þ.

βk

=========⇒ {an}Cauchy
?2R(¥I��)



«m@5P

«m@´êÆ¥�à1�

«m@òJ:8¥��:NC?n.

«m@ò¤k�&E8B��:NC.

?2R(¥I��)



�­��ü�ÿÀVg

;5: ;8AÛL«�Big point.

3�:¤á�5�
í2

=====⇒ 3;8¤á.

;8´k�8Ü3Ø�ê8Ü¥��C��Ò.

��5: 4�nØïá�Ä�.

8Ü�µeATv
�,�¹§�¤k�U)�Cauchyê�
�4�.

Q : R ====== R[a, b] : L1[a, b]
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��

14g��: [1.5] 1, 2 4, 5, 6

[1.7] 3

[1.8] 1
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êÆ©Û(A1),15g�

?2R(¥I��)

2020-09-28

?2R(¥I��)



�g�Ì�SN

Ø Nì�n (üNÂñ�Ö¿)

üNê��¼ê�O{

Newton��{¦�

?2R(¥I��)



Cauchy.Ø Âñ

Cauchy.Ø ê�{an}
∞
n=1

q ∈ (0, 1)´�½�

|an − an−1| 6 q|an−1 − an−2| ∀ n > 2

?2R(¥I��)



Ø Nì�n

Theorem

Ø ê�7Âñ

y²: |an − an−1| 6 q|an−1 − an−2| 6 q2|an−2 − an−3| 6 qn−2|a2 − a1|

∀m > n, |am − an | 6 |am − am−1|+ · · ·+ |an+1 − an |

6 (qm−2 + · · ·+ qn−1)|a2 − a1| 6
∞∑

k=n−1

qk |a2 − a1|

6
qn−1

1 − q
|a2 − a1| → 0 n → ∞

?2R(¥I��)



Ø ê��¼ê�O{

b�an+1 = f(an),�

sup
x∈R
|f ′(x)| = r < 1.

K{an}
∞
n=1´Ø ê�.

y²: |an+1 − an | ====== |f(an) − f(aa−1)|

¥�½n
========= |f ′(ζ)||an − an−1|

6 r |an − an−1|

?2R(¥I��)



üNê��¼ê�O{

b�an+1 = f(an), a2 > a1,

f ′ > 0.

K{an}
∞
n=1´üNO\ê�.

y²: f ′ > 0. =====⇒ füNO\

an > an−1 =====⇒ an+1 = f(an) > f(an−1) = an.

?2R(¥I��)



|^¼êïÄê�

ê� ¼ê

lÑ ëY

`³ �ê�/ �êóä?nüNà]
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~K

b��ê{an}
∞
n=1S�÷v

an+1 =
1

1 + an
, ∀ n ∈ N.

y²: {an}
∞
n=1Âñ.
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~KY

�{1:

an > 0, ∀n ∈ N =====⇒ 0 < an+1 =
1

1 + an
< 1

=====⇒ an+1 =
1

1 + an
>

1
1 + 1

=
1
2
.

=====⇒ |an+1 − an | =

∣∣∣∣∣ 1
1 + an

−
1

1 + an−1

∣∣∣∣∣
=

|an − an−1|

(1 + an)(1 + an−1)

6
4
9
|an − an−1| (Ø ê�)
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~KY

�{2: f(x) :=
1

1 + x
, an+ = f(an)

an > 0, ∀n ∈ N =====⇒ an+1 ∈ [
1
2
, 1]

=====⇒ |an+1 − an | = |f(an) − f(an−1)|

6 max
x∈[ 1

2 ,1]
|f ′(x)||an − an−1| (Lagrange¥�)

6
4
9
|an − an−1| (Ø ê�)
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~KY

4��:

an+1 =
1

1 + an

A :=lim an
======⇒ A =

1
1 + A

=====⇒ A =

√
5 − 1
2

= 0.618 · · ·
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~KY: üN5

ê�: an+1 = f(an), f(x) =
1

1 + x
.

Ûê�f�↘: a2n+3 = F(a2n+1), F(x) := f(f(x)) =
1 + x
2 + x

a3 = F(a1) =
2
3
< 1 = a1

a2n+1 6 a2n−1 ===⇒ a2n+3 − a2n+1 = F ′(ζ)(a2n+1 − a2n−1) < 0

óê�f�↗: a2n+2 = F(a2n) a4 > a2

a2 = f(a1) = f(1) = 1
2 , a4 = F(a2) =

3
5
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üN5�O�{

~{:

∀ n ∈ N, xn+1 − xn

> 0 =====⇒ xn ↗

6 0 =====⇒ xn ↘

Ø{:

∀ n ∈ N,
xn+1

xn

> 1 =====⇒ xn ↗

6 1 =====⇒ xn ↘

¼ê:

xn+1 = f(xn), f ′(x) > 0

x1 6 x2 =====⇒ xn ↗

x1 > x2 =====⇒ xn ↘

5P: {xn}�±÷X¢¶O\½~�.
?2R(¥I��)



Âñ.Ø Âñ

Âñ.Ø Âñ{an}
∞
n=1

�½�: a ∈ R, q ∈ (0, 1)

|an − a | 6 q|an−1 − a |, ∀ n > 2
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Âñ.Ø Âñ

Theorem

Ø ê�7Âñ

y²: |an − a | 6 qn−1|a1 − a | → 0 n → ∞
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í2�Ø Âñ(Ø Âñ÷ve�^�)

|an+1 − an | 6 Mqn ∀ n ∈ N.

CauchyOK
=========⇒

∞∑
n=1

|an+1 − an | Âñ

CauchyOK
=========⇒ {an}Âñ

?2R(¥I��)



Fibonacciê�

a1 = 1, a2 = 2,

an+1
���´cü��Ú
================== an + an−1 (∀ n > 2)

=====⇒
an+1

an
=

1 +
√

5
2
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Fibonacciê�(Y)

y²: bn :=
an+1

an
===⇒ bn =

an+1

an
=

an + an−1

an
= 1 +

1
bn−1

�b÷v

b = 1 +
1
b
, Ù¥ b =

1 +
√

5
2

.

üª�~

bn − b =
1

bn−1
−

1
b

=====⇒ |bn − b | 6 q|bn−1 − b | Ù¥q =
1
b
∈ (0, 1)(Ø ê�)
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Fibonacciê�(Y)

�{�: bn :=
an+1

an
===⇒ bn =

an + an−1

an
= 1 +

1
bn−1

bn+1 = 1 +
1
bn

> 1 =====⇒ bn+1 = 1 +
1
bn

< 1 +
1
1
= 2

bn+1 = 1 +
1
bn

> 1 +
1
2
=

3
2
.

bn = f(bn−1), f(x) = 1 +
1
x
, ∀ x ∈ [

3
2
, 2]

|bn+1 − bn | 6 max
x∈[ 3

2 ,2]
|f ′(x)||bn − bn−1|

6
4
9
|bn − bn−1|(Ø ê�)
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�EØ ê�O�²��

O�
√

a, a > 0:

Ð©o÷�

x0 = [
√

a] + 1

�EØ ê�:

xn :=
1
2
(xn−1 +

a
xn−1

) >
√

a

=====⇒ 0 6 xn −
√

a =
1
2
(xn−1 − 2

√
a +

a
xn−1

) 6
1
2
(xn−1 −

√
a)

(Ø ê�)
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Stoltz½n�A^

lim
n→∞

(an − an−1) = 0
Cesàro
=====⇒ lim

n→∞

an

n
= 0

lim
n→∞

(an − an−2) = 0
Stolz

=====⇒ lim
n→∞

an

n
= 0

y²:

lim
n→∞

a2n

2n
Stoltz

=====⇒ lim
n→∞

a2n − a2(n−1)

2n − 2(n − 1)
= 0

lim
n→∞

a2n+1

2n + 1
Stoltz

=====⇒ lim
n→∞

a2n+1 − a2(n−1)+1

2n + 1 − (2(n − 1) + 1)
= 0

?2R(¥I��)



Stoltz½n�A^

0 < x1 < 1, xn+1 = xn(1 − xn), ∀ n ∈ N

=====⇒ xn =
1
n
−
ln n
n2 + o(

ln n
n2 )

y²: ´�xn ∈ (0, 1), xn �� ���� �� =====⇒ lim
n→∞

xn = 0

Stoltz
=====⇒ lim

n→∞

x−1
n

n
= limn→∞(x−1

n+1 − x−1
n ) = lim

n→∞

1 − (1 − xn)

xn(1 − xn)
= 1

?2R(¥I��)



Stoltz½n�A^(Y)

lim
n→∞

n(nxn − 1)
ln n

nxn ∼ 1
======= lim

n→∞
nxn

n − x−1
n

ln n
= lim

n→∞

n − x−1
n

ln n

Stolz
====== lim

n→∞

1 − x−1
n+1 + x−1

n

ln(1 + 1
n )

====== lim
n→∞

n(1 −
1

xn(1 − xn)
+

1
xn

)

====== lim
n→∞

n
xn(1 − xn) − 1 + (1 − xn)

xn(1 − xn)
= −1

?2R(¥I��)



Stolz½n�A^

lim
n→∞

(2an+1 + an) = s ∈ R =====⇒ lim
n→∞

an =
s
3

y²: Ø��s = 0 (ÄK�Äan −
s
3 ).

lim
n→∞

(−1)nan ====== lim
n→∞

(−2)nan

2n

Stolz
======

(−2)n+1an+1 − (−2)nan

2n+1 − 2n = 0

?2R(¥I��)



à:

{rn}
∞
n=1 := [0, 1] ∩ Q.

�Äê�:

=====⇒ r1,︸︷︷︸
1�

r1, r2,︸︷︷︸
2�

r1, r2, r3,︸   ︷︷   ︸
3�

· · ·

Tê�¤kf�4��N = [0, 1]
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Newton��{¦�

¼ê: f ∈ C2[a, b], f ′ > 0, f ′′ > 0, f(a)f(b) < 0.

¼ê3(a, b)äk���x = c:

c ∈ (a, b) f(c) = 0

¼êî�üNO\,3«mà:¼ê�ÉÒ

e¡�Ñ�§f(x) = 0����x = c�ê�).
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ê�)��E: Newton��{¦��{

?�x1 ∈ [a, b], L(x1, f(x1)����¢¶��:P�(x2, 0).

(x2, 0) u�� y = f(x1) + f ′(x1)(x − x1).

x2÷v: x2 = x1 −
f(x1)

f ′(x1)
.

x2 ∈ (a, b):

f(x1) + f ′(x1)(a − x1) < f(x1) + f ′(x1)(c − x1) = f(c) = 0

==⇒ x2 := x1 −
f(x1)

f ′(x1)
> a Ón x2 < b .
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L(xn, f(xn))����¢¶��:P�(xn+1, 0):

(xn+1, 0) u�� y = f(xn) + f ′(xn)(x − xn).

=====⇒ xn+1 = xn −
f(xn))

f ′(xn)

xn ∈ (a, b) (8B{)
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ê�)�üNk.5

xn > c (n = 2, 3, · · · ):

xn+1 − c ====== xn − c −
f(xn) − f(c))

f ′(xn)

====== (xn − c)(1 −
f ′(ζn)

f ′(xn)
)

====== (xn − c)(xn − ζn)
f ′′(ηn)

f ′(xn)
> 0.

xn > xn+1 (n = 2, 3, · · · ):

0 < f ′(xn) ======
f(xn) − f(c))

xn − xn+1

======
f ′(ζn)(xn − c)

xn − xn+1

=====⇒ xn > xn+1
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{xn}
∞
n=1Âñ�c:

a := lim
n→∞

xn
xn�4íúªüà�4�
====================⇒ f(a) = 0

�§����5
===================⇒ a = c
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(Ø

L(xn, f(xn))����¢¶��:P�(xn+1, 0):

(xn+1, 0) u�� y = f(xn) + f ′(xn)(x − xn).

=====⇒ xn+1 = xn −
f(xn))

f ′(xn)

¼êã/þ�:�{(xn, f(xn))}
∞
n=1�4�(c, f(c)) u¢¶þ.

�§��: y = f(x)äk�x = c.

�§f(x) = 0�ê�): xn+1 ==== xn −
f(xn)

f ′(xn)
.
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�g�Ì�SN

þ4��e4�(§8 )
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4�í2�n

þ4��e4�´?n4��­�Ãã

þ4��e4��xê��ñÑ§Ý.

ê�8¥u[ lim
n→∞

an, lim
n→∞

an]�ε)ä.

þ4��e4�3ê�4�Ø²�¹e¦^
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ê��3k4��f�

ê�k4� ⇐===⇒ lim
n→∞

an = a ∈ R ∪ {−∞,+∞}

?¿ê��3k4��f� (ê�4�*¿��Ð?)

ê�4��f�4�'X:

ê�k4� ⇐===⇒ ∀f�k4�

⇐===⇒ ∀f�k4��4��Ó
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4�:(à:)

Definition

{an}
∞
n=1�4�:x ∈ R ∪ {±∞} ⇐===⇒ ∃f�akn → x
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þ4��e4�½Â

Definition

E := {an}
∞
n=14�:�N

lim
n→∞

an = lim sup
n→∞

an := supE

lim
n→∞

an = lim inf
n→∞

an := inf E
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þ4��e4�'X

lim
n→∞

(−an) ====== − lim
n→∞

an

lim
n→∞

(−an) ====== − lim
n→∞

an,

lim
n→∞

an 6 lim
n→∞

an
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éó'X

lim : lim = sup : inf = max : min .

lim
n→∞

(−an) ====== − lim
n→∞

an,

sup(−E) ====== − inf E
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þe4����

Theorem

þ4�´��4�:

lim
n→∞

an ====== maxE, E := {an}
∞
n=14�:�N.
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þe4����(Y)

y²: �/1: supE = +∞

�y{
=====⇒ {an}

∞
n=1Ãþ.

=====⇒ �3f�akn → +∞

�/2: supE = −∞

Ó�/1�y²
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Y

�/3: supE ∈ R

a∗ := supE ∈ R
============⇒ ∃c1 ∈ E ∩ (a∗ − 1, a∗ + 1)

4�½Â
============⇒ �3ê�{an}

∞
n=1Ã¡õ� ∈ (a

∗ − 1, a∗ + 1)

============⇒ �ak1 ∈ (a
∗ − 1, a∗ + 1)

Ón�3c2 ∈ E ∩ (a∗ −
1
2
, a∗ +

1
2
)

============⇒ �ak2 ∈ (a
∗ −

1
2
, a∗ +

1
2
), k2 > k1.

UYù�L§,�3f�{akn },4��a∗.
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þ4��ε − N½Â

Definition

lim
n→∞

an = a ∈ R⇐==⇒


a ∈ R´{an}

∞
n=14�:

∀ ε > 0, ∃N ∈ N, �n > N�,kan < a + ε.
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þ4��ε − N½Â(Y)

y²: 7�5: 1�^w,§1�^|^�y{.

ÄK,ê�¥kÃ¡õ��ua + ε,

=====⇒ 7kà:�ua,�a´��à:gñ.

¿©5: 'a��:ÑØ´à:.
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þ4�´�«4�

Theorem

lim
n→∞

an = lim
n→∞

(
sup
k>n

ak ↘

)
=: lim sup

n→∞
an

lim
n→∞

an = lim
n→∞

(
inf
k>n

ak ↗

)
=: lim inf

n→∞
an

5P: bk = sup
k>n

ak := sup{an, an+1, an+2, · · · }

=====⇒ bn+1 = sup{an+1, an+2, · · · } 6 sup{an, an+1, an+2, · · · } = bn

=====⇒ sup
k>n

ak ↘
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þ4�´�«4�(Y)

y²: �/1: lim
n→∞

an = +∞

�3f� lim
n→∞

akn = +∞ =====⇒ lim
n→∞

sup
k>n

ak > lim
n→∞

akn = +∞

�/2: lim
n→∞

an = −∞

lim
n→∞

an = −∞ =====⇒ ∀ M > 0,∃N ∈ N,�n > N�, kan < −M

=====⇒ lim
n→∞

sup
k>n

ak 6 −M

?2R(¥I��)



Y

�/3: lim
n→∞

an ∈ R

a∗ := lim
n→∞

an
∃f�{akn }========== lim

n→∞
akn 6 lim

n→∞
sup
k>n

an.

∀ ε > 0, ∃N ∈ N, �n > N�, kan < a∗ + ε

=====⇒ sup
k>n

ak 6 a∗ + ε (∀n > N)

=====⇒ lim
n→∞

sup
k>n

ak 6 a∗ + ε

ε→0+
=====⇒ lim

n→∞
sup
k>n

ak 6 a∗

?2R(¥I��)



þ4��4��x

lim
n→∞

an=,f�{akn }
∞
n=1�4�.Tf����35,ØUä

N�Ñ.

lim
n→∞

an
∃f�
======= lim

n→∞
akn

lim
n→∞

an=,üNê�{supk>n ak }
∞
n=1�4�,TüNê���Ø

´{an}
∞
n=1�f�,�´äN�Ñ.

lim
n→∞

an
∃üNê�
========== lim

n→∞
sup
k>n

ak

?2R(¥I��)



|^þe4��x4�

Theorem

lim
n→∞

an = a ⇐===⇒ lim
n→∞

an = lim
n→∞

an = a

?2R(¥I��)



þe4��S5

an 6 bn (n � 1) ==⇒ lim
n→∞

an 6 lim
n→∞

bn, lim
n→∞

an 6 lim
n→∞

bn

�ü: ���ª½Ø�ª,�4�(þe4�).

?2R(¥I��)



�oK$�

3e�üàk¿Â�^�e¤á

lim
n→∞

an + lim
n→∞

bn 6 lim
n→∞

(an + bn) 6 lim
n→∞

an + lim
n→∞

bn

lim
n→∞

an + lim
n→∞

bn 6 lim
n→∞

(an + bn) 6 lim
n→∞

an + lim
n→∞

bn

üàÃ¿Â: +∞+ (−∞), −∞+ (+∞)

~X: an = n, bn = −n − 1.

î�Ø�ª�U¤á:

~X: {an} = {0, 1, 2, 0, 1, 2, · · · }

{bn} = {2, 3, 1, 2, 3, 1, · · · }

?2R(¥I��)



y²

�y1�úª§,�úªaq!éó.

�Ø�ª,òþe4���4�,�K4�,��y²

inf
k>n

ak + inf
k>n

bk 6 inf
k>n

(ak + bk )

⇐===⇒ inf
k>n

ak + inf
k>n

bk 6 am + bm (∀ m > n)

?2R(¥I��)



y²(Y)

mØ�ª�/�µ lim
n→∞

an, lim
n→∞

bn ∈ R

òþe4���4�,�K4�,��y²

inf
k>n

(ak + bk ) 6 inf
k>n

ak + sup
k>n

bk , ∀n ∈ N

æ^ÔÑÔâ�{: �inf = min, sup = max�,(Øw,¤
á. |^ε − roomí2����/:

∀ n ∈ N, ∀ ε > 0, ∃k0 > n, s.t . ak0 < inf
k>n

ak + ε

⇐====⇒ inf
k>n

(ak + bk ) 6 ak0 + bk0 6 (inf
k>n

ak + ε) + sup
k>n

bk

?2R(¥I��)



y²(Y)

mØ�ª�/�µ lim
n→∞

an = −∞, lim
n→∞

bn ∈ R

∃ lim
n→∞

an = −∞ =====⇒ lim
n→∞

(akn + bkn) = −∞

∀ε > 0, ∀M � 1, ∃N ∈ N, �n > N�

akn + bkn < −2M + lim
n→∞

bk + ε < −M

mØ�ª�/nµ lim
n→∞

an = lim
n→∞

bn = −∞

∀ M > 0, akn + bkn < −2M (n � 1).

?2R(¥I��)



~^�ª

lim
n→∞

bn = b ∈ R =====⇒



lim
n→∞

(an + bn) = lim
n→∞

an + b

lim
n→∞

(an + bn) = lim
n→∞

an + b

?2R(¥I��)



~K

am+n 6 am + an, ∀ m, n ∈ N

=====⇒
{an

n

}∞
n=1
k4�,k�½ −∞.

y²: �½k ∈ N, �Äk?�: n = mk + l, 0 6 l 6 k − 1.

an

n
6

mak + al

mk + l
=

ak

k + l
m

+
al

n

n → ∞⇒ m → ∞
==============⇒ lim

n→∞

an

n
6

ak

k
k?¿5

=======⇒ lim
n→∞

an

n
6 lim

k→∞

ak

k

an

n
6

na1

n
= a1 (kþ.)
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PÒ

x = [x] + {x}, [x] ∈ Z, {x} ∈ [0, 1)

?2R(¥I��)



~K

y²: lim
n→∞

{
(2 +

√
3)n

}
= 1.

y²: (2 +
√

3)n + (2 −
√

3)n ∈ N, lim
n→∞

{
(2 −

√
3)n

}
= 0

=====⇒
{
(2 +

√
3)n

}︸         ︷︷         ︸
∈(0,1)

+
{
(2 −

√
3)n

}︸         ︷︷         ︸
∈(0,1)︸                              ︷︷                              ︸

∈(0,2)∩Z

= 1
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Cesàro²þ�4�'X

ê�{an}
∞
n=1Âñ�A

⇐===⇒ §�¤kf��Cesàro²þÑÂñ�A

?2R(¥I��)



y²

y²: {an}
∞
n=1Âñ�A =====⇒ {an}

∞
n=1?¿f�Âñ�A

=====⇒ ?¿f��Cesàro²þÑÂñ�A

¤kf��Cesàro²þÑÂñ�A

�þ4�f�
===========⇒ Cesàro²þÂñ�þ4�§�Âñ�A

�e4�f�
===========⇒ lim an = A = lim an
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¦{���Cesàro²þ

lim
n→∞

an = a an > 0, ∀n ∈ N

3exp, logC�e
=============⇒ lim

n→∞
n√a1 · · · an = a.
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~K

lim
n→∞

qn ======



0, |q| < 1

1, q = 1

uÑ, q = −1

∞, |q| > 1.

y²: Ø��q , 0, |q| < 1. -|q| =
1

1 + α
, α > 0.

0 6 |q|n 6
1

(1 + α)n <
1

nα
→ 0 (ü>Y)
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16g��: [1.6] 9, 10

[1.10] 1(ÛêK), 2(3), 3
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êÆ©Û(A1),17g�
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�g�Ì�SN

þ4��e4�A^

«m@�A^

­�Vg�5P

?2R(¥I��)



Ø ê�6Ä

an+1 6 qan + εn, an, εn > 0, ∀ n ∈ N

q ∈ (0, 1), lim
n→∞

εn = 0

=====⇒ lim
n→∞

an = 0

?2R(¥I��)



Ø ê�6Ä(Y)

y²: a := lim
n→∞

an ∈ [0,+∞]

an+1 6 qan + εn
�lim

=======⇒ a 6 qa.

�/1 a , +∞: =========⇒ a = 0.

�/2 a = +∞:
Ø��an > 1
==========⇒ εn < 1 − q < (1 − q)an

=========⇒
an+16qan+εn

an ↘

?2R(¥I��)



£�Stolz½n�A^

lim
n→∞

(2an+1 + an) = s ∈ R =====⇒ lim
n→∞

an =
s
3

y²: Ø��s = 0 (ÄK�Äan −
s
3 ).

lim
n→∞

(−1)nan ====== lim
n→∞

(−2)nan

2n

Stolz
======

(−2)n+1an+1 − (−2)nan

2n+1 − 2n = 0
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þ4��A^

lim
n→∞

(a2n + 2an) = 0

{an}k.
======⇒ lim

n→∞
an = 0

?2R(¥I��)



þ4��A^(Y)

y²: a := lim
n→∞
|an | ∈ [0,+∞)

�y: a ∈ (0,+∞)

===========⇒ �3f�akn → a½ − a

|^�½^�
===========⇒ lim

n→∞
a2kn = −2a½2a

===========⇒ lim
n→∞
|a2kn | = 2a > a = lim

n→∞
|an | gñ
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î�«m@: e

∞⋂
n=1

[(
1 +

a
n

)n
,

(
1 +

a
n

)n+m0
]

a∈(0, m0]
==========

m0∈N

{
ea

}

A~

∞⋂
n=1

(1 +
1
n

)n

,

(
1 +

1
n

)n+1 ======
{
e
}

?2R(¥I��)



NÚ-AÛ-�â²þØ�ª

1
a−1

1 + · · ·+ a−1
n

n

6 n√a1a2 · · · an 6
a1 + a2 · · ·+ an

n
aj > 0

�ª¤á��=� a1 = a2 = · · · = an.

(�é{y²: ln x´R+þ]¼ê.)

?2R(¥I��)



Y

(1 +
a
n
)n < (1 +

a
n + 1

)n+1 ⇐==⇒
n+1

√
(1 +

a
n
)n < 1 +

a
n + 1

NÚAÛ²þØ�ª¥,�

a1 = a2 = · · · = an = 1 +
a
n
, an+1 = 1.

?2R(¥I��)



Y

(1 +
a
n
)n+m0 > (1 +

a
n + 1

)n+1+m0 ⇐==⇒
n+1+m0

√
(1 +

a
n
)n+m0 > 1 +

a
n + 1

NÚAÛ²þØ�ª¥,�

a1 = a2 = · · · = an+m0 = 1 +
a
n
, an+m0+1 = 1.
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Y

n+1+m0

√
(1 +

a
n
)n+m0 >

n + m0 + 1

(n + m0)
1

1+ a
n
+ 1

=
(n + m0 + 1)(n + a)
(n + m0)n + (n + a)

= 1 +
(n + m0)a

(n + m0)n + (n + a)

= 1 +
a

n + n+a
n+m0

> 1 +
a

n + 1
a ∈ (0,m0]
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î�«m@: Euler~êγ = 0.577 · · ·

∞⋂
n=1

[
1 +

1
2
+ · · ·+

1
n
− ln(n + 1), 1 +

1
2
+ · · ·+

1
n
− ln n

]
==

{
γ
}

γ = lim
n→∞

(
1 +

1
2
+ · · ·+

1
n
− ln n

)
= 0.577 · · ·

?2R(¥I��)



Y

∞⋂
n=1

(1 +
1
n

)n

,

(
1 +

1
n

)n+1 ==
{
e
}

(1 +
1
n
)n < e < (1 +

1
n
)n+1 ⇐===⇒

1
n + 1

< ln(1 +
1
n
) <

1
n

[an, bn] :=

[
1 +

1
2
+ · · ·+

1
n
− ln(n + 1), 1 +

1
2
+ · · ·+

1
n
− ln n

]

an−an−1 =
1
n
− ln(1+

1
n
) > 0, bn−bn−1 =

1
n + 1

− ln(1+
1
n
) < 0
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NÚ?ê

∞∑
n=1

1
n
= +∞.
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NÚ?ê(Y)

(1 +
1
n
)n < e < (1 +

1
n
)n+1 ⇐===⇒

1
n + 1

< ln(1 +
1
n
) <

1
n

1
n
> ln

n + 1
n

=====⇒ 1 +
1
2
+ · · ·+

1
n
> ln

2
1
+ ln

3
2
+ · · ·+ ln

n + 1
n

= ln(n + 1)

=====⇒
∞∑

n=1

1
n
= +∞
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��¦Ú

an > 0, ∀ n ∈ N =====⇒ lim
n→∞

n
(
an+1 + 1

an
− 1

)
> 1.
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��¦Ú(Y)

�y{: ∃N ∈ N, ∀ n > N,¤á

n
(
an+1 + 1

an
− 1

)
< 1

⇐===⇒ an > n(an+1 + 1 − an)⇐===⇒
an

n
−

an+1

n + 1
>

1
n + 1

=====⇒ +∞ >
aN

N
>

aN

N
−

an

n
= (

aN

N
−

aN+1

N + 1
) + · · ·+ (

an−1

n − 1
−

an

n
)

>
1

N + 1
+ · · ·+

1
n + 1

→ +∞ (n → ∞)
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���¦

b�an > 0, ∀ n ∈ N, K

lim
n→∞

an+1

an
6 lim

n→∞

n√an 6 lim
n→∞

n√an 6 lim
n→∞

an+1

an
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���¦(Y)

Ø��

α := lim
n→∞

an+1

an
∈ (0,+∞], β := lim

n→∞

an+1

an
∈ [0,∞).

∀ ε > 0, ∃N ∈ N, �n > N�, k
an+1

an
< β+ ε

=====⇒ an =
an

an−1

an−1

an−2
· · ·

aN+1

aN
aN < (β+ ε)nM (M = (β+ ε)−NaN)

=====⇒ lim
n→∞

n√an 6 β+ ε

?2R(¥I��)



���¦(Y)

�/1: α ∈ (0,∞)

∀ ε > 0, ∃N ∈ N, �n 6 N�, k
an+1

an
> α − ε

=====⇒ an > M(α − ε)n (∀ n > N)

=====⇒ lim
n→∞

n√an > α − ε
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���¦(Y)

�/2: α = +∞

∀ M > 0, ∃N ∈ N, �n > N�, k
an+1

an
> M

Ón
=====⇒ lim

n→∞
n√an > M → +∞
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AÛ�â�=z

lim
n→∞

n
√
|an | 6 1 ⇐===⇒ lim

n→∞

|an |

sn
∀s > 1
======= 0
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AÛ�â�=z(Y)

7�5: ∀s > 1 ⇐===⇒ qs > 1, q :=
2

1 + s
∈ (0, 1)

=====⇒
n
√
|an | < qs (∀ n > N)

=====⇒
|an |

sn < qn → 0.

?2R(¥I��)



AÛ�â�=z(Y)

¿©5:
|an |

sn < ε (∀ n > N) ⇐===⇒
n
√
|an | <

n√εs

=====⇒ lim
n→∞

n
√
|an | 6 s → 1.

?2R(¥I��)



Âñê����

Âñê� ======~�ê�+ lim (4�dε − NL�)

lim
n→∞

an = a ⇐===⇒ ∀ ε > 0, ∃N = N(ε) ∈ N, �n > N�︸                                  ︷︷                                  ︸
n¿©��

, |an−a | < ε.
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Âñê��ã«

an ∈ (a − ε, a + ε), ∀ n > N(ε)y
a + εa − ε

ε?¿�½
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«m@5P

«m@´êÆ¥�à1�

«m@òJ:8¥��:NC?n.

«m@ò¤k�&E8B��:NC.
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�­��ü�ÿÀVg: ;5

;5: ;8AÛL«�Big point.

3�:¤á�5�
í2

=====⇒ 3;8¤á.

;8´k�8Ü3Ø�ê8Ü¥��C��Ò.
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�­��ü�ÿÀVg: ��5

��5: 4�nØïá�Ä�.

8Ü�µeATv
�,�¹§�¤k�Cauchyê��U)
�4�.

Q : R ====== R[a, b] : L1[a, b]

?2R(¥I��)



¯K

¯K: �ÛØ¦^ε − N�ó,�U¦4�º

)�: ε − N�ó =====⇒ 4���O{,,
ê��Âñ5

=====⇒ ¤�Äê��Âñ5
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)K�K

)K��±|^¤Ýº����£.

xc!çc,84PàÒ´Ðc.
——"�²
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17g��: [1.10] All

[1.11] All
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U
ST

C
U

ST
C

�g�Ì�SN

8Ü�³

¼ê4�
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U
ST

C
U

ST
C

ê��n«w{

ê�{an}
∞
n=1: kS����¢ê

a1, a2, · · · , an, · · ·

½Â3g,ê8Üþ�¢�¼ê:

f : N −−−−−−→ R

n p−−−−−−→ an

�F¼ê(~�òÿ):

f : R −−−−−−→ R

f |[n,n+1) = an, f |(−∞,1) = a1
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U
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C
U
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C

cüÙéX

1�Ù ê� Ä: �ê lÑ

1�Ù ¼ê J, Ø�ê ëY
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U
ST

C
U

ST
C

cnÙéX

1�Ù �F¼ê

1�Ù ëY¼ê

1nÙ 1w¼ê
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U
ST

C
U

ST
C

§1 ³(Cardinality)

8ÜA�³ ====== ¯̄A

¯̄A A�k�8Ü
============ A¥���ê
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U
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C
U

ST
C

³�½Â

Definition

¯̄A = ¯̄B ⇐===⇒ ∃V�f : A → B .

¯̄A 6 ¯̄B ⇐===⇒ ∃ü�f : A → B .
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U
ST

C
U

ST
C

�d'X

A ∼ B
½Â
⇐===⇒ ¯̄A = ¯̄B

A ∼ B�d'X

(1)g�5: A ∼ A

(2)�é¡5: A ∼ B =====⇒ B ∼ A

(3)D45: A ∼ B , B ∼ C =====⇒ A ∼ C
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U
ST

C
U

ST
C

PÒ

PÒ

A�¤kf8Ü�N = 2A

~f: Zn = {1, 2, · · · , n}

2Zn =
{
∅, {1}, · · · , {n},︸         ︷︷         ︸

n���¥�1�

{1, 2}, · · · {n − 1, n},︸                   ︷︷                   ︸
�2�

· · · ,Zn

}

PÒ5


2Zn = 2n =
¯̄

2Zn
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C

�ê8ÚØ�ê8

k�8 �ê8 Ø�ê8

A ∼ Zn A ∼ N ~XR, 2R
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Y

�õ�ê8=k�8½�ê8

Ã¡8=Ø´k�8=�ê8½Ø�ê8.

?2R(¥I��)



U
ST

C
U

ST
C

��³

��Ã�8:

A´Ã�8 =====⇒ N 6 ¯̄A .

y²: ?¿Ã�8Ü�¹��f8.
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ST

C
U

ST
C

�ê8��ê¿7�ê

An = N (∀ n ∈ N) =====⇒
∞⋃

n=1

An = N

An 6 N (∀ n ∈ N) =====⇒
∞⋃

n=1

An 6 N

Ã¡8ÜÚk�8Ük���O:

A´Ã¡8Ü =====⇒ A = A \ {Õ:8}

Ã¡8Ü�94�,Ù5��)�C.

4�´�)�C�­�Ãã. 4�´òÿ�Ã!þ2�Ã.
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C

�ê8��ê¿7�êY

y²:

A1 : x11 x12 x13 · · ·

A2 : x21 x22 x23 · · ·

A3 : x31 x32 x33 · · ·

...
...

...
...

...

U�é��H{z����:

x11, x21, x12,︸    ︷︷    ︸
1�^�é��

x31, x22, x13,︸           ︷︷           ︸
1n^

· · ·

1?¥GØ­E��=====⇒�õ�ê.
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[0, 1]«mØ�ê
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y²: �y{: [0, 1] = {x1, x2, · · · , xn, · · · }

n�©«m@:

[0, 1] ⊃ I1︸︷︷︸
=x1

⊃ I2︸︷︷︸
=x2

⊃ · · · ⊃ In︸︷︷︸
=xn

⊃ · · ·

=====⇒ x1, x2, · · · <
∞⋂

n=1

In = {x0} ⊂ [0, 1]gñ
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
��ê (~Xe, π)

�êê (�Xêõ�ª��)
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Q ⊂�êê�N (�ê)

�êê=�Xêõ�ª��.

�Xêõ�ª

a0xn + · · ·+ an−1x + an = 0, ai ∈ Z, a0 , 0

�§�p:

n + |a0|+ · · · |an | ∈ N
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§2 ¼ê�4�

lim
n→∞

an = a ∀ε > 0 ∃n ∈ N�n > N � k |an − a | < ε

?�Ø� Ø�k�� an�Øõ´a
¿©�C+∞

lim
x→x0

f(x) = s ∀ε > 0 ∃δ > 0 k |f(x) − s| < ε

�0 < |x − x0| < δ�

?�Ø� Ø��lx0�� f(x)�Øõ´s
Ø�x0

¿©�Cx0 � , x0
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�¯mÞJ:

��@£�7L|^ε − room,4��½ÂÒ^n¤Ù
.
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4�L²ª³,4���?�±9x0?�Ã'.

?¿?Uf�lx0��±9f3x0��§ØK�4�.
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¥4ÝK

S1 V�
←−−−−→ R ∪ {∞}
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3ü:;z�.¥

+∞ x+
0

∞ x0

lim
n→+∞

an = a lim
x→x+

0

f(x) = s

lim
x→+∞

f(x) = a lim
x→+∞

f(x) = s
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Range f |(x0−δ,x0+δ)\{x0} ⊂ (s − ε, s + ε)

ε (½Û�ò«mÀ�Õ:8

(s − ε, s + ε) ≡ {s}.

δ(½3õ��«mþfÀ�~ê

f |(x0−δ, x0+δ) ≡ s.
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¼ê4��)Ö

lim
x→x0

f(x) = s ⇐===⇒ �x¿©�Cx0(Ø¹x0)�, f(x)¿©�Cs

⇐===⇒ f(x)3x0NC(Ø¹x0)︸                  ︷︷                  ︸
δºf

,�Øõ´~�¼ês︸                     ︷︷                     ︸
εºf

⇐===⇒ f |(x0−δ,x0+δ)\{x0} � s

⇐===⇒ f ((x0 − δ, x0 + δ) \ {x0}) ⊂ (s − ε, s + ε)

⇐===⇒ (x0 − δ, x0 + δ) \ {x0} ⊂ f−1(s − ε, s + ε)
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¼ê4��Nì*:

(x0 − δ, x0 + δ) \ {x0}
f

−−−−−−−−−−−−−→ (s − ε, s + ε)

x → x0 f(x)→ s

x0NC f´ε°Ýe~�
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ürºf��^

(4�´�«ª³) δºf⇐==
lim
x → x0

f(x) = s ==⇒ εºf(�Øõ~�)

εºf (½4��3�¼ê´ε°Ýe�~�¼ê

δºf �K�lx0��±9x0,4��3�¼ê´ε°Ýe�~�¼ê

�lx0��±9x0Ø�N¼ê3x0�%C5�,�±?¿?U
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�½ε �½°Ýe�~�ê� o÷� Ø��

ε�?¿À� ��u4�L§ °(� ��
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�6'X: δ = δ(ε, x0)

�O�

∀ ε ∈ (0, 1)

|f(x) − s| < Mε (M�½~ê)

|f(x) − s| 6 ε
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lim
x→0

x sin
1
x

= 0

y²: ∀ ε > 0,�δ = ε,�0 < |x − 0| < δ�,k

|x sin
1
x
− 0| 6 |x | < δ = ε.
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δØ��,é���Ò1

ØI�é����δ,é���δ´x�Vv.

éδ,ÏL/� 0�{.

δ = δ(ε, x0)L«�6'X
Ø´¼ê.
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lim
x→x0

f(x) , s ⇐===⇒ ∃ε0, ∀ δ > 0, ∃x ∈ (x0 − δ, x0 + δ) \ {x0} s.t .

|f(x) − s| > ε0.

�n:

∀ ⇐===⇒ ∃, Ä½Ø�ª
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Dirichlet¼ê

χQ(x) =


1 x ∈ Q

0 x < Q

lim
x→x0

χQØ�3.
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18g��: [2.1 ] 3

[2.2] 4, 6

[2.3] 5, 6, 8, ¯K 1

[2.4] 4
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¼ê4��Cauchy�OOK

þe�m4�
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¼ê4�(�lÑaq§´lÑJ,)

~�¼ê �Øõ~�¼ê

δ�εÃ' δ�ε�'

lim
x→x0

f(x) f´~ê
======= s ⇐==⇒ ∀ ε > 0, ∃δ = 1, �0 < |x − x0| < δ�,

|f(x) − s| < ε.

lim
x→x0

f(x) == s ⇐==⇒ ∀ ε > 0, ∃δ = δ(ε, x0), �0 < |x − x0| < δ�,

|f(x) − s| < ε.
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lim
x → x0

f(x) == s

~wwwwwwwww�
∀ ε > 0, ∃δ = δ(ε), �0 < |x − x0| < δ�,︸                                        ︷︷                                        ︸

x→x0

|f(x) − s| < ε.

x → x0 ⇐==⇒ x0NC(Ø�¹x0),�lx0�:éu4�Ã�z

f(x)→ s ⇐==⇒ f3x0NC(Ø�¹x0)�Øõ´~ê
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lim
4�Ò´ε
=========
εÒ´4�

ε

½5 ½þ

lim
x→x0

f(x) = s f |(x0−δ,x0+δ)\{x0}
εØ�
====== s
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Theorem

lim
x→x0

f(x) = s
{xn}: xn→x0

⇐===========⇒
xn,x0, ∀ n∈N

lim
n→∞

f(xn) = s

5P: ��xnüN
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¼ê4��ê�4�'X½n(Y)

7�5y²:

lim
x→x0

f(x) = s ==⇒ ∀ ε > 0, ∃δ > 0, �0 < |x − x0| < δ�, |f(x) − s| < ε

x0 , xn → x0 ==⇒ éþãδ > 0, ∃N ∈ N�n > N�, 0 < |xn − x0| < δ

==⇒ |f(xn) − s| < ε (∀ n > N)

==⇒ lim
n→∞

f(xn) = s
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¼ê4��ê�4�'X½n

¿©5y²:

lim
x→x0

f(x) , s ==⇒ ∃ ε0 > 0, ∀n ∈ N, ∃xn : 0 < |xn − x0| <
1
n
,

�|f(xn) − s| > ε0

==⇒ x0 , xn → x0,∃üNf�{xkn }, |f(xkn) − s| > ε0

==⇒ x0 , xkn → x0�f(xkn)9 s
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Âñê�7küN�f�
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lim
n→∞

xn = x0, Ø��x0 = 0

=====⇒ Ø��xnpØ�Ó

=====⇒ Ø��xn > x0

�↘
=====⇒ xk1 := x1,

xk2 ∈ [0,
xk1

2
] ∩ [0,

1
2
],

xk3 ∈ [0,
xk2

2
] ∩ [0,

1
22 ],

· · ·
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~K:

lim
x→0

sin
1
x
, lim

x→x0
χQ(x) @.
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¼ê4��ê�4�'X½n(Y)

Theorem

lim
x→x0

f(x)∃
{xn}: xn→x0

⇐============⇒
∀ xn,x0,∀ n

lim
n→∞

f(xn)∃
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�K{K: ÔÑÔâ�K

é~�¼ê·K¤á =====⇒ é4��3�¼ê·K¤á

ÔÑ Ôâ
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lÑ��J,�ëY��

lÑ´ëY�=��

~�¼êJ,�¼ê4��3

~�¼ê´¼ê4��3�=��
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��5

��5: Âñê�4���

lim
x→x0

f(x) = s1, s2 =====⇒ s1 = s2

� =====⇒ lim
n→∞

f(xn)
x0 , xn → x0=========== s1, s2 =====⇒ m

?2R(¥I��)



U
ST

C
U

ST
C

Âñê�5�(Y)

k.5:

lim
x→x0

f(x) = s ∈ R
�ε = 1
======⇒ f3,(x0 − δ, x0 + δ) \ {x0}k..

�{�: ÄK, ∃ lim
n→∞

f(xn) = ∞.
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f(x) 6 g(x), ∀ x ∈ (x0 − δ, x0 + δ) \ {x0},

lim
x→x0

f(x), lim
x→x0

g(x)∃

=====⇒ lim
x→x0

f(x) 6 lim
x→x0

g(x).
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�oK$�

lim
x→x0

f(x), lim
x→x0

g(x)∃

~ = +,−,×,÷
==================⇒
Ø�©14�b��"

lim
x→x0

(f(x) ~ g(x))∃

lim
x→x0

(f(x) ~ g(x)) = lim
x→x0

f(x) ~ lim
x→x0

g(x)

?2R(¥I��)



U
ST

C
U

ST
C

EÜ¼ê,Cþ��

lim
x→x0

f(x) = y0, lim
y→y0

g(y) = s

y0 < f((x0 − δ, x0 + δ) \ {x0}) ½ö gëY(	LR)

=====⇒ lim
x→x0

g(f(x))
y=f(x)
====== lim

y→y0
g(y) = s.
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EÜ¼ê,Cþ��(Y)

y² ∀ {xn}
∞
n=1 : x0 , xn → x0, -yn = f(xn)

=====⇒ lim
n→∞

yn = lim
n→∞

f(xn) = y0, yn , y0

=====⇒ lim
n→∞

g(f(xn)) = lim
n→∞

g(yn) = s.
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y0´4� lim
y→y0

g(y) = s���:

lim
y→y0

= lim
y→y0
y,y0

.
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f(x) ≡ y0 =====⇒ g(f(x)) = g(y0)

=====⇒ lim
x→x0

g(f(x)) = g(y0), lim
y→y0

g(y) = süöÃ'

~: f ≡ 0, g = χ{0}, x0 = y0 = 0

lim
x→0

g(f(x)) = 1, lim
y→y0

g(y) = 0.

?2R(¥I��)



U
ST

C
U

ST
C

5P2

Cþ��¦^�{:

lim
x→x0

g(f(x))
Cþ��y=f(x)

=============⇒
x→x0⇒y→y0⇒g(y)→s

lim
y→y0

g(y)

5¿^�: mà4��3,
�e�^���¤á:

(1) y0 < f((x0 − δ, x0 + δ) \ {x0});

(2) gëY (ëY5�e
g3y0?�4��)
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Theorem

f(x) 6 h(x) 6 g(x), ∀ x ∈ (x0 − δ, x0 + δ) \ {x0}

lim
x→x0

f(x) = lim
x→x0

g(x) = s

=====⇒ lim
x→x0

h(x) = s
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Cauchy�OOK: S%�O{

Theorem (Cauchy)

lim
x→x0

f(x)∃ ⇐==⇒ ∀ ε > 0,∃δ > 0, �x1, x2 ∈ (x0 − δ, x0 + δ) \ {x0}�,

|f(x1) − f(x2)| < ε

?2R(¥I��)



U
ST

C
U

ST
C

Cauchy�OOK(Y)

7�5: |f(x1) − f(x2)| 6 |f(x1) − s|+ |f(x2) − s|

¿©5: ∀ {xn} : x0 , xn → x0

=====⇒ {f(xn)}Cauchy

=====⇒ lim
n→∞

f(xn)∃.
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�m4�

m4� lim
x→x+

0

f(x) := lim
x→x0
x>x0

f(x) =: f(x0 + 0) = f(x+
0 )

lim
x→x+

0

f(x) = s ⇐===⇒ ∀ ε > 0, ∃δ > 0, �0 < x−x0 < δ�, |f(x)−s| < ε
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�m4��4�'X

lim
x→x0

f(x) = s ⇐===⇒ lim
x→x+

0

f(x) = lim
x→x−0

f(x) = s
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Definition

lim
x→x0

f(x) :==== sup
{
s ∈ [−∞,+∞] : ∃x0 , xn → x0, lim

n→∞
f(xn) = s

}
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Theorem

lim
x→x0

f(x) ==== max
{
s ∈ [−∞,+∞] : ∃x0 , xn → x0, lim

n→∞
f(xn) = s

}
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y²

t := supE,

E :=
{
s ∈ [−∞,+∞] : ∃x0 , xn → x0, lim

n→∞
f(xn) = s

}
t := lim

n→∞
sn, sn ∈ E.

sn = lim
k→∞

f(x(n)
k ), ∃x0 , x(n)

k → x0.

∀m ∈ N,�ym:

0 < |ym − x0| <
1
m
, |f(ym) − sm | <

1
m

=====⇒ x0 , ym → x0, lim
m→∞

f(ym) = t =====⇒ t = maxE
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lÑ��: lim
n→∞

an = lim
n→∞

sup
k>n

ak

ëY��: lim
x→x0

f(x) = lim
δ→0+

sup
x∈(x0−δ,x0+δ)

f(x)
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þe4��4�'X

lim
x→x0

f(x) = s ⇐===⇒ lim
x→x0

f(x) = lim
x→x0

f(x) = s
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lim
x→0

sin x
x

= 1

x ∈ (0,
π

2
)
¡È

=====⇒ sin x < x < tan x

=====⇒ 0 < 1 −
sin x

x
< 1 − cos x = 2 sin2 x

2
< 2(

x
2
)2 → 0
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72«4�

Stolz½n

Ã¡�ÚÃ¡�
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4���Üa.

�O72«4�: lim
x→x0

f(x) = s.

lim lim, lim lim 3«

s s ∈ R, +∞, −∞, ∞ 4«

x0 x0 ∈ R, x+
0 , x−0 , +∞, −∞, ∞ 6«
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72«4�

72«4�Þ~

lim
x→∞

f(x) = s
s∈R
⇐==⇒ ∀ ε > 0, ∃M > 0, �|x | > M�, |f(x) − s| < ε

lim
x→x0

f(x) = ∞
x0∈R
⇐==⇒ ∀ M > 0, ∃δ > 0, �0 < |x − x0| < δ�, |f(x)| > M
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k�:ÚÃ¡:�Ú�(¥4ÝK).

Ã¡�:


|^¼ê9Ùª³�x (ëY��)

|^ê�9Ùª³�x. (lÑ��)

þe�m4�34��ïÄ¥òJÝ�),�ïÄ4�Ø�
3�/.

ëY¼ê



�!m4�
=========⇒
í2

�ëYÚmëY.

þ!e4�
=========⇒
í2

þ�ëYÚe�ëY.
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4�Ú�½Â

4�Ú�½Â

lim
x→x0

f(x) = s ∈ R ∪ {±∞,∞}

⇐===⇒ ∀��Us , ∃�%+�Ûx0 : f(Ûx0) ⊂ Us .

?2R(¥I��)



U
ST

C
U

ST
C

�CØlÙm

Ølum,¢�U<.

——5Bf#Ue6
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­�4�

lim
x→∞

(1 +
1
x
)x = e.

?2R(¥I��)
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­�4�(Y)

y²: �/1: x > 0. n = [x] x ∈ [n, n + 1)

(1 +
1

n + 1
)n 6 (1 +

1
x
)x 6 (1 +

1
n
)n+1

∀ ε > 0, x � 1 =====⇒�,m ∈ (e−ε, e+ε) =====⇒ lim
x→+∞

(1+
1
x
)x = e.
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­�4�(Y)

�/2: x < 0.

lim
x→−∞

(1 +
1
x
)x y=−(x+1)

======== lim
y→+∞

(1 +
1
y
)y+1 = e.
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∞

∞
.Stolz½n(lÑL’Hospital{K)

Theorem (Stolz½n)
∞

∞
.: lim

x→+∞
g(x) = ∞.

mà ∈ R ∪ {+∞,−∞}.

î�üN5(�y©1�"):

�3~êT > 0,¦�g(x + T) > g(x) (x � 1).

ëY5(�yÛÜk.): f , g ∈ C(a,+∞).

=====⇒ lim
x→+∞

f(x)
g(x)

====== lim
x→+∞

f(x + T) − f(x)
g(x + T) − g(x)

.
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∞

∞
.Stolz½n(lÑL’Hospital{K)

Theorem (Stolz½n)

lim
x→+∞

f(x)
g(x)

f , gÛÜk., g ?? ???? ??+∞
===================
mà∈ R ∪ {±∞}

lim
x→+∞

f(x + 1) − f(x)
g(x + 1) − g(x)

.
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Cauchy½n

Theorem (Cauchy½n)

lim
x→+∞

f(x)
x

f ÛÜk.
==========
mà�3

lim
x→+∞

(f(x + 1) − f(x)).
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Theorem

lim
x→+∞

f(x)
xn+1

fÛÜk., n ∈ N
==============
mà�3

1
n + 1

lim
x→+∞

f(x + 1) − f(x)
xn .

lim
x→+∞

(x + 1)n+1 − xn+1

xn = n + 1
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Theorem

lim
x→+∞

(f(x))1/x �Kf3(a,+∞)ÛÜk.
=====================

mà�3
lim

x→+∞

f(x + 1)
f(x)

.

lim
x→+∞

ln(f(x))1/x = lim
x→+∞

ln f(x)
x

Stolz
====== ln lim

x→+∞

f(x + 1)
f(x)

lÑ��:

lim
n→+∞

n
√
|an | ====== lim

n→+∞

|an+1|

|an |
.
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Stolz½n�y²

�/1: A ∈ R

∀ ε > 0, ∃x0 > a, �x > x0�, k

A − ε <
f(x + 1) − f(x)
g(x + 1) − g(x)

< A + ε
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T?�
=====⇒ ∀ x > x0 + T , ∃k = k(x) ∈ N :

x − x0

T
∈ [k , k + 1) = x − kT ∈ [x0, x0 + T) :

=====⇒ x − T > x − 2T > · · · > x − kT > x0

A − ε <
f(x) − f(x − T)
g(x) − g(x − T)

, · · · ,
f(x − (k − 1)T) − f(x − kT)
g(x − (k − 1)T) − g(x − kT)

< A + ε
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Stolz½n�y²(Y)

Ü©'
=====⇒ A − ε <

f(x) − f(x − kT)
g(x) − g(x − kT)

< A + ε

(A − ε)(1 −
g(x − kT)

g(x)
) <

f(x)
g(x)

−
f(x − kT)

g(x)
< (A + ε)(1 −

g(x − kT)
g(x)

)

^�(1)(4)
========⇒ A − ε 6 lim

x→+∞

f(x)
g(x)

6 lim
x→+∞

f(x)
g(x)

6 A + ε
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Stolz½n�y²(Y)

�/2: A = +∞,8(uA = 0�/.

�/3: A = −∞,8(uA = +∞�/.
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0
0.Stolz½n(lÑL’Hospital{K)

Theorem (Stolz½n)
0
0.: lim

x→+∞
f(x) = lim

x→+∞
g(x) = 0.

mà∈ R ∪ {±∞}

î�üN5(�y©1�"):

�3~êT > 0,¦�g(x + T) < g(x) (x � 1).

=====⇒ lim
x→+∞

f(x)
g(x)

== lim
x→+∞

f(x + T) − f(x)
g(x + T) − g(x)

.
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Stolz½n�y²

��Ä�à4�= s ∈ R. Ø��s = 0,ÄKf^f − sg�O.

lim
x→+∞

f(x + T) − f(x)
g(x + T) − g(x)

= 0

=====⇒ ∀ ε > 0, ∃x0 > a, �x > x0�, k

−ε <
f(x + T) − f(x)
g(x + T) − g(x)

< ε
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∀ k ∈ N, ∀x > x0

=====⇒ x + kT > x + (k − 1)T > · · · > x + T > x > x0

−ε <
f(x + T) − f(x)
g(x + T) − g(x)

, · · · ,
f(x + kT) − f(x + (k − 1)T)
g(x + kT) − g(x + (k − 1)T)

< ε
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Stolz½n�y²(Y)

Ü©'
=====⇒ −ε <

f(x + kT) − f(x)
g(x + kT) − g(x)

< ε

k → ∞
=====⇒ −ε <

f(x)
g(x)

< ε

=====⇒ lim
x→+∞

f(x)
g(x)

= 0.
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ëY��Stolz½n =====⇒ lÑ��Stolz½n
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§6 Ã¡�ÚÃ¡�(üöéó,���Ó)

Ã¡�þ:

lim
x→x0

f(x) = 0⇐===⇒ f(x)´x → x0��Ã¡�þ.

Ã¡�þ:

lim
x→x0

f(x) = ∞ ⇐===⇒ f(x)´x → x0��Ã¡�þ.

Ã.þ:

lim
x→x0

|f(x)| = +∞ ⇐===⇒ ∃{xn} : x0 , xn → x0, lim
n→∞

f(xn) = ∞.
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~�Ã¡�þ

lim
x→x0

f(x)
(x − x0)α

= s , 0
α>0

⇐===⇒ f(x)´x → x0�α�Ã¡�þ
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�dÃ¡�þÚ�dÃ¡�þ

lim
x→x0

ϕ(x) = lim
x→x0

ψ(x) = ∞ (0)

lim
x→x0

ϕ(x)
ψ(x)

= 1

⇐===⇒ ϕ ∼ ψ (x → x0)�d
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�dþ34�O�¥�A^

ϕ ∼ ψ (x → x0)�dÃ¡�(�)þ

=====⇒ lim
x→x0

f(x)ϕ(x) = lim
x→x0

f(x)ψ(x)

3mà4��3�^�e¤á
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�dþ34�O�¥�A^(Y)

y²: �= lim
x→x0

f(x)ψ(x)
ϕ(x)
ψ(x)

=m
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3\~�/,A^�dÃ¡�(�)þ�%:

lim
x→0

x − sin x
x3

sin x=x− x3
3! +O(x5)

=============
1
3!
.
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PÒ

LandauPÒ

f(x) = O(1) (x → x0) ⇐===⇒ f(x)3x0NCk.

f(x) = o(1) (x → x0) ⇐===⇒ lim
x→x0

f(x) = 0

f(x) = O(g(x)) (x → x0) ⇐===⇒
f(x)
g(x)

= O(1), (x → x0)

f(x) = o(g(x)) (x → x0) ⇐===⇒
f(x)
g(x)

= o(1), (x → x0).
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~f

0 < x1 < 1, xn+1 = xn(1 − xn), ∀ n ∈ N

=====⇒ xn =
1
n
−
ln n
n2 + o(

ln n
n2 )

lim
n→∞

xn −
1
n
+

ln n
n2

ln n
n2

= 0 ⇐===⇒ lim
n→∞

n(nxn − 1)
ln n

= −1
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Ã¡�þ��

lim
x→x0

f(x) = lim
x→x0

g(x) = ∞

lim
x→x0

f(x)
g(x)

======



0 g´'f�p��Ã¡�þ

s ∈ R \ {0} Ó�

1 �d.
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~�Ã¡���

x → +∞�Ã¡�þ

ln x � xα � ax � eex
� · · ·

Ã¡�þ��↗, Ù¥α > 0, a > 1.
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~K

lim
x→+∞

ln x
xα

y=ln x
=========

b=eα
lim

y→+∞

y
by

Stolz
===== 0

lim
x→+∞

xα

ex
Stolz

=======
�-α∈N

0

lim
x→+∞

xα

xβ
======



+∞ α > β

1 α = β

0 α < β.
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ëY¼ê
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�*w{

�*:

gCþxëYCz=====⇒ÏCþy���ëYCz.
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~f

$ÄÔNrL�ål,�X�m�Cz
ëYCz.

��mCz�~�,§$Ä�ålCzé� (Ø+�Ýõ�).
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�:?ëY: b�f3x0NCk½Â.

f3x0?ëY : ∀ ε > 0, ∃δ > 0, �|x − x0| < δ�, k|f(x) − f(x0)| < ε

��C
=========⇒ lim

x→x0
f(x) = f(x0)

�gS
=========⇒ lim

x→x0
f(x) = f( lim

x→x0
x)

lÑ�O
=========⇒ lim

n→∞
f(xn) = f(x0), x0 , xn → x0

�mëY
=========⇒ f(x−0 ) = f(x0) = f(x+

0 )

þ�e�ëY
===========⇒ f(x0) 6 lim

x→x0

f(x) 6 lim
x→x0

f(x) 6 f(x0).
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þ�ëY:

lim
x→x0

f(x) 6 f(x0).

e�ëY:

lim
x→x0

f(x) > f(x0).
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5P

�ëY:

lim
x→x−0

f(x) ====== f(x0).

mëY:

lim
x→x+

0

f(x) ====== f(x0).
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ëY¼ê�e
§3�:?�4��

ëY¼ê�4��´U,�½�.
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x0 ∈ R



x0´f�ëY:

x0´f�mä:



1�amä: (���/: f(x±0 )Ø��3)

1�amä:


��mä: (f(x+

0 ) = f(x−0 ))

a�: (f(x+
0 ) , f(x−0 ))

1�amä:: f(x±0 )�3�k�. a�Ý= |f(x+
0 ) − f(x−0 )|
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~K

χQ(x) xχQ(x)
sin x

x
sin

1
x

x sin
1

x

1�a x = 0ëY x = 0��mä x = 01�a x = 0��

Ù§1�a Ù§ëY Ù§ëY Ù§ëY
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Riemann¼ê

R : R −→ R±Ï�1.

∀x ∈ (0, 1], R(x) =



1
q

x =
p
q
, (p, q) = 1, p, q ∈ N

0 x =Ãnê
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Riemann¼ê: A�??ëY,A�??�"

lim
x→x0

R(x) = 0, R(x)3Ãn:ëY,kn:��mä(þ�ëY).
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Riemann¼ê(Y)

y²: ∀x0 ∈ (0, 1], ∀ε > 0:

(x0 − 1, x0 + 1)=kk��knê
p
q
, ¦�

1
q
> ε

=q = 1, 2, · · · , [
1
ε
].

(3ε°Ýe,�kk���")
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5P

Riemann¼ê3Ãn:�ëY5,�ºÑëY´ε°Ýe�ë�Øä.
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ëY´ÊÜJ:

ëY
ε°Ýe

===========ë�Øä,vkäm

ëY���´ÛÜ~�,´εØ�e�~�,´?�¿Âe
�ë�Øä.
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�:ëY;ÛÜëY

f3x0?ëY ; f 3x0NCëY, f3x0NC��ëY

lim
x→x0

|f(x)− f(x0)| = 0⇐===⇒ lim
r→0+

sup
x1,x2∈(x0−r ,x0+r)

|f(x1)− f(x2)| = 0.
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­�Vg: �Ì

¼ê3��«mþ��Ì�Øõ´���Ú�����,´��
�Ú������?�. �Ì=á�.

ωf (x0, r) ==== sup
x∈(x0−r ,x0+r)

f(x) − inf
x∈(x0−r ,x0+r)

f(x)

?
==== sup

x1,x2∈(x0−r ,x0+r)
|f(x1) − f(x2)|.

?2R(¥I��)



U
ST

C
U

ST
C

3«mþ�Ì(Y)

?�y²: � > sup
x1,x2∈(x0−r ,x0+r)

(f(x1) − f(x2)) =m

∀ε > 0, ∃ x(1)
ε , x(2)

ε ∈ (x0 − r , x0 + r) s.t .

� 6 f(x(1)
ε ) + ε − (f(x(2)

ε ) − ε) 6m+ 2ε
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3�:�Ì

ωf (x0) ====== lim
r→0+

ωf (x0, r).
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ëY��Ì�x

f3x0?ëY⇐===⇒ ωf (x0) = 0.
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ëY��Ì�x(Y)

7�5:

∀ ε > 0, ∃ δ > 0, ∀ x ∈ (x0 − δ, x0 + δ) : |f(x) − f(x0)| < ε.

==⇒ ωf (x0, r)
∀r∈(0,δ)
====== sup

x1,x2∈(x0−r ,x0+r)
|f(x1) − f(x2)| 6 2ε
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ëY��Ì�x(Y)

¿©5:

0 = ωf (x0) = lim
r→0+

sup
x1,x2∈(x0−r ,x0+r)

|f(x1) − f(x2)|

= ∀ ε > 0,�r ∈ (0, δ)�, k sup
x1,x2∈(x0−r ,x0+r)

|f(x1) − f(x2)| < ε.

�r = δ
2 , ∀ x ∈ (x0 − r , x0 + r) :

|f(x) − f(x0)| 6 sup
x1,x2∈(x0−r ,x0+r)

|f(x1) − f(x2)| < ε.
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üN¼êa.e.ëY

(a, b)þüN¼êmä:�õ�ê��a�:.
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y²: (1) 7a�:

üNk.ê�½n+¼ê4�Úê�4�'X½n

(2) �õ�ê:

mä:x0 ⇐===⇒ (f(x−0 ), f(x+
0 )))⇐===⇒ rx0 ∈ Q
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ëY´ÛÜ5�

f ∈ C(a, b)
def

⇐===⇒ f3(a, b)z:ëY

⇐===⇒ m8���´m8

?2R(¥I��)



U
ST

C
U

ST
C

ëY´ÛÜ5�

7�5: ∀m8G, �yf−1(G)m.

∀ x0 ∈ f−1(G) ====⇒ f(x0) ⊂ Gm

====⇒ ∃ ε > 0, (f(x0) − ε, f(x0) + ε) ⊂ G

∃ δ>0
====⇒
fëY

(x0 − δ, x0 + δ) ⊂ f−1(f(x0) − ε, f(x0) + ε) ⊂ f−1(G)
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ëY´ÛÜ5�(Y)

¿©5: ∀ x0 ∈ (a, b), �yf3x0ëY.

∀ ε > 0, (f(x0) − ε, f(x0) + ε)´m8

====⇒ f−1(f(x0) − ε, f(x0) + ε)´m8��¹x0

====⇒ ∃ δ > 0, (x0 − δ, x0 + δ) ⊂ f−1(f(x0) − ε, f(x0) + ε)

?2R(¥I��)



U
ST

C
U

ST
C
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Theorem

ëY¼ê²k�g+,−,×,÷,EÜ$�E,ëY

(Ø: ©1, 0; EÜ: �EÜ)

y²: lim
x→x0

f(g(x))
y=g(x)

=======
y0=g(x0)

lim
y→y0

f(y) = f(y0) = f(g(x0)).
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R¥\~¦Ø4�$�, S�.

EÜ´�Æ¥��, 	�.
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Ð�¼ê

ex�ÚUe



�ê¼êex �¼ê
−−−−−−−→éê¼ê ln x

n�¼ê sin x, cos x · · ·
�¼ê
−−−−−−−→�n�¼ê

�¼êxα(α , 0)
�¼ê
−−−−−−−→�¼êx1/α

︸                                                                 ︷︷                                                                 ︸
{üÐ�¼ê−−→Ð�¼ê
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Ð�¼êëY5

Theorem

Ð�¼ê3Ù½Â��mf8þëY
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Ð�¼ê�ýé�'X

Theorem

lim
x→x0

f(x)�3�k�=====⇒ lim
x→x0

|f(x)| =
∣∣∣∣∣ limx→x0

f(x)
∣∣∣∣∣ .

y²: |x | =
√

x2´Ð�¼ê,ëY.
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üN¼êëY5

Theorem

üNO\��ëÏ�¼ê7ëY.

f : (a, b) −→ R↗, f(a, b)ëÏ =====⇒ f ∈ C(a, b).
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�¼êëY5

Theorem

üNO\ëY�¼ê7ëY.

f ∈ C[a, b] ??
???? ?? ��ëÏ

=======⇒ f−1 ∈ C[f(a), f(b)].

f ∈ C(a, b) ??
???? ?? ëY´ÛÜ5�

=============⇒ f−1 ∈ C(f(a), f(b)).
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4� ëY

lim
x0,x→x0

f(x) = s lim
x→x0

f(x) = f(x0)

f(Û(x0, δ)) ⊂ (s − ε, s + ε) f(U(x0, δ)) ⊂ (f(x0) − ε, f(x0) + ε)

x0 , x → x0 ⇒ f(xn)→ s x → x0 ⇒ f(xn)→ f(x0)

?2R(¥I��)



U
ST

C
U

ST
C

ëY5�xnÜ­

lim
x→x0

f(x) = f(x0) f |U(x0,δ)
εØ�

====== f(x0) f(U(x0, δ)) ⊂ U(f(x0), ε)

½5 ½þ�* ½þ°(

|x − x0| < δ
∀ ε > 0, ∃ δ > 0

============⇒ |f(x) − f(x0)| < ε

ëY======~�+lim
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f ∈ C(a, b) ⇐===⇒ m8���´m8.

∀G ⊂ Rm =====⇒ f−1(G) ⊂ (a, b)m

5P: ���½Â

f−1(G) :======
{
x ∈ R : f(x) ∈ G

}
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y²: 7�5.

∀x0 ∈ f−1(G)

=====⇒ f(x0) ⊂ Gm

∃ε > 0
=====⇒ (f(x0) − ε, f(x0) + ε) ⊂ G

∃δ > 0
=====⇒ (x0 − δ, x0 + δ) ⊂ f−1(f(x0) − ε, f(x0) + ε) ⊂ f−1(G).
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¿©5: ∀ x0 ∈ (a, b), �yf3x0ëY.

∀ ε > 0, (f(x0) − ε, f(x0) + ε)´m8

====⇒ f−1(f(x0) − ε, f(x0) + ε)´m8��¹x0

====⇒ ∃ δ > 0, (x0 − δ, x0 + δ) ⊂ f−1(f(x0) − ε, f(x0) + ε)
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ëY´ÛÜ5�.

ëY´ÊÜJ. ~XχQ, Riemann¼ê.

f(x) = f(x0) + o(1) (x → x0) �Peano{��TaylorÐm.
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lim
x→x0

f(x)∃ =====⇒ lim
x→x0

|f(x)| =

∣∣∣∣∣ lim
x→x0

f(x)

∣∣∣∣∣ .
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4��\{

an lim an

+ −−−−−−→ lim −−−−−−→ +

bn lim bn

ëY�4�

an f(an)

↓ −−−−−−→ f −−−−−−→ ↓

lim an lim f(an)
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x0, y0, s ∈ [−∞,+∞]

y0 < f((x0 − δ, x0 + δ) \ {x0}) ½ö g3y0ëY

=====⇒ lim
x→x0

g(f(x))
Cþ��y=f(x)

===============
x→x0⇒y→y0⇒g(y)→s

lim
y→y0

g(y)

?2R(¥I��)



U
ST

C
U

ST
C

4«mþëY¼ê

f ∈ C[a, b]
def

⇐===⇒ f ∈ C(a, b), f3a:mëY,3b:�ëY.
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b�X , ∅, τ ⊂ 2X . XJe�÷v:

X , ∅ ∈ τ

Xα ∈ τ (α ∈ Λ) =====⇒
⋂
α∈Λ

Xα ∈ τ

X1,X2 ∈ τ =====⇒ X1
⋃

X2 ∈ τ

K¡(x, τ)ÿÀ�m, τ¥���¡�X¥�m8.

5¿ (0, 1 + 1
n ) = (0, 1]
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b�(X , τ)´ÿÀ�m, f : X −→ R.

fëY ⇐===⇒ m8���´m8

(=∀G ∈ Rm =====⇒ f−1(G) ∈ τ)

X ⊂ R, X ¥äkd Rp��ÿÀ τ:

τ =
{
A ∩ X : A´R¥�m8

}
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�:?: x0 ∈ X ⊂ R, f : X −→ R.

f3x0ëY ⇐==⇒ lim
X3x→x0

f(x) = f(x0).

~X: ex0´X��á:,Kf3x0?ëY.

?¿8ÜX ⊂ R:

f ∈ C(X)
X�m8=R¥m8 ∩ X
⇐================⇒ m8���´m8.
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f ∈ C(R), ±Ï¼ê, �~�=====⇒ f 7k���±Ï.
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~K(Y)

y²: T0 := inf{f�±Ï}
?

=====⇒ T0 > 0

∀x ∈ R, f(x + T0)
Tn→T0==========

Tn ´f±Ï
f( lim

n→∞
(x + Tn))

=========== lim
n→∞

f(x + Tn) = f(x)
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�y{: T0 = 0
??

=======⇒ {f�±Ï} ⊂ (0,+∞)È�

=======⇒ ∀ x ∈ (0,+∞), ∃f±ÏTn → x :

f(x) = f( lim
n→∞

Tn) = f(0)

f±Ï¼ê
========⇒ f(x) = f(0)
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(??)�y²: ÄK,�3(a − ε0, a + ε0),T«mÃf�±Ï.

∃ |Tn0 | <
ε0
2

(ù´Ï�Tn → T0)

�´(a − ε0, a + ε0)�Ý=2ε0,7¹kTn0��ê�:.
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lim
x→∞

(f(x) − g(x)) = 0, f , g´±Ï¼ê =====⇒ f = g
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~K(Y)

y²: 0 ====== lim
n→∞

(
f(x + nTf ) − g(x + nTf )

)

====== f(x) − lim
n→∞

g(x + nTf + nTg)

Ón 0 ====== g(x) − lim
n→∞

f(x + nTf + nTg).

üª�~.
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[x] sin(πx) ∈ C(R).
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y²: ∀ x ∈ R =====⇒ x ∈ [n, n + 1), n := [x]

=====⇒ f(x) = n sin(πx), ∀ x ∈ [n, n + 1)ëY

f(n+) = f(n−) = f(n) = 0.
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1∞.4� : u, v ∈ C(R), lim
x→x0

u(x) = 1, lim
x→x0

v(x) = ∞

=====⇒ lim
x→x0

u(x)v(x) ====== exp( lim
x→x0

(u(x) − 1)v(x)︸             ︷︷             ︸
0·∞.

)
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(Y)

�ª = lim
x→x0

e(u(x)−1)v(x) ln(1 + (u(x) − 1))

1
u(x) − 1 =mª

lim
x→x0

(1 + (u(x) − 1))

1
u(x) − 1 y=u(x)−1

======= lim
y→0

(1 + y)
1
y = e.

y{�:

�ª = lim
x→x0

(1 + (u(x) − 1))

1
u(x) − 1

(u(x)−1)v(x)

=mª
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lim
x→0

ax − 1
x

a>0
====== ln a
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y := ax − 1 =====⇒ x =
ln(1 + y)

ln a

=====⇒ �> = lim
y→0

y ln a
ln(1 + y)

= ln a
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lim
x→0

(
ax

1 + · · ·+ ax
n

n

) 1
x aj>0

====== n√a1 · · · an
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�> =

(
1 +

(ax
1 − 1) + · · ·+ (ax

n − 1)

n

) 1
(ax

1−1)+···+(ax
n−1)

n

(ax
1−1)+···+(ax

n−1)

nx

= e
1
n (ln a1+··· ln an)
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lim
x→+∞

(
ax

1 + · · ·+ ax
n

n

) 1
x aj>0

====== max{a1, · · · , an}
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Ø��ak ↗

�> >

(
ax

n

n

) 1
x

= an(
1
n

)
1
x → an x → +∞

m> 6

(
nax

n

n

) 1
x

= an
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lim
x→−∞

(
ax

1 + · · ·+ ax
n

n

) 1
x aj>0

====== min{a1, · · · , an}
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Ø��ak ↗. -bk :=
1
ak
↘.

lim
x→−∞

(
ax

1 + · · ·+ ax
n

n

) 1
x y = −x

======= lim
y→+∞

1(
by

1 +···+by
n

n

) 1
y

======
1
b1

= a1 = min{a1, · · · , an}.
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(
ax

1 + · · ·+ ax
n

n

) 1
x

==



max{a1, · · · , an}, ���, x = +∞

a1 + · · ·+ an

n
, �â²þ, x = 1

n√a1 · · · an, AÛ²þ, x = 0

(a−1
1 + · · ·+ a−1

n

n

)−1
, NÚ²þ, x = −1

min{a1, · · · , an}, ���, x = −∞
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ak > 0, k = 1, · · · , n, ∀n ∈ N.

f(x) =

(
ax

1 + · · ·+ ax
n

n

) 1
x

∈ C[−∞,+∞].

f(x) =


~ê, a1 = a2 = · · · = an

î�üNO\ Ù§

5P: Ø��x > 0,Ø��x > 1. ��y²

x > 1 =====⇒ f(x) > f(1).

y²5gug(x) = xa´î�à¼ê,Ù¥a > 1, x ∈ (0,+∞).
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f ∈ C(I)
I«m
⇐===⇒ ∀ x0 ∈ I, ∀ ε > 0, ∃δ = δ(ε, x0),

� x ∈ I, |x − x0| < δ�, |f(x) − f(x0)| < ε.
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5P: 3�:ëY

3�:?ëY:

lim
x→x0

f(x) = f(x0)

ε − δ�ó

f |(x0−δ,x0+δ)∩I
ε°Ý
====== f(x0).

δ︷         ︸︸         ︷
ÛÜ︸︷︷︸

gCþ�C

ε︷      ︸︸      ︷
�Øõ︸  ︷︷  ︸
¼ê�C

~�

�:ëY ; 3��«mëY (~XxχQ(x))
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5P: 3«mëY

ÛÜ�.õ�,dδ�x:

ε�½, éØÓ�x0, δ�UØÓ:

δ = δ(ε, x0)

��ëY ���ëY

f |(x0−δ(ε),x0+δ(ε))∩I
ε°Ý
====== f(x0) f |(x0−δ(ε,x0),x0+δ(ε,x0))∩I

ε°Ý
====== f(x0)
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��dú�δNy

��ëY ���ëY

∃ú�δ = δ(ε) @ú�δ

~� : �Øõ~� ======��ëY : ëY
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b�I´«m, f : I −→ R.

f3Iþ��ëY ⇐===⇒ ∀ ε > 0, ∃δ = δ(ε),∀ x0 ∈ I,

� x ∈ I, |x − x0| < δ�,k|f(x) − f(x0)| < ε.
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sin x3Rþ��ëY.
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y²

y²: | sin x − sin x0| = 2| sin
x − x0

2
|| cos

x − x0

2
| 6 |x − x0|

∀ε ∈ (0, 1), äkú�δ = ε
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f ′k.
¥�½n
=======⇒

Lipschitz
f��ëY.
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5P

lim
n→∞

(xn − yn)
∀xn, yn ∈ I
========= 0

f3Iþ��Âñ
============⇒ lim

n→∞
(f(xn) − f(yn)) == 0
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1
x
3(0,+∞)þ���ëY.

�½ε, x0 → 0+ =====⇒ δ→ 0+,Øäkú�δ.

lim
n→∞

(xn − yn)
xn = 1

n========
yn = 1

n+1

0, lim
n→∞

(f(xn) − f(yn)) == 1
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��ëYCauchy�OOK

f3Iþ��ëY ⇐===⇒ ∀ ε > 0, ∃δ = δ(ε),∀ x′, x′′ ∈ I,

� |x′ − x′′| < δ�,k|f(x′) − f(x′′)| < ε.
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f3Iþ��ëY⇐===⇒ ∀ ε > 0, ∃δ = δ(ε) > 0, s.t .

sup
|x′−x′′ |<δ

x′ ,x′′∈I

|f(x′) − f(x′′)| < ε.

⇐===⇒ lim
δ→0+

sup
|x′−x′′ |<δ

x′ ,x′′∈I

|f(x′) − f(x′′)| = 0.
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f3«mIþ���ëY⇐===⇒ ∃ ε0 > 0, ∀δ > 0,∃ x′, x′′ ∈ I,

|x′ − x′′| < δ �|f(x′) − f(x′′)| > ε0.
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Theorem

f ∈ C[a, b]⇐===⇒ f3«m[a, b]þ��ëY.

;=�:=�3ú�δ
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5P: ε − δ�ó
�)#Vg
=========⇒ ��ëY.
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4«m��ëY(y²)

f ∈ C[a, b] =========⇒ ∀ x ∈ [a, b], ∀ ε > 0, ∃δx > 0 :

sup
x′,x′′∈(x−δx ,x+δx)∩[a,b]

|f(x′) − f(x′′)| < ε

k�CX½n
===========⇒ [a, b] ⊂

k0⋃
k=1

(xk −
δk

2
, xk −

δk

2
).

f3(xk −
δk

2
, xk −

δk

2
) ∩ [a, b]��Âñ =====⇒ f3[a, b]��Âñ
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,�y²:

b�f ∈ C[a, b]�3[a, b]þ���ëY

=====⇒ ∃ε0 > 0, ∀ n ∈ N, ∃sn, tn ∈ [a, b] : |sn − tn | <
1
n

�´|f(sn) − f(tn)| > ε0

�skn → s ∈ [a, b], Ktkn → s

f∈C[a,b]
=====⇒ 0← |f(skn) − f(tkn)| > ε0 gñ
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k�«mþ��ëY=4«mëY

Theorem

�(a, b)´k�«m,K

f3k�«m(a, b)þ��ëY⇐===⇒�3f�òÿ ∈ C[a, b]
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7�5y²:

3b�e,|^CauchyOK, f(a+), f(b−)�3

F(x) =



f(x) x ∈ (a, b)

f(a+) x = a

f(b−) x = b

F ∈ C[a, b], F |(a,b) = f
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Theorem

f3RþëY,3à:?4��3 =====⇒ f3Rþ��ëY

��Ø¤á,�~: sin x
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f ∈ C[a,+∞), f(+∞)�3�k� =====⇒ f3[a,+∞)��ëY
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y²:

f(+∞)�3�k� ==⇒ ∀ ε > 0, ∃ M > a : sup
x′,x′′>M

|f(x′) − f(x′′)| < ε.

f ∈ C[a,+∞) ==⇒ ∃δ1 > 0 : sup
|x′−x′′ |<δ1

x′ ,x′′∈[a,M+2]

|f(x′) − f(x′′)| < ε.

�δ = min(δ1, 1):

(1) x′ ∈ [a,M + 1] ==⇒ x′, x′′ ∈ [a,M + 2].

(2) x′ ∈ [M + 1,∞) ==⇒ x′, x′′ ∈ [M,∞).

nþ¤ã sup
|x′−x′′ |<δ

|f(x′) − f(x′′)| < ε.
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f ∈ C(I)⇐===⇒ f3IþÛÜ��ëY.

5P: ÛÜ��34«mS.
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f3(a, b], [b , c)��ëY =====⇒ f3(a, c)��ëY.
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y²: f©O3n�«mÀ�ú�δ:

(a, b], [b , c), [
a + b

2
,
b + c

2
].
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f , g3[a,+∞)þk.���ëY =====⇒ fg3[a,+∞)��ëY.
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k.5^�Ø��.

��ëY3¦È$�eØ�±:

�~: x, sin x3Rþ��ëY, x sin x3Rþ���ëY.

�x′n = 2nπ, x′′n = 2nπ+ 1
n .
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y²: |^n�Ø�ª.

|f(x′)g(x′) − f(x′′)g(x′′)| = |f(x′)(g(x′) − g(x′′)) + g(x′′)(f(x′) − f(x′′))|

6 M(|g(x′) − g(x′′)|+ |f(x′) − f(x′′)|)

6 2Mε (|x′ − x′′| < δ)
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RþëY����ëY¼ê, 7½´�±Ï¼ê

��ëY�^å(B�¬):

�ä�±Ï5.
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y²: �y. ef : R −→ R´±T�±Ï�ëY¼ê,
Kf ∈ C[−2T , 2T ]3[−2T , 2T ]��ëY.

∀ε > 0, ∃ δ ∈ (0,T) :

|x′ − x′′| < δ, x′, x′′ ∈ [−2T , 2T ] ==⇒ |f(x′) − f(x′′)| < ε

Ïd

|x′ − x′′| < δ, ∀x′, x′′ ∈ R

∃ k ∈ Z
======⇒ x′ − kT ∈ [0,T), x′′ − kT ∈ [−2T , 2T ]

=====⇒ |f(x′) − f(x′′)| = |f(x′ − kT) − f(x′′ − kT)| < ε
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sin2 x︸︷︷︸
��

+ sin(x2)︸  ︷︷  ︸
���

�±Ï

�x′n =
√

2nπ, x′′n =
√

2nπ+ π
2 .
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4«mëY¼ê (§10)

þ�ëY¼ê (§11)
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k.5:

;8þëY¼ê7k..

f ∈ C[a, b] =====⇒ f3[a, b]k..
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y²: ÏL~�òÿ,Ø��f ∈ C(R).

=====⇒ [a, b] ⊂
⋃

x∈[a,b]

(k�)

(x − δx , x + δx)

=====⇒ f |(x−δx ,x+δx)k.
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;8þëY¼ê7�����Ú���.

f ∈ C[a, b] =====⇒ f3[a, b]þ�����Ú���.
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y²: M := sup f [a, b] < +∞.

================⇒ ∃{xn} ⊂ [a, b] : lim
n→∞

f(xn) = M

�f�xkn → ξ ∈ [a, b]
=================⇒ f(ξ) = lim

n→∞
f(xkn) = M
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;8[a, b]þëY¼ê,e3>.ÉÒ,K3SÜäk":.

f ∈ C[a, b], f(a)f(b) < 0 =====⇒ ∃ξ ∈ (a, b) : f(ξ) = 0.
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ü:(¼êÉÒ)
Jø

=====⇒ ��":

AÛ¿Â:l¢¶�e�B��þ��,7²L¢¶(R��)
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n��: 4«m!ëY!ÉÒ.
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�{: òÉÒ5�,ÏL��©«m@,@Ø��:?.

&E
«m@
=====⇒ và��:
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��©«m@:

[a, b] ⊃ [a1, b1] ⊃ · · · ⊃
∞⋂

n=1

[an, bn] = {ξ}

Ø�� f(an)f(bn) < 0, ∀ n ∈ N, an, bn → ξ ∈ [a, b]

=====⇒ f2(ξ) = 0.

?2R(¥I��)



U
ST

C
U

ST
C

0�½n

f ∈ C[a, b], γ0uf(a)�f(b)�m

=====⇒ ∃c ∈ [a, b] : f(c) = γ.
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y²: Ø�� γ ∈ (f(a), f(b)).

éuF(x) := f(x) − γ|^"�½n=�.
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f ∈ C[a, b] =====⇒ f [a, b] = [ min
x∈[a,b]

f(x), max
x∈[a,b]

f(x)]
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y²: � x∗, x∗ ∈ [a, b] :

f(x∗) = min
x∈[a,b]

f(x) =: m, f(x∗) = max
x∈[a,b]

f(x) =: M

Ø��x∗ 6 x∗

K [m,M] ⊃ f [a, b] ⊃ f [x∗, x∗]
0�½n
========= [m,M]
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==================⇒ k.!��!"�!0�!���½n.
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§11 þ�ëY¼ê

þ4�Úe4��S5:

f(x) 6 g(x) ∀x ∈ (x0 − δ, x0 + δ)

=====⇒ lim
x→x0

f(x) 6 lim
x→x0

g(x), lim
x→x0

f(x) 6 lim
x→x0

g(x).
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�xn → x0 : lim
n→∞

f(xn) = lim
x→x0

f(x)

�f�xkn : lim
n→∞

g(xkn)∃(k�½Ã¡).

lim
x→x0

g(x) > lim
n→∞

g(xkn) > lim
n→∞

f(xkn) = lim
x→x0

f(x)
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þ�ëY�ε − δ�x

lim
x→x0

f(x) 6 f(x0)⇐===⇒ ∀ ε > 0, ∃δ > 0, �|x − x0| < δ�,

f(x) < f(x0) + ε
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y²: ¿©5: ∀ε > 0, lim
x→x0

f(x) 6 f(x0) + ε.

7�5: �y{: ∃ε0 > 0, ∀ n ∈ N, ∃xn ∈ (x0 −
1
n
, x0 +

1
n
)

�´f(xn) > f(x0) + ε0

=====⇒ �xkn → x0, lim
n→∞

f(xkn)∃ > f(x0) + ε0

=====⇒ lim
x→x0

f(x) > f(x0) + ε0.
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Ûg¢Xêõ�ª7k¢ê�.
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y{1: p(x) = x2n+1 + a1x2n + · · ·+ a2n+1 ∈ C(R)

=====⇒ lim
x→±∞

p(x) = ±∞

=====⇒ ∃[α, β] ⊂ R, p(α) < 0, p(β) > 0

=====⇒ ∃ξ ∈ [α, β], p(ξ) = 0

y{2: ¢Xêõ�ª��Ý�¤éÑy.

E©Û?n¢©Û�%å: C´���
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f , g ∈ C[0,+∞), f > 0

lim
x→∞

g(f(x)) = +∞

=====⇒ lim
x→∞

f(x) = +∞
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y²: �y{: ∃M0 > 0, ∃{xn} : xn > n,�f(xn) ∈ [0,M0]

- K := max
x∈[0,M0]

g(x)

=====⇒ xn > n, �g(f(xn)) 6 K , � lim
x→∞

g(f(x)) = +∞gñ
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f ∈ C[0,+∞), n ∈ N

f2(x) 6 2xnf(2−
1
n x), ∀x ∈ [0,+∞)

=====⇒ 0 6 f(x) 6 xn.
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y²: w,f(0) = 0, f(x) > 0.

��y² F(x) 6 0. Ù¥ F(x) := f(x) − xn.

�y{: �3M > 0, s.t. F(M) > 0.

�x0 ∈ [0,M]: F(x0) = max
x∈[0,M]

F(x)

=====⇒ (F(x0) + xn
0 )

2 6 2xn
0 (F(2

− 1
n x0) +

1
2

xn
0 )

=====⇒ F(x0) < F(2−
1
n x0)�x0�À�gñ
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f ∈ C[0,+∞)k.,

=====⇒ ∀ λ ∈ R, ∃xn → +∞ : lim
n→+∞

(f(λ+ xn) − f(xn)) = 0
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y²: ��y²

∀ λ ∈ R, ∀n ∈ N, ∃xn > n : |f(λ+ xn) − f(xn)| <
1
n
.
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�y{: �3λ0 ∈ R, ∃n0 ∈ N, ∀x > n0: |f(λ0 + x) − f(x)| > 1
n0

.

==============⇒ λ0 , 0

==============⇒ Ø��f(λ0 + x) − f(x) >
1
n0

-x=n0,··· ,n0+(m−1)λ0
==============⇒

�\
f(mλ0 + n0) − f(n0) >

m
n0
→ ∞ (m → ∞)

==============⇒ lim
m→∞

f(mλ0 + n0) = +∞�fk.gñ

?2R(¥I��)



U
ST

C
U

ST
C

~K

∣∣∣∣∣∣∣
n∑

k=1

ak sin kx

∣∣∣∣∣∣∣ 6 | sin x |, ∀x ∈ (−1, 1) =====⇒

∣∣∣∣∣∣∣
n∑

k=1

kak

∣∣∣∣∣∣∣ 6 1

�Ø,2-x → 0.
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O� lim
n→∞

{
lim

k→∞

{
cos(πn!x)

}2k
}
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实数完备性基本定理的相互证明（30 个） 

 

摘要：这 6 个定理虽然出发的角度不同，但描写的都是实数连续性这同一件事，它们之间是相互

等价的，即任取其中两个定理，它们可以相互证明。它们在证明过程中相互联系。对同一个定理的证明，

虽然不同的定理作为工具会使证明有简繁之分，有的用的是类似的证明方法，有的出发点与站的角度不同，

但最后却都能殊途同归。而有时使用同一个定理，也可能有不同的方法。即使方法相同，还可以有不同的

细节。作为工具，它们又各具特点。而这些都是值得我们去注意与发现。 

1  确界原理非空有上(下)界数集，必有上(下)确界。 

2  单调有界原理 任何单调有界数列必有极限。 

3 区 间 套 定 理  若 ]},{[ nn ba 是 一 个 区 间 套 , 则 存 在 唯 一 一 点  ， 使 得

,2,1],,[  nba nn 。 

4  Heine-Borel 有限覆盖定理 设 ],[ ba 是一个闭区间，为 ],[ ba 上的一个开覆盖，则在

中存在有限个开区间，它构成 ],[ ba 上的一个覆盖。 

5  Weierstrass 聚点定理（Bolzano 致密性定理有界无穷数列必有收敛子列。） 直线上的有

解无限点集至少有一个聚点。 

6  Cauchy 收敛准则数列 }{ na 收敛对任给的正数 ，总存在某一个自然数 N ，使得

Nnm  , 时，都有  || nm aa 。 

一.确界原理 

1.确界原理证明单调有界定理  

证 不妨设{ an}为有上界的递增数列.由确界原理,数列{ an }有上确界,记 

a = sup{ an}.下面证明a 就是{ an} 的极限. 事实上,任给ε> 0, 按上确界的定 

义,存在数列{ an }中某一项aN ,使得a - ε> aN .又由{ an}的递增性,当n≥ N 

时有a - ε < aN ≤ an. 

另一方面,由于a 是{ an}的一个上界,故对一切an 都有an ≤ a < a + ε.所以当 

n≥ N 时有 

a - ε < an < a + ε, 

这就证得    
   

an = a.同理可证有下界的递减数列必有极限,且其极限即为它的下确界.  

 

2.确界原理证明区间套定理 

证明：１ 设 ［ａｎ，ｂｎ］    
 是一个闭区间套，即满足： 

１） ∀ｎ，［ａｎ＋１，ｂｎ＋１］⊂［ａｎ，ｂｎ］； 

２）      
   

 ｂｎ－ａｎ ＝  

我们证明，存在唯一的实数ξ，使得ξ∈［ａｎ，ｂｎ］，（ｎ ＝１，２，⋯）  

存在性：令Ｓ＝｛ａｎ｝，显然，Ｓ非空且有上界（任一ｂｎ都是其上界）.据确界原理，Ｓ



 

有上确界，设supＳ ＝ξ．现在，我们证明ζ属于每个闭区间［ａｎ，ｂｎ］，（ｎ＝１，２，

⋯）显然 

ａｎ ≤ξ，（ｎ ＝１，２，⋯） 所以，我们只需证明对一切自然数ｎ，都有ξ≤ｂｎ． 

事实上，因为对一切自然数ｎ，ｂｎ都是Ｓ 的上界，而上确界是上界中最小者，因此必有 

ξ≤ｂｎ 

，故我们证明了存在一实数ξ，使得ξ∈［ａｎ，ｂｎ］，（ｎ ＝１，２，⋯）  

唯一性:  假设还有另外一点 R 且 ],[
nn

ba ，则 ||||
nn

ba  ,0  

即   。从而唯一性得证。 

 

3.确界原理证明有限覆盖定理 

即闭区间［ａ，ｂ］的任一开覆盖Ｈ 都有有限的子覆盖  

证① 令Ｓ ＝｛ｘ｜ａ＜ｘ ≤ｂ，［ａ，ｘ］能被Ｈ 中有限个开区间覆盖｝； 

②显然Ｓ有上界 因Ｈ 覆盖闭区间［ａ，ｂ］，所以，存在一个开区间（α，β）∈Ｈ 使

ａ ∈（α，β） 取ｘ ∈（α，β），则［ａ，ｘ］能被Ｈ中有限个开区间覆盖 从而，

ｘ ∈Ｓ，故Ｓ 非空； 

③ 由确界原理存在ζ＝ｓｕｐＳ； 

④ 现证ζ＝ｂ 用反证法 若ζ≠ｂ，则ａ＜ζ＜ｂ 由Ｈ 覆盖闭区间［ａ，ｂ］，一定

存在（α１，β１）∈Ｈ，使ζ∈（α１，β１） 取ｘ１，ｘ２使α＜ｘ１＜ζ＜ｘ２＜β１ 

，且ｘ１∈Ｓ 则［ａ，ｘ１］能被Ｈ 中有限个开区间覆盖，把（α１，β１）加进去，就

推得ｘ２∈Ｓ 这与ζ ＝supＳ 矛盾，故ζ＝ｂ，即定理结论成立  

 

4.确界原理证明聚点定理  

证  设S 是直线上的有界无限点集，则由确界原理有 SS inf,sup   。若 , 中

有一点不是S 的孤立点，则显然就是S 的一个聚点。 

否则，令 SRxE  {: 中仅有有限个数小于 }x 。显然E 非空且有上界。令 Esup ，

则由E 的构造方法可知， 0 必有   E ，即S 中有无限个数小于   大于。

所以 ),(   中含有 S 的无限个数，故是S 的聚点。 

 

5.确界原理证明Cauchy收敛准则 

即数列｛ｘｎ｝收敛    ∀ε＞０，∃Ｎ，当ｎ，ｍ ＞Ｎ 时有｜ｘｎ－ｘｍ｜＜ε  
必要性:略 

充分性: 

① 构造非空有界数集Ｓ，因为欲证明数列｛ｘｎ｝收敛，故数集Ｓ 必须含有数列｛ｘｎ 

中的无限多个数，为此，令Ｓ ＝ ｘ｜｛（－∞，ｘ）∩｛ｘｎ｝是空集或有限点集｝； 

②由于满足Cauchy收敛准则充分条件的数列是有界的，故知数列｛ｘｎ｝的下界ａ∈Ｓ，上

界ｂ也是Ｓ 的上界,所以Ｓ 是非空有上界的数集 由确界原理数集Ｓ 有上确界ζ＝supＳ； 

③ 对ε＞０，（－∞，ζ）∩｛ｘｎ｝是无限点集，否则，就与ζ＝supＳ矛盾  

因（－∞，ζ-ε）∩｛ｘｎ｝至多含有｛ｘｎ｝的有限多个点 故（ζ－ε，ζ＋ε）含有



 

｛ｘｎ｝的无限多个点 设ｘｎｋ ∈（ζ－ε，ζ＋ε），ｋ＝１，２，⋯，且ｎ１＜ｎ２＜ ⋯

取Ｎ１＝max｛Ｎ，ｎ１｝，则当ｎ＞Ｎ１时，总存在ｎｋ ＞Ｎ１使 

ｘｎ－ζ ≤ ｜ｘｎ－ｘｎｋ｜ ＋ ｜ｘｎｋ－ζ ｜＜２ε， 

因此    
   

ｘｎ＝ζ． 

 

二.单调有界定理  

6．单调有界定理证明确界定理 

证：我们不妨证明非空有上界的数集Ｓ必有上确界  

(1).欲求一实数使它是非空数集Ｓ的上确界 利用非空有上界的数集Ｓ，构造一数列使

其极限为我们所要求的实数  

选取性质ｐ：不小于数集Ｓ中的任一数的有理数  

将具有性质ｐ 的所有有理数排成一个数列｛ｒｎ｝，并令｛ｘｎ｝＝ｍａｘ｛ｒ１，ｒ２，⋯，

ｒｎ｝，则得单调递增有上界的数列｛ｘｎ｝； 

(2) 由单调有界定理得，ζ＝    
   

ｘｎ，且对任意的自然数ｎ有ｒｎ≤ｘｎ ≤ζ； 

(3) ζ是数集Ｓ 的上确界. 用反证法，若有数ｘ０∈Ｓ 使ｘ０＞ζ，取ε＝（ｘ０－

ζ）/２ ，则存在一个有理数ｒＮ，使ζ≤ｒＮ＜ζ＋ε＝（ｘ０＋ζ）/２＜（ｘ０＋ｘ０）

/２＝ｘ０ ，从而ｒＮ ＜ｘ０ ，这与ｒＮ是数集Ｓ 的上界矛盾 所以对一切ｘ∈Ｓ，都有

ｘ ≤ζ，即ζ是数集Ｓ的上界.  

任给ε＞０，若∀ｘ∈Ｓ，都有ｘ≤ζ－ε，则存在有理数ｒ′，使ζ－ε＜ｒ′＜ζ，

即ｘ≤ζ－ε＜ｒ′＜ζ,我们就找到ｒ′∈Ｓ这与（若∀ｘ∈Ｓ，都有ｘ≤ζ－ε）矛盾，

所以存在ｘ′∈Ｓ，使ｘ′＞ζ－ε,即ζ是数集Ｓ 的最小上界  

于是，我们证明了所需结论.  

 

7.单调有界定理证明区间套定理 

若{[ an, bn]}是一个区间套,则在实数系中存在唯一的一点ξ,使得ξ∈[ an, bn], n = 

1,2,⋯,即 

an ≤ ξ≤ bn, n = 1,2,⋯. (1) 

证 ：{ an}为递增有界数列,依单调有界定理,{ an}有极限ξ,且有 

an ≤ ξ, n = 1,2,⋯. (2) 

同理,递减有界数列{ bn}也有极限,并按区间套的条件有 

   
   

bn =    
   

an = ξ, (3) 

且bn ≥ ξ, n = 1,2,⋯. (4) 

联合(2)、(4)即得(1)式. 

最后证明满足(2)的ξ是唯一的.设数ξ′也满足 

an ≤ ξ′≤ bn, n = 1,2,⋯, 

则由(1)式有 

| ξ- ξ′|≤ bn - an, n = 1,2,⋯. 

由区间套的条件得 



 

| ξ- ξ′|≤    
   

 (ｂｎ－ａｎ)=0 

故有ξ′= ξ. 

 

 

8.单调有界定理证明有限覆盖定理， 

即闭区间［ａ，ｂ］的任一开覆盖Ｈ 都有有限的子覆盖  

证: (1)设有理数ｒ∈（ａ，ｂ］，使闭区间［ａ，ｒ］能被Ｈ 中有限个开区间覆盖 把［ａ，

ｂ］上的这种有理数的全体排成一个数列｛ｒｎ｝,因为存在一个开区间（α，β）∈Ｈ 使

ｒｎ∈（α，β），在（α，β）∩［ａ，ｂ］内含有无穷多个有理数，所以｛ｒｎ｝是存

在的； 

(2)将数列｛ｒｎ｝单调化，取ｘｎ ＝ｍａｘ｛ｒ１，ｒ２，⋯ ，ｒｎ｝，则数列｛ｘｎ｝单调

递增有上界； 

(3) 由单调有界定理得，ζ＝    
   

ｘｎ且ｒｎ ≤ｘｎ ≤ζ，ｎ ＝１，２，⋯ ； 

(4) 因ｘｎ ∈［ａ，ｂ］，ｎ ＝１，２，⋯，由(3)得ζ∈［ａ，ｂ］，故ζ必在Ｈ 中的某

个开区间（α１，β１）中 再由（3），一定有ｒＮ ∈｛ｒｎ｝，使α１＜ｒＮ ≤ζ 又由

①［ａ，ｒｎ］能被Ｈ 中有限个开区间覆盖 故只需把（α１，β１）加进去 ［ａ，ζ］

能被Ｈ 中有限个开区间覆盖  

若ζ＝ｂ，则说明［ａ，ｂ］能被Ｈ 中有限个开区间覆盖 用反证法 若ζ＜ｂ，由

于［ａ，ｂ］内的有理数在［ａ，ｂ］上处处稠密，故一定存在有理数ｒ′，使得ζ＜ｒ′

＜min｛β，ｂ｝，这样一来，［ａ，ｒ′］能被Ｈ 中有限个开区间覆盖，故ｒ′∈｛ｒｎ｝，

与（3）矛盾 所以，ζ＝ｂ。  

 

9.单调有界定理证明聚点定理 

证明：设Ｓ 是一有界无限点集，则在Ｓ 中选取一个由可数多个互不相同的点组成的数

列｛ａｎ｝，显然数列｛ａｎ｝是有界的  

下面我们从｛ａｎ｝中抽取一个单调子列，从而由单调有界定理该子列收敛，最后

我们证明该子列的极限值，就是有界无限点集Ｓ的聚点 分两种情况来讨论  

１）如果在｛ａｎ｝的任意一项之后，总存在最大的项（因Ｓ 是有界的且｛ａｎ｝Ｓ，

这是可能的），设ａ１后的最大项是ａｎ１；ａｎ１后的最大项是ａｎ２，且显然ａｎ２≤ａｎ

１； 

一般地，ａｎｋ后的最大项记为ａｎｋ＋１≤ａｎｋ，（ｋ＝１，２，⋯）  

这样，就得到了｛ａｎ｝的一个单调递减的子数列｛ａｎｋ｝，因为｛ａｎ｝有界，根据

单调有界定理知，｛ａｎｋ｝收敛  

２）如果１）不成立 即从某一项以后，任何一项都不是最大的（为证明书写简单起见，

不妨设从第一项起，每一项都不是最大项） 于是，取ａｎ１＝ａ１，因ａｎ１不是最大项，

所以必存在另一项ａｎ２＞ａｎ１（ｎ２＞ｎ１），又因为ａｎ２也不是最大项，所以又有 

ａｎ３ ＞ａｎ２（ｎ３＞ｎ２），⋯⋯ 这样一直作下去，就得到｛ａｎ｝的一个单调递增 

的子列｛ａｎ｝，且有上界，根据单调有界定理知，｛ａｎ｝收敛， 

总之不论｛ａｎ｝属于情形１）还是情形２），都可作出｛ａｎ｝的一个单调收敛

的子列 设    
   

ａｎｋ ＝ａ，今证ａ是Ｓ的聚点。对ε＞０，存在自然数Ｋ，使得ｋ＞Ｋ 



 

时，ａ－ε＜ａｎｋ ＜ａ＋ε， 

若这时｛ａｎｋ｝单调递减，ａｎｋ＋１＜ａ＋ε（ｋ＞Ｋ）且ａｎｋ＋１≠ａ，ａｎｋ＋１∈Ｓ，

即ａ的ε邻域内含有Ｓ中异于ａ的点，故ａ是Ｓ的聚点。 

｛ａｎｋ｝单调递增时，类似可证。  

 

10.单调有界定理证明Cauchy收敛准则 

必要性：略 

充分性：先证明柯西数列{  }是有界的。取ε=1，因{  }是柯西数列，所以存在某个正整数

No，当n>No 

时有|        |   ，亦即当n>No时|  |≤ |     |+1即{  }有界。 

不妨设        ，我们可用如下方法取得{  }的一个单调子列{   
}  

(1)取{   
}∈{  }使[a，   

]或[   
，b]中含有无穷多的{  }的项 

(2)在[a，   
]或[   

，b]中取得     
∈{  }且满足条件(1)并使       ，然后就有

   
      

 

不断地进行（1），（2）得到一单调递增的子列   
      

      
   

因为   
∈{  }，而{   

}是一个单调有界数列，由单调有界定理知   
收敛， 

设    
   

|   
  |    (1) 

下证{  }收敛于a 

因为    
   

    
=a 则对∀ε 0∃正整数K，当k>K时，|   

|另一方面由于{  }是柯西列，所以 

存在正整数N，当 ，  >   时有|      
|<

 

 
  由（1）就可得当     有 |   

  |  
ε
 
 

所以当n>max(    )时|    |≤ |      
|+|   

  |<ε 
故{  }收敛于a 

 

三．区间套定理 

11.区间套定理证明确界原理 

即非空有上界的数集Ｓ必有上确界，非空有下界的数集Ｓ 必有下确界  

证：仅证明非空有上界的数集Ｓ 必有上确界  

(1) 要找一数ζ，使其是数集Ｓ的上确界 ζ是Ｓ的上确界就要满足上确界定义中的两

个条件：大于ζ的数不在Ｓ 中，ζ的任何邻域内有Ｓ 中的点 这两条即为性质ｐ． 

如果ζ在闭区间［ａ，ｂ］中，则闭区间［ａ，ｂ］应有性质：任何小于ａ的数不在Ｓ

中，［ａ，ｂ］中至少含有Ｓ中的一个点，该性质即为   

 取Ｓ 的上界为ｂ，且ｂ∈／Ｓ，取ａ∈Ｓ，ａ＜ｂ，则闭区间［ａ，ｂ］ 

有性质  ； 

(2) 将闭区间［ａ，ｂ］等分为两个闭区间，则至少有一个闭区间［ａ１，ｂ１］也有

性质ｐ ，如此继续得一闭区间列，满足 

［ａ，ｂ］⊃［ａ１，ｂ１］⊃ … ⊃［ａｎ，ｂｎ］⊃…； 



 

   
   

 ｂｎ－ａｎ ＝    
   

 

  
(ｂｎ－ａｎ)    

(3)由区间套定理的得ζ属于所有的闭区间［ａｎ，ｂｎ］，n=1,2,…,并且每个闭区间

［ａｎ，ｂｎ］都有性质    

   （4）因为ａｎ≤ζ≤ｂｎ ，n=1,2,…，且 

   
   

(ｂｎ－ａｎ)    

故 

   
   

ｂｎ     
   

ａｎ    

由于对∀x S,有x≤ｂｎ ,从而x≤   
   

ｂ=ζ；又对∀ε 0,总存在N,使得ζ-ε ａN 故存在 

   S⋂［ａN，ｂN］,于是      ζ-ε. 因而ζ=sups 

 

12. 区间套定理证明单调有界定理  

２ 设｛ｘｎ｝是单调有界数列，不妨设其为单调递增且有上界ｂ１ 现在我们来构造一个

闭区间套  

在｛ｘｎ｝中任取一项记作ａ１，这时ａ１＜ｂ１，于是，以ａ１和ｂ１为端点的闭区间［ａ１，

ｂ１］内一定含有数列｛ｘｎ｝中的无限多项 将区间［ａ１，ｂ１］二等分，得闭区间 

［ａ１，
ａ１＋ｂ１

 
］，［

ａ１＋ｂ１

 
，ｂ１］， 

由于｛ｘｎ｝单调递增，故［ａ１，
ａ１＋ｂ１

 
］和［

ａ１＋ｂ１

 
，ｂ１］中只有一个包含｛ｘｎ｝

的无限多项，我们记该区间为［ａ２，ｂ２］ 再将［ａ２，ｂ２］二等分，在所得区间中只

有一个包含｛ｘｎ｝的无限多项，记该区间为［ａ３，ｂ３］如此继续，得一闭区间列：［ａ

１，ｂ１］，［ａ２，ｂ２］，⋯，［ａｎ，ｂｎ］，⋯， 

满足［ａｎ＋１，ｂｎ＋１］⊂［ａｎ，ｂｎ］，（ｎ ＝１，２，⋯）； 

     
   

(ｂｎ－ａｎ)    

故 ［ａｎ，ｂｎ］    
 是一个闭区间套，由闭区间套定理，存在唯一实数ζ，使得 

ζ∈［ａｎ，ｂｎ］，（ｎ ＝１，２，⋯） 

现在证明    
   

ｘｎ ＝ζ  因    
   

(ｂｎ－ａｎ)    

，故对 ε＞０，存在自然数Ｎ′，当ｎ ＞Ｎ′时，｜ｂｎ－ａｎ｜＜ε  

另外，由于［ａｎ，ｂｎ］包含递增数列｛ｘｎ｝的无限多项，所以必存在Ｎ″，当ｎ ＞Ｎ″

时，有ａｎ ≤ζ≤ｂｎ， 

取Ｎ ＝ｍａｘ｛Ｎ′，Ｎ″｝，当ｎ ＞Ｎ 时有｜ｘｎ－ζ｜＜ｂｎ－ａｎ｜＜ε， 

此即    
   

ｘｎ ＝ζ  

 

13. 区间套定理证明有限覆盖定理 

即闭区间［ａ，ｂ］的任一开覆盖Ｈ 都有有限的子覆盖  



 

证1用反证法  

(1)要证明的整体性质ｐ是：闭区间［ａ，ｂ］能用Ｈ 中的有限个开区间覆盖.与ｐ相反的

性质   是：闭区间［ａ，ｂ］不能用Ｈ中的有限个开区间覆盖； 

(2) 假设闭区间［ａ，ｂ］有性质   将闭区间［ａ，ｂ］等分为两个闭区间，则至少有

一个闭区间［ａ１，ｂ１］也有性质   否则，［ａ，ｂ］有性质ｐ 如此继续得一闭区间

列，使每个闭区间都有性质 

   ，且［ａ，ｂ］⊃［ａ１，ｂ１］⊃ … ⊃［ａｎ，ｂｎ］⊃…； 

   
   

(ｂｎ－ａｎ)＝    
   

 

  
(ｂｎ－ａｎ)    

(2)由闭区间套定理得数ξ属于所有的闭区间［ａｎ，ｂｎ］，ｎ＝１， 

２，⋯，并且每个闭区间［ａｎ，ｂｎ］有性质   ； 

④ 由ζ∈［ａ，ｂ］和Ｈ 是［ａ，ｂ］的开覆盖，有ζ属于Ｈ 中的某个开区间 

ζ  ⋂ ［ａｎ，ｂｎ］ 
   ⊂(      ), 和 

   
  ∞

(ｂｎ－ａｎ)    

可知，存在自然数ｍ，使［ａｍ，ｂｍ］⊂（α１，β１） 这与［ａｍ，ｂｍ］具有性质 

   矛盾  

 

14. 区间套定理证明聚点定理 

  证明(反证法)：已知 ba， ，使 bxa n  。设[ ba， ]没有 E的有限子覆盖，记

[ ba， ]=［ａ１，ｂ１］，二等分［ａ１，ｂ１］，其中必有一区间含 }{ nx 的无穷多项，

记其为［ａ2，ｂ2］，二等分［ａ2，ｂ2］，……如此继续下去，便得区间套 

［ａｎ，ｂｎ］，满足 n ，［ａｎ，ｂｎ］含 }{ nx 的无穷多项。由区间套定理可得，唯

一的 





1

],[
n

nn bar ，使    
   

  =    
   

  = r。 

因此 1n ，使 1r 
11 nn bra  1r 。  

这时存在   
     

    
 ，归纳地，∀k>1，∃  ，使

k
r

1
 <   

≤r≤   
 

k
r

1
  

由[   
,   

]含 }{ nx 的无穷多项，知   
 [   

,   
]，由   

≤   
≤   

， 

令 k ，
n

lim rx
kn  ，所以 }{ nx 存在收敛子数列。定理证完 

 

15. 区间套定理证明Cauchy收敛准则 

证  设 }{ nx 为 Cauchy 基本列，即 0, 0,N n N      有 

       | |n Nx x   ，即 [ , ]n N Nx x x    。 

定义性质 :P  0, 0,N n N      有 [ , ]n N Nx x x    。则 



 

    （1）  令
1

2
  ，则 1N 使得

1 1

1 1
[ , ]

2 2
N Nx x  具有性质P ，不妨记此区间为

1 1[ , ]  。 

   （2）  令
2

1

2
  ，  则 2 1( )N N  使得

2 22 2

1 1
[ , ]

2 2
N Nx x  具有P ，不妨记

此区间为 2 2[ , ]  。 

。。。 

   (k):  令
1

2k
  ，则] 1( )k kN N   使得

1 1
[ , ]

2 2k kN Nk k
x x  具有P ，不妨记

此区间为[ , ]k k  。 

由此可得一闭区间套{[ , ]}n n  满足 

(i)  1 1[ , ] [ , ]n n n n     ; 

      (ii) 
nnn

2

1
)(  ; 

  (iii) [ , ]n n  具有性质P ，即含有某个 0N  后的所有项。 

由闭区间套定理可知存在唯一的 [ , ]n n   。从而 )(,  nxn  。 

 

四.有限覆盖定理 

16.有限覆盖定理证明确界原理 

证明：设Ｓ 为非空有上界的数集，我们证明Ｓ 有上确界  

不妨设Ｓ没有最大值 设ｂ为Ｓ的一个上界，下面用反证法来证明supＳ ＝ζ存在 假

设supＳ 不存在，取ａ ∈Ｓ 对任一ｘ ∈［ａ，ｂ］，依下述方法确定一个相应的邻域 

Ｕｘ ＝（ｘ－δ，ｘ＋δ）  

１）若ｘ∈Ｓ，因Ｓ中没有最大值，所以至少存在一点ｘ′∈Ｓ，使ｘ′＜ｘ，这时取 

δ＝ｘ′－ｘ； 

２）若ｘ∈／Ｓ且ｘ不是Ｓ的上界，同样存在ｘ′∈Ｓ，使ｘ＜ｘ′，这时取δ＝ｘ－ｘ′； 

３）若ｘ∈Ｓ，且ｘ是Ｓ的上界,因supＳ存在，故有δ＞０，使得Ｕｘ ＝（ｘ－δ，ｘ＋δ）

中的点都是Ｓ 的上界.  

于是我们得到了［ａ，ｂ］的一个开覆盖： 

Ｈ ＝｛Ｕｘ ＝（ｘ－δ，ｘ＋δ）｜ｘ ∈［ａ，ｂ］｝  

根据有限覆盖定理，Ｈ 有有限子覆盖： 

 ̃＝｛Ｕｎｋ ＝（ｘｋ－δｘｋ，ｘｋ＋δｘｋ）｜ｋ＝１，２，⋯，ｎ｝  

将Ｕｘ分成两类,若Ｕｘ是３）中所确定的开区间，我们把Ｕｘ称为是第二类的，否则称为是



 

第一类的,显然ａ所属的邻域Ｕｘｉ是第一类的，ｂ所属的邻域Ｕｘｉ是第二类的,所以至少有

一个第一类邻域与某个第二类邻域相交，这是不可能的.  

 

 

17.有限覆盖定理证明单调有界定理  

即单调有界数列必有极限 

证：不妨设数列{ｘｎ}单调递增有上界M, 且若{ｘｎ}中有最大值，则易知{ｘｎ}收敛于某常

数，从而定理得证，一下假设{ｘｎ}中没有最大值，我们用反证法来证明 

（1）设 {ｘｎ}没有极限。对任意取定自然数  有   
<M,下面作闭区间[   

  ]的对应开覆

盖H.设x [   
  ], 

1）若x=   (  是自然数)。因为{ｘｎ}中没有最大值，说以至少存在某个自然数   ,使得

   ≤     ,这时取δ=        得x的领域（x-δ,x+δ） 

2)若x∉{ｘｎ}且x不是{ｘｎ}的上界，同样存在    {ｘｎ}，使x<    ,取δ=        得x的领

域（ｘ－δ，ｘ＋δ） 

3）若x=    {ｘｎ}且是{ｘｎ}的上界。因为    
   

  不存在，故必存在ｘ的邻域 

（ｘ－δ，ｘ＋δ），使得它不含有｛ｘｎ｝中的任何项，于是我们得到了闭区间［   
  ］

的一个开覆盖  

② 由有限覆盖定理，选出有限个开区间： 

（ｘ１－δ１，ｘ１＋δ１），⋯，（ｘｎ－δｎ，ｘｎ＋δｎ） 

也能覆盖闭区间［   
，Ｍ］  

③ 将这有限个开区间分成两类：若（ｘｉ－δｉ，ｘｉ＋δｉ）是第３） 

中情形，则称之为第１类；否则称为第２类  

显然   
所属的邻域是第１类 Ｍ 所属的邻域是第２类 但因 

（ｘ１－δ１，ｘ１＋δ１），⋯，（ｘｎ－δｎ，ｘｎ＋δｎ）覆盖了［ｘｎ０，Ｍ］，所以至

少有一个第１类开区间与某个第２类开区间相交，这是不可能的，矛盾。  

 

 

18. 有限覆盖定理证明区间套定理 

即若 ［ａｎ，ｂｎ］    
 是一闭区间套，则存在唯一ζ属于所有的闭区间［ａｎ，ｂｎ］，ｎ 

＝１，２，⋯  

证:用反证法证明 ①假设［ａｎ，ｂｎ］，ｎ＝１，２，⋯，没有公共点， 

则［ａ１，ｂ１］上的任何一点都不是｛［ａｎ，ｂｎ］｝的公共点,从而，总存在一个开区

间（ｘ－δｘ，ｘ＋δｘ），使得（ｘ－δｘ，ｘ＋δｘ）不与所有的［ａｎ，ｂｎ］相交 即

存在［ａｎｘ，ｂｎｘ］，使［ａｎｘ，ｂｎｘ］∩（ｘ－δｘ，ｘ＋δｘ）＝ ϕ， 

现让ｘ 取遍［ａ１，ｂ１］上的所有点，就得到一个开区间集： 

Ｈ ＝｛（ｘ－δｘ，ｘ＋δｘ）：ｘ 取遍［ａ１，ｂ１］上的所有点｝  

② 由有限覆盖定理，选出有限个开区间： 

 ̃＝｛（ｘｋ－δｘｋ，ｘｋ＋δｘｋ）：ｋ＝１，２，⋯ｍ｝， 

覆盖闭区间［ａ，ｂ］，其中（ｘｋ－δｘｋ，ｘｋ＋δｘｋ）∩［ａｎｘｋ，ｂｎｘｋ］＝ϕ ； 

③ 因为［ａｎｘｋ，ｂｎｘｋ］只有有限个，由闭区间套定理的条件，它们是一个包含着一

个，因此其中一定有一个最小区间，设为［ａｎ０ｂｎ０］，这时， 



 

［ａｎ０，ｂｎ０］∩（ｘｋ－δｘｋ，ｘｋ＋δｘｋ）＝ϕ ，ｋ＝１，２，⋯ｍ  

从而，［ａｎ０，ｂｎ］∩⋃ （ｘｋ－δｘｋ，ｘｋ＋δｘｋ） 
   ＝ ϕ 

这就与［ａｎ０，ｂｎ０］⊂［ａ１，ｂ１］矛盾  

所以，［ａｎ，ｂｎ］，ｎ ＝１，２，⋯，应有公共点  

19. 有限覆盖定理证明聚点定理 

 

20. 有限覆盖定理证明Cauchy收敛准则 

证(反证法)  假设柯西列 }{ nx 不收敛， 

易证 }{ nx 为有界无穷数列，取ε=1，因{  }是柯西数列，所以存在某个正整数No，当n>No 

时有|        |   ，亦即当n>No时|  |≤ |     |+1即{  }有界。 

即存在闭区间 ],[ ba 使得 ],[}{ baxn  。则 [ , ], ( , )x ab Ux   使得 ),( xU 中只含有

}{ nx 中的有限多项(否则，若 ),(,0  xU 都有 }{ nx 中的无限多项，则易证 }{ nx 收敛，

这与假设矛盾)。 

从而得 ],[ ba 的一个开覆盖 ]},[),({: baxxU    

由 Heine–Borel 有限覆盖定理知，存在的一个有限子覆盖 

              1 },,2,1],,[),({: kibaxxU iii   。     

所以 1 只含有 }{ nx 中的有限多个点，这显然与  )( 1 ],[ ba }{ nx 是矛盾的, 

假设错误, 因此 }{ nx 必收敛。 

 

五.聚点定理 



 

21.聚点定理证明确界原理 

证  设S 是一个有上界数集，则 b R  使得 x S  有 x b ，取a S 构造区

间 ],[ ba 。定义性质 :P  区间中至少有一个数属于S 且区间的右端点为S 的一个上界。 

利用二等分法容易构造出满足性质P 的区间套 ]},{[ nn ba
 

定义性质 P：  不能用中有限个开区间覆盖。 

 (1)  将[ , ]a b 等分为两个子区间，则至少有一个具有性质 P ，不妨记该区间为

1 1[ , ]a b ，则 1 1[ , ] [ , ]a b a b ; 

 (2)  将 1 1[ , ]a b 等分为两个子区间，则至少有一个具有性质 P ，不妨记该区间为

2 2[ , ]a b ，则 2 2 1 1[ , ] [ , ]a b a b ; 

 

n)  将 1 1[ , ]n na b  等分为两个子区间，则至少有一个具有性质 P，不妨记该区间为

[ , ]n na b ，则 1 1[ , ] [ , ]n n n na b a b  ; 

由此可得一个区间套{[ , ]}n na b 且满足 0
2

n n n

b a
b a


        (1) 

    显然 ],[}{ babn  且单调递减有下界。我们证明 )(,,  nbR n  。事实上，

不妨设 }{ nb 有无穷个数，由聚点原理知 }{ nb 有聚点。 

因此 ,0 0N ，使得 ),( UbN  且 Nb 。由于 }{ nb 单调递减，则易证

n N   有 ),( Ubn  。 

由于 nb 都为 S 的上界， ( ( , )U   )所以  也为 S 的上界。由 (1) 易证

)(,  nan  。 故 ,0 11 ,0 NnN  有 ),( Uan  。 从 而 可 知 ，

1, ,n N N x S      ),(],[ Ubax nn  。即   x  

故 为S 的上确界。 

 

22.聚点定理证明单调有界定理 

证  不妨设 }{ nx 是单调有上界无穷数列，即 ,a b R  ，使得 ],[}{ baxn  。故由聚

点原理可知  ,R 为 }{ nx 的聚点，即 ),(,0  U 含有 }{ nx 中的无限多项。由单

调性易得知 ),( U 外最多有 }{ nx 中的有限项，因此又极限的一种等价定义得： 

      𝑥  𝜉  

 

23.聚点定理证明区间套定理 

即若｛［ａｎ，ｂｎ］｝是一闭区间套，则存在唯一ζ属于所有的闭区间［ａｎ，ｂｎ］， 

ｎ＝１，２，⋯  

证：设Ｓ＝｛ａｎ｝∪｛ｂｎ｝ 则Ｓ是有界无限点集 由聚点定 

理得数集Ｓ聚点ζ 若存在一个ａＮ，使ｂｎ＞ａＮ ＞ζ（ｎ＝１，２，⋯）  

再取ε＝
 

 
（ａＮ－ζ），由｛ａｎ｝的单调性，当ｎ＞Ｎ 时，ａｎ＞ａＮ ＞ζ＋ε这样，（ζ



 

－ε，ζ＋ε）内至多有Ｓ 中的有限多个点 这与ζ是聚点矛盾，于是得到ζ≥ａｎ（ｎ ＝

１，２，⋯）  

同理可证，ζ≤ｂｎ（ｎ ＝１，２，⋯） 因此，有ζ∈⋂ ［ａｎ，ｂｎ］ 
    

唯一性 

最后证明满足ξ是唯一的.设数ξ′也满足 

an ≤ ξ′≤ bn, n = 1,2,⋯,     （1） 

因为  an ≤ ξ≤ bn, n = 1,2,⋯,        （2） 

则由（1）(2)式有 

| ξ- ξ′|≤ bn - an, n = 1,2,⋯. 

由区间套的条件得 

| ξ  ξ′| ≤    
   

(ｂｎ－ａｎ)     

故有ξ′= ξ.唯一性即证。 

 

24.聚点定理证明有限覆盖定理 

即闭区间［ａ，ｂ］的任一开覆盖Ｈ 都有有限的子覆盖  

证① 找一个使它具有与性质ｐ 相反的性质   的数集Ｓ； 

为此我们先证明δ＞０，ｘ∈［ａ，ｂ］有开区间（α０，β０）∈Ｈ，使 

（ｘ－δ，ｘ＋δ）⊂（α０，β０）.否则,∃ｘ１∈［ａ，ｂ］对任意的（α，β） 

∈Ｈ，都有（ｘ１－１，ｘ１＋１）（α，β）,∃ｘ２∈［ａ，ｂ］－｛ｘ１｝，对任 

意的（α，β）∈Ｈ，都有（ｘ２－
 

 
，ｘ２＋

 

 
）（α，β）,如此继续得一数列｛ｘｎ｝，

ｘｎ ∈［ａ，ｂ］－｛ｘ１，ｘ２，⋯，ｘｎ－１｝，对任意的（α，β）∈Ｈ，都有 

（ｘｎ－
 

 
，ｘｎ＋

 

 
）（α，β）  

② 显然数集｛ｘｎ｝是有界无限点集； 

③ 由聚点定理，数列｛ｘｎ｝有聚点ζ； 

④ 由｛ｘｎ｝⊂［ａ，ｂ］，得ζ∈［ａ，ｂ］,故存在一个开区间（α１，β１）∈Ｈ，使

ζ∈（α１，β１） 令δ１＝ｍｉｎ｛ζ－α１，β１－ζ｝，则存在自然数Ｎ， 使Ｎ ＞
 

  
 

，ｘＮ ∈(ζ－
  
 
，ζ＋

  
 
)  从而，(ζ－

 
 
，ζ＋

 
 
)⊂（α１，β１）矛盾  

现在，我们取ｎ＝[
   

  
]+1 , ｘｉ＝ａ＋

２ｉ＋１

２ｎ
（ｂ－ａ），ｉ＝０，１，２，⋯  

设（ｘｉ－δ，ｘｉ＋δ）⊂（ａｉ，ｂｉ）∈Ｈ，ｉ＝０，１，２，⋯ 则 

⋃ （ａｉ，ｂｉ）   
   ⊃ ⋃ （ｘｉ－δ，ｘｉ＋δ）   

   ⊃［ａ，ｂ］， 

因此所需结论成立  

 

25.聚点定理证明Cauchy收敛准则 

证明：设｛ｘｎ｝是一Cauchy列，则知｛ｘｎ｝是有界的 若｛ｘｎ｝中只有有限多个项不相



 

同，那么必有一项譬如ｘｎ０出现无限多次，这时就得到｛ｘｎ｝的一个收敛子列｛ｘｎｋ｝。

又因为｛ｘｎ｝是Ｃａｕｃｈｙ列，故对 ε＞０，存在自然数Ｎ，当ｎ ＞ｍ ＞Ｎ 时 

｜ｘｎ－ｘｍ｜＜ε 

特别地，当ｎ ＞Ｎ，ｋ＞Ｎ 时由于ｎｋ ＞ｋ＞Ｎ，从而 

｜ｘｎ－ｘｎｋ｜＜ε， 

令ｋ→ ∞，得｜ｘｎ－ｘｎ０｜≤ε 即    
   

ｘｎ ＝   
 

若｛ｘｎ｝中有无限多项互不相同，则数集Ｓ ＝｛ｘｎ｝是一有界无限点集,根据聚点定理，

Ｓ 至少有一聚点ζ，由聚点的定义，对任意的自然数ｋ，在Ｕ（ζ，
 

 
）中，必含有｛ｘｎ 

｝的无限多项，从而在Ｕ（ζ，
 

 
）中可选出一项ｘｎｋ且ｘｎｋ ≠ζ，由于ｋ 的任意性，所

以    
   

ｘｎｋ ＝ζ 同上可知，    
   

ｘｎ ＝ζ 

 

六.Cauchy收敛准则 

26. Cauchy收敛准则证明确界原理 

证: 设S 为非空有上界数集.由实数的阿基米德性,对任何正数α,存在整 

数Kα,使得λα = kαα为S 的上界,而λα - α= ( kα - 1)α不是S 的上界, 即存在 

α′∈ S,使得α′> ( kα - 1)α. 

分别取α=
 

 
, n = 1,2,⋯,则对每一个正整数n,存在相应的λn,使得λn为S 的上界,而 

λn 
 
 
 不是S 的上界,故存在a′∈ S,使得a′> λn  

 
  

又对正整数m ,λm 是S 的上界,故有λm ≥ a′.结合(6)式得λn - λm <
 

 
; 

同理有λm - λn <
 

  
 

.从而得 

| λm - λn |<max(
 

 
 
 

 
), 

于是,对任给的ε> 0,存在N > 0,使得当m , n> N 时有 

| λm - λn | <ε. 

由柯西收敛准则,数列{λn}收敛.记 

   
   

λn = λ. (1) 

现在证明λ就是S 的上确界.首先,对任何a∈ S 和正整数n 有a≤λn,由 

(1)式得a≤λ,即λ是S 的一个上界.其次,对任何δ> 0,由
 

 
→0 ( n→∞)及 

(1)式,对充分大的n 同时有 

 

 
 <

δ

 
 ,λn >λ - 

δ

 
. 



 

又因λn -
 

 
不是S 的上界,故存在a′∈ S,使得a′> λn -

 

 
 

.结合上式得a′> λ -δ>λ 
δ

 
 

δ

 
=λ- δ. 

这说明λ为S 的上确界. 同理可证:若S 为非空有下界数集,则必存在下确界. 

27. Cauchy收敛准则证明单调有界定理  

证   不妨设 }{ nx 为单增有上界数列。假设 }{ nx 无极限，Cauchy 收敛准则可知，

,,0,00 NnmN   但是 0 mn xx 。由 N 的任意性，不难得到 }{ nx 的一

个严格单增的子列{ }
knx ，满足 

1 1 10 0 02
k k kn n n nx x x x k  
 
       。

由于 0 0, 0k   ， 所以当k 时，有
1knx

。 这与 }{ nx 为有界数列

矛盾，  故 }{ nx 收敛 

 

28. Cauchy收敛准则证明区间套定理 

证  设 ]},{[ nn ba 是 Cantor 区间套。则由  nab nn (,0  可知， ,0

NnN  ,0  时，有|    -   |<ε。 

由于 }{ na 单调递增， }{ nb 中的每一个元素都为 }{ na 的上界。 

故 Nnm  ，则有。  ≤   ≤   ≤    

所以|    -   |=    -   ≤   -    |    -   |<ε 

|    -   |=    -   ≤   -    |    -   |<ε 

故由 Cauchy 收敛准则可知{  },{  }收敛，                    

下证 r [  ,  ],用反证法 

若∃  ,使r<   
,由{  }单调递增知n>  时  >   

>r 

所以|    r|=    r 0, 两边取极限有0≤   
   

（    r）<0,矛盾 

同理 若∃  ,使r>   
,由{  }单调递减知n>  时r    𝑏  

 

所以| 
 
  r|= r    0, 两边取极限有0≤   

   
（r   ）<0，矛盾 

故r [  ,  ], 

最后证明满足r是唯一的.设数r′也满足 

an ≤ r′≤ bn, n = 1,2,⋯,     （1） 

因为  an ≤ r≤ bn, n = 1,2,⋯,        （2） 

 

则由（1）(2)式有 

| r- r′|≤ bn - an, n = 1,2,⋯. 

由区间套的条件得 

|     ′| ≤    
   

(ｂｎ－ａｎ)      



 

故有r′= r.唯一性即证。 

 

 

 

29. Cauchy收敛准则证明有限覆盖定理 

即闭区间［ａ，ｂ］的任一开覆盖Ｈ 都有有限的子覆盖  

证① 在［ａ，ｂ］上选取一数列｛ｘｎ｝，使得（ｘｎ－
 

 
，ｘｎ＋

 

 
）∩［ａ，ｂ］具有与

性质ｐ：闭区间［ａ，ｂ］能被Ｈ中有限个开区间覆盖， 

相反的性质   ：闭区间［ａ，ｂ］不能被Ｈ 中有限个开区间覆盖； 

若［ａ，ｂ］具有性质   ，则 ｘ１∈［ａ，ｂ］，使（ｘ１－１，ｘ１＋１）∩［ａ，ｂ］

具有性质   否则，［ａ，ｂ］具有性质ｐ，如此继续，得一数列｛ｘｎ｝，使 

⋂（ｘ －
 
 
，ｘ ＋

 
 
）  ［ａ，ｂ］

  

   

 

具有性质    

② 因为｜ｘｎ－ｘｍ｜≤max{
１

ｎ
 
１

 
} 

所以，数列｛ｘｎ｝满足Ｃａｕｃｈｙ收敛准则的条件； 

③ 由Ｃａｕｃｈｙ收敛准则得，ζ＝    
   

ｘｎ； 

④显然，ζ∈［ａ，ｂ］ 存在开区间（α，β）∈Ｈ，使ζ∈（α，β）  

又由    
   

ｘｎ＝ζ，存在ｘＮ，使（ｘ －
 
 
，ｘ ＋

 
 
）⊂（α，β） 这与 

 ｘ －
 
 
，ｘ ＋

 
 
 具有性质   矛盾。 

 

30. Cauchy收敛准则证明聚点定理 

即任一非空有界无限点集Ｓ 必有聚点  

证:① 取ａ为Ｓ的下界，对任意固定的自然数ｎ，存在自然数ｋｎ，使ｘｎ ＝ａ＋
  

 
 满足 

１）Ｓ ∩（ｘｎ，＋∞）至多为有限点集；２）Ｓ ∩(ｘｎ－
１

ｎ
，＋∞）为无限点集  

② 由①对任意自然数ｎ、ｍ，ｘｎ－
１

ｎ
＜ｘｍ，这是因为，若存在ｎ、ｍ 使ｘｎ－

１

ｎ
≥ｘｍ，

则 Ｓ ∩（ｘｎ－
１

ｎ
，＋∞）⊂  Ｓ ∩（ｘｍ，＋∞）， 

这与１）、２）矛盾 从而 

｜ｘｎ－ｘｍ｜≤max{
１

ｎ
 
１

 
}因此｛ｘｎ｝满足Ｃａｕｃｈｙ收敛准则； 

③ 由Ｃａｕｃｈｙ收敛准则得，ζ＝    
   

ｘｎ； 



 

④ 对 ε＞０，由于    
   

 ｘｎ－
１

 
 ＝ζ，所以存在ｎ０使得 

   
，   

－
 

  
 ∈（ζ－ε，ζ＋ε）， 

从而 

Ｓ ∩（   
－

 

  
，＋∞）⊂ Ｓ ∩（ζ－ε，＋∞）， 

由２）得Ｓ ∩（ζ－ε，＋∞）是无限点集 

又Ｓ ∩（ζ＋ε，＋∞）⊂ Ｓ ∩（   
，＋∞）， 

由１）得Ｓ ∩（ζ＋ε，＋∞）至多是有限点集 因此 

Ｓ ∩（ζ－ε，ζ＋ε）， 

是无限点集，即ζ是Ｓ 的聚点  

 

 

到此，实数完备性基本定理的相互证明完毕 

 

 单 调 有

界定理 

确 界

定理 

区 间

套定理 

有 限 覆

盖定理 

聚 点

定理 

柯 西 收

敛定理 

单 调 有

界定理 

 √ √ √ √ √ 

确 界

定理 

√  √ √ √ √ 

区 间 套

定理 

√ √  √ √ √ 

有 限 覆

盖定理 

√ √ √  √ √ 

聚 点 定

理 

√ √ √ √  √ 

柯 西 收

敛定理 

√ √ √ √ √  
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�êÚÈ©´�ép_$�,´�È©�Ì�gñ.

�êÚÈ©gXM1�ü¡,/ �d.

�êÚÈ©´d4��)Ñ��«$�,�ê´�û�4�,
È©´Úª�4�.

�ê�­�53u�ê´CzÇ,´£ãCz�­.��­
�Ãã. È©�­�53uÈ©´8�¤Ü��{,ÏL�
�{È©�?n�5K�/.

4�=?ê=lÑÿÝ�È©. 4�!�ê!È©�/ �d.
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�ê�½Â

EÜ¼ê�ê�óª{K
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1nÙ: �ê (�È©éÊ)

ëY ë�Øä C0 ÛÜ~� TaylorÐm�"g�

�� 1w fC1 ±��­ TaylorÐm�1g�

f(x) = f(x0) + o(1) (x → x0)

f(x) = f(x0) + f ′(x0)(x − x0) + o(x − x0) (x → x0)
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§1 �ê½Â

b�f : (x0 − δ, x0 + δ) −→ R.

f3x0?��(��)
def
⇐==⇒ lim

x→x0

f(x) − f(x0)

x − x0
=: f ′(x0) �3k�.
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�êPÒ

f ′(x0) = f ′(x)
∣∣∣
x=x0

=
df
dx

(x0) = y′(x0).

5¿ f ′(x0) , (f(x0))′.
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�êêÆ¿Â

�ê=CzÇ (£ãCz�U,Ãã)

gCþ x0 −→ x0 + h

¼ê� f(x0) −→ f(x0 + h)

²þCzÇ
f(x0 + h) − f(x0)

(x0 + h) − x0
(oK$�)

]�CzÇ lim
x→x0

f(x0 + h) − f(x0)

(x0 + h) − x0
(4�$�)
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�ê4�*:

�ê
4�*:

=========
0
0
.4� ======�û4�
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ü�ÕáCþ

6/ �m

­� ��

­�Cþx0 ��Cþ h

­��§y = f(x) ���§ y = f(x0) + f ′(x0)h

üCþ�È©I�õCþ(x0, h)�Ï.
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�ê´��Ç

«m[x0, x0 + h]à:
f

=====⇒ «m[f(x0), f(x0 + h)]à:

«m�Ýh
��Ç

=====⇒
f ′(x0)

«m�Ýf(x0 + h) − f(x0) � f ′(x0)h

?2R(¥I��)



U
ST

C
U

ST
C

�êAÛ¿Â

�ê´���Ç: α´��Ú¢¶Y�.

f ′(x0) = tanα

���§:

y − f(x0) =
f(x0 + ε) − f(x0)

ε
(x − x0)

���§:

y − f(x0) = f ′(x0)(x − x0)
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�êÔn¿Â

ål( £)¼ê'u�mCþ��ê´]��Ý

²þ�Ý
S(t0 + ∆t) − S(t0)

∆t

]��Ý lim
∆t→0

S(t0 + ∆t) − S(t0)

∆t
= S′(t0)

?2R(¥I��)



U
ST

C
U

ST
C

�m�ê

|^�m4��x�ê

f ′(x0)�3⇐===⇒ f ′±(x0)�3���

m�ê

f ′+(x0) = lim
h→0+

f(x0 + h) − f(x0)

h

��ê

-

f ′−(x0) = lim
h→0−

f(x0 + h) − f(x0)

h
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��´ÛÜVg

f3m«m(a, b)þ��⇐===⇒ f 3(a, b)z�:��.

ëY5!��5´ÛÜVg, �È5´�NVg

�� : �È======ÛÜ : �N
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3«m�ê

f3«mIþ��
~XI = [a, b]
⇐=========⇒ f 3̊I��,3à:üý��
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�¼ê

¼êf
¦�

=========⇒�¼êf ′

�f �'︷  ︸︸  ︷
f ′︸︷︷︸

�¼ê

(x) = lim
∆x→0

f(x + ∆x) − f(x)

∆x
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�¡È��ê=±�

π(r + ∆r)2 = πr2 + 2πr∆r + o(∆r), ∆→ 0.

∆S
∆r

� 2πr

¥NÈ��ê=L¡È
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��7ëY

ëY f(x) = f(x0) + o(1) (x → x0)

�� f(x) = f(x0) + f ′(x0)(x − x0) + o(|x − x0|) (x → x0)

lim
x→x0

(f(x) − f(x0)) = lim
x→x0

f(x) − f(x0)

x − x0
(x − x0) = 0.
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1w���

¼ê1w⇐===⇒ f ∈ C1

¼ê��⇐===⇒ f��ê�3�k�

¼êã/1w,¼ê1w.

�~: f(x) = 3√x

T¼êã/1w,�´¼ê�1w,30:?��´y¶,
f ′(0) = ∞.

b�¼êëY.K¼êã/1w=¼êã/Ãk:.

~f: f(x) =
√

x2 ±0�k:.
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§2 óª{K

f3x0?��, g3y0 := f(x0)?��,

=====⇒ g ◦ f3x0?��,

(g ◦ f)′(x0) = g′(y0)f ′(x0).

¼êf3x0NCk��f ′(x0)�,

Ùg¼êg3y0NC2��g′(y0)�.

¼êfÚ¼êgëY�^,3x0NC���ê

(g ◦ f)′(x0) = g′(y0)f ′(x0)
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óª{K,�/ª

z = g(y), y = f(x)

=====⇒
dz
dx

∣∣∣∣∣
x0

=
dz
dy

∣∣∣∣∣
y0

dy
dx

∣∣∣∣∣
x0

�Ø4�	�:

∆z
∆x

=
∆z
∆y

∆y
∆x

Cþ : z = g(y), y = f(x), z0 = g(y0), y0 = f(x0)

(ýé)UCþ : ∆x = x − x0, ∆y = y − y0 ∆z = z − z0
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y = h(u), u = g(v), v = f(x)

=====⇒
dy
dx

=
dy
du

du
dv

dv
dx
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���§Ò¦�

F(x) = g(f(x)) =====⇒ F ′(x) = g′(f(x))f ′(x).
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óª{K�y²

G(y)3y0?ëY:

G(y) :=


g(y) − g(y0)

y − y0
y , y0

g′(y0) y = y0.

ð�ª:

(g ◦ f)(x) − (g ◦ f)(x0)

x − x0
= G(f(x))

f(x) − f(x0)

x − x0

lim
x→x0

G(f(x)) = G(y0) = g′(f(x0)).
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�¼ê¦�

f ∈ C[a, b] ??
???? ??3x0 ∈ (a, b)��,

=====⇒ f−13y0 = f(x0)����=�f ′(x0) , 0.

�f ′(x0) , 0�, (f−1)′(y0) =
1

f ′(x0)
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�¼ê¦�

�¼ê�êúª:

dx
dy

=
1

dy
dx

, x′(y) =
1

y′(x)
.

�¼ê�êAÛ¿Â:

y = f(x)
x, y/ �Ó

==========⇒ x = f−1(y)

f ′(x0) = tanα, (f−1)′(y0) = tan β, α + β =
π

2
.
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�¼ê¦��y²

7�5:

f−1(f(x)) = x

=====⇒ (f−1)′(f(x0)) f ′(x0) = 1, f ′(x0) , 0

¿©5:

(f−1)′(y0) = lim
y→y0

f−1(y) − f−1(y0)

y − y0

x = f−1(y)
=========

f ëY
lim

y→y0

x − x0

y − y0
=

1
f ′(x0)
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¦��oK$�

f , g3x��,KfÚg�oK$�3x�� (Ø:g(x) , 0)

(f ± g)′(x) = f ′(x) ± g′(x)

(f(x)g(x))′ = f ′(x)g(x) + f(x)g′(x)

(
f(x)

g(x)

)′
=

f ′(x)g(x) − f(x)g′(x)

g2(x)
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ü?$�

F(x) = f(x)g(x) =====⇒ ln |F(x)| = ln |f(x)|+ ln |g(x)|

=====⇒
F ′(x)

F(x)
=

f ′(x)

f(x)
+

g′(x)

g(x)

F(x) =
f(x)

g(x)
=====⇒ ln |F(x)| = ln |f(x)| − ln |g(x)|

=====⇒
F ′(x)

F(x)
=

f ′(x)

f(x)
−

g′(x)

g(x)
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(
f(x)

g(x)

)′
=

(
f(x)

1
g(x)

)′
= f ′(x)

1
g(x)

− f(x)
g′(x)

g2(x)
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y = ln x =====⇒ x = ey =====⇒ 1 = eyy′ =====⇒ y′ =
1
x

y = xµ =====⇒ y = eµ ln x =====⇒ y′ = eµ ln xµ
1
x

= µxµ−1
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(1) (c)′ = 0

(2) (ex)′ = ex , (ax)′ = ax ln a, (ln x)′ =
1
x

(3) (xµ)′ = µxµ−1

(4) (sin x)′ = cos x, (cos x)′ = − sin x

(tan x)′ = sec2 x, (cot x)′ = − csc2 x

(arcsin x)′ =
1

√
1 − x2

, (arccos x)′ = −
1

√
1 − x2

(arctan x)′ =
1

1 + x2 , (arccotx)′ = −
1

1 + x2
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115g��: [3.1 ] 5, 6, 10,

[3.2] 1 (12-30óêK), 7

[3.2] ¯K 1, 3
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p��ê(§3 )

Fermat½n(§4 )

�©¥�½n (Rolle, Langrange, Cauchy)
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§3 p��ê

f(x)
¦�
−−−−−−→ f ′(x)

¦�
−−−−−−→ f ′′(x)

¦�
−−−−−−→ · · · −−−−−−→ f (n)(x) −−−−−−→ · · ·

f (n)(x0)∃ ⇐===⇒


f (n−1)(x)3x0,+�k½Â

f (n−1)(x)3x0?��.
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2gTaylorõ�ªû½¼êÛÜ5�

TaylorÐm:

f(x) =
∞∑

n=0

f (n)(x0)

n!
(x − x0)

n

���ê ���ê

�Ç ­Ç

�Ý \�Ý
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?��Riemann¼ê

R̃ : R −−−−−−→ R,±Ï�1�¼ê. ∀ x ∈ [0, 1),

R̃(x) =



1
q

x x =
p
q
, (p, q) = 1, p, q ∈ N

0 x = 0½Ãnê

R̃(x)3x = 0��,3Ù§:Ø��.
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p��ê�55

(λf + µg)(n)(x)
f (n) g(n)∃
=========
λ, µ ∈ R

λf (n) + µg(n).
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Leibnizúª

(f g)(n)(x)
f ,g∈C∞(R)
========

n∑
k=0

(
n
k

)
f (n−k)(x)g(k)(x).

(f g)(n)(x)
f ,g∈C∞(R)
========

n∑
k=0

C(n, k)f (n−k)(x)g(k)(x).

�f(x) = xn−k , g(x) = xk .

�ª3x = 0?��, K n! = c(n, k)(n − k)!k !
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Faà di Brunoúª

b�f , g ∈ C∞(R),K

(g ◦ f)(n) ==
∑

k1+···+kn=k
1k1+2k2 ···+nkn=n

n!
k1! · · · kn!

g(k)(f(x))

f , g�ê�o�ê=k

f���ê/ �Ó�︷                         ︸︸                         ︷(
f ′(x)

1!

)k1

· · ·

 f (n)(x)
n!

kn

︸                         ︷︷                         ︸
f�ê�o�ê=n

5P: 1k1 + 2k2 · · ·+ nkn = n , 0 ==⇒ kiØ��" ==⇒ k , 0
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��ªÐm½n

(x1 + · · ·+ xn)
k =

∑
k1+···+kn=k

k !
k1! · · · kn!

xk1
1 · · · x

kn
n

(x1 + · · ·+ xn)
k =

∑
k1+···+kn=k

Ck1···kn xk1
1 · · · x

kn
n

∂

∂xk1
1

· · ·
∂

∂xkn
n

∣∣∣∣∣∣∣
x1=···=xn=0

�^� k ! = Ck1···kn k1! · · · kn!.
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Faà di Brunoúª�y²

(g◦f)(n)(x) ==
∑

k1+···+kn=k
1k1+2k2 ···+nkn=n

c(n, k1, · · · , kn)g(k)(f(x))
(
f ′(x)

1!

)k1

· · ·

 f (n)(x)
n!

kn

�g(y) = yk , f(x) = a1x + · · ·+ anxn

g◦f(x) = (a1x+· · ·+anxn)k =
∑

k1+···+kn=k

k !
k1! · · · kn!

x1k1+2k2···+nkn ak1
1 · · · a

kn
n , ak =

f (k)(0
k !

ü«�{O�g ◦ f (n)(0):

∑
k1+···+kn=k

1k1+2k2 ···+nkn=n

k !
k1! · · · kn!

n!ak1
1 · · · a

kn
n =

∑
k1+···+kn=k

1k1+2k2 ···+nkn=n

c(n, k1, · · · , kn)k !a
k1
1 · · · a

kn
n .
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(ex)(n) = ex

(sin x)(n) = sin(x + n
π

2
)

(cos x)(n) = cos(x + n
π

2
)

(
2x

1 − x2

)(n)

�{
=======

(
1

1 − x
−

1
1 + x

)(n)
======

n!
(1 − x)n+1 −

n!(−1)n

(1 + x)n+1
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§4 ¥�½n

b�f3x0���+�k½Â.

x0´f�4��:
def

⇐===⇒ f(x) 6 f(x0) 3x0�,+�¤á.

x0´f�î�4��:
def

⇐===⇒ f(x) < f(x0) 3x0�,�%+�¤á.
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TaylorÐmXêúª

f(x) =

k¦�: àK$��︷                      ︸︸                      ︷
c0 + c1(x − x0) + · · ·+ cn(x − x0)

n︸        ︷︷        ︸
3��

+
2-x = x0: àKp��︷                  ︸︸                  ︷
· · · · · ·

=====⇒ f (n)(x0) = n!cn =====⇒ cn =
f (n)(x0)

n!
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TaylorÐm°�

TaylorÐm�°�:

f(x)︸︷︷︸
Ø�ê&E

Xêúª
GGGGGGGGGGGGGBFGGGGGGGGGGGGG

TaylorÐm
{c0, c1, . . . cn, · · · }︸                ︷︷                ︸
�ê&E

TaylorÐm´¼ê��f©).

f(x) =
∞∑

n=0

f (n)(x0)

n!
(x − x0)

n︸                ︷︷                ︸
¼ê��f

.
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Fermat½n

f3x0?��4�, f3x0?�� =====⇒ f ′(x0) = 0
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Fermat½n(Y)

y²: f ′+(x0)f ′−(x0) 6 0, f ′(x0) = f ′+(x0) = f ′−(x0)

=====⇒ f ′(x0) = 0
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5P

f�7:
def

⇐===⇒�ê�"�:.

f�4�:x0
b�x0´f���:
===============⇒ x0´f�7:

4�:�±Ø´��:

f(x) = |x |, 3x = 0�4��:.

?2R(¥I��)



U
ST

C
U

ST
C

Rolle½n

f ∈ C[a, b], 3(a, b)��, f(a) = f(b)

=====⇒ ∃ ξ ∈ (a, b) : f ′(ξ) = 0.
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Rolle½n

�ü:

¼êf�ü�":
Jø

=====⇒ �¼êf ′���":

�
:

f(x2) − f(x1)

x2 − x1︸          ︷︷          ︸
²þC�Ç

= f ′(ξ)︸︷︷︸
]�CzÇ
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Rolle½n5P

>.:5�û½SÜ5�:

>�¯K ":¯K

¼êf �¼êf ′
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Rolle½n5P

k
�ê±�,�§À�C©�§:

C©�§⇐===⇒4�¯K

C©�§�>�¯Kk):


f ′(x) = 0

f(a) = f(b)
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Rolle½n5P

ξØ��:

äN �Ø², ξ¡�¥�

n��:

xχ[0,1)(x) x ∈ [0, 1]

|x | x ∈ [−1, 1]

x x ∈ [0, 1]
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Rolle½n�y²

y²: f����Ú���:7k��3S:��

T:P�ξ
=========⇒
Fermat½n

f ′(ξ) = 0.
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Lagrange½n

f ∈ C[a, b],3(a, b)��

=====⇒ ∃ ξ ∈ (a, b) : f ′(ξ) =
f(b) − f(a)

b − a
.
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5P

�Lagrange{��"�TaylorÐm:

f(x) = f(x0) + f ′(ξ)(x − x0).

|^�ê�O¼ê:

f ∈ C(a, b)
f ′3(a, b)k.
===========⇒ f3(a, b)Lipschitz

f3(a, b)��ëY
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Lagrange½n�Ôn¿Â

²þ�Ý3,����� ======]��Ý
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²²£^=,¼êã/à: u¢¶þ

­�
²£+^=
========⇒ ­�–��

f(x) f(x) −
(
f(a) +

f(b) − f(a)
b − a

(x − a)
)

ã/à: u¢¶þ
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Cauchy½n

f , g ∈ C[a, b],3(a, b)��, g′3(a, b)ðØ�"

=====⇒ ∃ ξ ∈ (a, b) :
f ′(ξ)
g′(ξ)

=
f(b) − f(a)
g(b) − g(a)

.
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Cauchy½nAÛ¿Â

­�3t = ξ?���Ç


x = g(t)

y = f(t)

óª{K
=======⇒

dy
dx

∣∣∣∣∣
t=ξ

=

dy
dt
dx
dt

∣∣∣∣∣∣∣
t=ξ

=
f ′(ξ)
g′(ξ)

­�����Ç:
f(b) − f(a)
g(b) − g(a)
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Cauchy½n�C©�§/ª

(
(f(x) − f(a)) −

f(b) − f(a)
g(b) − g(a)

(g(x) − g(a))
)′
= 0
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n�¥�½n�d

Cauchy
g(x)=x
=====⇒ Lagrange

f(a)=f(b)
======⇒ Rolle

C©�§
=======⇒ Cauchy.

¥�½nïá¼êf9Ù�êf ′�éX,�©­�k^�éX.
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~K

f , g ∈ C[a, b], 3(a, b)��, f(a) = f(b) = 0

=====⇒ ∃ ξ ∈ (a, b) : f ′(ξ) + f(ξ)g′(ξ) = 0.

y²: C©�§:

(
f(x)eg(x)

)′∣∣∣∣
x=ξ

= 0
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n�©

f ′(x) + f(x)g′(x)
n¤��¼ê��ê
================⇒

¦±eg(x)
(f(x)eg(x))′

í�L§:

u(x)(f ′(x) + f(x)g′(x)) = (f(x)u(x))′

=====⇒ u′(x) = u(x)g′(x)

�
=====⇒ u(x) = eg(x)
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116g��: [3.3 ] 5, ¯K 6, 7, 8

[3.4] 2, 3, 5
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�g�Ì�SN

Ã¡«mþ¥�½n

Darboux¥�½n
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¥�½n��^

¥�½nïá¼ê9Ù�ê�éXÚ&ED4

¥�½n�ÑÐ�¼ê�õ�ª¼ê�Ø��O
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Ã¡«mþRolle½n

f3(a, b)��, f(a+) = f(b−) = A

a, b ,A ∈ [−∞,+∞]
==============⇒ ∃ ξ ∈ (a, b) : f ′(ξ) = 0.
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Ã¡«mþRolle½n

Rolle½n3*¿¢¶¤á:

Ã¡«mþRolle½n�^�:

3>.:?äk�Ó4��
Jø
====⇒�¼ê���":
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5P

V�

C[−∞,+∞] −−−−−−→ C[a, b]

f p−−−−−−→ f ◦ τ−1

f = (f ◦ τ−1) ◦ τ.

V�(Ð�¼ê)

τ : [−∞,+∞] −−−−−−→ [−
π

2
,+

π

2
] −−−−−−→ [a, b]

τ(x) =
a + b

2
+

b − a
π

arctan x.
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A^

Ã¡«mþ�Rolle½n�y²:

-g = f ◦ τ−1, Kf = g ◦ τ.

f ′(ξ)
η=τ(ξ)

=======
ξ=τ−1(η)

g′(η)
b − a
π

1
1 + ξ2 .

g�K: [0,+∞)�/?
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y²

ÏL �(a, b),�Ø��A ∈ R.

A = +∞
�½x0 ∈ (a, b)
===========⇒

M:=1+f(x0)
∃c1 ∈ (a, x0) : f(c1) > M

0�½n
===========⇒ ∃c ∈ (c1, x0) : f(c) = M

Ón
===========⇒ ∃d ∈ (x0, d) : f(d) = M

A = −∞�/aq
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y²Y

2gÏL �(a, b),�Ø��a, b ∈ R.

�Ø��fØð�~êA .

∃x0 ∈ (a, b): f(x0 , A . Ø��f(x0) < A .

-M =
A + f(x0)

2
=====⇒ M < A .

A = f(a−) =====⇒ ∃c1 ∈ (a, x0) : f(c1) > M

0�½n
=======⇒ ∃c ∈ (c1, x0) : f(c) = M

Ón
=======⇒ ∃d ∈ (x0, d) : f(d) = M.
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Ã¡«mþCauchy¥�½n

f , g, h3(a, b)��,3à:?üý4��3k�, a, b ∈ [−∞,+∞]

==⇒ ∃ ξ ∈ (a, b) :

∣∣∣∣∣∣∣∣∣
f(a) g(a) h(a)
f(b) g(b) h(b)
f ′(ξ) g′(ξ) h′(ξ)

∣∣∣∣∣∣∣∣∣ = 0
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Ã¡«mþCauchy¥�½n

C©�§

d
dx

∣∣∣∣∣∣∣∣∣
f(a) g(a) h(a)
f(b) g(b) h(b)
f(x) g(x) h(x)

∣∣∣∣∣∣∣∣∣ = 0
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¥�½nÚ�

h=1 Cauchy¥�½n

h=1 g(x) = x Lagrange¥�½n

h=1 g(x) = x f(a)=f(b) Rolle¥�½n
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�~

Ø´?¿]��ÝÑ´²þ�Ý

f(x) = x3, ∀ x ∈ [−1, 1].

Ø�3x1 < 0 < x2, s.t . f ′(0) =
f(x2) − f(x1)

x2 − x1
.
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Darboux½n:

f3[a, b]��,

==⇒ f ′���f ′(a)�f ′(b)�m���.

f ′Ã1�amä:.

Darboux½n: �¼ê��ëÏ
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y²

Ø��f ′(a) < f ′(b) (ÄK−f^f�O)

∀ γ ∈ (f ′(a), f ′(b))

⇐===⇒ 0 ∈ (F ′(a),F ′(b)), (F(x) := f(x) − γx)

=====⇒ F���3S:ξ��

=====⇒ γ = f ′(ξ)
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y²(Y)

-G = f ′, x0´G�1�amä:
f3[a,b]��
=========⇒ x0´G�ëY:.

G(x0) = f ′(x0)
�xn

>
−−→x0========== lim

n→∞

f(xn) − f(x0)

xn − x0

ξn∈(x0,xn)
========== lim

n→∞
f ′(ξn)

ξn
>
−−→x0

==========
1�amä

lim
x→x+

0

f ′(x)

========== f ′(x+
0 ) = G(x+

0 )

�G3x0mëY, Ón�ëY.
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~K

f(x) = x2 sin
1
x2 , f��, f ∈ C(R) \ C1(R)
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y²

f ′=k�mä:x = 0´1�amä:.

f ′(0) = lim
x→0

f(x) − f(0)
x

= 0

f ′(x) = 2x sin
1
x2 −

2
x
cos

1
x2 , x , 0

f ′(0) , lim
x→0

f ′(x).
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�¼ê��Û:½n

b�f3(a − δ, a + δ)ëY,3(a − δ, a + δ) \ {a}��,K

a´f ′���mä:⇐===⇒a´f ′�ëY:
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y²

f ′(a) ============ lim
s→a

f(s) − f(a)
s − a

¥�½n
============ lim

x→a
f ′(x)

(Ø: f3a:?��,
�f ′3a:?ëY.
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�ê�O��{(|^¥�½n)

ef´RþëY¼ê,
��¼ê3a:?4� lim
x→a

f ′(x)�3


�k�,K

f3a:?�ê=�ê�4� = lim
x→a

f ′(x).
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~K

f(x) a>b>0
=====

(
ax + bx

2

)1/x

∈ C[−∞,+∞].

f ′(0) ============ lim
s→0

f(s) − f(0)
s

¥�½n
============ lim

x→0
f ′(x) =

1
8

√
ab(ln

a
b
)2
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�È©Ä�½n�íØ,�´¥�½n�íØ

�È©Ä�½n

C[a, b]

∫ x

a
GGGGGGGBFGGGGGGG

d
dx

C1[a, b]/R
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íØ

íØ

f ′ = 0
f3(a, b)��
⇐=========⇒ f ≡ c.

f ′ = g′
f , g3(a, b)��
⇐===========⇒ f ≡ g + c.

3�ëÏm8þ f ′ = 0
f ��
⇐===⇒ fÛÜ´~ê
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k.«mþ,¼êÚ�êk.5'X

3k.«mþ:

�¼êk.
Lagrange
=====⇒ ¼ê��ëY

=====⇒ ¼ê�*¿�4«m��ëY

=====⇒ ¼êk.
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¼êÚ�êk.5'X

lim
x→+∞

f ′(x) = 0
f 3Rþ��
=========⇒ lim

x→+∞

f(x)
x

= 0

=========⇒ lim
x→+∞

|f ′(x)| = 0.

f ′ 3 +∞NCk.
f 3R��

=========⇒
f(x)

x
3 +∞NCk.

f ′3k�«m(a, b)k.
f 3(a, b)��
===========⇒ f(x)3(a, b)k.
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¼êÚ�êk.5'X(y²)

lim
x→+∞

f ′(x) = 0
L ′Hospital
======⇒ lim

x→+∞

f(x)
x

= 0
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¼êÚ�êk.5'X(y²)

lim
x→+∞

|f ′(x)| �y{======= A ∈ (0,+∞]

=====⇒ ∃[M,+∞) : |f ′(x)| > min{
A
2
, 1}

=====⇒ 0 = lim
x→+∞

∣∣∣∣∣∣ f(x)x

∣∣∣∣∣∣
= lim

x→+∞

∣∣∣∣∣∣ f(M) + f ′(ζ)(x −M)

x

∣∣∣∣∣∣ > min{
A
2
, 1}.
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­����'X�;�

lim
x→x0

f(x) −

��︷                         ︸︸                         ︷
(f(x0) + f ′(x0)(x − x0))

f(x)︸︷︷︸
­�

− (a + b(x − x0))︸              ︷︷              ︸
��

f ′(x0)∃
=============
(a,b),(f(x0),f ′(x0))

0

�∃ δ > 0, ∀ x ∈ (x0 − δ, x0 + δ) \ {x0}, k

∣∣∣∣f(x) − (f(x0) + f ′(x0)(x − x0))
∣∣∣∣ < ∣∣∣∣f(x) − (a + b(x − x0))

∣∣∣∣
­�Ú��ål <­�Ú��ål
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b�f��, f ′ðØ�",K

(ln |f(x)|)′ =
1
2

(
ln f(x)2

)′
=

1
2

2f(x)f ′(x)
f(x)2 =

f(x)
f ′(x)
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¥�½n�TaylorÐm)Ö

$�TaylorÐm�A^

üN5

4�
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ÔÑ)Ö: ©Û´4��²âXÛá�¢??

óä: 4�! �ê(�?)! È©.

Ãã: %C.

0gTaylorõ�ª ëY C0

1gTaylorõ�ª �� fC1 üN ��

2gTaylorõ�ª 1w C2 à] �g­�
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Y

á�¢?: ±{��,±õ�ª�OÐ�¼ê.

äN¢�: Ð�¼ê´Ã¡gõ�ª

TaylorÐm´�È©�º¸

{��O(Peano{�!Lagrange{�§È©{�).

{�I��êÚÈ©L�

�{: �)Æ

R : Q
4�L§

==============
l5K�Ø5K

Ð�¼ê : õ�ª
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|^�êïÄ¼ê: �gTaylorõ�ª��¼ê�Cq

f f ′ f ′′

+ + +

5gS'X �K ↗ à
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¼ê��KÜ©)

¼ê��KÜ©)

f =
|f |+ f

2
−
|f | − f

2
=: f+ − f−.
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�Peano{��TaylorÐm

���/:

f ′(x0) = lim
x→x0

f(x) − f(x0)

x − x0

f ′(x0)∃
⇐===⇒ f(x) = f(x0) + f ′(x0)(x − x0) +

Peano{�︷     ︸︸     ︷
o(x − x0)︸                                           ︷︷                                           ︸

TaylorÐm
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�Peano{��TaylorÐm

���/:

f ′′(x0) ====== lim
x→x0

f ′(x) − f ′(x0)

x − x0

L ′Hospital
======= lim

x→x0

f(x) − f(x0) − f ′(x0)(x − x0)
1
2!(x − x0)2

f(x)
f ′′(x0)∃

====== f(x0) +
f ′(x0)

1!
(x − x0) +

f ′′(x0)

2!
(x − x0)2 +

Peano{�︷         ︸︸         ︷
o((x − x0)2)︸                                                                        ︷︷                                                                        ︸

TaylorÐm
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�Lagrange{��TaylorÐm

"��/(~êC´{+Cauchy¥�½n):

f(x) − f(t)
x − t

f ∈ C[a, b],SÜ��
==================

x�½, tCþ
f ′(ξ)

f(x) ====== f(x0) +

Lagrange{�︷          ︸︸          ︷
f ′(ξ)(x − x0)︸                        ︷︷                        ︸

TaylorÐm
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�Lagrange{��TaylorÐm

���/(~êC´{+Cauchy¥�½n):

f(x) − f(t) − f ′(t)(x − t)
1
2!(x − t)2

f ∈ C1[a, b],SÜ2���
======================

x�½, tCþ
f ′′(ξ)

f(x) ====== f(x0) + f ′(x0)(x − x0) +

Language{�︷             ︸︸             ︷
f ′′(ξ)

2!
(x − x0)2︸                                                ︷︷                                                ︸

TaylorÐm

.
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�gTaylorõ�ªû½¼ê5�: üN!à]!4�

f(x)
f ′(x0)∃

===== f(x0) + f ′(x0)(x − x0) + o(x − x0)

f(x)
f ′′(x0)∃

====== f(x0) + f ′(x0)(x − x0) +
f ′′(x0)

2!
(x − x0)2 + o((x − x0)2)

f(x) ====== f(x0) + f ′(ξ)(x − x0)

f(x) ====== f(x0) + f ′(x0)(x − x0) +
f ′′(ξ)

2!
(x − x0)2.
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üN5AÛ¿Â

üNO\ ⇐===⇒ gCþO\�,­�þ1
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üN�ê�x

Theorem

f ∈ C[a, b],SÜ��,K

f3[a, b]↗⇐===⇒ f ′|(a,b) > 0

f 3 [a, b] ??
???? ??
⇐===⇒ f ′|(a,b) > 0,Ø3?Ûm«mð�".

f ′
∣∣∣
(a,b) > 0

f∈C[a,b]
=====⇒ f 3 [a, b] ??

???? ??, ��Ø¤á.
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üN�ê�x�y²

7�5: �ê´�û4�. ¿©5: Lagrange¥�½n.

7�5: �y{:

b�f ′3,m«mð�",Kf3,m«mð�~ê.

¿©5: �y{:

b�füNO\�´Ø´î�üNO\,K

∃x1 < x2 : f(x1) = f(x2)

dufüNO\,�f3(x1, x2)�~ê.�b�gñ.
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î�üN¼ê

Theorem

f ∈ C[a, b], f ′
∣∣∣
(a,b) > 0

Lagrange
=====⇒ f3[a, b] ??

???? ??

��Ø¤á: (~ff(x) = x3)

î�üNO\�¼ê,Ù�ê�±k":,=���±´Y²�.
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Øk��:	,�¼êî��u"7î�üN

Theorem

f ∈ C[a, b], Øk��~	f ′ > 0
Lagrange

=====⇒ f3[a, b] ??
???? ??

y²: f�±¿©¤k��«m,3z�«mî�üN.
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~f

2
π

x < sin x < x, ∀x ∈ (0,
π

2
).

y²: f(x) =
sin x

x
�� ���� �� =====⇒ f(

π

2
) < f(x) < f(0), ∀x ∈ (0,

π

2
).
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�ê�Ò5Ú¼ê�Ò5'X

f ∈ C[a, b],SÜ��,K

f ′ > 0 =====⇒


f > 0, f(a) = 0

f < 0, f(b) = 0
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~K

f ′′ > 0 on R =====⇒ fÃ.

y²: �f ′(a) , 0, �	3a:�| �:

�/1: x > a.

(f(x) − f(a) − f ′(a)(x − a))′ > 0 ==⇒ f(x) − f(a) − f ′(a)(x − a) > 0

�/2: x < a.

(f(x) − f(a) − f ′(a)(x − a))′ < 0 ==⇒ f(x) − f(a) − f ′(a)(x − a) > 0

nþ¤ã,­�3| �þ�.Ï�f ′(a) , 0,�fÃ..
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
üN5UC ü>üN

�êCÒ ü>��
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:�5�;ÛÜ5�

¼ê3�:5�(�ê > 0, �4�); (üý)üN5
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:�5�;ÛÜ5�

f(x) − x u±2x2,3x = 0?÷X��y = x��.

f(x) = x + 2x2 sin
1
x
, f ′(0) = 1

�Kó¼ê,±x = 0�4��:

f(x) = |x |+ x sin
1
x
, f ′(

1
nπ

) = 1 − (−1)nnπ

�K¼ê, u3x2�x2�m,±x = 0�4��:

f(x) = x2(2 + sin
1
x

)
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4�¿©^�

f ′(x0) = 0, f ′′(x0) > 0 =====⇒ x0´fî�4��:
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4�¿©^�

�êCÒ:

f ′(x0) = 0, f ′′(x0) > 0 =====⇒�ê3x0?CÒ,;.~ff(x) = x2.

¼êã/�;.~f�Øõ�Ó

f ′(x0) = 0, f ′′(x0) > 0 ==⇒ f(x) = f(x0)+
f ′′(x0)

2!
(x−x0)2+o((x−x0)2).
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4�7�^�

x0´f�4��:, f ′′(x0)�3 =====⇒ f ′′(x0) > 0

y²: ÄK, f ′′(x0) < 0 =====⇒ x0´f�î�4��:
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���Ú���

b� f ∈ C[a, b], A =
{
«mà:,7:,Ø��:

}
´k�8Ü,K

max
x∈[a,b]

f(x) ====== max
x∈A

f(x).
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���:�O{

b� f ∈ C[a, b], x0´f3SÜ (a, b)þ��4�: ,K

x0´f3 [a, b]þ��:.
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y²

Ø��x0´4��:.

�c´f3 [a, b]þ���:, x0 , c. Ø��x0 < c.

=====⇒ f3 [x0, c]þ���:3(x0, c)��,�4�:��gñ.
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~K

b�f��, f ′ðØ�",K

(ln |f(x)|)′ =
1
2

(
ln f(x)2

)′
=

1
2

2f(x)f ′(x)

f(x)2 =
f ′(x)

f(x)
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~K

f(x) = (1 +
1
x

)x+α


�� ���� ��e, �α > 1

2 , x > 0

?? ???? ??e, �α < 1
2 , x � 1.
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y²

éê¦�{: �¼êü�

f ′(x) = f(x)u(x), u(x) = ln(1+
1
x

)−
x + α

x(x + 1)
→ 0 (x → +∞).

u′(x) =
(2α − 1)x + α

x2(1 + x)2


> 0, �α > 1

2 , x > 0

< 0, �α < 1
2 , x > α

1−2α .

u ??
???? ?? u(+∞)=0
======⇒ u < 0 =====⇒ f ′ < 0 =====⇒ f �� ���� ��
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���¦{(Legendre): D�Ø��²�Ú���

æ�êâ: x1, x2, · · · xn. ²þ


�â²þ

AÛ²þ

NÚ²þ

¥ ê

��²�{

x̄ = arg min
x∈R

n∑
i=1

(x − xi)
2 ¦)���==========

x1 + x2 + · · ·+ xn

n
.

5P: ²�Ú�í2´L2�ê,\�²þ,3ÔnþL«Uþ.
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à¼ê
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�n

�)Æ:

R : Q ====== Ð�¼ê : õ�ª

Ã¡gõ�ªJø
Ð�¼ê�Åg%C.

|^�gõ�ª�OÐ�¼ê,û½üN5.

|^�gõ�ª�OÐ�¼ê,û½à]5.
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à¼ê;.~f

f(x) = x2 (î�à)
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à¼êp�í2: gNÚ

n = 1 n > 1

�5¼êf ′′ = 0 NÚ¼ê∆f = 0

à¼êf ′′ > 0 gNÚ¼ê∆f > 0

à©Û gNÚ©Û

?2R(¥I��)



à¼ê½Â

à¼ê: f : I −→ R, «mI ⊂ R.

fà ⇐===⇒ fã/þ�AÛà

⇐===⇒ ��3­�þ�

⇐===⇒ f((1 − t)x1 + tx2) 6 (1 − t)f(x1) + tf(x2)

∀ x1, x2 ∈ I, ∀t ∈ (0, 1)

fî�à⇐===⇒ “ < ”.

f]⇐===⇒ −fà.
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à5n:�O{

f : I←→ Rà

⇐===⇒ ∀x1 < x2 < x3, xi ∈ I :

f(x2) − f(x1)

x2 − x1
6

f(x3) − f(x1)

x3 − x1
6

f(x3) − f(x2)

x3 − x2

(¥m5gÜ©'Ø�ª).

(î�à⇐===⇒ “ < ”)
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n:�xAÛ¿Â

n:���x======�ÇüNO\:

P1,P2,P3�î�IüNO\ =====⇒���ÇkP1P2 6 kP1P3 6 kP2P3
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n:�xAÛ¿Â(Y)

n:���x�n�Ø�ª�p�dun�/¡È�K:

0 6 2S∆P1P2P3k�¡È =

∣∣∣∣∣∣∣∣∣
1 1 1
x1 x2 x3

f(x1) f(x2) f(x3)

∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣ x2 − x1 x3 − x1

f(x2) − f(x1) f(x3) − f(x1)

∣∣∣∣∣∣
= −

∣∣∣∣∣∣ x1 − x2 x3 − x2

f(x1) − f(x2) f(x3) − f(x2)

∣∣∣∣∣∣
=

∣∣∣∣∣∣ x1 − x3 x2 − x3

f(x1) − f(x3) f(x2) − f(x3)

∣∣∣∣∣∣
?2R(¥I��)



n:�xy²

fà ⇐===⇒ x1 < x2 < x3 : x2 = (1 − t)x1 + tx3 :

f(x2) 6 (1 − t)f(x1) + tf(x3)

=
x3 − x2

x3 − x1
f(x1) +

x2 − x1

x3 − x1
f(x3)

(d�n:�x��>6�m>.)
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à5o:�O{

f : I −→ Rà

⇐===⇒ Iþ∀o: : s < t 6 u < v :

f(t) − f(s)

t − s
6

f(v) − f(u)

v − u

(î�à⇐===⇒ “ < ”)
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à¼ê�����n

�~�à¼ê3S:�Ø����

f : I −→ Rà,3S:����� =====⇒ f�~�
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y²

y{�: efØ´~ê,K���:´���ÇÎÒCz�:.

ù����ÇüNO\gñ.
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y²

y{�: x0 = arg maxx∈[a,b] f(x) ∈ (a, b).

?�[c, d] : x0 ∈ (c, d) ⊂ [c, d] ⊂ (a, b)

=====⇒ x0 = tc + (1 − t)d, t =
d − x0

d − c
∈ (0, 1).

=====⇒ M = f(x0) = f((1 − t)c + td)

6 (1 − t)f(c) + tf(d) 6 tM + (1 − t)M = M

=====⇒ f(c) = f(d) = M, f ≡ M
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PÒ

m�ê f ′+(x0) = lim
x→x+

0

f(x) − f(x0)

x − x0
.

��ê f ′−(x0) = lim
x→x−0

f(x) − f(x0)

x − x0
.

m4� f(x0+) = lim
x→x+

0

f(x).

�4� f(x0−) = lim
x→x−0

f(x).
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| ��O{

f : I −→ Rà =====⇒ ∀x0 ∈ I̊,­�3(x0, f(x0))?�3| �:

∃α ∈ R, ∀ x ∈ I \ {x0} :

f(x) > f(x0) + α(x − x0).

(î�à⇐===⇒ “ < ”)
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| ��O{�y²

o:�O{`²���ÇüNO\,Ù4�L§�Ñ�m4��3k�,

��ê 6m�ê.

∀α ∈ [f ′−(x0), f ′+(x0)]

n��O{
⇐=======⇒

f(x) − f(x0)

x − x0
6 α 6

f(u) − f(x0)

u − x0
, ∀ x < x0 < u

| ��§
⇐=======⇒


f(x) > f(x0) + α(x − x0), ∀ x < x0

f(u) > f(x0) + α(u − x0), ∀ u > x0
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4«mþà¼ê�f5

4«mþà¼ê�f5:

4«mþà¼ê,O\à:?���à.
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4«mþà¼ê�k.5

4«mþà¼ê�k.5:

4«mþ¼êà =====⇒ | � 6 Graph f 6��

=====⇒ ¼êk.
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m«mþà¼ê

m«mþà¼ê7ëY
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y²1

m«mþà¼ê
o:{K

=======⇒ �ûÛÜk.

=======⇒ ÛÜLipschitz,l
ëY.
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y²2

m«mþà¼ê
o:{K

=======⇒ �m�ê�3�k�

=======⇒ �mëY,l
ëY.
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;«mþà¼ê

f�*¿�[a, b]ëYà⇐===⇒ f3k.m«m(a, b)þk.à.
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y²

¿©5:

lim
x→b−

f(x) = lim
x→b−

(
f(x0) +

f(x) − f(x0)

x − x0
(x − x0)

)
= f(x0) + A(b − x0)

�ûÛÜüNk..

x → x0 =
a + b

2
,

f(x) − f(x0)

x − x0
↗6

M − f(x0)
b−a

4

.
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à¼ê��5

f : (a, b) −→ R à, K

�m�êf ′±�3�k�↗

∀x < y =====⇒ f ′−(x) 6 f ′+(x) 6 f ′−(y) 6 f ′+(y)

(î�à =====⇒¥m <¤á)

em�ê�ëY½��êmëY§Kf��.
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y²

(1)���OOK

(2) f ′+(x) = lim
u→x−

f ′+(u) 6 f ′−(x) 6 f ′+(x)
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C1à¼ê

b�f : I −→ R´��¼ê,K

fà⇐===⇒ f ′ ↗⇐===⇒ f(x) > f(x0) + f ′(x0)(x − x0)

∀x0 ∈ I̊, ∀x ∈ I \ {x0}.

(î�à⇐===⇒ ?? ???? ??
⇐===⇒ “ > ”)
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y²

y²: ��
o:�x

=======⇒¥m
Lagrange

=========⇒
���O{

�m
���O{

=========⇒��
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C1à¼ê5P

C1�/:

| �
α ∈ [f ′−(x0), f ′+(x0)] = {f ′(x0)}
⇐=====================⇒

���O{
��
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C2à¼ê

f : I −→ R�g��, K

(1) fà⇐===⇒ f ′′ > 0

(2) fî�à⇐===⇒ fà, Graph fØ¹��ã
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y²

f ′′ > 0 ====⇒ f ′ ↗
| ��O{�y²

================⇒���Ç↗====⇒à
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à]5��IXÀ�k'

ü ��þ��±�],e��±�à.
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�g�Ì�SN

üN¼ê!à¼ê�þe�m�ê�x.

à¼êJensenØ�ª

­������Ú���±
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m«mþà¼ê�f^�: ¥:à5

f : (a, b) −→ Rà

⇐==⇒ f ∈ C(a, b), f(
x1 + x2

2
) 6

f(x1) + f(x2)

2
, ∀ x1, x2 ∈ (a, b).

?2R(¥I��)



U
ST

C
U

ST
C

m«mþà¼ê�f^�y²

�y{: ∃ë�(a1, f(a1)), (a2, f(a2))���h(x), ∃x0 ∈ (a, b):

h(x0) < f(x0).

g := f − h ∈ C[a, b]

�
===⇒ x1, x2 ∈ (a, b), x1 < x0 < x2 : g(x1) = g(x2) = 0, g|(x1,x2) > 0

===⇒ f(
x1 + x2

2
) > h(

x1 + x2

2
) =

h(x1) + h(x2)

2
=

f(x1) + f(x2)

2
.
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à¼ê�m��5

f : (a, b) −→ Rà, K

�m�êüNO\:

∀x < y ===⇒ −∞ < f ′−(x) 6 f ′+(x) 6 f ′−(y) 6 f ′+(y) < ∞

(î�à ===⇒¥m�î�Ø�ª¤á.)

em�ê�ëY,½��êmëY,K¼ê��.
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üN5Úà5��mþe�ê�x

3ëYb�e:

üN ⇐===⇒ mþ�ê�K;

à ⇐===⇒ �m�êüNO\.
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üN5�mþ�ê�x

f ↗
f∈C(a,b)
⇐=====⇒ fmþ�ê ∈ [0,+∞]
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üN5�mþ�ê�xY

7�5: f ↗ =======⇒ lim
x→x+

0

f(x) − f(x0)

x − x0
> 0.
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üN5�mþ�ê�x(Y)

¿©5: ∀ [c, d] ⊂ (a, b),�yf(d) > f(c).

g(x) := f(x) − f(c) −
f(d) − f(c)

d − c
(x − c)

g(c) = g(d) = 0, g3[c, d]���:x0 ∈ [c, d)

∀x > x0 =====⇒ 0 >
g(x) − g(x0)

x − x0
=

f(x) − f(x0)

x − x0
−

f(d) − f(c)
d − c

=====⇒ f(d) > g(c)
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5P

�9ü:E|: òü:��¢¶þ

�{: ­�-��
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JensenØ�ª

f : I −→ Rà, «mI ⊂ R

=====⇒ f(
n∑

i=1

λixi) 6
n∑

i=1

λi f(xi)

∀ xi ∈ I, λi > 0, λ1 + · · · λn = 1.

(î�à⇐===⇒ “ < ”Ø�x1 = · · · = xn.
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JensenØ�ªy²

n∑
i=1

λixi = (1 − λn)
n−1∑
i=1

λi

1 − λn
xi + λnxn,

n−1∑
i=1

λi

1 − λn
= 1

8�
=====⇒ f(

n∑
i=1

λixi) 6 (1 − λn)
n−1∑
i=1

λi

1 − λn
f(xi) + λnf(xn).
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AÛ-�â-NÚ²þØ�ª

n
1
x1

+ · · ·+ 1
xn

6 n√x1 · · · xn 6
x1 + · · ·+ xn

n
, ∀ xi > 0

(�⇐===⇒ x1 = · · · = xn.)
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AÛ-�â-NÚ²þØ�ª

y²: − ln x 3(0,+∞)î�à,|^JensenØ�ª:

− ln

1
x1

+ · · ·+ 1
xn

n
6

1
n

(
− ln

1
x1
− · · · − ln

1
x1

)
6 ln

x1 + · · ·+ xn

n
.

���Ø�ª|^
ln x 3(0,+∞)î�].
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~K

fn(x) = (λ1ax
1 + · · ·+ λnax

n )
1
x ,

n∑
i=1

λi = 1, λi > 0, ai > 0

fn(x) ==



max{a1, · · · , an}, ���, x = +∞

λ1a1 + · · ·+ λnan, \��â²þ, x = 1

aλ1
1 · · · a

λn
n , \�AÛ²þ, x = 0

(
λ1a−1

1 + · · ·+ λna−1
n

)−1
, \�NÚ²þ, x = −1

min{a1, · · · , an}, ���, x = −∞
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Y

fn(x) = (λ1ax
1 + · · ·+ λnax

n )
1
x ∈ C[−∞,+∞].

f(x) =


~ê, a1 = a2 = · · · = an

î�üNO\ Ù§
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\�AÛ²þ 6\��â²þ

a, b , p, q > 0, p + q = 1 =====⇒ apbq 6 pa + qb .

�⇐===⇒ a = b

A~p = q = 1
2 =====⇒

√
ab 6

a + b
2
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y²

Ø��x > 0.

s < t < 0 =====⇒
(
λ1as

1 + · · ·+ λnas
n

) 1
s 6

(
λ1a t

1 + · · ·+ λna t
n

) 1
t

- u = −s, v = −t , u > v > 0, bi =
1
ai
, þªU��

u > v > 0 =====⇒
1(

λ1bu
1 + · · ·+ λnbu

n

) 1
u

6
1(

λ1bv
1 + · · ·+ λnbv

n

) 1
v
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y²

Ø��x > 1, 
���y² x > 1 =====⇒ f(x) > f(1).

u > v > 0 =====⇒
(
λ1bu

1 + · · ·+ λnbu
n

) 1
u > (λ1bv

1 + · · ·+ λnbv
n )

1
v

- x =
u
v
, ai = bv

i , þªU��

x > 1 =====⇒ (λ1ax
1 + · · ·+ λnax

n )
1
x > λ1a1 + · · ·+ λnan
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y²Y

e¡y²: x > 1 =====⇒ f(x) > f(1)

f(x) > f(1) ⇐===⇒ (λ1ax
1 + · · ·+ λnax

n )
1
x > λ1a1 + · · ·+ λnan

⇐===⇒ λ1ax
1 + · · ·+ λnax

n > (λ1a1 + · · ·+ λnan)
x

g(u) = ux´î�à¼ê,Ù¥x > 1, u ∈ (0,+∞).

þª´g�JensenØ�ª
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BellmanØ�ª

f ∈ C[a, b], g3[a, b]��, λ(x)äk�e.. K



∣∣∣∣∣∣
(
λ(x)

d
dx

+ f(x)
)

g(x)

∣∣∣∣∣∣ 6 |g(x)|, ∀x ∈ [a, b]

g(a) = 0

=====⇒ g ≡ 0
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BellmanØ�ª

Ð�¯K�3��):


(
λ(x)

d
dx

+ f(x)
)

g(x) = 0, ∀x ∈ [a, b]

g(a) = 0

=====⇒ g ≡ 0
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BellmanØ�ª�y²

�y{: ∃ d ∈ (a, b): g(d) , 0. �[a, d]¥g�":����:

c := max{x ∈ [a, d] : g(x) = 0}

========⇒ c < d, g|(c,d)vk":, g(c) = 0.

h(x):=ln |g(x)|
========⇒ |f(x) + λ(x)h′(x)| 6 1, ∀x ∈ (c, d)

========⇒ h′(x)3(c, d)k.

========⇒ h(x)3k.«m(c, d)k., �h(c) = ∞gñ.
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­����'X�;�

lim
x→x0

f(x) −

��︷                         ︸︸                         ︷
(f(x0) + f ′(x0)(x − x0))

f(x)︸︷︷︸
­�

− (a + b(x − x0))︸              ︷︷              ︸
��

f ′(x0)∃
=============
(a,b),(f(x0),f ′(x0))

0

�∃ δ > 0, ∀ x ∈ (x0 − δ, x0 + δ) \ {x0}, k

∣∣∣∣f(x) − (f(x0) + f ′(x0)(x − x0))
∣∣∣∣ < ∣∣∣∣f(x) − (a + b(x − x0))

∣∣∣∣
­�Ú��ål <­�Ú��ål
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­Ç

­�y = f(x),­Ç�(x − a)2 + (y − b)2 = R2.

­��­Ç�3�:(x0, y0)äk�Ó�2�Taylorõ�ª.

y0 = f(x0), y′0 = f ′(x0), y′′0 = f ′′(x0).

­Ç=
1
R

=
|y′′0 |

(1 + (y′0)
2)

3
2

.
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­Ç�

­Ç��§



(x0 − a)2 + (y0 − b)2 = R2

(x0 − a) + (y0 − b)y′0 = 0

1 + (y′0)
2 + (y0 − b)y′′0 = 0
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­Ç�¦)

­Ç�



y0 − b = −
1 + (y′0)

2

y′′0

x0 − a = −
1 + (y′0)

2

y′′0
y′0

1
R

=
|y′′0 |

(1 + (y′0)
2)

3
2

.
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­Ç���gTaylorõ�ª'X

f(x)3(x0, y0)�­Ç��§(x − a)2 + (y − b)2 = R2.

Ø��(x0, y0) u­Ç��þ��±,=y0 > b.

(ey0 = b,K3(x0, y0)?���R�, f ′(x0) = ∞gñ)

d�­Ç�3(x0, y0)NC��§�

y = b +
√

R2 − (x − a)2

= f(x0) +
f ′(x0)

1!
(x − x0) +

f ′′(x0)

2!
(x − x0)

2 + o((x − x0)
2)
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­Ç�´­�°(����%C
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~K

f(x) = x2 3�:?­Ç�

f ′(0) = 0, f ′′(0) = 2,
1
R

= 2

­Ç��§: x2 + (y −
1
2
)2 =

1
22

f(x) = x2 3�:?TaylorÐmÒ´§gC(TaylorÐm��5)
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120g��: [3.5 ] ¯K 4, 5, 7.
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�g�Ì�SN

L’Hospital{K( §6 )
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L’Hospital{K

lim
x→a

f(x)
g(x)

====== lim
x→a

f ′(x)
g′(x)

.

Ø½.: e���¤á

0
0
. lim

x→a
f(x) = lim

x→a
g(x) = 0

∞

∞
.. lim

x→a
g(x) = ∞.

mà4��3∈ R ∪ {+∞,−∞,∞}

í2�î�üN5(�y©1�"): g′ðØ�".

��5: f , g3(a, b)��, a, b ∈ [−∞,+∞].
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L’Hospital{K

5P: 3b:?aq(J¤á.
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L’Hospital{K�0
0.y²

0
0
.

A := lim
x→a

f ′(x)
g′(x)

.

(i) a ∈ R.

lim
x→a

f(x)
g(x)

= lim
x→a

f(x) − f(a)
g(x) − g(a)

Cauchy¥�
===========

ξ∈(a,x)
lim
ξ→a

f ′(ξ)
g′(ξ)

= A .

?2R(¥I��)



U
ST

C
U

ST
C

L’Hospital{K�0
0.y²

(ii) a = −∞.

lim
x→−∞

f(x)
g(x)

x=
1
t=========

Cþ��
lim
t→0

f(
1
t
)

g(
1
t
)

== lim
x→0

f ′(
1
t
)(−

1
t2 )

g′(
1
t
)(−

1
t2 )

= lim
x→−∞

f ′(x)
g′(x)

.
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L’Hospital{K�∞
∞
.y²

∞

∞
.

(i) a ∈ R, A ∈ R: A := lim
x→a

f ′(x)
g′(x)

.

∀ ε > 0, ∃ δ > 0, �x ∈ (a, a + δ], k

∣∣∣∣∣∣ f ′(x)
g′(x)

− A

∣∣∣∣∣∣ < ε.
f(x)
g(x) −

f(c)
g(x)

1 − g(c)
g(x)

=
f(x) − f(c)
g(x) − g(c)

3[x,c]Cauchy
==========
ξ∈(x,c),c=a+δ

f ′(ξ)
g′(ξ)

∈ (A−ε,A+ε).

∞
∞
.

=====⇒ A − ε 6 lim
x→a

f(x)
g(x)

6 lim
x→a

f(x)
g(x)

6 A + ε.
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L’Hospital{K�∞
∞
.y²(Y1)

(ii) a ∈ R, A = +∞

Ø��g′ > 0 (Darboux0�½n)
g
?? ???? ??
∞

=====⇒ lim
x→a+

g(x) = −∞.

A = +∞ =====⇒ ∃(a, a + δ] :
f ′(x)
g′(x)

> 1

=====⇒ f ′ > g′

=====⇒ f(x) − g(x) 6 f(c) − g(c), ∀ [x, c] ⊂ (a, a + δ]

=====⇒ lim
x→a+

f(x) = lim
x→a+

g(x)) = −∞.

lim
x→a+

f(x)) = −∞
A = ∞=z�A = 0
===============⇒

�ê
(Ø¤á
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L’Hospital{K�∞
∞
.y²(Y2)

(iii) a ∈ R, A = ∞

db�4��Ã¡,�3a:NC

∣∣∣∣∣∣ f ′(x)
g′(x)

∣∣∣∣∣∣ > 1.

dDarboux�¼ê��ëÏ½n, f ′Úg′ ØCÒ,l
(Ø¤á:

lim
x→a

f ′(x)
g′(x)

= ∞ =====⇒ lim
x→a

f ′(x)
g′(x)

= +∞½ −∞.

(iv) Ù§�/aq.
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L’Hospital{K�Stolz½nØÓ�?

L’Hospital{K�Stolz½nL¡þØÓ�?:

mà4��±=∞.

L’Hospital{K�Stolz½n���Ó

lim
x→a

f ′(x)
g′(x)

= ∞ =====⇒ lim
x→a

f ′(x)
g′(x)

= +∞½ −∞.
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L’Hospital{K^�"�Ø�

�Ø½5:

0 = lim
x→0

x
x + 1

, lim
x→0

x′

(x + 1)′
= 1.
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L’Hospital{K^�"�Ø�

mà4�Ø�3:

0 = lim
x→0

x2 sin 1
x

x
, lim

x→0

(x2 sin 1
x )
′

x′
(@).
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L’Hospital{K(4�Ø�3��)

Theorem (L’Hospital)

3mà4��35Ø²��/e,(Ø~f�

lim
x→a

f ′(x)
g′(x)

6 lim
x→a

f(x)
g(x)

6 lim
x→a

f(x)
g(x)

6 lim
x→a

f ′(x)
g′(x)

.
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dTaylorÐmw0
0.L’Hospital{K

�f , g ∈ C1(c, d), a ∈ (c, d),

f(a) = g(a) = 0, g′ ðØ�", �mà4��3. K

lim
x→a

f(x)
g(x)

= lim
x→a

f(a) + f ′(a)(x − a) + o(x − a)
g(a) + g′(a)(x − a) + o(x − a)

=
f ′(a)
g′(a)

= lim
x→a

f ′(x)
g′(x)

.

Ð�¼ê4�
TaylorÐm
========⇒ kn¼ê4�
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4�Ú��Ã¡�

Ã¡���↗:

ln x, xα(α > 0), ex , xx , eex
, · · · x → +∞
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Y

O� lim
x→+∞

ln x
xα

lim
x→+∞

ln x
xα

L ′Hospital
======= lim

x→+∞

1
x

αxα−1 = 0.
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4�Ú��Ã¡�Y

O� lim
x→+∞

xα

ex

lim
x→+∞

xα

ex
L ′Hospital

=========
��α ∈ N

lim
x→+∞

αxα−1

ex
L ′Hospital

================
UYù�L§ü�

0
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O� lim
x→+∞

ex

xx

lim
x→+∞

ex

xx ====== lim
x→+∞

ex(1−ln x) = 0.
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Ø½.�IOz

Ø½.�z�IO.
0
0

,
∞

∞
:

∞−∞, 0 · ∞, ∞0, 00, 1∞.
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~K

O� lim
x→0+

xµ ln x (µ > 0)

lim
x→0+

xµ ln x 0·∞
====
µ>0

lim
x→0+

ln x
x−µ

∞
∞=======

L ′Hospital
lim

x→0+

1
x

−µx−µ−1 = 0
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~K

O� lim
x→ π

2

(sec x − tan x)

lim
x→ π

2

(sec x − tan x) ∞−∞
==== lim

x→ π
2

1 − sin x
cos x

0
0=======

L ′Hospital
lim
x→ π

2

− cos x
− sin x

= 0
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~K

O� lim
x→+∞

xarctan x− π2

I := lim
x→+∞

xarctan x− π2
∞0

=====⇒ ln I = lim
x→+∞

arctan x − π
2

1
x

ln x
x

= 0
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n�©E|�A^

f ∈ C(R), α , 0,

lim
x→+∞

(αf(x) + xf ′(x)) = β

=====⇒ lim
x→+∞

f(x) =
β

α
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y²

y²: |^n�©E|:

u(x)(f ′(x) + f(x)g′(x))
u(x)=eg(x)

======== (u(x)f(x))′

β = lim
x→+∞

(αf(x)+xf ′(x)) = lim
x→+∞

(xαf(x))′

xα−1
L ′Hospital

=========
��¦^

lim
x→+∞

xαf(x)
1
αxα
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n�©E|�A^

f , u ∈ C1(a, +∞), u′ðØ�", lim
x→+∞

u(x) = ∞,

lim
x→+∞

(f(x) +
u(x)
u′(x)

f ′(x)) := λ ∈ R ∪ {±∞}

=====⇒ lim
x→+∞

f(x) = λ.

?2R(¥I��)



U
ST

C
U

ST
C

n�©E|�A^Y

lim
x→+∞

f(x) ====== lim
x→+∞

u(x)f(x)
u(x)

L ′Hospital
======= lim

x→+∞

(u(x)f(x))′

u′(x)

====== lim
x→+∞

(f(x) +
u(x)
u′(x)

f ′(x)) = λ
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~K

f(x) = xα sin
1
xβ
, α, β > 0.

f ∈ C1[0, 1] α > β+ 1

f3[0, 1] Lipschitz α > β+ 1
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Cf ′(x) = αxα−1 sin

1
xβ
− βxα−β−1 cos

1
xβ
, x , 0.

f ∈ C1[0, 1]⇐===⇒


α > 1

α > β+ 1
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α > β+ 1 =====⇒ f ′k.
Lagrange
=====⇒ fLipschitz

α < β+ 1
Lagrange
=====⇒ lim

x→0+

f(x) − f(0)
x − 0

= +∞

=====⇒ f�Lipschitz
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121g��: [3.6] 1(Û), 2, 4, 5
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7:,4�:,$:

7:: x0´f�7:
x0NCf��
⇐========⇒ f ′(x0) = 0.

4�:: x0´f�4�:
x0NCf��
⇐========= füN�=ò:.

��Ø¤á: f(x) = x2(2 + sin 1
x ).

$::

x0´f�$: ⇐==========⇒ fî�à]=ò:

x0NCf��
⇐==========⇒ f ′î�üN=ò:

x0NCf2���
⇐===========⇒ f ′′3x0CÒ, f ′′(x0) = 0
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7:,4�:,$:(Y)

f ′(x0) = 0 f ′′(x0) = 0

�U4�: �U$:

üN=ò: =====⇒ 4�:

î�à]=ò: ⇐===⇒ $:

m$
ÏL$:

⇐==========⇒�$

3$:?,­�����p��,��´­��ü>| �.
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f(x) = x3. x = 0´$:

f(x) = x
1
3 . x = 0´$:,Ø��:.

f(x) = x4 à. x = 0�$:,�¦$:, f ′′(0) = 0
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ìC�

Y²ìC�:

f(x)�Y²ìC�y = a ⇐==⇒ lim
x→+∞
(x→−∞)

f(x) = a

R�ìC�:

f(x)�Y²ìC�x = a ⇐==⇒ lim
x→a+
(x→a−)

f(x) = ∞

�ìC�:

f(x)��ìC�y = ax + b ⇐==⇒ lim
x→+∞
(x→−∞)

(f(x) − (ax + b)) = 0
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�ìC��(½

�ìC�:

f(x)��ìC�y = ax + b ⇐==⇒ lim
x→+∞
(x→−∞)

(f(x) − (ax + b)) = 0

lim
x→+∞
(x→−∞)

f(x) − (ax + b)
x

= 0

=====⇒ a = lim
x→+∞
(x→−∞)

f(x)
x
, b = lim

x→+∞
(x→−∞)

(f(x) − ax).

?2R(¥I��)



U
ST

C
U

ST
C

�ãÚ½

½Â�

±Ï,Ûó,é¡.

üN,à]

ìC�

AÏ::

7:,4�:,$:,à:,Ø��:,��I¶�:.
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f(x) =
−1

x − 1
+ (−1) + (−

1
4
)(x − 1) = −

(x + 1)2

4(x − 1)
.

½Â�: R \ {1}.

ìC�:

R�ìC�: x = 1

�ìC�: y = − 1
4 (x + 3)

lim
x→∞

f(x)
x

= −
1
4

lim
x→∞

(f(x) − (−
1
4

x)) = −
3
4
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Y1

üN,à]:

f ′(x) =
1

(x − 1)2 −
1
4
= −

(x + 1)(x − 3)
4(x − 1)2 , f”(x) =

−2
(x − 1)3

AÏ::

��I¶�:(−1, 0), (0, 1
4 ).

7:: x = −1, 3

4��:: (−1, 0). 4��:: (3,−2)
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f ′(x) = −
(x + 1)(x − 3)

4(x − 1)2 , f”(x) =
−2

(x − 1)3

x (−∞,−1) (−1, 1) (1, 3) (3,+∞)

f ′ − + + −

f ′′ + + − −

f ↘à ↗à ↗] ↘]

ã/

� �

�

�
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Taylorõ�ª

Taylorõ�ª:

Tn(x) = f(x0) +
f ′(x0)

1!
(x − x0) + · · ·+

f (n)(x0)

n!
(x − x0)

n
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Taylorõ�ª

f(x)ÚTn(x)3x0?��n��ê�Ó:

Tn(x0) = f(x0),

T ′n(x0) = f ′(x0),

· · ·

T (n)
n (x0) = f (n)(x0).
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Taylorõ�ª

Theorem (�kPeano{��TaylorÐm)

f(x)
f (n)(x0)∃
====== Tn(x)︸︷︷︸

Taylorõ�ª

+ o((x − x0)
n)︸         ︷︷         ︸

Peano{�
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Taylorõ�ª(Y1)

y²1: R(x) := f(x) − Tn(x)

R(x0) = 0, R ′(x0) = 0, · · · , R(n)(x0) = 0.

lim
x→x0

R(x)
(x − x0)n

n-1gL’Hospital
============= lim

x→x0

R(n−1)(x)
n!(x − x0)

======== lim
x→x0

f (n−1)(x) − f (n−1)(x0) − f (n)(x0)(x − x0)

n!(x − x0)

========
1
n!

 lim
x→x0

f (n−1)(x) − f (n−1)(x0)

x − x0
− f (n)(x0)


�ê½Â
========= 0
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Taylorõ�ª(Y2)

y²2: f (n)(x0)∃

f (n)(x0) =========== lim
x→x0

f (n−1)(x) − f (n−1)(x0)

x − x0

=========== lim
x→x0

(f(x) − Tn−1(x))(n−1)

( 1
n!(x − x0)n)(n−1)

n-1gL’Hospital
============= lim

x→x0

f(x) − Tn−1(x)
1
n!(x − x0)n
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Taylorõ�ª��5

f(x) = Pn(x) + o((x − x0)
n), Pn´gê 6 nõ�ª

f (n)(x0)∃
⇐===⇒ Pn(x) = f(x0) +

f ′(x0)

1!
(x − x0) + · · ·+

f (n)(x0)

n!
(x − x0)

n.

?2R(¥I��)



U
ST

C
U

ST
C

Taylorõ�ª�x5�Y

7�5: f(x)ü«L�ª��

================⇒ lim
x→x0

Pn(x) − Tn(x)
(x − x0)n = 0

©f´gê6 nõ�ª
=================⇒ Pn(x) ≡ Tn(x).
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~K

f ∈ C2(R), f ′′(x) +
x
2

f ′(x) + f(x) = 0 ==⇒ f�f ′3Rkþ.
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~KY

(f2 + (f ′)2)′ = −x(f ′)2


< 0, x > 0

> 0, x < 0.

=====⇒ f2 + (f ′)23x = 0����,�kþ..

?2R(¥I��)



U
ST

C
U

ST
C

p��ê�©�x

f (n)(x0)
f (n)(x0)∃
====== lim

h→0

n∑
k=0

(−1)n−k Ck
n f(x0 + kh)

hn .
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A~

A~: f(x) = xm, x0 = 0

Dirac¼ê�©) :

δmn =
1
n!

n∑
k=0

(−1)n−k Ck
n k m, 0 6 m 6 n.
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Dirac¼ê�©)

δmn =
1
n!

n∑
k=0

(−1)n−k Ck
n k m, (1 − x)n =

n∑
k=0

(−1)k Ck
n xk

x = 1 : 0 =
n∑

k=0

(−1)k Ck
n

d
dx

∣∣∣∣∣
x=1

: 0 =
n∑

k=0

(−1)k Ck
n k

d2

dx2

∣∣∣∣∣∣
x=1

: 0 =
n∑

k=0

(−1)k Ck
n k(k − 1) =

n∑
k=0

(−1)k Ck
n k 2

· · · · · ·

dn

dxn

∣∣∣∣∣
x=1

: (−1)nn! =
n∑

k=0

(−1)k Ck
n k(k − 1) · · · (k − n + 1)

=
n∑

k=0

(−1)k Ck
n k n
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p��ê�©�x�y²

lim
h→0

n∑
k=0

(−1)n−k Ck
n f(x0 + kh)

hn

= lim
h→0

1
hn

n∑
k=0

(−1)n−k Ck
n

f(x0) +
f ′(x0)

1!
kh + · · ·+

f (n)(x0)

n!
(kh)n + o(hn)


= f (n)(x0)
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f ∈ C2[0, 1], f(0) = f(1) = 0, min
x∈[0,1]

f(x) = −1

=====⇒ ∃ ξ ∈ (0, 1), f ′(ξ) = 8
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y²: x0 ∈ arg min
x∈[0,1]

f(x) : f(x0) = −1, f ′(x0) = 0.

f(0)
∃ξ1∈(0,1)
=====⇒ f(x0) + f ′(x0)(0 − x0) +

f ′′(ξ1)

2!
(0 − x0)

2

f(1)
∃ξ2∈(0,1)
=====⇒ f(x0) + f ′(x0)(1 − x0) +

f ′′(ξ2)

2!
(1 − x0)

2

x0 ∈ (0,
1
2
] =====⇒ f ′′(ξ1) =

2
x2

0

> 8, f ′′(ξ2) =
2

(1 − x0)2 6 8

Darboux0�½n
==============⇒ ∃ ξ ∈ (0, 1) : f ′′(ξ) = 8. (x0 ∈ (

1
2
, 1)aq?Ø).
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ïEÊ1

Ê1�î�¡�¤F/,.>�=�>�=a.

¯K: �>Ú.>Y�θõ��,î�¡��.
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Y

): î�¡È

S(θ) =
(a + 2a cos θ) + a

2
a sin θ = a2(1+cos θ) sin θ, θ ∈ [0,

π

2
].

S′ = 0 =====⇒ cos θ =
1
2

S(0)=0
=====⇒ θ =

π

3
´SÜ��4�:,
�Ø�U´���:

=====⇒ θ =
π

3
´���:.
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e−x f ′(x) = O(1), x → +∞
f∈C1(R)
=====⇒ e−x f(x) = O(1), x → +∞.
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y²

y²:

e−x f(x) x→+∞
=============

f(x) − f(1)
ex − e

ex − e
ex + o(1)

Cauchy¥�½n
==============

f ′(ξ)
eξ

ex − e
ex + o(1) = O(1)
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�g�Ì�SN (1oÙ: Taylor½n)

�©½Â

���©/ªØC5

p��©
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�©�Ø%��(þ)

­�
�5z

======= ����m ====== �m

­�Ú����m

�m =
⋃

(x, f(x)) ∈­�

(x, f(x)):?���
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�©�Ø%��(e)

�½­�§XK�/��X�q��"l�q���&EJ

�­��&E"

­�
�©Æ

==============⇒
±��­§�5z

��

�9ü�¼ê:

­� ��

6/ �m

(�5f�m=��²£��:)

?2R(¥I��)



U
ST

C
U

ST
C

��½Â

f3x0��⇐===⇒ f3x0NCk½Â,∃~êλ ∈ R,¦�

f(x0 + ∆x) − f(x0) = λ∆x + o(∆x), ∆x → 0

λ��, λ = f ′(x0)

λ∆x¡�f3x0�©. P�

dy := λ∆x = f ′(x0)∆x.
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�©½Â

�©=¼êUCþ��5Ü©(ÌÜ)=TaylorÐm�1��=dy.

f(x0 + ∆x) − f(x0)︸                   ︷︷                   ︸
= ∆y

= f ′(x0)∆x︸     ︷︷     ︸
= dy

+ o(∆x)︸ ︷︷ ︸
��Ñ

�y = f(x) = x�,

dy = f ′(x0)∆x = ∆x, dy = df(x) = dx.

=====⇒ dx︸  ︷︷  ︸
= dy |y=f(x)≡x

= ∆x︸   ︷︷   ︸
gCþ�UCþ

.
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lTaylorÐmw�©

�©´TaylorÐm��g�Ü©"

f(x0 + ∆x) = f(x0) + f ′(x0)∆x︸     ︷︷     ︸
= dy

+ o(∆x)︸ ︷︷ ︸
��Ñ

��À����5�m=��²£��:

�©´����§L«,T��L�:²1u��.

dy︸         ︷︷         ︸
dy´���§�ÏCþ

=

xåXëê��^︷     ︸︸     ︷
f ′(x) dx︸         ︷︷         ︸

dx´���§�gCþ
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5P

�©´ü�ÕáCþ�¼ê:

dy = f ′(x)dx, x, dx´ü�ÕáCþ.

dyo%@�dx��5¼ê

dy = f ′(x)︸︷︷︸
� Ç

dx︸︷︷︸
#Cþ

.

dx´�mþCþ,L«?¿�þ,
��þ.

dx�ü­�°: �m�gCþ; ¼êf(x) = x��©
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­�Ú��

­� ­�

UC UCþ

gCþ x0 ==⇒ x0 + ∆x ∆x

¼ê f(x0) ==⇒ f(x0 + ∆x) ∆y = f(x0 + ∆x) − f(x0)

�� ��

UC UCþ

gCþ x0 ==⇒ x0 + dx dx = ∆x

¼ê f(x0) ==⇒ f(x0) + f ′(x0)(x − x0) dy = f ′(x0)dx
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5P1

­�þ�Czþ:

∆x ∆y

gCþUCþ ¼êUCþ

JO�

��þ�Czþ:

dx dy

gCþ�© ¼ê�©

dx = ∆x ´O�dy = f ′(x0)dx
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5P2

�9ü�ã/�õ«Cþ:

­� ��

x0, f(x0), ∆x, ∆y dx, dy
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5P3

üCþ�È©I�õCþ�È©�a:

�½­�þ�:(x0, f(x0))wCzþ


∆x, ∆y ­�

dx, dy ��

ü�ÕáCþ

­� �m

x, ∆x x, dx
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5P4

�mþÕáCþ:

x(­�Cþ), dx(��Cþ)

�½­�þ�:(x0, f(x0))wCzþ

 ∆x, ∆y ­�

dx, dy ��

ü�ÕáCþ

­� �m

x, ∆x x, dx
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�©�~^PÒ (Leibniz)

dy = f ′(x)dx = f ′(x)∆x

dy = df(x) = d(f(x) = (df)(x) = df(x,∆x) = df(x, dx)

�©��~^PÒ

df(x) =%@df´dx��5¼ê

�©��*w{:

df(x) = f ′(x)dx.
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5P6

�ê=�û=�©�û

f ′(x) =
df(x)

dx
, ©f©1kÕá¿Â.

�©�Õá¿Â

dx, dyäkÕá¿Â. §�´��m¥�CþÚ¼ê
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��{

dy
dx

lim
∆x→0

∆y
∆x

�û �û4�

�� ­�

ü§SÜ��� °(L�

ÔnÆ[ êÆ[
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3üCþ�È©¥,��ÚÈ©´�Nü¡,´�£¯.

��
üCþ�È©
⇐=========⇒ ��
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�©O�

¦�© ≡¦�.

dy = f ′(x)dx

~f d sin x = cos xdx.
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�©O�

df(x) = f ′(x)dx

d(f(x) + g(x)) = df(x) + dg(x)

d(fg) = fdg + gdf

d
f
g

=
gdf − fdg

g2 .

?2R(¥I��)



U
ST

C
U

ST
C

���©/ªØC5

y = f(x), x = ϕ(t), x =¥mCþ, t =gCþ

=====⇒ dy = f ′(x)dx = (f(ϕ(t)))′dt

dy = df(ϕ(t)) =
df(ϕ(t))

dt
dt = f ′(x)ϕ′(t)dt = f ′(x)︸︷︷︸

t�¼ê

dx︸︷︷︸
t , dt �¼ê
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�©��IXÀ�Ã' ⇐==⇒ ���©/ªØC5

⇐==⇒ EÜ¼ê¦�

⇐==⇒ dy = f ′(x)dx, x´gCþ½¥mCþ
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|^�©/ª���ØC5,O��©Ø7�Äý��gCþ´
�o.
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�©�^å

�©´C�êÆ�\��

�©/ª, Üþ©Û, 	�ênØ

——-y��©AÛ

�©/ªJøÿÝ

——y�©ÛÆ
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x, dx dx, ∆x

x´gCþ Õá dx = ∆x

x´¥mCþ ØÕá dx , ∆x

x = ϕ(t)

dx = ϕ′(t)dt
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p��©

���©

y = f(x), x´gCþ

dy = f ′(x)dx

=====⇒ d2y =: d(dy) = f ′′(x)dxdx =: f ′′(x)dx2

⇐===⇒ f ′′(x) =
d2y
dx2 .
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p��©(Y)

n��©

dny = d(dn−1y) =

n︷ ︸︸ ︷
d · · · d y = f (n)(x)(dx)n =: f (n)(x)dxn

f (n)(x) =
dny
dxn

dny =

n︷ ︸︸ ︷
d · · · d y, dxn = (dx)n��Ö�^S
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PÒ

dnx dxn d(xn)

d · · · d︸ ︷︷ ︸
n

x (dx)n nxn−1dx
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���©Øä/ªØC5: ��IXÀ�k'

y = f(x), x = ϕ(t)

d2y = f ′′(x)dx2, ∀ f

=====⇒ ϕ(t) = at + b .
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y²

dy = f ′(x)dx

d2y = f ′′(x)dx2 + f ′(x)d2x

d2x = d(ϕ′(t))dt = ϕ′′(t)(dt)2 = 0 =====⇒ ϕ′′(t) = 0
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
x = ϕ(t)

y = ψ(t)

¦y′(x), y′′(x)

y′(x) =
dy
dx

=
ψ′(t)dt
ϕ′(t)dt

=
ψ′(t)
ϕ′(t)

.

y′′(x) =
d(y′(x))

dx
=

d
ψ′(t)
ϕ′(t)

dϕ(t)
=

(
ψ′(t)
ϕ′(t)

)′dt

ϕ′(t)dt
=

(
ψ′(t)
ϕ′(t)

)′

ϕ′(t)

4! d2y , y′′(x)dx2 x´¥mCþ
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Û¼ê¦�

x = y + ln y

=====⇒ dx = (1 +
1
y

)dy

=====⇒
dy
dx

=
y

1 + y

?2R(¥I��)



U
ST

C
U

ST
C

~K

S = S(r) =�»�r��¡È

∆S = S(r + ∆) − S(r) = π(r + ∆r)2 − πr2 = 2πr∆ + (∆r)2

=====⇒ dS = 2πrdr

��{: �gCþ�»lrC�r + dr ,�A¡È�©

dS
��{

=====⇒
�*

2πrdr .
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y = eax2+bx

y = eu, u = ax2 + bx

dy = eudu = eax2+bx(2ax + b)dx.
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TaylorÐm

�Peano, Lagrange, Cauchy{��TaylorÐm

TaylorÐm�A^: ¢)Û¼ê

TaylorÐm�ÚUe
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�Peano{��TaylorÐm(��94�)

TaylorÐm: f(x) = Tn(x) + o((x − x0)
n)

Tn(x)
Taylorõ�ª
=========== f(x0)+

f ′(x0)

1!
(x−x0)+· · ·+

f (n)(x0)

n!
(x−x0)

n.

TaylorÐm�4�L�

f (n)(x0)
f (n)(x0)∃
====== lim

x→x0

f(x) − Tn−1(x)
1
n!
(x − x0)n

TaylorÐm�y²(|^L’Hospital{K�4�)

lim
x→x0

f(x) − Tn−1(x)
1
n!
(x − x0)n

L ′Hospital
=======

n−1g
f (n)(x0)
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¼êÚTaylorõ�ª���'X

∀gê 6 nõ�ªPn , Tn, ∃ δ > 0, ∀ x ∈ (x0−δ, x0+δ)\{x0} :

|f(x) − Tn(x)| < |f(x) − Pn(x)|.
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¼êÚTaylorõ�ª���'XY

Pn(x) = a0 + a1(x − x0) + · · ·+ an(x − x0)
n

aj =
f (j)(x0)

j!
, j = 0, 1, · · · , k − 1, ak ,

f (k)(x0)

k !
, k < n.

lim
x→x0

f(x) − Tn(x)
f(x) − Pn(x)

= lim
x→x0

o((x − x0)
n)

(
f (k)(x0)

k !
− ak )(x − x0)k + o(x − x0)k

= 0
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�Lagrange{��TaylorÐm(�9¥�½n)

n��/(~êC´{+Cauchy¥�½n):

f ∈ Cn[a, b], f (n+1)3(a, b)∃

=====⇒ ∀ x, x0 ∈ [a, b], ∃ ξ ∈ (x0, x)½(x, x0) :

f(x) = Tn(x) +
f (n+1)(ξ)

(n + 1)!
(x − x0)

n+1

n = 0,d�Lagrange¥�½n.
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õ�ª�TaylorÐm

∀ ngõ�ªP(x),äkTaylorÐm

P(x) = P(x0) +
P′(x0)

1!
(x − x0) + · · ·+

P(n)(x0)

n!
(x − x0)

n.
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�Cauchy{��TaylorÐm(�9¥�½n)

Theorem

f ∈ Cn[a, b], f (n+1)3(a, b)∃, p > 0

=====⇒ ∀ x, x0 ∈ [a, b], ∃ θ ∈ (0, 1) :

f(x) = Tn(x) +
f (n+1)(x0 + θ(x − x0))

(n + 1)!
(x − x0)

n+1 n + 1
p

(1 − θ)n+1−p︸                                                                   ︷︷                                                                   ︸
Cauchy{�

p =


n + 1, Lagrange{�

1, Cauchy{�
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�Cauchy{��TaylorÐm�y²

~êC´{: �½x,òx0��Cþt

Sn(t) := f(t) +
f ′(t)
1!

(x − t) + · · ·+
f (n)(t)

n!
(x − t)n.

ϕ(t) := (x − t)p

S′n(t) = (f ′(t)) + (−f ′(t) +
f ′′(t)

1!
(x − t))

+(−
f ′′(t)

1!
(x − t) +

f ′′′(t)
2!

(x − t)2) + · · ·

=
f (n+1)(t)

n!
(x − t)n.
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�Cauchy{��TaylorÐm�y²(Y)

Cauchy¥�½n: x�½, tCþ

f(x) − Sn(x0) =
Sn(x) − Sn(x0)

ϕ(x) − ϕ(x0)
(ϕ(x) − ϕ(x0))

Cauchy
==========

f (n+1)(ξ)
(x − ξ)n

n!
−p(x − ξ)p−1 (−(x − x0)

p)

ξ=x0+θ(x−x0)
==========

θ∈(0,1)

f (n+1)(x0 + θ(x − x0))

(n + 1)!
(x − x0)

n+1 n + 1
p

(1 − θ)n+1−p

?2R(¥I��)



U
ST

C
U

ST
C

ÛÜÚ�NTaylorÐm

�Peano{��TaylorÐm ÛÜ ^�f

�Lagrange{��TaylorÐm �N ^�r

�Cauchy{��TaylorÐm �N ^�r
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TaylorÐm�A^: |^TaylorÐm�ä4�:

� f3x0 NC ng��

f ′(x0) = · · · = f (n−1)(x0) = 0, f (n)(x0) , 0

=====⇒



x0�f4�:, nÛ

x0´f4�:, nó


4�� f (n) < 0

4�� f (n) > 0

;.~f: f(x) = x2, x3.

?2R(¥I��)



U
ST

C
U

ST
C

¢)Û¼ê

f ∈ Cω(a, b)
def

⇐===⇒ f ∈ C∞(a, b),∀ x0 ∈ (a, b), 3x0NC¤á

f(x) =
∞∑

n=0

f (n)(x0)

n!
(x − x0)

n
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¢)Û¼ê

f ∈ Cω(a, b)
�d£ã
⇐======⇒ f ∈ C∞(a, b),∀ x0 ∈ (a, b), 3x0NC¤á

lim
n→∞

(f(x) − Tn(x, x0))︸                 ︷︷                 ︸
Cauchy{�

= 0

?2R(¥I��)



U
ST

C
U

ST
C

¢)Û�OOK

f ∈ Cω(a, b)⇐===⇒ f ∈ C∞(a, b),¤áÛÜ��CauchyØ�ª:

∀ x0 ∈ (a, b), ∃ δ > 0, M > 0, R > 0 :

∣∣∣∣∣∣ f (n)(x)n!

∣∣∣∣∣∣ 6 M
1

Rn ,

∀x ∈ (x0 − δ, x0 + δ) ⊂ (a, b),

∀ n = 0, 1, · · · .
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TaylorÐm�ÚUe

ëY: f(x) = f(x0) + o(1)

��: f(x) = f(x0) + f ′(x0)(x − x0) + o(x − x0)

¥�½n: f(x) = f(x0) + f ′(ξ)(x − x0)

Fermat½n:

x0´f4�:
f ′(x0)∃

====================⇒
f(x)=f(x0)+f ′(x0)(x−x0)+o(x−x0)

f ′(x0) = 0
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TaylorÐm�ÚUe(Y1)

4�:

f ′(x0) = 0, f ′′(x0) > 0 =====⇒ f(x) > f(x0)4��

y²:

f(x) = f(x0) + f ′(x0)(x − x0) +
f ′′(x0)

2!
(x − x0)

2 + o((x − x0)
2)

> f(x0) +
f ′′(x0)

4
(x − x0)

2
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TaylorÐm�ÚUe(Y2)

üN:

f ′ > 0 =====⇒ f ↗

y²:

x > x0 =====⇒ f(x) = f(x0) + f ′(ξ)(x − x0) > f(x0)
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TaylorÐm�ÚUe(Y3)

à]:

f ′′ > 0 =====⇒ fà

y²

f(x) = f(x0) + f ′(x0)(x − x0) +
f ′′(ξ)

2!
(x − x0)

2

| �
==============⇒ f(x) > f(x0) + f ′(x0)(x − x0)

x^xi�O
===============⇒
x0 = (1 − t)x1 + tx2

(1 − t)f(x1) + tf(x2) > f((1 − t)x1 + tx2)
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TaylorÐm�ÚUe(Y4)

L’Hospital{K:

TaylorÐm =====⇒ L’Hospital{K
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LaurentÐm

f(x) =


e−

1
x2 x , 0

0 x = 0

f ∈ C∞(R):

f�ngTaylorÐmð�", f�TaylorÐmð�".

fäkLaurentÐm:

e−
1

z2 =
∞∑

n=0

1
n!

(
−

1
z2

)n
, z ∈ C \ {0}.
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�¯���n

1�DÂ�´»´I����´».

þ�²¡Úe�²¡©O´þ!0�,1�3þ�²¡DÂ
�Ý´~�VA ,3e�²¡DÂ�Ý´~�VB . b�1�l
þ�²¡�(0, h)Ñu,÷X\��α�����¢¶(x, 0),
²Lò��,÷Xò��β�����ª:(c − x,−k).

$1�m�

T(x) =

√
x2 + h2

vA
+

√
(c − x)2 + k 2

vB
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Y

7:����::

0 = T ′(x) =
x

√
x2 + h2vA

−
c − x√

(c − x)2 + k 2vB

=
cosα

vA
−
cos β

vB

T ′′(x) > 0, T ′(0) < 0, T ′(c) > 0.

ò��n

cosα

cos β
=

vA

vB
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üg|^¥�½n

�f , g ∈ [a, b],3(a, b)��, g′ðØ�",K�3ξ, η ∈ (a, b), s.t.

f ′(ξ) =
f ′(η)
g′(η)

g(b) − g(a)
b − a

.
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y²

Ó��þæ^ü«�{O��)�ª:

f(b) − f(a)
g(b) − g(a)

=



f ′(η)
g′(η)

, Cauchy¥�½n;

f ′(ξ)(b − a)
g(b) − g(a)

, Lagrange¥�½n.
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üg|^¥�½n

�f , g ∈ [a, b],3(a, b)��, f(a) = g(a), f(b) = g(b). K�
3ξ, η ∈ (a, b), ξ , η s.t.

f ′(ξ) + f ′(η) = g′(ξ) + g′(η).
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y²

G(x) = f(x) − g(x), c =
a + b

2
.

Lagrangre
==========⇒


G(c) − G(a) = G′(ξ)(c − a)

G(b) − G(c) = G′(η)(b − c)

üª�\
==========⇒
G(a)=G(b)=0

G′(ξ) + G′(η) = 0

==========⇒ f ′(ξ) + f ′(η) = g′(ξ) + g′(η).
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6Ä{

f , g ∈ C[a,+∞),3(a,+∞)��,

|f ′(x)| 6 g′(x), ∀x ∈ (a,+∞)

=====⇒ |f(x) − f(a)| 6 |g(x) − g(a)|
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y²

�/1: g′ > 0. ∣∣∣∣∣∣ f(x) − f(a)
g(x) − g(a)

∣∣∣∣∣∣ =
∣∣∣∣∣∣ f ′(ξ)
g′(ξ)

∣∣∣∣∣∣ 6 1.

�/2: g′ > 0
gε(x) := g(x) + εx, ∀ ε > 0
======================⇒

6Ä{
g′ε > 0.

|f ′(x)| 6 g′(x) < g′ε(x)
�/1
=====⇒ |f(x) − f(a)| 6 |gε(x) − gε(a)|

ε→0
=====⇒ |f(x) − f(a)| 6 |g(x) − g(a)|.

?2R(¥I��)



U
ST

C
U

ST
C

��

124g��:

[4.1 ] 1

[4.2 ] 3
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�g�Ì�SN

Ð�¼êTaylorÐm
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�)Æ

knê: ¢ê ====== õ�ª: Ð�¼ê

a =
∞∑

n=0

an

10n f(x) =
∞∑

n=0
an(x − x0)

n

a0 ∈ Z, aj = 0, 1, · · · , 9 an =
f (n)(x0)

n!
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TaylorÐm

Taylorõ�ª

Tn(x) ====== f(x0) +
f ′(x0)

1!
(x − x0) + · · ·+

f (n)(x0)

n!
(x − x0)

n.

�Cauchy{�TaylorÐm

f(x) = Tn(x) + Rn(x), ∀n ∈ N

Rn(x) =
f (n+1)(x0 + θ(x − x0))

(n + 1)!
(x − x0)

n+1 n + 1
p

(1 − θ)n+1−p

Taylor?ê

f(x) =
∞∑

n=0

f (n)(x0)

n!
(x − x0)

n ⇐===⇒ lim
n→∞

Rn = 0.
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Ä�Ð�¼êTaylorÐm

ex ======
∞∑

n=0

1
n!

xn,

sin x ======
∞∑

n=0

(−1)n

(2n + 1)!
x2n+1,

cos x ======
∞∑

n=0

(−1)n

(2n)!
x2n,

(1 + x)α
|x |<1

======
α∈R

1 +
∞∑

n=0

(
α

k

)
xk ,

ln(1 + x)
|x |<1

======
∞∑

n=1

(−1)n−1

n
xn,

arctan x
|x |<1

======
∞∑

n=0

(−1)n−1

2n + 1
x2n+1
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�ê¼êTaylorÐm

ex ====== 1 +
x
1!

+ · · ·+
xn

n!
+

eθx

(n + 1)!
xn+1, θ ∈ (0, 1).

lim
n→∞

eθx

(n + 1)!
xn+1 = 0.

Ð�¼ê R

ex + (+_+�êEÜ$�) 1 + (�ê4�$�)
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e´Ãnê

e < Q

�y: e =
p
q

Ù¥ p, q ∈ N, (p, q) = 1

Z 3 n!
(p
q
− (1 +

1
1!

+ · · ·+
1
n!
)
)
=

eθ

n + 1
∈ (0, 1), n � 1.
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�u¼êTaylorÐm

sin x
θ∈(0,1)
====== x−

x3

3!
+

x5

5!
−· · ·+(−1)n−1 x2n−1

(2n − 1)!
+
sin (θx + (2n + 1)π2)

(2n + 1)!
x2n+1.

(sin x)(k)
∣∣∣∣
x=0

= sin(x + k
π

2
)

∣∣∣∣∣
x=0

=

0, k = 2m

(−1)m. k = 2m + 1.

lim
n→∞

sin (θx + (2n + 1)π2)

(2n + 1)!
x2n+1 = 0.

?2R(¥I��)
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�u¼êTaylorÐm(Y)

sin x = Ime ix =
1
i
(e ix)odd

¦�UCÛó5:

f(x) = ±f(−x) ====⇒
∀ k∈N

f (2k)(x) = ±f (2k)(−x), f (2k−1)(x) = ∓f (2k−1)(−x).

fÛ =====⇒ f ′ó =====⇒ f ′′Û =====⇒ · · · .

f Û =====⇒ Tn Û.

fÛ =====⇒ f(x) = a1x + a3x3 + · · ·
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{u¼êTaylorÐm

cos x
θ∈(0,1)
====== 1−

x2

2!
+

x4

4!
−· · ·+(−1)n x2n

(2n)!
+
cos (θx + (2n + 2)π2)

(2n + 2)!
x2n+2.

(cos x)(k)
∣∣∣∣
x=0

= cos(x + k
π

2
)

∣∣∣∣∣
x=0

=

0, k = 2m + 1

(−1)m. k = 2m.

lim
n→∞

cos (θx + (2n + 2)π2)

(2n + 2)!
x2n+2 = 0.
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�¼êTaylorÐm

(1+x)α
θ∈(0,1)
======
|x |<1

1+
n∑

k=0

(
α

k

)
xk+

α(α − 1) · · · (α − n)
n!

(1+θx)α−n−1xn+1(1−θ)n

((1 + x)α)(k)
∣∣∣∣
x=0

= α(α − 1) · · · (α − (k − 1))(1 + x)α−k
∣∣∣
x=0 =

(
α

k

)
k !

lim
n→∞

α(α − 1) · · · (α − n)
n!

xn+1
(

1 − θ
1 + θx

)n

(1 + θx)α−1︸                        ︷︷                        ︸
k.

= 0.

?2R(¥I��)



U
ST

C
U

ST
C

Y

0 <
1 − θ

1 + θx
< 1, ∀ θ ∈ (0, 1), |x | < 1.

lim
n→∞

nk xn |x |<1
=====
a=1/x

lim
n→∞

nk

an = 0
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�¼êTaylorÐmY

(1 + x)α ∀ α∈R
=====
|x |<1

1 + αx +
α(α − 1)

2!
x2 +

α(α − 1)(α − 2)
3!

x3 + · · ·
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A~: o«�/ α = −1,−2, 1
2 ,−

1
2 .

o´b�: |x | < 1.

1
1 − x

= 1 + x + x2 + x3 + · · ·

¦�
=====⇒

1
(1 − x)2 = 1 + 2x + 3x2 + 4x3 + · · · .

√
1 + x = 1 +

1
2

x −
1

2 · 4
x2 +

1 · 3
2 · 4 · 6

x3 − · · ·

¦�
=====⇒

1
√

1 + x
= 1 −

1
2

x +
1 · 3
2 · 4

x2 −
1 · 3 · 5
2 · 4 · 6

x3 + · · ·
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(1
2
k

)
=

1
2
(−

1
2
)(−

3
2
) · · · (−

2k − 3
2

)︸                             ︷︷                             ︸
k�

1
k !

= (−1)k−1 (2k − 3)!!
(2k)!!

.

?2R(¥I��)



U
ST

C
U

ST
C

éê¼êTaylorÐm

1
1 − x

|x |<1
====== 1 + x + x2 + x3 + · · ·

=========⇒
1

1 + x
|x |<1

====== 1 − x + x2 − x3 + · · ·

��/ª¦�
===========⇒ ln(1 + x)

|x |<1
====== x −

x2

2
+

x3

3
−

x4

4
· · · .
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¦�(½TaylorÐm{K


f ′(x) = g′(x)

f(0) = g(0)

=====⇒ f = g
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éê¼êTaylorÐm(Y)

(ln(1 + x))′ =
1

1 + x

(
ln(1 + x)

)(k)
= (

1
1 + x

)(k−1) =
(−1)k−1(k − 1)!

(1 + x)k

Rn(x) =
(−1)nn!

(1 + θx)n+1

1
(n + 1)!

(n + 1)(1 − θ)nxn+1

=
(−1)n

(1 + θx)n+1 (1 − θ)
nxn+1 → 0, n → ∞.
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�n�¼êTaylorÐm

(arctan x)′ =
1

1 + x2 = 1 − x2 + x4 − x6 + · · ·

��/ª¦�
===========⇒ arctan x = x −

x3

3
+

x5

5
−

x7

7
· · · .
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�n�¼êTaylorÐm(Y)

y = arctan x, x = tan y

=====⇒ y′ = cos2 y = cos y sin(y +
π

2
)

=====⇒ y′′ = 2 cos y(− sin y)y′ = cos2 y sin 2(y +
π

2
)

=====⇒ y(n) = (n − 1)! cosn y sin n(y +
π

2
)

lim
n→∞

Rn(x) = lim
n→∞

cosn+1 y(ζ) sin (n + 1)(y(ζ) + π
2)

n + 1
= 0.
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n�úª

cos(x + y) = Ree ix+iy = cos x cos y − sin x sin y.

y��−y
=======⇒ cos(x − y) = Ree ix−iy = cos x cos y + sin x sin y

üö�\
=======⇒ cos x cos y =

1
2
(cos(x + y) + cos(x − y))
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�n�¼ê(Y)

y = arctan x

y(n) = (n − 1)! cosn y sin n(y +
π

2
)
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�n�¼ê(Y)

y²: 8B{.

y(n+1) = n! cosn y cos n(y +
π

2
)y′ + n! cosn−1 y(− sin y)y′ sin n(y +

π

2
)

= n! cosn+1 y(cos y cos n(y +
π

2
) − sin y sin n(y +

π

2
)

= n! cosn+1 y cos ((n + 1)y + n
π

2
)

= n! cosn+1 y sin ((n + 1)(y +
π

2
))
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esin xÐm�x3
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~KY

esin x = 1 +
1
1!
(x −

1
3!

x3) +
1
2!

x2 +
1
3!

x3 + o(x3)

= 1 + x +
1
2

x2 + o(x3)
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O�
5√
2 Ø� < 10−3.
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a =
5√
2

a5=2, a' 5
6========

6
5
(1 − b)

1
5 =====⇒ b = 1 − 2(

6
5
)5 ∈ Q ∩ (0, 1).

(1+x)α
θ∈(0,1)
====== 1+

n∑
k=0

(
α

k

)
xk+

α(α − 1) · · · (α − n)
n!

(1+θx)α−n−1xn+1(1−θ)n

α =
1
5
, x = −b , n = 3

5√
2 =

6
5
(1−b)

1
5 '

6
5

(
1+

1
5

1!
(−b)+

1
5(

1
5 − 1)

2!
(−b)2+

1
5(

1
5 − 1)(1

5 − 2)

3!
(−b)3

)

R3(−b) 6
∣∣∣∣ 1

5(
1
5 − 1)(1

5 − 2)(1
5 − 3)

3!

∣∣∣∣(1 − b)
1
5−4b4 6 4 × 10−4.

1 − |x | < |1 + θx | < 1 + |x |
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5P:¼ê��ê�éX

¼ê
�ê$�
⇐========⇒�û

Cauchy¥�½n
⇐===========⇒�ê
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f3[a, b]ëY, (a, b)��, f��gõ�ª,

=====⇒ ∃ ξ, η ∈ (a, b) :

f ′(ξ) >
f(b) − f(a)

b − a
> f ′(η)
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~K(Y)

y²: æ^­�-���{:

Ø��f(a) = f(b) = 0, fØð�".

Ø���3x0 ∈ (a, b): f(x0) > 0.

f ′(ξ)
Lagrange
=======

f(x0) − f(a)
x0 − a

=
f(x0)

x0 − a
> 0

f ′(η)
Lagrange
=======

f(x0) − f(b)
x0 − b

=
f(x0)

x0 − b
< 0
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f3[0,+∞)à

=====⇒ f(a) + f(b) 6 f(0) + f(a + b) ∀ a, b ∈ [0,+∞).
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y²

y²: Ø�� 0 < a 6 b < a + b, Kdo:�O{

f(a) − f(0)
a − 0

6
f(a + b) − f(b)
(a + b) − b
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125g��:

[4.2 ] 1

[4.3 ] 1, 2(4), 5
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TaylorÐm�A^
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TaylorÐm�A^

Q : R ======õ�ª : Ð�¼ê

Ð�¼ê^$?õ�ªO�


�gõ�ª: üN5 f ′ > 0; 4�

�gõ�ª: à]5 f ′′ > 0

üN5:

f ′ > 0 =====⇒
f(x2) − f(x1)

x2 − x1
= f ′(ζ) > 0 =====⇒ f ↗ .

à]5

f ′′ > 0 ==⇒ f(x)−(f(x0)+f ′(x0)(x−x0)) =
f ′′(ζ)

2!
(x−x0)

2 > 0 ==⇒ fà.
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Ð�¼êÀ�õ�ª

Ð�¼ê4�
Taylor

=========
Peano{�

kn¼ê4�

lim
x→0

sin x − arctanx
sin x − tan x

©f = (x −
x3

3!
+ o(x3)) − (x −

x3

3
+ o(x3)) =

x3

6
+ o(x3)

(cos x)©1 = sin x(cos x − 1) = −
x3

2
+ o(x3)

?2R(¥I��)



U
ST

C
U

ST
C

TaylorXê�O�

~K lim
x→1

a2(x − 1)2 + a1(x − 1) + a0 −
√

x2 + 3
(x − 1)2 = 0

¦ ak

®�^� ⇐===⇒
√

x2 + 3 = a0 + a1(x − 1) + a2(x − 1)2 + o((x − 1)2)

=====⇒ ak =
f (k)(1)

k !
.
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TaylorXê�O�

¦tan x�ngTaylorõ�ª.

�{�: tan x´Û¼ê, tan x = a1x + a3x3 + o(x3)

a1 = (tan x)′
∣∣∣
x=0 , a3 =

(tan x)′′′

3!

∣∣∣∣∣∣
x=0

.
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�{�: |^®��TaylorÐm:

tan x =
x − 1

3!x
3 + o(x3)

1 − 1
2!x

2 + o(x2)
= x + a3x3 + o(x3)

=======⇒ x −
1
3!

x3 + o(x3) = (1 −
1
2!

x2 + o(x2))(x + a3x3 + o(x3))

'�Xê
=======⇒ −

1
3!

= −
1
2!

+ a3

=======⇒ a3 =
1
3
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TaylorÐm�¥�{��O�)Ø�ª

x
1 + x

< ln(1 + x) < x ∀x > 0.

x −
1
2

x2 < ln(1 + x) < x −
1
2

x2 +
1
3

x3, ∀x > 0.

ln(1 + x) ==== log 1 +
1

1 + θx
x ∈ (

x
1 + x

, x)

ln(1 + x) ==== x −
1
2

x2 +
1
3!

2!
(1 + θx)3 x3, θ ∈ (0, 1)

ln(1 + x) ==== x −
1
2

x2 +
1
3

x3 −
1
4!

3!
(1 + θx)4 x4, θ ∈ (0, 1).
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ü�Taylorúª(Ù��^�)�A^

f ′′(0)∃, lim
x→0

f(x)
x

= 0 ==⇒ lim
n→∞

n3/2f(
1
n
) = 0
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ü�Taylorúª:

f(x) = o(x) x → 0 d�®�^�

f(x) = f(0) + f ′(0)x +
f ′′(0)

2!
x2 + o(x2) d�;.úª

ü�Taylorúª =====⇒ f(x) =
f ′′(0)

2!
x2 + o(x2)

=====⇒ f(
1
n
) =

f ′′(0)
2!

1
n2 + o(

1
n2 ) = o(

1
n3/2

)
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ü�Taylorúª(Ù��^�)�A^(Y)

f(x0)
f (n+1)(x0),0

==========
θ=θ(h,n)∈(0,1)

f(x0) + · · ·+
f (n−1)(x0)
(n−1)! hn−1 +

f (n)(x0+θh)
(n)! hn

=====⇒ lim
h→0

θ(h, n) = 1
n+1 .
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ü�Taylorúª(Ù��^�)�A^(Y)

ü�Taylorúª:

f(x0+h) = f(x0)+· · ·+
f (n−1)(x0)

(n − 1)!
hn−1+

f (n)(x0) + f (n+1)(x0)θh + o(h)
n!

hn

f(x0 + h) = f(x0) + · · ·+
f (n)(x0)

n!
hn +

f (n+1)(x0)

(n + 1)!
hn+1 + o(hn+1)

üª�~ =====⇒ θ =
1

n + 1
+ o(1), h → 0.
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ü�Taylorúª(Ù��^�)�A^(Y)

f(x) f (n+2)∃
=========
∃θ∈(0,1)∀x,h

f(x) + · · ·+
f (n−1)(x)
(n − 1)!

hn−1 +
f (n)(x + θh)

n!
hn

⇐========⇒ f´gê 6 n + 1�õ�ª
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7�5y²

ü�Taylorúª:

f(x+h) = Tn−1(x)+
f (n)(x) + f (n+1)(x)θh +

f (n+2)(x)
2! (θh)2 ++o(h2)

n!
hn

f(x+h) = Tn−1(x)+
f (n)(x0)

n!
hn+

f (n+1)(x0)

(n + 1)!
hn+1+

f (n+2)(x0)

(n + 2)!
hn+2+o(hn+2)

�~
=====⇒


f (n+1)(x)( 1

n+1 − θ) = 0

f (n+2)(x)( 1
(n+1)(n+2) −

θ2

2 ) = 0

∃f (n+1)(x0) , 0 =====⇒ θ =
1

n + 1
=====⇒ f (n+2) ≡ 0.
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¿©5y²

θ :=
1

n + 1

�gõ�ªf (n):

f (n)(x + θh) = f (n)(x) + f (n+1)(x)θh.

�\

f(x) == f(x) + · · ·+
f (n−1)(x)
(n − 1)!

hn−1 +
fn(x)

n!
hn +

f (n+1)(x)
(n + 1)!

hn+1

== f(x) + · · ·+
f (n−1)(x)
(n − 1)!

hn−1 +
f (n)(x + θh)

n!
hn
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n��¼ê�m'X

f ∈ C2(R), f ′′Øð�", Mk := sup
x∈R
|f (k)(x)|

=====⇒ M2
1 6 2M0M2
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ü�Taylorúª


f(x + h) = f(x) + f ′(x)h +

f ′′(ζ1)

2
h2

f(x − h) = f(x) − f ′(x)h +
f ′′(ζ2)

2
h2
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Ø��M0,M2 ∈ (0,∞),ü�Taylorúª���Ñ

2f ′(x)h 6 2M0 + M2h2, ∀h ∈ R

=====⇒ 2M1h 6 2M0 + M2h2, ∀h ∈ R

=====⇒ M1 < +∞, M2h2 − 2M1h + 2M0 > 0 ∀h ∈ R

=====⇒ M2
1 6 2M0M2.
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n��¼ê¼ê�m'X�A^

f ∈ C2(0,+∞), lim
x→∞

f(x)∃�k�, f ′′ k.

=====⇒ lim
x→∞

f ′(x) = 0.
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Ø�� lim
x→∞

f(x) = 0,P

Mk (t) := sup
x∈(t ,+∞)

|f (k)(x)|.

K

M2
1(t) 6 2M0(t)M2(t)

-t → ∞=�.
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f ′′ ∈ C2(−1, 1), f(0) = f ′(0) = 0

|f ′′(x)| 6 |f(x)|+ |f ′(x)|

=====⇒ f ≡ 0.
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

|f ′′(x)| 6 |f(x)|+ |f ′(x)|

f(x) = f(0) + f ′(0)
1! x +

f ′′(ζ)
2! x2 =

f ′′(ζ)
2! x2

f ′(x) = f ′(0) + f ′′(η)
1! x =

f ′′(η)
1! x

M := max
x∈[− 1

2 ,
1
2 ]
|f ′′(x)| =====⇒ M 6 M(

δ2

2
+ δ), δ =

1
2

=====⇒ M = 0 ==⇒ f |[− 1
2 ,

1
2 ]
= 0

ò30:Ðm,��±3±1
2Ðm. Ónf ≡ 0.

?2R(¥I��)



U
ST

C
U

ST
C

34�:?TaylorÐm

f ′′ ∈ C2[a, b], f(a) = f(b) = 0, x0´f�SÜ4��:

==⇒ ∃ζ ∈ (a, b) : f ′′(ζ) = −
8

(b − a)2 f(x0)
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y²: 0 = f(a) = f(x0) + +
f ′′(ζ1)

2!
(a − x0)

2

0 = f(b) = f(x0) + +
f ′′(ζ2)

2!
(b − x0)

2

�/1: b�x0 ∈ [a, a+b
2 ]. (,��/aq)

Darboux
=====⇒ Rangef ′′ ⊃ [−

2
(x0 − a)2 f(x0),−

2
(b − x0)2 f(x0)] 3 −

8
(b − a)2 f(x0).
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��¥�½n

f ∈ C1[a, b], f3(a, b)����

==⇒ ∀x ∈ [a, b], ∃ζ ∈ (a, b) :

f(x) =
b − x
b − a

f(a) +
x − a
b − a

f(b) −
f ′′(ζ)

2
(b − x)(x − a).
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��¥�½n

f ′′ > 0 =====⇒ f(x) 6 l(x) ��

|f(x) − l(x)| 6
(b − a)2

8
sup

x∈[a,b]
|f ′′(x)|

|^


(b − x)(x − a) 6 (
(b − x) + (x − a)

2
)2.
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f(a) = f(x) + f ′(x)(a − x) +
f ′′(ζ1)

2
(a − x)2

f(b) = f(x) + f ′(x)(b − x) +
f ′′(ζ2)

2
(b − x)2

O�:

b − x
b − a

1�ª+
x − a
b − a

1�ª

2|^Darboux½n=�.
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f3[0, a]���ê�3�k., f3SÜ(0, a)�����.

=====⇒ |f ′(0)|+ |f ′(a)| 6 Ma (M´|f ′′|þ.).
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y²

y²: �x0 ∈ (0, a)´f���::

f ′(0) − f ′(x0) = f ′′(ζ1)(0 − x0)

f ′(a) − f ′(x0) = f ′′(ζ2)(a − x0)

f ′(x0) = 0
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e−x f ′(x) = O(1), x → +∞
f∈C1(R)
=====⇒ e−x f(x) = O(1), x → +∞.
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y²

y²:

e−x f(x) x→+∞
=============

f(x) − f(1)
ex − e

ex − e
ex + o(1)

Cauchy¥�½n
==============

f ′(ξ)
eξ

ex − e
ex + o(1) = O(1)
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126g��: [4.3] ¯K2, 4, 5, 6
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Ø½È©
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C1[a, b]/R

d
dx

GGGGGGBFGGGGGG∫ x

a

C[a, b]

�È©¥�Ì�gñ.
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ü�: F ′1(x) = F ′2(x)
Lagrange
⇐====⇒ F1 = F2 + C

�½
⇐===⇒ F1 = F2.

÷�: ∀ f ∈ C[a, b], ∃ F(x) =

∫ x

a
f(t)dt =¡È, ¦�

F ′(x) = lim
∆x→0

F(x + ∆x) − F(x)

∆x
�*

============
I�¡È½Â

f(x).
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¡È�½Â

ÛÜ´5K�¡È,4�L§�)Ø5Kã/�¡È.

©�: π : a = x0 < x1 < · · · < xn = b , ζi ∈ [xi−1, xi]

‖π‖ = max
16i6n

∆xi , ∆xi = xi − xi−1.

¦Ú:
n∑

i=1

f(ζi)∆xi

�4�:

¡È = lim
‖π‖→0

n∑
i=0

f(ζi)∆xi
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È©ÎÒ´�/©i

¡È =

∫ b

a
f(x)dx =

∑
x∈[a,b]

f(x)dx = lim
‖π‖→0

n∑
i=0

f(ζi)∆xi ,

∫
= sum .�

¦Ú�I x ∈ [a, b]´¦ÚåI
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�©�%å3u��{: 3�êÚÈ©åX'��^

��{
��þ��
%C4��Ü�︷            ︸︸            ︷

dy
dx︸         ︷︷         ︸

vk%CL§

====== lim
∆→0

∆y
∆x︸          ︷︷          ︸

%CL§

��{︷              ︸︸              ︷∫ b

a
f(x)dx︸              ︷︷              ︸

vk%CL§

====== lim
‖π‖→0

n∑
i=0

f(ζi)∆xi︸                       ︷︷                       ︸
%CL§
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�f ∈ C[a, b], F ∈ C1[a, b], K

d
dx

∫ x

a
f(t)dt = f(x)

∫ x

a
F ′(t)dt = F(x) − F(a).

�È©Ä�½n��d�ã

C1[a, b]/R
¦�

========
È©

C[a, b]
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Newton-Leibnizúª´�È©{��Taylorúª

F(x)
F∈C1[a,b]

=======
x0∈[a,b]

F(x0)︸      ︷︷      ︸
"gTaylorõ�ª

+

∫ x

x0

F ′(t)dt︸        ︷︷        ︸
TaylorÐm�È©{�
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�¼ê: Primitive

F(x)´f(x)3«mIþ�¼ê
F3Iþ��
⇐=======⇒ F ′(x) = f(x),∀ x ∈ I
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�¼ê´-1��¼ê

Øæ^PÒf (−1)��Ï:

k�Ð��/©i��PÒ

f (−1)´õ�¼ê: �ê�½,¼ê���~ê.
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f ∈ C[a, b] =====⇒

∫ x

a
f(t)dt´f(x)3«m[a, b]þ���¼ê
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�¼ê�NP�

∫
f(x)dx

Ø½È©:

∫
f(x)dx =�¼ê�N =

∫ x

a
f(t)dt + C

C´?¿~ê,¡�È©~ê.
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Ø½È©=�¼ê�N=-1��ê=��~ê��x¼ê

F(x)︸     ︷︷     ︸
x�¼ê

+ C︸ ︷︷ ︸
È©~ê

=

∫
︸︷︷︸
È©ÎÒ

È©L�ª︷                             ︸︸                             ︷
f(x)︸    ︷︷    ︸

�È¼ê

dx︸         ︷︷         ︸
x´È©Cþ
Ø2´åI
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�f ∈ C[a, b], F ∈ C1[a, b], K

d
dx

∫
f(x)dx = f(x)

∫
F ′(x)dx = F(x) + C .

Ø½È©��È©Ä�½n��d�ã

C1[a, b]/R
¦�

========
È©

C[a, b]
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dx = f(x) dF(x)=f(x)dx

∫
dF(x) =

∫
f(x)dx

= F(x) + c

∫
f(x)dx ��?n�©============

∫
dF(x)

�êÈ©Ó8u¦
================ F(x) + c
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f(x)dx

x=ϕ(t)
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∫
f(ϕ(t))ϕ′(t)dt

y²: ü>�ê�Ó
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∫
f(x)dg(x) = f(x)g(x) −

∫
g(x)df(x)

¦�úªü>È©

f(x)g′(x) = (f(x)g(x))′ − f ′(x)g(x)

f(x)dg(x) = d(f(x)g(x)) − g(x)df(x)
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È©~^úª: a > 0

∫
1

x2 − a2 dx =
1

2a

∫
(

1
x − a

−
1

x + a
) =

1
2a

ln

∣∣∣∣∣ x − a
x + a

∣∣∣∣∣ + C

∫
1

x2 + a2 dx =
1
a

∫
1

(
x
a

)2 + 1
d

x
a

=
1
a

arctan
x
a

+ C
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∫
1

√
a2 − x2

dx =

∫
1√

1 − (
x
a

)2

d
x
a

= arcsin
x
a

+ C

∫
1

√
a2 + x2

dx =

∫
x +

√
x2 + a2

x +
√

x2 + a2

1
√

a2 + x2
dx

=

∫
(x +

√
x2 + a2)′

x +
√

x2 + a2
dx = ln(x +

√
x2 + a2) + C
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∫ √
a2 − x2dx = x

√
a2 − x2 +

∫
a2 − (a2 − x2)
√

a2 − x2

=
1
2

(x
√

a2 − x2 + a2 arcsin
x
a

) + C

∫ √
a2 + x2dx = x

√
a2 + x2 −

∫
(a2 + x2) − a2

√
a2 + x2

=
1
2

(x
√

a2 + x2 + a2 ln(x +
√

a2 + x2)) + C
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C1[a, b]/R

d
dx
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a

C[a, b]

¢ê: knê�4�===­>F/¡È:5Kã/¡È�4�

4�^u*�<a�£: l{ü�E,,l5K�Ø5K.
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C[a, b]

F
¦�

−−−−−−−−−−→ f ¦�úª,Ù�

F
È©

←−−−−−−−−−− f È©úª,�=¦�úª

®�F , fÚV�éA:

l����w´¦�úª,l,���w´È©úª.
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F ′(x) = f(x)︸          ︷︷          ︸
¦�úª

ü>È©
=======⇒ F(x) + c =

∫
f(x)dx︸                       ︷︷                       ︸

È©úª

.

(sin x)′ = cos x︸             ︷︷             ︸
¦�úª

ü>È©
=======⇒

∫
cos xdx = sin x + C︸                        ︷︷                        ︸
È©úª

.
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∫
cos xdx ü>È©=========
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∫
d sin x = sin x + C .
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∫
(f(x) + g(x))dx =

∫
f(x)dx +

∫
g(x)dx

∫
λf(x)dx ~êλ====== λ

∫
f(x)dx + C
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∫
f(x)dx = F(x) + C

=====⇒

∫
f(g(x))g′(x)dx

u=g(x)
======

∫
f(u)du

====== F(u) + C

====== F(g(x)) + C .
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EÜ¼ê¦�úª======È©�Cþ��úª:

∫
f(g(x)) g′(x)︸      ︷︷      ︸

õÑ��

dx = F(g(x)) + C .

z�¼ê�È©ØUû½EÜ¼ê�È©
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∫
f(ln x)

1
x

dx = F(ln x) + C

∫
f(sin x) cos xdx = F(sin x) + C

∫
f(tan x) sec2 xdx = F(tan x) + C

∫
f ′(x)
f(x)

dx = ln |f(x)|+ C
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∫
1 − ln x

(x − ln x)2 dx
u= ln x

x=====

∫
1

(1 − u)2 du

∫
sin
√

x
√

x
dx

u=
√

x
===== 2

∫
sin udu

∫
x cos x − sin x

x2
√

1 − sin2 x
x2

dx
u= sin x

x======

∫
1

√
1 − u2

du

∫
1

1 + ex dx u=ex

=====

∫
1

u(1 + u)
du
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∫
1

a2 sin2 x + b2 cos2 x
dx u=tan x

======

∫
1

a2u2 + b2 du

∫
x2

(1 − x)2020 dx u=1−x
===== −

∫
(1 − t)2

t2020 dt

∫
arctan x
1 + x2 dx u=arctan x

========

∫
udu
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∫
f(x)dg(x) = f(x)g(x) −

∫
g(x)df(x)

∫
f(x)g′(x)dx = f(x)g(x) −

∫
g(x)f ′(x)dx
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∫ √
a2 − x2dx = x

√
a2 − x2 +

∫
a2 − (a2 − x2)
√

a2 − x2

=
1
2
(x

√
a2 − x2 + a2 arcsin

x
a
) + C
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∫ √
a2 − x2dx x=a sin t

======
|t |< π

2

∫
a2 cos2 tdt =

a2

2

∫
1 + cos(2t)dt

======
a2

2
(t +

1
2
sin 2t) + C

======
a2

2

arcsin x
a
+

x
a

√
1 −

x2

a2

 + C
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∫ √
a2 + x2dx = x

√
a2 + x2 −

∫
(a2 + x2) − a2

√
a2 + x2

=
1
2

(
x
√

a2 + x2 + a2 ln(x +
√

a2 + x2)
)
+ C
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∫ √
a2 + x2dx x=asht

======

∫
a2ch2tdt =

a2

2

∫
1 + ch(2t)dt

======
a2

2
(t +

1
2

sh2t) + C

======
a2

2

(
ln

x +
√

a2 + x2

a
+

x
a

√
1 +

x2

a2

)
+ C
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sht =
et − e−t

2
(Û¼ê), cht =

et + e−t

2
(ó¼ê)

ch2t =
ch(2t) + 1

2
, sh2t = 2shtcht , cht2 = 1 + sh2t

x = asht =====⇒ (et)2 − 2
x
a

et − 1 = 0

=====⇒ et =
2 x

a +
√

4 x2

a2 + 4

2

=====⇒ t = ln
x +

√
x2 + a2

a
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∫ (
f(x) + f ′(x)

)
exdx

(f(x)+f ′(x))ex=(f(x)ex)′

================ f(x)ex + C
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∫
xex

(1 + x)2 dx ======

∫ (
1

1 + x
−

1
(1 + x)2

)
exdx

======
ex

1 + x
+ C
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∫
1 + sin x
1 + cos x

exdx ======

∫ 1 + 2 sin x
2 cos

x
2

2 cos2 x
2

exdx

======

∫
(tan

x
2
+

1
2
(sec

x
2
)2)exdx

====== (tan
x
2
)ex + C .
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=====⇒

∫
f−1(x)dx = xf−1(x) − F(f−1(x)) + C

?2R(¥I��)



U
ST

C
U

ST
C

�¼êÈ©

∫
f−1(x)dx ====== xf−1(x) −

∫
xdf−1(x))

u=f−1(x)
======= xf−1(x) −

∫
f(u)du

u=f−1(x)
======= xf−1(x) − F(u) + C = xf−1(x) − F(f−1(x)) + C
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¦)f : �F(x)´f(x)3(0,+∞)�¼ê, F(1) = 1,
�÷v

f(x)F(x) =
arctan

√
x

√
x(1 + x)
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F ′(x)F(x) =
arctan

√
x

√
x(1 + x)

=====⇒
1
2

F2(x) = 2
∫

arctan
√

xd arctan
√

x = (arctan
√

x)2 + C

F(1)=1
=====⇒ C =

1
2
− (

π

4
)2
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1
(x2+a2)k dx

4íúª: I1 =
1
a
arctan

x
a
+ C.

Ik ======

∫
1

(x2 + a2)k
dx

======
x

(x2 + a2)k
−

∫
xd(x2 + a2)−k

======
x

(x2 + a2)k
+ 2k

∫
(x2 + a2) − a2

(x2 + a2)k+1
dx

======
x

(x2 + a2)k
+ 2k(Ik − a2Ik+1)

Ik+1 ======
1

2ka2

(
x

(x2 + a2)k
+ (2k − 1)Ik
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C1[a, b]/R

d
dx

GGGGGGBFGGGGGG∫ x

a

C[a, b]

È©�O�äNL§∫
f(x)dx ��?n�©============

∫
dF(x) �êÈ©Ó8u¦================ F(x)+c
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∫
e−x2

dx�Ð�¼ê
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−−−−−−→ e−x2
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(x − a)k
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Ax + B
(x2 + px + q)j

�5|Ü.
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¢�a (k­) E�¤éÑy (k­)

�Aõ�ª x − a x2 + px + q (p2 − 4q < 0)

�A©)

k∑
j=0

bj

(x − a)j

k∑
j=0

Ajx + Bj

(x2 + px + q)j

ý©ª�±©)�/Xþ¡ý©ª�¦Ú
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ü��/:

∫
1

(x − a)k
dx =



1
1 − k

(x − a)1−k + C , k , 1

ln |x − a |+ C k = 1
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Eê��/:

Ax + B
(x2 + px + q)k

========
A(x + p

2 ) + (B − Ap
2 )

((x + p
2 )

2 + (q − p2

4 ))k

u=x+ p
2=========

a2=q− p2
4 >0

Au
(u2 + a2)k

+
B1

(u2 + a2)k
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Eê��/:

∫
x

(x2 + a2)k
dx ======

1
2

∫
1

(x2 + a2)k
d(x2 + a2)

======



1
2(1 − k)

(x2 − a2)1−k + C , k , 1

1
2
ln |x2 − a2|+ C k = 1
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∫
xn−1

xn + 1
dx u=xn

======
1
n

∫
1

u + 1
du

======
1
n
ln |xn + 1|+ C
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∫
x11

x8 + 3x4 + 2
dx u=x4

======
1
4

∫
u2

u2 + 3u + 2
du

u2

u2 + 3u + 2
z��©ª

============== 1 −
3u + 2

(u + 1)(u + 2)

ý©ªIO©)
============== 1 −

(
−1

u + 1
+

4
u + 2

)
.
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3u + 2
(u + 1)(u + 2)

=
A

u + 1
+

B
u + 2

.

ü>¦±u + 1,2-u = −1.

A =
3u + 2
u + 2

∣∣∣∣∣
u=−1

= −1

'��g�Xê A + B = 3
A=−1

=====⇒ B = 4.
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ý©ª©)E|(Liouville½n)

ý©ªdÛ:ÌÜ��(½(Liouville½n)

3u + 2
(u + 1)(u + 2)

∼


−1

u + 1
, u → −1;

4
u + 2

, u → −2.

Liouville
=======⇒

3u + 2
(u + 1)(u + 2)

=
−1

u + 1
+

4
u + 2

.
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1

x3 + 1
dx
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1
x3 + 1

ý©ª©)
==========

A
x + 1

+
Bx + C

x2 − x + 1

L ′Hospital
========= A = lim

x→−1

x + 1
x3 + 1

=
1
3
.

'�©f��g�Ú~ê�:

A + B = 0, A + C = 1
A= 1

3====== B = −
1
3
, C =

2
3
.
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x − 2
x2 − x + 1

=
1
2

(
2x − 1

x2 − x + 1
−

3
x2 − x + 1

)

∫
2x − 1

x2 − x + 1
dx = ln |x2 − x + 1|+ C

∫
1

x2 − x + 1
dx =

∫
1

(x − 1
2)

2 + (
√

3
2 )2

dx

=
1
√

3
2

arctan
x − 1

2
√

3
2

+ C .

?2R(¥I��)



U
ST

C
U

ST
C

~K4

∫
x2 + 1
x4 + 1

dx
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x4 + 1 = (x2 + 1)2 − (
√

2x)2 = (x2 +
√

2x + 1)(x2 −
√

2x + 1)

x2 + 1
x4 + 1

=
1
2

(
1

x2 +
√

2x + 1
+

1

x2 −
√

2x + 1

)

=
1
2

 1

(x +
√

2
2 )2 + ( 1√

2
)2

+
1

(x −
√

2
2 )2 + ( 1√

2
)2


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x2 + 1
x4 + 1

=
x2 −

√
2x + 1 +

√
2x

(x2 +
√

2x + 1)(x2 −
√

2x + 1)

=
1

x2 +
√

2x + 1
+

√
2x

x4 + 1

∫ √
2x

x4 + 1
dx =

1
√

2

∫
1

(x2)2 + 1
dx2 =

1
√

2
arctan(x2) + C .
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∫
x2 + 1
x4 + 1

=

∫ 1 +
1
x2

x2 +
1
x2

dx =

∫ d(x −
1
x
)

(x −
1
x
)2 + 1

=
1
√

2
arctan

x −
1
x

√
2

+ C = F(x) + C

F(x)
F��,7ëY
============



1√
2
arctan

x −
1
x

√
2

+
1
√

2

π

2
, x > 0

0, x > 0

1
√

2
arctan

x −
1
x

√
2
−

1
√

2

π

2
, x < 0
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∫
x2 − 1
x4 + 1

=

∫ 1 −
1
x2

x2 +
1
x2

dx =

∫ d(x +
1
x
)

(x +
1
x
)2 −

√
2

dx

=
1

2
√

2
ln

∣∣∣∣∣∣∣∣∣∣
x +

1
x
−
√

2

x +
1
x
+
√

2

∣∣∣∣∣∣∣∣∣∣ + C = G(x) + C

∫
1

x4 + 1
dx =

1
2
(

∫
x2 + 1
x4 + 1

dx −
∫

x2 − 1
x4 + 1

dx)

=
1
2
(F(x) − G(x)) + C
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∫
1

x(x7 + 1)
dx

∫
8x7 + 1

x(x7 + 1)(x8 + x + 1)
dx

∫
1

x(xk + 1)
dx

∫
(k + 1)xk + 1

x(xk + 1)(xk+1 + x + 1)
dx

∫
x3k−1

1 + x4k
dx

∫
xk−1

1 + x2k
dx
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∫
du

u + 1
u=x−7

======

∫
−7x−8

x−7 + 1
dx

====== −7
∫

1
x(x7 + 1)

dx
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∫
du

u(u + 1)
u=x(x7+1)
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∫
8x7 + 1

x(x7 + 1)(x8 + x + 1)
dx
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∫
du

u + 1
u=x−k

======

∫
−kx−(k+1)

x−k + 1
dx = −k

∫
1

x(xk + 1)
dx
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∫
du

u(u + 1)
u=x(xk+1)
========

∫
(k + 1)xk + 1

x(xk + 1)(xk+1 + x + 1)
dx
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∫
du

u4 + 1
u=x−k

====== −k
∫

x−k−1

x−4k + 1
dx = −k

∫
x3k−1

1 + x4k
dx
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∫
du

u2 + 1
u=x−k

====== −k
∫

x−k−1

1 + x−2k
dx = −k

∫
xk−1

1 + x2k
dx

?2R(¥I��)



U
ST

C
U

ST
C

�EK8(7)

∫
du

u2 + 1
u=xk

====== k
∫

xk−1

1 + x2k
dv
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�UC� EulerC�
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/ÏCþ��!©ÜÈ©z{

=======================⇒kn¼ê

n�!�ªÈ©�O�~~I�|^Cþ��Ú©ÜÈ©úª
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�UC� t = tan
x
2

:

sin x =
2 sin x

2 cos x
2

cos2 x
2 + sin2 x

2

=
2t

1 + t2

cos x =
cos2 x

2 − sin2 x
2

cos2 x
2 + sin2 x

2

=
1 − t2

1 + t2
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�UC��Ñ��½n�ê)

a2 + b2 = c2

äk�ê):



a = t2 − 1

b = 2t

c = t2 + 1

t ∈ N
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n�¼ê: R(x, y)´ü�Cþ�kn¼ê.

�UC�
t=tan x

2====== kn¼ê

dx = 2d arctan t =
2

1 + t2 dt .

∫
R(cos x, sin x)dx

t=tan x
2======

∫
R(

1 − t2

1 + t2 ,
2t

1 + t2 )
2

1 + t2 dt
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n�¼ê: R(x, y)´ü�Cþ�kn¼ê.

∫
R(cos x, sin2 x) sin xdx t=cos x

===========
'usin x Û

−

∫
R(t , 1 − t2)dt

∫
R(cos2 x, sin x) cos xdx t=sin x

===========
'ucos x Û

∫
R(1 − t2, t)dt

∫
R(cos2 x, sin2 x)dx t=tan x

===============
'usin x, cos x ó

∫
R(

1
1 + t2 ,

t2

1 + t2 )
dt

1 + t2
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dx
sin(2x) + 2 sin x
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�ª =
1
2

∫
1

sin x(1 + cos x)
dx

t = tan
x
2
, sin x =

2t
1 + t2 , cos x =

1 − t2

1 + t2 , dx =
2

1 + t2 dt

�ª ==
1
4

∫
1 + t2

t
dt

==
1
4

(ln |t |+
1
2

t2) + C =
1
4

(ln | tan
x
2
|+

1
2

tan2 x
2

) + C
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�ª ======
1
2

∫
sin x

sin2 x(1 + cos x)
dx

t=cos x
====== −

1
2

∫
1

(1 − t2)(1 + t)
dt

1
(1 − t)(1 + t)2 =

A
1 − t

+
B

1 + t
+

C
(1 + t)2

t = 1 : A =
1
4

t = −1 : C =
1
2

t = +∞ : B =
1
4
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∫

dx

2 sin2(3x) − 3 cos2(3x) + 1
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�ª
u=3x

======
1
3

∫
1

2 sin2 u − 3 cos2 u + 1
du

t=tan u
======

1
3

∫
1

3t2 − 2
dt

======
1
9

∫
1

t2 − (
√

2
3 )2

dt

======
1
9

1

2
√

2
3

ln

∣∣∣∣∣∣∣∣∣
t −

√
2
3

t +
√

2
3

∣∣∣∣∣∣∣∣∣ + C

======
1
9

1

2
√

2
3

ln

∣∣∣∣∣∣∣∣∣
tan(3x) −

√
2
3

tan(3x) +
√

2
3

∣∣∣∣∣∣∣∣∣ + C
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O�:
∫

1 − r2

1 + r2 − 2r cos x
dx, r ∈ (0, 1), |x | < π.

?2R(¥I��)



U
ST

C
U

ST
C

~K3Y

�ª
t=tan x

2======

∫
1 − r2

1 + r2 − 2r 1−t2

1+t2

2
1 + t2 dt ,

====== 2(1 − r2)

∫
1

(1 + t2)(1 + r2) − 2r(1 − t2)
dt

====== 2(1 − r2)

∫
1

(1 − r)2 + t2(1 + r)2 dt

====== 2
1 − r2

(1 + r)2

∫
1

t2 + ( 1−r
1+r )2

dt = 2 arctan(
1 + r
1 − r

tan
x
2

) + C
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∫

arcsin
2
√

x
1 + x

dx

?2R(¥I��)



U
ST

C
U

ST
C

�n�¼ê�È©: /ÏCþ��Ú©ÜÈ©{z

(arcsin
2
√

x
1 + x

)′ ======
1√

1 − ( 2
√

x
1+x )2

2 1
2
√

x
(1 + x) − 2

√
x

(1 + x)2

======
1

1−x
1+x

1 − x

(1 + x)2
√

x
======

1

(1 + x)
√

x

�ª ======

∫
arcsin

2
√

x
1 + x

d(1 + x)

====== (1 + x) arcsin
2
√

x
1 + x

−

∫
1
√

x
dx

====== (1 + x) arcsin
2
√

x
1 + x

− 2
√

x + C
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O�:
∫

arcsin
√

x
√

x − x2
dx

(arcsin
√

x)′ ======
1

√
1 − x

1

2
√

x

�ª
u=arcsin

√
x

========= 2
∫

udu = u2 + C = (arcsin
√

x)2 + C
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.1: �5©ª��ª,

∣∣∣∣∣∣a b
c d

∣∣∣∣∣∣ , 0.

∫
R(x, n

√
ax + b
cx + d

)dx
t=

√
ax+b
cx+d

=======kn¼ê�È©
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.2:

∫
(a+bt)p tqdt

p,q∈Q
=====



.1, q ∈ Z

.1, s = a + bt , p ∈ Z

.1, �È¼ê = ( a+bt
t )p tp+q p + q ∈ Z
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.3:

∫
xα(a + bxβ)γdx

α,β,γ∈Q
======

t=xβ
.2
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∫
R(x,

√
ax2 + bx + c)dx î.C�=========kn¼ê�È©

î.C�:

√
ax2 + bx + c î.C�=========



t −
√

ax, a > 0

tx −
√

c, c > 0

t(x − α), �gõ�ªü�¢�α, β
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O�:
∫

dx
3
√

(x + 1)2(x − 1)4

�ª ======

∫
1

x2 − 1
3

√
x + 1
x − 1

dx.

t =
3

√
x + 1
x − 1

1
t

dt =
1
3

(
1

x + 1
−

1
x − 1

)dx = −
2
3

1
x2 − 1

dx

�ª ======

∫
−

2
3

dt = −
2
3

t + C = −
3
2

3

√
x + 1
x − 1

+ C
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O�:
∫

dx
√

x(1 + 3√x)

�ª
u=x1/6

======

∫
1

u3(1 + u2)
6u5du

====== 6
∫

1 −
1

1 + u2 du

====== 6(u − arctan u) + C = 6(x1/6 − arctan x1/6) + C
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O�:
∫

dx

x
√
−x2 + x + 2

�ª ======

∫
1

x(x + 1)

√
x + 1
2 − x

dx, t =

√
x + 1
2 − x

.

){�:
√
−x2 + x + 2 =

√
(2 − x)(x + 1) = t(x + 1)

t =

√
2 − x
x + 1

){n: �êC�x =
1
t

�ª ====== −

∫
1√

(2y − 1)(y + 1)
dy
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�9¼ê: Ð�¼ê⊂¢)Û¼ê⊂1w¼ê⊂ëY¼ê

�9$�: ¦�ÚÈ©´�ép_$�

C[a, b]

∫ x

a
GGGGGGGBFGGGGGGG

d
dx

C1[a, b]/R

�9�{:



�f©) (�f©),NÚ©Û)

éó�{ (©ÜÈ©,2Â¼ê)

C©�{ (�§À�C©�§,êÆÔn)
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�kÈ©{��Taylorúª:

Tn(x; x0) = f(x0) +
f ′(x0)

1!
(x − x0) + · · ·+

f (n)(x0)

n!
(x − x0)n

f(x)
f∈Cn+1[a,b]

======== Tn(x; x0) +
1
n!

∫ x

x0

f (n+1)(t)(x − t)ndt

n = 0: ù´Newton-Leibnizúª,�´�È©Ä�½n:

f(x) = f(x0) +

∫ x

x0

f ′(t)dt .

|^~êCÉ{y²: òx0À�Cþ,ü>éx0��ê�Ó.
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�kÈ©{��Taylorúª
È©Ø

=====⇒ Cauchy{�

f(x) = Tn(x; x0)+
f (n+1)(x0 + θ(x − x0))

(n + 1)!)
(x−x0)n+1 n + 1

p
(1−θ)n+1−p

n = 0, p = 1: ù´Lagrange¥�½n

f(x) − f(x0) = f ′(ζ)(x − x0).
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C[a, b]

∫ x

a
GGGGGGGBFGGGGGGG

d
dx

C1[a, b]/R

È©PÒ´�/©i,�KO��{µ

∫ b

a
f(x)dx = lim

‖π‖→0

n∑
k=1

f(ζi)∆xi

F ′(x) = f(x)⇐==⇒ dF(x) = f(x)dx ⇐==⇒

∫
f(x)dx =

∫
dF(x) = F(x)+C .
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Q : R

�©Æ õ�ª : Ð�¼ê

È©Æ �F¼ê : Riemann�È¼ê

¢©Û A�¼ê : Lebesgue�È¼ê

�¼©Û 1w¼ê : 2Â¼ê
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Ø½È©8(u¡È�Ñ��¼ê

∫
f(x)dx︸      ︷︷      ︸

�Ü�¼ê

=

∫ x

a
f(t)dt︸      ︷︷      ︸

���¼ê(¡È)

+C
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Ø½È©8(uïÄCþ�È©∫ x

a
f(t)dt

ïÄCþ�È©�I�ïÄÈ©∫ b

a
f(t)dt .
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C[a, b]

∫
GGGGGGBFGGGGGG

d
dx

C1[a, b]/R
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C[a, b]

∫ x

a
GGGGGGGBFGGGGGGG

d
dx

C1[a, b]/R
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Riemann�È¼ênØ
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=====⇒�¼©Û
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3*¿�È©Ø¥,¦�ÚÈ©Ø2�d.

È©ò�äý�
�:

RiemannÈ©⊂ LebesgueÈ©⊂Ä�È©nØ.

3n�mþ��È©¥,¦�ÚÈ©éÃ�©Û��z.
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�È©�Ø%��

�È©�¢�:

ÛÜ: |^�{ü!5K��E,!Ø5K"

�N: ÛÜ�ëYU\.

?2R(¥I��)



U
ST

C
U

ST
C
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��{
��þ��
%C4��Ü�︷            ︸︸            ︷

dy
dx︸         ︷︷         ︸

vk%CL§

:�CzÇ
==========
äN¢y

lim
∆x→0

∆y
∆x︸            ︷︷            ︸

%CL§

��{︷              ︸︸              ︷∫ b

a
f(x)dx︸              ︷︷              ︸

vk%CL§

È�¤õ
=========
äN¢y

lim
‖π‖→0

n∑
i=1

f(ζi)∆xi︸                       ︷︷                       ︸
%CL§
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­>F/¡È�½Â

ÛÜ´5K�¡È,4�L§�)�N¡È.

©�: π : a = x0 < x1 < · · · < xn = b .

‖π‖ = max
16i6n

∆xi .

¦Ú:
n∑

i=1

f(ζi)∆xi , ζi ∈ [xi−1, xi]

�4�:

¡È = lim
‖π‖→0

n∑
i=1

f(ζi)∆xi
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¡È½Â¥�4��ε − δ°(½Â

e�3I ∈ R,¦�é∀ ε > 0, ∃δ > 0, �‖π‖ < δ�,k∣∣∣∣∣∣∣
n∑

i=1

f(ζi)∆xi − I

∣∣∣∣∣∣∣ < ε, ∀ ζi ∈ [xi−1, xi],

K¡I�RiemannÚ
n∑

i=1
f(ζi)∆xi �‖π‖ → 0��4�,P�

I = lim
‖π‖→0

n∑
i=1

f(ζi)∆xi .

¡4��I�f 3[a, b]þ�RiemannÈ©½½È©,

¡f3[a, b]þRiemann�È.
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½È©�ÎÒ)º

R[a, b] = [a, b]þRiemann�È¼ê�N.

∫ b

a
f(x)dx :

f∈R[a,b]
====== lim

‖π‖→0

n∑
i=1

f(ζi)∆xi

∫ b

a︸︷︷︸
È©ÎÒ

È©L�ª︷                             ︸︸                             ︷
f(x)︸    ︷︷    ︸

�È¼ê

dx︸         ︷︷         ︸
x´È©Cþ
´åI
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½È©�5P1

½È©��4���;4�ØÓ:

lim
‖π‖→0

n∑
i=1

f(ζi)∆xi ‖π‖�½
n∑

i=1
f(ζi)∆xiØ(½, π, ζiØ(½

lim
n→∞

an n�½ an(½

lim
x→a

f(x) x�½ f(x)(½
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½È©�5P2

½È©��4��±=z��;4�:

lim
‖π‖→0

n∑
i=1

f(ζi)∆xi
f∈R[a,b]

====================
�«m�©, ζi«mà:

lim
n→∞

n∑
i=1

f(xi)
b − a

n

½È©=z��;4�,dd��½È©�5�.
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½È©�5P3

½È©��4��©�A::

‖π‖ → 0 ⇐===⇒ ©��5�[

‖π‖ → 0 < O\©:
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½È©�5P4

½È©�È©Cþ´åI:

∫ b

a
f(x)dx =

∫ b

a
f(t)dt =

∫ b

a
f(u)du.

lÑ�/

m∑
n=1

an =
m∑

k=1

ak =
m∑

j=1

aj .

Ø½È©�È©CþØ´åI:
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½È©�5P5

½È©�AÛ¿Â:

∫ b

a
|f(x)|dx =­>F/�¡È.

∫ b

a
f(x)dx =­>F/��ê(�ÎÒ)¡È.
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½È©�5P5

½È©�=z��K¼ê�½È©:∫ b

a
f(x)dx =

∫ b

a
f+(x)dx −

∫ b

a
f−(x)dx

∫ b

a
|f(x)|dx =

∫ b

a
f+(x)dx +

∫ b

a
f−(x)dx
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½È©�5P5

�È¼ê�{z(4��°�):

Q : R =õ�ª :Ð�¼ê =�F¼ê : Riemann�È¼ê
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½È©�5P6

½È©´k��È©(1�.­�È©)

∫ b

a
:= −

∫ a

b
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½È©�5P7

½È©�Ø½È©�'X

∫
f(x)dx

f∈C[a,b]
======

∫ x

a
f(t)dt + C

½È©O�8(uØ½È©:

∫ b

a
f(x)dx =

(∫ x

a
f(t)dt + C

)∣∣∣∣∣∣b
a

=

(∫
f(x)dx

)∣∣∣∣∣∣b
a

È©PÒ´�/©i,�KU,�O��{.
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½È©�5P8

dÂÈ©Æ ====== �©Æ:

C1[a, b]/R
¦�

========
È©

C[a, b]

2ÂÈ©Æ < �©Æ:
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½È©�5P9

Riemann�È¼ê < äk�¼ê�¼ê:

Riemann�È¼ê äk�¼ê�¼ê

R^ f5

χ[−1,1]\{0} X ×

ØëY, Darboux

(x2 sin 1
x2 )′ × X

Ã.
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½È©�5P9

Riemann�È¼ê < äk�¼ê�¼ê.

üa¼êø!����Ï´�9ü@nØ.

Riemann�È¼ê�R^nØ:

R[a, b]/ ∼: ¼ê#N?U3k�:?��,ØUC�È5
ÚÈ©�.

f ∈ R[a, b]/ ∼=====⇒ f a.e.k�¼ê, f a.e.
=== F ′

äk�¼ê�¼ê�f5nØ:

���;¼ê,Ø#N?U3?¿:?��,ÄK»�ëY5,
»�äk�¼ê.
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½È©�5P10

��{:

dy
dx︸         ︷︷         ︸
Ã%C
�Ú� 
��þ��

====== lim
∆x→0

∆y
∆x︸     ︷︷     ︸

%CL§

∫ b

a
f(t)dt︸                   ︷︷                   ︸

Ã%C
�Ü�,�Ú� 

�/

====== lim
‖π‖→0

n∑
i=1

f(ζi)∆i︸              ︷︷              ︸
%CL§
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½È©�5P11

Riemann�È5½n:

f ∈ R[a, b] ====== f3[a, b]k., a.e.ëY.
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½È©�5P12

RiemannÈ©�ýéÂñÈ©.

f = χQ − χR\Q, |f | = 1

=====⇒ f < R[0, 1], |f | ∈ R[0, 1]

LebesgueÈ©´ýéÂñÈ©.
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∫ a

0
x2dx n�©

==========
ζi�mà:

lim
n→∞

n∑
i=1

(
i
n

a)2 a
n

========== lim
n→∞

a3

n3

n(n + 1)(2n + 1)

6
=

a3

3
.

∫ a

0
x2dx O��{�%å==============

∫ a

0
d

1
3

x2 =
1
3

a3.
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~K

lim
n→∞

(
(1 +

1
n

)(1 +
2
n

) · · · (1 +
n
n

))

)1/n

====== e
lim

n→∞

1
n

(
ln(1 +

1
n

) + ln(1 +
2
n

) + · · ·+ ln(1 +
n
n

)

)

====== e

∫ 1

0
ln(1 + x)dx

====== e

∫ 1

0
ln(1 + x)d(x + 1)

=
4
e
.
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[6.1] 2 3
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�È©Ä�½n
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�È©¢�

C[a, b]
È©

¦�
C1[a, b]/R

R[a, b]
È©

−−−−−−−−−−−−→
�ü�, @_

C[a, b]
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l¢©Û�*:w��È©Ä�½n

L1[a, b]/ ∼
È©

¦�
AC[a, b]/R

R[a, b]/ ∼
È©

¦�
R1[a, b]/R

R1[a, b] =

{
f ∈ C[a, b] : ∃g ∈ R[a, b], f(x) = f(a) +

∫ x

a
g(t)dt

}

5¿:

f ∈ R[a, b], f a.e.
==== g ; g ∈ R[a, b]
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È©5��Ñu:: È©´ê�4�

f ∈ R[a, b]
�;ê�4�

===========⇒

∫ b

a
f(x)dx = lim

n→∞

n∑
i=1

f(a+
b − a

n
i)

b − a
n

.

?2R(¥I��)
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5P

�yRiemann�È5Ñ8(uRiemann�È5½n.

Riemann�È5½n =====⇒ f ∈ R[a, b].
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È©�5�(Y)

��5: f ∈ R[a, b] =====⇒

∫ b

a
f(x)dx��.
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È©�5�(Y)

�55:

∀f , g ∈ R[a, b], λ, µ ∈ R

=====⇒ λf + µg ∈ R[a, b]∫ b

a
(λf(x) + µg(x))dx = λ

∫ b

a
f(x)dx + µ

∫ b

a
g(x)dx
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È©��\5

�\5:

∀f ∈ R[a, c], f ∈ R[c, b], c ∈ (a, b)

=====⇒ f ∈ R[a, b]

∫ b

a
f(x)dx =

∫ c

a
f(x)dx +

∫ b

c
f(x)dx
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È©��\5(Y)

y²: �[a, c]�n�©©�, [c, b]�n�©©�,Ü3�å:

a = x0 < x1 < · · · < xn = c < xn+1 < xn+2 < · · · < x2n = b

�ζi = xi
=======⇒

2n∑
i=1

f(ζi)∆xi =
n∑

i=1

f(ζi)∆xi +
2n∑

i=n+1

f(ζi)∆xi

=======⇒

∫ b

a
f(x)dx =

∫ c

a
f(x)dx +

∫ b

c
f(x)dx
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È©��\5(Y)

∫ b

a
f(x)dx È©�3�cJe

================
a, b , cÃ��'X

∫ c

a
f(x)dx +

∫ b

c
f(x)dx
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ëY¼êÚRiemann�È¼ê'X

Riemann�È5½n =====⇒ C[a, b] ⊂ R[a, b]
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RiemannÈ©�ε − δ°(½Â

f ∈ R[a, b] =====⇒ ∀ ε > 0, ∃δ > 0, �‖π‖ < δ�,k∣∣∣∣∣∣∣
n∑

i=1

f(ζi)∆xi −

∫ b

a
f(x)dx

∣∣∣∣∣∣∣ < ε
é?¿�©�πÚ?¿�ζi ∈ [xi−1, xi]¤á.

PÒ π : a = x0 < x1 < · · · < xn = b ,

‖π‖ = max
16i6n

∆xi , ∆xi = xi − xi−1.
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k.5: y{1

�3RiemannÚk.:

∣∣∣∣∣∣∣
n∑

i=1

f(ζi)∆xi

∣∣∣∣∣∣∣ < 1 +

∣∣∣∣∣∣
∫ b

a
f(x)dx

∣∣∣∣∣∣ , ∀ ζi ∈ [xi−1, xi]

¼ê3[x0, x1]k.:

∀ζ1 ∈ [x0, x1]
�ζi = xi

=======⇒
i=2,··· ,n

|f(ζ1)| 6
1

∆x1

1 +

∣∣∣∣∣∣
∫ b

a
f(x)dx

∣∣∣∣∣∣ +

∣∣∣∣∣∣∣
n∑

i=2

f(xi)∆xi

∣∣∣∣∣∣∣


Ón, f3[xi−1, xi]k.,l
3[a, b]k..
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k.5: �y{

��fÃþ.(ÄK�	−f ): ∀ π : a = x0 < x1 < · · · < xn = b

��f31��©�«m[x0, x1]Ãþ.(Ù§�¹aq).

RiemannÚ�±?¿�:

∀M > 0, À�ζ1 ∈ [x0, x1], ζi = xi(i , 1) :

n∑
i=1

f(ζi)∆xi = f(ζ1)∆x1 +
n∑

i=2

f(xi)∆xi > M.

‖π‖→0
=====⇒

∫ b

a
f(x)dx > M → +∞,gñ.
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�S5

f > 0
f∈R[a,b]

=====⇒

∫ b

a
f(x)dx > 0
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�S5

∫ b

a
f(x)dx = 0

f∈R[a,b], f>0
⇐======⇒ f3ëY:?ð�"

∫ b

a
f(x)dx = 0

f∈R[a,b], f>0
⇐======⇒ f a.e.

==== 0.
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�S5y²

∫ b

a
f(x)dx = 0

f∈R[a,b], f>0
========⇒ f3ëY:?ð�"

�y{: b�x0´fëY:, f(x0) > 0

==⇒ �3x0,+�I ⊂ [a, b]: f |I >
f(x0)

2

==⇒

∫ b

a
f(x)dx >

∫
I
f(x)dx >

f(x0)

2
|I| > 0, gñ
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�S5y²(Y)

∫ b

a
f(x)dx = 0

f∈R[a,b], f>0
⇐======== f3ëY:?ð�"

y²:
∫ b

a
f(x)dx

�ζi�fëY:
============ lim

‖π‖→0

n∑
i=0

f(ζi)∆xi = 0.
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�S5(Y)

∫ b

a
f(x)dx = 0

f∈C[a,b], f>0
⇐======⇒ f ≡ 0

∫ b

a
f(x)dx > 0

f∈C[a,b], f>0
⇐======⇒ fØð�"
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üN5

f > g
f ,g∈R[a,b]

======⇒

∫ b

a
f(x)dx >

∫ b

a
g(x)dx

∫ b

a
f(x)dx =

∫ b

a
g(x)dx

f ,g∈R[a,b]
⇐====⇒

f>g
f a.e.

==== g.
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n�Ø�ª

f ∈ R[a, b]

��Ø¤á
=========⇒ |f | ∈ R[a, b], (Riemann�È5½n)

∣∣∣∣∣∣
∫ b

a
f(x)dx

∣∣∣∣∣∣ 6
∫ b

a
|f(x)|dx (È©½Â½üN5)
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C[a, b]
È©

¦�
C1[a, b]/R

f ∈ C[a, b] ==⇒ F(x) :=

∫ x

a
f(t)dt´f��¼ê,
�

∫ b

a
f(x)dx =

∫ b

a
dF(x) = F(b) − F(a)

Darboux0�½n
ëY¼ê7´

==============⇒
,�¼ê��¼ê

ëY¼ê0�½n
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�È©Ä�½ny²

f ∈ C[a, b] =====⇒ f3[a, b]��ëY

=====⇒ ∀ε > 0,∃δ > 0,�|x − t | < δ,
�x, t ∈ [a, b]�,k

|f(x) − f(t)| < ε.

|F ′(x) − f(x)| =

∣∣∣∣∣∣ lim
∆x→0+

1
∆x

∫ x+∆x

x
(f(t) − f(x))dt

∣∣∣∣∣∣
6 lim

∆x→0+

1
∆x

∫ x+∆x

x
|f(t) − f(x)|dt

6 ε
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Newton-Leibnizúª

Newton-Leibnizúª�ÑÈ©O��{:

∫ b

a
f(x)dx

f∈R[a,b]
===========
fäk�¼ê

F(b) − F(a)
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È©O�8(u�¼ê!Ø½È©

RiemannÈ©nØ±ëY¼êÈ©nØ�Ä:
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Newton-Leibnizúª´�È©{��Taylorúª

F3[a, b]ëY, 3(a, b)��, F ′ ∈ R[a, b], K

F(b) = F(a) +

∫ b

a
F ′(x)dx

F(b)
F ′Å:�3,F ′ ∈ R[a, b]

==================== F(a) +

∫ b

a
F ′(x)dx

F ′ ∈ R[a, b] ==⇒
∫ b

a F ′(x)dxÈ©(½

F ′Å:�3 ==⇒ F(a),F(b)(½ØU�?U
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Newton-Leibniz�ëY��

ëY��:

∫ b

a
F ′(x)︸      ︷︷      ︸
CzÇ

dx

︸                    ︷︷                    ︸
ýéCzþ︸                                 ︷︷                                 ︸

ýéCzþÀÈ\

====== F(x)
∣∣∣b
a
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Newton-LeibnizúªlÑ��

lÑ��: ��¦Ú

n∑
i=1

F(xi) − F(xi−1)

xi − xi−1︸                     ︷︷                     ︸
CzÇ

(xi − xi−1)

︸                                             ︷︷                                             ︸
ýéCzþ︸                                                            ︷︷                                                            ︸

ýéCzþÀÈ\

====== F(b)−F(a)
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Newton-Leibnizúª�y²

b�F3[a, b]ëY, 3(a, b)��, F ′ ∈ R[a, b], K

F(b) − F(a)
[a, b]n�©

==========
n∑

i=1

(F(xi) − F(xi−1)

Lagrange
==========

n∑
i=1

F ′(ζi)∆xi

‖π‖→0
==========

∫ b

a
F ′(x)dx
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[6.1] 4 7

[6.2] 1 2 8 10

?2R(¥I��)



U
ST

C
U

ST
CêÆ©Û(A1),133g�

?2R(¥I��)

2020-12-11

?2R(¥I��)



U
ST

C
U

ST
C

�g�Ì�SN

È©¥�½n

?2R(¥I��)



U
ST

C
U

ST
C

È©¥�½n

Theorem (È©1�¥�½n)

∫ b

a
f(x) g(x)dx︸        ︷︷        ︸

�ÿÝ

f∈C[a,b], g∈R+[a,b]
=============

∃ ζ∈[a,b]
f(ζ)

∫ b

a
g(x)dx

51: 3f , g ∈ C[a, b], g > 0�b�e,��¥��S:ζ ∈ (a, b).

52: R+[a, b] = {f ∈ R[a, b] : f > 0}.
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È©¥�½n5P: È©ü�A5:

È©Or1w5

È©´�«²þ:

VÇÿÝ:

dµ(x) =
g(x)∫ b

a g(t)dt
dx´VÇÿÝ

VÇÿÝ�lÑ��´\�²þ.

'uVÇÿÝäkÈ©²þ:∫ b

a
f(x)dµ(x)

∃ ζ∈[a,b]
====== f(ζ)
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È©¥�½n���:

È©¥�½n´ò·ÜÔ©l�{.
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È©¥�½n�^�5P

È©¥�½n�^�ØU~f:

¥� \�

ëY �K

f ∈ C[a, b] g > 0

?2R(¥I��)



U
ST

C
U

ST
C

È©¥�½n�^�5P

È©¥�½néug > 0¤á=====⇒éug > 0¤á

∫ b

a
f(x)(g(x) +

1
n

)dx
ζn∈[a,b]

====== f(ζn)

∫ b

a
(g(x) +

1
n

)dx

Ø��ζn → ζ0 ∈ [a, b],3þª¥-n → ∞=�.
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0�½n==⇒È©¥�½n

∫ b

a
f(x)dµ(x) ∈ [fmin, fmax] = f [a, b]

∃ ζ∈[a,b]
=====⇒ f(ζ) =

∫ b

a
f(x)dµ(x).
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�©¥�½n⇐==⇒È©¥�½n

b�f , g ∈ C[a, b], g > 0.

H(x) =

∫ x

a
f(t)g(t)dt , G(x) =

∫ x

a
g(t)dt .

Cauchy¥�½n
H(b) − H(a)

G(b) − G(a)
=

H′(ζ)

G′(ζ)

⇐==⇒ È©¥�½n

∫ b
a f(t)g(t)dt∫ b

a g(t)dt
= f(ζ)
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È©¥�½n�^�

|^�©¥�½ny²È©¥�½n:

f ∈ C[a, b] ���± f ∈ R[a, b], fg, gk�¼ê.
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È©¥�½n=C©�ª

C©�§

F ′(ζ) = 0

9Ï¼ê:

F(x) =

∫ x

a
fg

∫ b

a
g −

∫ b

a
fg

∫ x

a
g.

3f , g ∈ C[a, b], g > 0�b�e,��¥��S:ζ ∈ (a, b).
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�©¥�½n=È©¥�½n=C©�ª

�©¥�½n:

F(b) − F(a)

F ∈ C[a, b]
F ′3(a, b)�3

=============
∃ ζ ∈ (a, b)

F ′(ζ)(b − a)

�©¥�½n
N-Lúª

========È©¥�½n:∫ b

a
f(x)dx

f ∈ R[a, b]äk�¼ê
================== f(ζ)(b − a)

È©¥�½n
�©¥�½n

============C©�ª:(
(b − a)

∫ x

a
f(t)dt − (x − a)

∫ b

a
f(t)dt

)′
= 0.
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È©1�¥�½n

∫ b

a
f(x)︸︷︷︸
�¼ê

g(x)dx
f , g ∈ R[a, b]

===========
füN~�K
∃ ζ ∈ [a, b]

f(a)︸    ︷︷    ︸
���

∫ ζ

a︸︷︷︸
¥�3È©�

g(x)dx

È©¥�½n´©lóä.
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È©1�¥�½n�lÑ��

Theorem (AbelÚn)

εk > 0, ↘, uk ∈ R, ∀k = 0, 1, · · · , n

=====⇒
n∑

k=0

εk︸︷︷︸
\�

uk ∈ ε0︸︷︷︸
���

 min
06k6n

k∑
i=0

ui , max
06k6n

k∑
i=0

ui

 .

È©¥�½n´©lóä.

?2R(¥I��)



U
ST

C
U

ST
C

©Ü¦Úúª

n∑
k=0

εk (Sk − Sk−1)
3¦Ú�I±	"*¿

===================
εn+1 = 0, S−1 = 0

−

n∑
k=0

(εk+1 − εk )Sk

y²: �> = εnSn − ε0S−1 +
n−1∑
k=0

(εk − εk+1)Sk =m>
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AbelÚn�y²

y²:
n∑

k=0

εk uk
uk=Sk−Sk−1=========

n∑
k=0

εk (Sk − Sk−1)

©Ü¦Ú
=========

n∑
k=0

(εk − εk+1)Sk

∈ ε0[m, M]
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È©1�¥�½n�y²(1)

∀ π : a = x0 < x1 < · · · < xn = b , ∀ζi ∈ [xi−1, xi]

Mi = sup
x∈[xi−1,xi ]

f(x), mi = inf
x∈[xi−1,xi ]

f(x)
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È©1�¥�½n�y²(2)

∣∣∣∣∣∣∣
n∑

i=1

f(ζi)

∫ xi

xi−1

g(x)dx −
∫ b

a
f(x)g(x)dx

∣∣∣∣∣∣∣
===========

∣∣∣∣∣∣∣
n∑

i=1

∫ xi

xi−1

(f(ζi) − f(x))g(x)dx

∣∣∣∣∣∣∣
6 sup

x∈[a,b]
|g(x)|

n∑
i=1

(Mi −mi)∆xi

‖π‖→0
−−−−−−−−−−−−−−−→
�È¿�^�

0.
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È©1�¥�½n�y²(3)

∫ b

a
f(x)g(x)dx = lim

‖π‖→0

n∑
i=1

f(xi−1)

∫ xi

xi−1

g(x)dx

AbelÚn
∈ f(a)

[
min

c∈[a,b]

∫ c

a
g(x)dx, max

c∈[a,b]

∫ c

a
g(x)dx

]

=====⇒

∫ b

a
f(x)g(x)dx =========

0�½n
f(a)

∫ ζ

a
g(x)dx
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È©1�¥�½n�,�y²

È©1�¥�½nØ�6uAbelÚn�y². I�\r^�:

f ∈ C1[a, b], g ∈ C[a, b], f > 0↘

∫ b

a
f(x)g(x)dx ======

∫ b

a
f(x)dG(x), G(x) =

∫ x

a
g

©ÜÈ©
========= f(b)G(b) −

∫ b

a
Gf ′

È©¥�
========= f(b)G(b) + (f(a) − f(b))G(ζ)

∈ f(a)

[
min
[a,b]

G, max
[a,b]

G
]

0�½n
========= f(a)

∫ ζ

a
g.
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È©1�¥�½n�üNO\��

∫ b

a
f(x)︸︷︷︸
�¼ê

g(x)dx
f , g ∈ R[a, b]

===========
füNO�K
∃ ζ ∈ [a, b]

f(b)︸    ︷︷    ︸
���

∫ b

ζ︸︷︷︸
¥�3È©�

g(x)dx
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È©1�¥�½n�üNO\��(Y)

y²Óf ↘.

y{2:

∫ b

a
f(x)g(x)dx ===========

∫ b

a
f(b + a − t)g(b + a − t)dt

F(x):=f(b+a−x)
============
G(x):=g(b+a−x)

∫ b

a
F(x)G(x)dx

1�¥�
=========== F(a)

∫ η

a
G(t)dt

=========== f(b)

∫ b

ζ
g(x)dx
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È©1�¥�½n�üN��

∫ b

a
f(x)g(x)dx

f , g ∈ R[a, b]
===========

füN
∃ ζ ∈ [a, b]

f(a)

∫ ζ

a
g(x)dx + f(b)

∫ b

ζ
g(x)dx
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È©1�¥�½n�üN��Y

y²: f(x) − f(b) > 0↘

∫ b

a
(f(x) − f(b))g(x)dx = (f(a) − f(b))

∫ η

a
g(x)dx

£�=�.
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�È©{��TaylorÐm(�©Æº¸)

b�f (n+1)3[a, b]þ�3, f (n+1) ∈ R[a, b],K

f(x) ====== Tn(x; x0) +

∫ x

x0

(x − t)n

n!
f (n+1)(t)dt

Tn(x; x0) = f(x0) +
f ′(x0)

1!
(x − x0) + · · ·+

f (n)(x0)

n!
(x − x0)n
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�È©{��TaylorÐm(Y)

^�: f (n+1)3[a, b]þ�3, f (n+1) ∈ R[a, b].

3>.:?f (n+1)�3,�~f�3>.:?f (n)ëY.
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�È©{��TaylorÐmy²

�½x,-Cþt := x0

d
dt

(
f(x) − Tn(x; t)

)
= −f (n+1)(t)

(x − t)n

n!
∈ R[a, b]

N-Lúª
=======⇒
ü>È©

�È©{��Taylorúª¤á
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�ÿÝA:

(x − x0)n+1

(n + 1)!
�È©{��TaylorÐm:

(x − x0)n+1

(n + 1)!

'ux0¦��y==============
¯:�Ûéx0¦�

∫ x

x0

(x − t)n

n!
dt
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È©{�====⇒�©{�

Rn(x) ======

∫ x

x0

(x − t)n

n!
f (n+1)(t)dt

======
1
n!

f (n+1)(ζ)(x − ζ)n+1−p
∫ x

x0

(x − t)p−1dt

======
f (n+1)(x0 + θ(x − x0))

(n + 1)!
(x − x))

n+1 n + 1
p

(1 − θ)n+1−p

p = n + 1, Lagrange{�
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[6.2] 3 5 9

[6.3] 2 3 5
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�È©Ä�½n

C[a, b]

∫ x

a
GGGGGGGBFGGGGGGG

d
dx

C1[a, b]/R

f ∈ C[a, b] =====⇒ F(x) =

∫ x

a
f ∈ C1[a, b]

F ′ = f .

F ∈ C1[a, b] =====⇒ F ′ ∈ C[a, b]∫ x

a
F ′(t)dt N−L

==== F(x) − F(a).
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È©nØ�í2

R[a, b]
È©

−−−−−−−−−−−−→
�ü�, @_

C[a, b]
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§3�È©Ä�½n

f ∈ R[a, b] =====⇒

∫ x

a
f(t)dt ∈ C[a, b]

(∫ x

a
f(t)dt

)′
a.e.

==== f(x)

�Ò3f�ëY:?¤á.
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y²

ëY5:

F(x) =

∫ x

a
f(t)dt

|F(x + ∆x) − F(x)| =

∣∣∣∣∣∣
∫ x+∆x

x
f(t)dt

∣∣∣∣∣∣ 6 M|∆x | → 0.

?2R(¥I��)



U
ST

C
U

ST
C

y²Y

��5:

3f�ëY:x0?:

∀ ε, ∃δ > 0, �|x − x0| < δ, x, x0 ∈ [a, b]�, |f(x) − f(x0)| < ε.

∣∣∣∣∣∣F(x) − F(x0)

x − x0
− f(x0)

∣∣∣∣∣∣ =

∣∣∣∣∣∣ 1
x − x0

∫ x

x0

(f(t) − f(x0))dt

∣∣∣∣∣∣ 6 ε
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LebesgueÈ©¿Âe��È©Ä�½n

L1[a, b]/ ∼
È©

¦�
AC[a, b]/R
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RiemannÈ©¿Âe��È©Ä�½n

R[a, b]/ ∼
È©

¦�
R1[a, b]/R

R[a, b] ====== Range
∫ x

a

======

{
f ∈ C[a, b] : ∃ g ∈ R[a, b], f(x) = f(a) +

∫ x

a
g
}
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5P

f ∈ R[a, b] =====⇒

∫ x

a
f ∈ R1[a, b]

(∫ x

a
f
)′

a.e.
==== f .
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5P

F ∈ R1[a, b] =====⇒ ∃ g ∈ R[a, b], F(x) = F(a) +

∫ x

a
g

L1[a, b] 3 F ′ a.e.
==== g ∈ R[a, b].

∫ x

a
F ′(t)dt

Lebegue
==============
�È©Ä�½n

F(x) − F(a).
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Y

éua.e.k½Â�¼ê:

Ã{(½Riemann�È5,�U(½Lebesgue�È5.

f ∈ R[a, b], f a.e.
==== g ; g ∈ R[a, b]

f ∈ R[a, b], f a.e.
==== g ⇒ g ∈ L1[a, b]
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∫ b

a
f ′

f↗
6 f(b) − f(a)

éCantor¼ê“ < ”¤á.
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Sobolev�m

W1,1[a, b] :=
{
F ∈ C[a, b] : F ′3(a, b)�3, F ′ ∈ R[a, b]

}
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Newton-LeibnizúªY

∫ x

a
F ′

F∈W1,1[a,b]
======== F(x) − F(a)
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5P

b�F ∈ R1[a, b]:

∫ x

a
F ′(t)dt

F∈R1[a,b]
================∫ x

a ´LebesgueÈ©
F(x) − F(a)

d
dx

∫ x

a
F(t)dt a.e.

================∫ x
a ´LebesgueÈ©

F(x)
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5P

∫ x

a
sgn(t −

a + b
2

)dt ∈ R1[a, b] \W1,1[a, b].

TëY¼ê±a, b�":,3x = a+b
2 ü>�ê©O�+1,−1.

dLebegueÈ©nØ�Ñ��È©Ä�½n¦^��=R1[a, b]

dRiemannÈ©nØ�Ñ��È©Ä�½n¦^��=W1,1[a, b]
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äk�¼ê��ëY¼ê

R[0, 1] \ C[0, 1] 3 f(x) =


sin 1

x x , 0

0 x = 0
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äk�¼ê��ëY¼ê

f(x) =


sin 1

x x , 0

0 x = 0

äk�¼êF(x):

F(x) =

∫ x

0
sin

1
t

dt = lim
ε→0+

∫ x

ε
t2d cos

1
t

= x2 cos
1
x
−

∫ x

0
2t cos

1
t︸   ︷︷   ︸

ëY¼ê

dt

F ′(x)
3fëY:

========= f(x), F ′(0) = lim
x→0

F(x) − F(0)

x
= 0 = f(0).
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Riemann�È¼êÚäk�¼ê�¼êØÓ

f ∈ R[a, b] < fk�¼ê

ØU���¼ê(Darboux) : χ[−1,1]\{0}

Ã. :
(
x2 sin 1

x2

)′
F(x) =


x2 sin 1

x2 , x , 0

0, x = 0

F ′(0) = lim
x→0

F(x) − F(0)

x
= 0, F ′(x)

x , 0
===== 2x sin

1
x2 −2

1
x

cos
1
x2 .

?2R(¥I��)



U
ST

C
U

ST
C

Cþ�È©¦�úª

b�

u : I −→ [a, b]��

v : I −→ [a, b]��

f(·, x) ∈ C[a, b], ∀x ∈ I

f(t , ·) ∈ C1(I), ∀t ∈ [a, b]

∫ u(x)

v(x)
f(t , x)dt

′
====== f(u(x), x)u′(x) − f(v(x), x)v′(x) +

∫ u(x)

v(x)
f ′x(t , x)dt .
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y²

Ø��v(x) ≡ a.

- g(u,w) =

∫ u

a
f(t ,w)dt

d
dx

g(u,w)
u=u(x),w=w(x)

===========
óª{K

g′uu′ + g′ww′.

g′u = f(u,w), g′w =

∫ u

a
f ′w(t ,w)dt
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TaylorÐmõ­È©{�

∫ x

x0

(x − t)n

n!
f (n+1)(t)dt =

∫ x

x0

∫ x1

x0

· · ·

∫ xn

x0

f (n+1)(t)dtdxn · · · dx1.
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TaylorÐmõ­È©{�

þª�du('ux0¦�)

−
(x − x0)n

n!
f (n+1)(x0)

a.e.
====
∀ f

∫ x

x0

∫ x1

x0

· · ·

∫ xn−1

x0

−f (n+1)(x0)dxn · · · dx1.

þª�du

(x − x0)n

n!

8B{
=======

∫ x

x0

∫ x1

x0

· · ·

∫ xn−1

x0

dxn · · · dx1.

ù´�ª: n��n − 1,�f (n) = 1.

dª´
(x−x0)n

n! Ðm�n − 1gõ�ª.
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b�f (n+1)3[a, b]þ�3, f (n+1) ∈ R[a, b],K

f(x) ====== Tn(x; x0) +

∫ x

x0

(x − t)n

n!
f (n+1)(t)dt

====== Tn(x; x0) +

∫ x

x0

∫ x1

x0

· · ·

∫ xn

x0

f (n+1)(t)dtdxn · · · dx1.

Tn(x; x0) = f(x0) +
f ′(x0)

1!
(x − x0) + · · ·+

f (n)(x0)

n!
(x − x0)n
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CauchyØ�ª

f , g ∈ R[a, b] =====⇒ |〈f , g〉| 6 ‖f‖ ‖g‖.
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�)Æ

Rn ‖x‖ =
√∑n

i=1 |xi |
2

R[a, b] ‖f‖ =
√∫ b

a |f(x)|2dx
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CauchyØ�ªY

〈f , g〉 =

∫ b

a
f(t)g(t)dt , ‖f‖2 = 〈f , f〉

∥∥∥∥∥∥
∫ b

a
fg

∥∥∥∥∥∥ 6
√∫ b

a
f2

√∫ b

a
g2

lÑ��:
∥∥∥∥∑ ak bk

∥∥∥∥ 6 √∑
|ak |

2
√∑

|bk |
2
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0 6

∫ b

a
(f + λg)2

= λ2
∫ b

a
g2 + 2λ

∫ b

a
fg +

∫ b

a
f2

∆ = (

∫ b

a
fg)2 − 4

∫ b

a
f2

∫ b

a
g2 6 0.

�ª¤á��=�fÚg��~êÏf.
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(R[a, b], ‖ · ‖) �½A�??���ð�

(R[a, b], ‖ · ‖)´D��5�m,���.

R[a, b]��z = L2[a, b]
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�È©{��TaylorÐm(�©Æº¸)

b�f (n+1)3[a, b]þ�3, f (n+1) ∈ R[a, b],K

f(x) ====== Tn(x; x0) +

∫ x

x0

(x − t)n

n!
f (n+1)(t)dt

Tn(x; x0) = f(x0) +
f ′(x0)

1!
(x − x0) + · · ·+

f (n)(x0)

n!
(x − x0)n
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È©{�====⇒�©{�

Rn(x) ======

∫ x

x0

(x − t)n

n!
f (n+1)(t)dt

======
1
n!

f (n+1)(ζ)(x − ζ)n+1−p
∫ x

x0

(x − t)p−1dt

======
f (n+1)(x0 + θ(x − x0))

(n + 1)!
(x − x))n+1 n + 1

p
(1 − θ)n+1−p

p = n + 1, Lagrange{�
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[6.3] 4 6 7 ¯K4.
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©ÜÈ©úª (§4)

��úª (§4)
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©ÜÈ©úª

∫ b

a
fdg

f ,g∈C1[a,b]
======== (fg)

∣∣∣b
a −

∫ b

a
gdf
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^�:¤k3È©Ò¥Ñy�¼ê�¦ëY.

^��~f�:

¤k�¼êÑÅ:�3.

3È©Ò¥Ñy�¼ê�¦Riemann�È.
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∫ b

a
(fg)′(x)dx

(fg)′�3∈R[a,b]
============ (f(x)g(x))

∣∣∣b
a
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©ÜÈ©úª(p�)

f (n+1), g(n+1)3[a, b]�3�Riemann�È.K∫ b

a
f(x)g(n+1)(x)dx

====
[
f(x)g(n)(x) − f ′(x)g(n−1)(x) + · · ·+ (−1)nf (n)(x)g(x)

]b

a

+(−1)n+1
∫ b

a
f (n+1)(x)g(x)dx.

?2R(¥I��)



U
ST

C
U

ST
C

�ü

�ê=g�gÑy��KÒ.

>.�1��=�È¼êÙ¥���êü�g,,��ØC.

>.�1��=1���?�:

Ù¥���êUYü�g,,���ê,�g

ù�L§±Ye�,���êü�¼ê¶��¦Ú.
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p�©ÜÈ©úªz�Ñ´�Ó��ê=n.

È© = −1�, ¼ê = 0�.

��Ú���Ú'X:

��Ú
¦�

====⇒��Ú
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y{1:

F(x) := f(x)g(n)(x) − f ′(x)g(n−1)(x) + · · ·+ (−1)nf (n)(x)g(x)

=====⇒ F ′(x) = f(x)g(n+1)(x) + (−1)nf (n+1)(x)g(x)

∫ b

a
F ′(x)dx F ′::�3��È

=============== F(x)
∣∣∣b
a .
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y{2: ©ÜÈ©úª�E¦^.

∫ b

a
f(x)g(n+1)(x)dx ====

∫ b

a
f(x)dg(n)(x)

====
[
f(x)g(n)(x)

]b

a
−

∫ b

a
g(n)(x)f ′(x)dx

====
[
f(x)g(n)(x)

]b

a
−

∫ b

a
f ′(x)dg(n−1)(x)

====
[
f(x)g(n)(x) − f ′(x)g(n−1)(x)

]b

a
+

∫ b

a
g(n−1)(x)f ′′(x)dx

==== · · ·
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È©��úª(Cþ��úª)

b�f ∈ C[a, b], ϕ′3[α, β]�3�È
�

ϕò>.:N�>.:: ϕ(α) = a, ϕ(β) = b.

ϕ÷vH{^�: ϕ[α, β] = [a, b].

(�duϕ[α, β] ⊂ [a, b])

=====⇒

∫ b

a
f(x)dx =

∫ β

α
f(ϕ(t))ϕ′(t)dt .

5P: a, bvk��'X, α, βvk��'X.
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F(x) :======

∫ x

a
f , (F , ϕ�EÜ, ϕ[α, β] = [a, b])

(F ◦ ϕ)′(t) ====== f(ϕ(t))ϕ′(t) ∈ R[a, b]

=====⇒

∫ b

a
f(x)dx ====== F(x)

∣∣∣b
a ====== F(ϕ(t))

∣∣∣β
α

N-L
======

∫ β

α
(F(ϕ(t)))′dt

======

∫ β

α
f(ϕ(t))ϕ′(t)dt
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È©��úª

b�ϕ : [α, β] −→ [a, b]î�üNV�, ϕ ∈ C1[α, β],
�

f ∈ R[a, b], f ◦ ϕ ∈ R[α, β].

=====⇒

∫ b

a
f(x)dx =

∫ β

α
f(ϕ(t))ϕ′(t)dt .
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π1 : α = t0 < t1 < · · · < tn = β, ϕ(tk ) = xk

π2 : a = x0 < x1 < · · · < xn = b

∆xi = xi − xi−1 = ϕ(ti) − ϕ(ti−1)
θi ∈ (ti−1, ti)

========== ϕ′(θi)∆ti

ξi := ϕ(θi) ∈ (xi−1, xi) (ϕî�üN)
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‖π1‖ → 0
ϕ ∈ C1[α, β]

=========⇒ ‖π2‖ → 0

n∑
i=1

f(ξi)∆xi =
n∑

i=1

f(ϕ(θi))ϕ′(θi)∆ti

=====⇒

∫ b

a
f(x)dx =

∫ β

α
f(ϕ(t))ϕ′(t)dt
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b�ϕ : [α, β] −→ [a, b]î�üNV�, ϕ ∈ C1[α, β], f ∈ C[a, b]

=====⇒

∫ b

a
f(x)dx =

∫ β

α
f(ϕ(t))ϕ′(t)dt .
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Cþ�¦�

d
ds

∫ ϕ(s)

a
f(x)dx =

d
ds

∫ s

α
f(ϕ(t))ϕ′(t)dt

=====⇒

∫ ϕ(s)

a
f(x)dx =

∫ s

α
f(ϕ(t))ϕ′(t)dt + C

C = 0
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π´Ãnê

�y: π =
p
q

, p, q ∈ N.

�Ä[0, π]þ�¼ê:

'u¥%é¡, a.e. �K, 2ngõ�ª,3à:?���ê��ê

f(x) =
qn

n!
xn(π − x)n =

1
n!

xn(p − qx)n
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�	§�FourierXê

0 <
∫ π

0
f(x) sin xdx 6

qnπ2n

n!
π ∈ (0, 1), n � 1.

∫ π

0
f(x) sin xdx ©ÜÈ©========= f3�:Úπ:���¼ê�Z-�5|Ü
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O�

∫ π

0

x sin3 x
1 + cos2 x

dx
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�ªP�I

I x = π − t
========

∫ π

0

(π − t) sin3 t
1 + cos2 t

dt = π

∫ π

0

sin3 t
1 + cos2 t

dt − I

I =
π

2

∫ π

0

sin3 t
1 + cos2 t

dt

=
π

2

∫ π

0

1 − cos2 t
1 + cos2 t

d(− cos t)

= −
π

2
(2 arctan(cos t) − cos t)

∣∣∣∣π
0

=
π2

2
− π
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�~/ÏØ½È©��

½È©O�ÃI/ÏØ½È©

∫ b

a
f =

∫
f
∣∣∣∣b
a
.

½È©�O��3Ø½È©�O��{,=©ÜÈ©úªÚ
��úª,�QmØ½È©.
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f3[a, b]üNO\

f ∈ C1[a, b]
=========⇒ g(x) =

1
x − a

∫ x

a
f(t)dt3[a, b]üNO\
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g(a) ====== lim
x→a

g(x)
L ′Hospital

======= f(a)

g′(a) ====== lim
x→a

g(x) − g(a)

x − a

====== lim
x→a

∫ x
a f(t) − f(a)dt

(x − a)2

L ′Hospital
======= lim

x→a

f(x) − f(a)

2(x − a)
=

f ′(a)

2
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g′(x) ===========
1

x − a
f(x) −

1
(x − a)2

∫ x

a
f(t)dt

È©¥�½n
============

ξ ∈ [a, x]

1
x − a

(f(x) − f(ξ))

�©¥�½n
============

η ∈ (ξ, x)

x − ξ
x − a

f ′(η) > 0
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f3[a, b]à =====⇒ g(x) =
1

x − a

∫ x

a
f(t)dt3[a, b]à
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g(x) ===============
1

x − a

∫ x

a
f(t)dt

t = (1 − s)a + sx
===============

dt = (x − a)ds

∫ 1

0
f((1 − s)a + sx)ds

f3[a, b]à =====⇒ f ∈ C(a, b), fk. =====⇒ f ∈ R[a, b]
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b� x1 < x2 < x3, K

g(x3) − g(x2)

x3 − x2
=

∫ 1

0

f((1 − s)a + sx3) − f((1 − s)a + sx2)

((1 − s)a + sx3) − ((1 − s)a + sx2)
sds

g(x2) − g(x1)

x2 − x1
=

∫ 1

0

f((1 − s)a + sx2) − f((1 − s)a + sx1)

((1 − s)a + sx2) − ((1 − s)a + sx1)
sds

fà
=========⇒
o:�O{

g(x3) − g(x2)

x3 − x2
−

g(x2) − g(x1)

x2 − x1
> 0
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f ∈ C[a, b]3[a, b]üNO\

=====⇒

∫ b

a
xf(x)dx >

a + b
2

∫ b

a
f(x)dx
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füNO\

=======⇒ (x −
a + b

2
)(f(x) − f(

a + b
2

)) > 0, ∀x ∈ [a, b]

f ∈ C[a, b]
========⇒

∫ b

a
(x −

a + b
2

)f(x)dx > f(
a + b

2
)

∫ b

a
(x −

a + b
2

)dx = 0
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∫ b

a
(x −

a + b
2

)f(x)dx

È©1�¥�
============ f(a)

∫ ξ

a
(x −

a + b
2

)dx + f(b)

∫ b

ξ
(x −

a + b
2

)dx

============ f(a)
1
2

(x −
a + b

2
)2

∣∣∣∣ξ
a

+ f(b)
1
2

(x −
a + b

2
)2

∣∣∣∣b
ξ

============ f(a)
1
2

(ξ − a)(ξ − b) + f(b)
1
2

(ξ − a)(b − ξ)

============
1
2

(ξ − a)(b − ξ)(f(b) − f(a)) > 0
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[6.4] 1(ó) 6 7 8 9.
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�Û`“�êÚÈ©´�ép_$�Ò´�È©Ä�½n”?

�Û`©Û´4��²âº

�Û`�È©{���VÐm´�È©º¸?

�Û`4�´���{,´ò�Ú°,U�{?

�Û`�È©´�)Æº

È©ÆXÛ{ø�êÕáuÐº
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�©Æc�3uV�:

C[a, b]

∫ x

a
GGGGGGGBFGGGGGGG

d
dx

C1[a, b]/R

4�nØ�äN¢�ÏL�êÚÈ©nØ¢y.

�êÚÈ©ø�u4��qØ���5

4�=?ê='uOêÿÝ�È©=�ê
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ù´Ï��ê´CzÇ.

CzÇ´ïÄCz�­.�­�,�k��óä.
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�ê!�©!Ø½È©!½È©´Ó�¯Ô�ØÓý¡.

�ê´CzÇ,

�©´�ê��d£ã,´¼êUCþ�ÌÜ,´�VÐm�
�5Ü©,

Cþ�È©´�ê�,�¡8,´�ê�_,´A½��¼ê.

Ø½È©��þ´Cþ�È©,��~ê´Cþ�È©,´�
¼ê�N.
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3üCþ�È©��sÙ¥��á�kn�:

¼ê,�ê,È©.

§

d¦��)´Lõç��È©SN.

¼ê´ïÄ�Ì�é�,�êÚÈ©´ïÄ¼ê�­�óä
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�Û`“�êÚÈ©´�ép_$�Ò´�È©Ä�½n”?

k¦�,2È©£�¼ê,ù´Úî4ÙZ[úª.

Úî4ÙZ[úª´�kÈ©{���Vúª�Ö/.

�kÈ©{���Vúª���/ª��ÑÙ§�Vúª:

�kPeano{�,.�KF{�, Cauchy{�.

ëY5!��5�L«��kPeano{���VÐm.
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�©Æ¥�½n�È©Æ¥�½n�d:

ù´Ï��ê�È©�d.
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kÈ©,2¦�,£�¼ê.

A½�¼ê5gCþ�È©.

È©��©�!¦Ú!�4�,´�E,�4�,�Ñ­>F
/�¡È.

È©Jø�¼ê,ÙO�kÚî4ÙZ[úª. È©�O�
8(u�¼ê,=Ø½È©.
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�È©{���VÐm±Úî4ÙZ[úª�A~,��Ñ
¯õ½n�ÑÐ�¼ê��V?êÐm.
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4�´�»<a@£>.. ò<a@£>.í�Ã¡�Ãã.
lknê�¢ê,lõ�ª�Ð�¼ê,l�F¼ê�ëY¼
ê,4�ò<a�@£l{ü!~£!5Kr�E,!�
c!�5K�/.

4�L§JõÑ��û4�Ú©�¦Ú�4�,=�êÚÈ
©ù�ép_�$�,¦�é¼ê�ïÄXmVÊ

~X,k
�êÚÈ©,¼êÒL«��Võ�ª,\þÈ©
{�,�Võ�ª�Xê´d�ê���Ñ,È©{�d�ê
ÚÈ©�Ñ.
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©Û´4��²â

4�´�C�êÆ�ó: �ª�fz�ε��.

lim
n→+∞

an = a ⇐===⇒ an

∣∣∣∣
n∈U(+∞)

ε
====== a

lim
x→x0

f(x) = f(x0) ⇐===⇒ f(x)
∣∣∣∣
x∈U(x0)

ε
====== f(x0)

4��8I

|^ê�
D4����ê�&E

==================⇒ ê
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3ê�ïÄ¥,knê��)´g,�,d1²L\~¦Ø�
�. Ãnê�uyK(J�õ. ù´Ï�I�ÏL4�L§.
lknêâUEÑÃnê,�ªuy¢ê�±L«��?�
�ê.

��ê�ïÄ�?n¼ê. d�åknê�^�´õ�ª,
å¢ê�^�´Ð�¼ê.

|^�êÚÈ©�óä���Ð�¼ê��È©{���V

Ðm. �O{��,�ïáÐ�¼ê��V?êÐm,TXê
��?�L«.
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'uÐ�¼ê�4�nØ,|^�V?ênØ,¯K�8(u

5K�/e�ëY¼ê4�

�5K�/e�
0
0
.L’Hospital{K,=kn¼ê�4�.

È©Æ¥�A�nØ´l�F¼ê�iù�È¼ê�*¿.
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�©´TaylorÐm��g�Ü©"

f(x0 + ∆x) = f(x0) + f ′(x0)∆x︸     ︷︷     ︸
= dy

+ o(∆x)︸ ︷︷ ︸
��Ñ

��À����5�m=��²£��:

�©´����§L«,T��L�:²1u��.

dy︸         ︷︷         ︸
dy´���§�ÏCþ

=

xåXëê��^︷     ︸︸     ︷
f ′(x) dx︸         ︷︷         ︸

dx´���§�gCþ
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dy = f ′(x)dx, x, dx´ü�ÕáCþ.

dyo%@�dx��5¼ê

dy = f ′(x)︸︷︷︸
� Ç

dx︸︷︷︸
#Cþ

.

dx, dyäkÕá¿Â. §�´��m¥�CþÚ¼ê

dx´�mþCþ,L«?¿�þ,
��þ.
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f ∈ Cn−1[a, b],3(a, b) n���, {xi}
n
i=1 ´[a, b]¥�ØÓ:,K

f(x) −
n∑

i=1

∏
j,i

x − xj

xi − xj
f(xi)︸                  ︷︷                  ︸

Lagrange��õ�ª

=
1
n!

f (n)(ξ)
n∏

i=1

(x − xi)
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y²

�	±c, x1, · · · , xn�ØÓ":�¼ê

f(x) −
n∑

i=1

∏
j,i

x − xj

xi − xj
f(xi) −

f(c) −
n∑

i=1

∏
j,i

c−xj
xi−xj

f(xi)

n∏
i=1

(c − xi)

n∏
j=1

(x − xj)

=====⇒ Ùn��ê�3": :

f (n)(ξ) −

f(c) −
n∑

i=1

∏
j,i

c−xj
xi−xj

f(xi)

n∏
i=1

(c − xi)

n! = 0
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+∞∏
n=1

(1 + an)Âñ
an > −1
⇐====⇒

+∞∑
n=1

log(1 + an)Âñ;
+∞∑
n=1

anÂñ.
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log(1 + an) ======
(−1)n

√
n

Peano{�
========⇒ 1 + an = e

(−1)n

√
n = 1 +

(−1)n

√
n

+
1
2!

(
(−1)n

√
n

)2 + o(
1
n

)

=======⇒ lim
n→∞

an −
(−1)n

√
n

1
n

=
1
2

=======⇒
+∞∑
n=1

(an −
(−1)n

√
n

)uÑ

=======⇒
+∞∑
n=1

anuÑ
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f : [a, b] −→ R k.
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π : a = x0 < x1 < · · · xn = b

‖π‖ = max
16i6n

∆xi , ∆xi = xi − xi−1
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Mi = sup
x∈[xi−1,xi ]

f(x), mi = inf
x∈[xi−1,xi ]

f(x)

ωi = Mi −mi = f3©��1i��«mþ��Ì

ω = f3[a, b]þ�Ì
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f ∈ R[a, b]

⇐===⇒ f3[a, b]k., lim
‖π‖→0

n∑
i=1

ωi∆xi = 0
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RiemannÚ

S(f , π, ξ) =
n∑

i=1

f(ξi)∆xi

ξi ∈ [xi−1, xi], ξ = (ξ1, · · · , ξn).
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Darboux�Ú

S(f , π) =
n∑

i=1

Mi∆xi

Darboux�Ú

s(f , π) =
n∑

i=1

mi∆xi
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5P

DarbouxÚ�Øéu:ξ = (ξ1, · · · , ξn)�À���6.

DarbouxÚØ´RiemannÚ.

DarbouxÚ´εØ�e�RiemannÚ.
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DarbouxÈ©

DarbouxþÈ© ∫ b

a
f(x)dx := inf

π
S(f , π)

Darboux�Ú > RiemannÚ
4�L§‖π‖ → 0

=============⇒
�¹+Â 

∫ b

a
f(x)dx >

∫ b

a
f(x)dx
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DarbouxÈ©Y

DarbouxeÈ© ∫ b

a

f(x)dx := sup
π

s(f , π)

Darboux�Ú 6 RiemannÚ
4�L§‖π‖ → 0

=============⇒
��¹+)ä

∫ b

a

f(x)dx 6
∫ b

a
f(x)dx
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Riemann�ÈÚDarbouxÈ©'X

f ∈ R[a, b] ⇐===⇒

∫ b

a
f(x)dx =

∫ b

a

f(x)dx
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RiemannÚ�DarbouxÚ�'X

�½f , π.

�¹¤kRiemannÚ{S(f , π, ξ) : ∀ ξ}���4«m

= [s(f , π), S(f , π)]
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RiemannÚ�DarbouxÚ�'X½n�y²I�Ún

Lemma

S(f , π) = sup
ξ

S(f , π, ξ)

s(f , π) = inf
ξ

s(f , π, ξ)

y²|^ÔÑ-Ôâ�{

Mi = sup
x∈[xi−1,xi ]

f(x)
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DarbouxÚ�DarbouxÈ©�'X

�½f , π.

[s(f , π), S(f , π)] ⊃

∫ b

a

f(x)dx,
∫ b

a
f(x)dx



[s(f , π), S(f , π)]
‖π‖→0
−−−−−→

∫ b

a

f(x)dx,
∫ b

a
f(x)dx


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Darboux½n

lim
‖π‖→0

S(f , π) =

∫ b

a
f(x)dx

lim
‖π‖→0

s(f , π) =

∫ b

a

f(x)dx
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Riemann�Darboux'X½n

�½f , π.

�¹¤kRiemannÚ{S(f , π, ξ) : ∀ ξ}���4«m

====== [s(f , π), S(f , π)]

‖π‖→0
−−−−−→
⊃

∫ b

a

f(x)dx,
∫ b

a
f(x)dx


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f ∈ R[a, b]

f3[a, b]k.
⇐==========⇒
R-D'X½n¥

n�4«m(��)�‖π‖ → 0�4��Õ:8
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Darboux½n�y²I�^���Ú½n.
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π
Vk�©:
−−−−−−−−−−−→ π′

====⇒ s(f , π′) 6 S(f , π′)

t t

[s(f , π), s(f , π) + kω‖π‖] [S(f , π) − kω‖π‖,S(f , π)]
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y²: Daboux�Ú�/

Ø��k = 1:

π
V\©:x∗ ∈ (xi−1, xi)
−−−−−−−−−−−−−−−−−−−−−−−→ π′

S(f , π) − S(f , π′)

=

Mi − sup
x∈[xi−1,x∗]

f(x)

 (x∗ − xi−1) +

Mi − sup
x∈[x∗,xi ]

f(x)

 (xi − x∗)

∈ [0, ω‖π‖]

?2R(¥I��)



U
ST

C
U

ST
C

y²: Daboux�Ú�/

Daboux�Ú�/�y²aq,½òf��−f .
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�y

lim
‖π‖→0

S(f , π) =

∫ b

a
f(x)dx.

∫ b

a
f(x)dx := inf

π
S(f , π) ∈ [m(b − a),M(b − a)]

=====⇒

∫ b

a
f(x)dx ∈ R

=====⇒ ∀ ε > 0, ∃ π0 : S(f , π0) <

∫ b

a
f(x)dx +

ε

2
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∀ π : ‖π‖ <
ε

2k0(ω + 1)
, k0 = π0©�:�ê

∫ b

a
f(x)dx 6 S(f , π)

6 S(f , π + π0) + k0ω‖π‖ (��Ú½n)

6 S(f , π0) + k0ω‖π‖ (��Ú½n)

6 (

∫ b

a
f(x)dx +

ε

2
) +

ε

2

=====⇒ lim
‖π‖→0

S(f , π) =

∫ b

a
f(x)dx.
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f ∈ R[−1, 1], f3x = 0?ëY

ϕ ∈ R[−1, 1], ϕ > 0, ϕh(x) =
1
h
ϕ(

x
h

)

=====⇒ lim
h→0

∫ h

−h
f(x)ϕh(x)dx = f(0)

∫ 1

−1
ϕ(x)dx

A~ lim
h→0

1
2h

∫ h

−h
f(x)dx f3x = 0ëY

============
f ∈ R[−1, 1]

f(0)
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f3x = 0?ëY =====⇒ ∀ ε > 0, ∃ δ > 0, ∀x ∈ (−δ, δ), |f(x) − f(0)| < ε.

�h ∈ (0, δ)�

(f(0) − ε)

∫ 1

−1
ϕ(x)dx 6

∫ h

−h
f(x)ϕh(x)dx 6 (f(0) + ε)

∫ 1

−1
ϕ(x)dx
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an, bn > 0,

an+1

an
6

bn+1

bn
, ∀n ∈ N,

{bn}
∞
n=1Âñ

=====⇒ {an}
∞
n=1Âñ
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{
an+1

bn+1

}
üN~��K =======⇒

{
an

bn

}
Âñ

{bn}Âñ
=======⇒ {an}Âñ
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Def

A ⊂ R"ÿ8

⇐===⇒ 0 = m∗(A) := inf
{ ∞∑

n=1

|In | : A ⊂
∞⋃

n=1

In, In´m«m
}

⇐===⇒ ∀ ε > 0, ∃m«mIn ⊂ R : A ⊂
∞⋃

n=1

In,
∞∑

n=1

|In | < ε.

5P: 	ÿÝ=�¹+Â , SÿÝ=	ÿÝ+éÜ
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m∗½Â¥�¦��CX

?¿mCX =====⇒�3��fCX
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m∗½Â¥�4�L§

o÷
lim

=====⇒°�
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ε

2nE|:

∞∑
n=1

ε

2n = ε.

{
r1, r2, · · · , rn, · · ·

}
⊂

∞⋃
n=1

(
rn −

ε

2n+1 , rn +
ε

2n+1

)
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Def

f3[a, b]a.e.ëY ⇐===⇒ f3[a, b]ØëY:8´"ÿ8
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f ∈ R[a, b] ⇐===⇒ f3[a, b]k., a.e.ëY
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Def

f3(x0 − r , x0 + r)�Ì = ωf (x0, r)

:= sup
x∈(x0−r ,x0+r)

f(x) − inf
x∈(x0−r ,x0+r)

f(x)

= sup
x,t∈(x0−r ,x0+r)

|f(x) − f(t)|

f3x0?�Ì = ωf (x0) := lim
r→0+

ωf (x0, r)
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f ∈ R[a, b] ⇐==⇒ f3[a, b]k., lim
‖π‖→0

n∑
i=1

ωi∆xi = 0

f3x0ëY ⇐==⇒ ωf (x0) = 0.
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D := f�ØëY:8

=
{
x ∈ [a, b] : ωf (x) , 0

}

=
∞⋃

m=1

{
x ∈ [a, b] : ωf (x) >

1
m

}

=:
∞⋃

m=1

D 1
m
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x ∈ (xi−1, xi)
0<r�1

===========⇒
(x−r ,x+r)⊂(xi−1,xi)

ωi > ωf (x, r).
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Riemann�È5½n�y²: 7�5

f 3[a, b]a.e.ëY

∀ m ∈ N,

D 1
m

=
{
x ∈ [a, b] : ωf (x) >

1
m

}
´"ÿ8.

∀©�π,

D 1
m

⋂
(xi−1, xi)´"ÿ8

x ∈ D 1
m

⋂
(xi−1, xi)

0<r�1
=====⇒ ωi > ωf (x, r) > ωf (x) > 1

m
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f ∈ R[a, b]
?¿�½m

===========⇒
�È¿�^�

∀ ε > 0, ∃[a, b]©�π :

ε

m
>

n∑
i=1

ωi∆xi

>
∑

i:D 1
m

⋂
(xi−1,xi),∅

ωi∆xi

>
1
m

∑
i:D 1

m

⋂
(xi−1,xi),∅

∆xi

D 1
m
⊂

⋃
i:D 1

m

⋂
(xi−1,xi),∅

(xi−1, xi) ∪
n⋃

i=0
{xi}

============================⇒ m∗(D 1
m

) 6
∑

i:D 1
m

⋂
(xi−1,xi),∅

∆xi + ε < 2ε.
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Riemann�È5½n�y²: ¿©5

�f�ØëY:8D´"ÿ8.

∀ ε > 0,∃ (αi , βi) :

D ⊂
∞⋃

i=1

(αi , βi),
∞∑

i=1

(βi − αi) < ε.

;8Kε := [a, b] \
∞⋃

i=1
(αi , βi) ⊂ f�ëY:�N.
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[a, b]þa.e.ëY¼ê�f��ëY5

Theorem

f : [a, b] −→ R a.e.ëY

=====⇒ ∀ ε > 0, ∃ δ > 0 :

� x ∈ Kε , y ∈ [a, b], |x − y | < δ�,k

|f(x) − f(y)| < ε.
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y²

�y: ∃ε0 > 0, ∃sn, tn : sn ∈ Kε , tn ∈ [a, b], |sn − tn | < 1
n ,

|f(sn) − f(tn)| > ε.

�f�skn → s∗ ∈ Kε

=====⇒ tkn → s∗

=====⇒ 0 = lim
n→∞
|f(skn ) − f(tkn )| > ε. gñ

(5P: lim
x→s∗

f(x) = f(s∗) =====⇒ lim
n→∞

f(tkn ) = f(s∗))
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Riemann�È¼ê�ü�k.5

¼êk. =====⇒ ωi ∈ [0, ω]

«mk. =====⇒ ∆xi ∈ [0, b − a]
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|^Kε©�RiemannÚ

n∑
i=1

ωi∆xi ======
∑

Kε
⋂
(xi−1,xi),∅

ωi∆xi +
∑

Kε
⋂
(xi−1,xi)=∅

ωi∆xi
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3ëY:?RiemannÚ��O

3ëY:?�Ì�: b�Kε
⋂

(xi−1, xi) , ∅

ωi = sup
z1,z2∈[xi−1,xi ]

|f(z1) − f(z2)|

6 sup
z1,z2∈[xi−1,xi ]

|f(z1) − f(yi)|+ |f(yi) − f(z2)|

< 2ε (�yi ∈ Kε

⋂
(xi−1, xi))

=====⇒
∑

Kε
⋂
(xi−1,xi),∅

ωi∆xi < 2(b − a)ε
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3ØëY:?RiemannÚ��O

3ØëY:?,8Ü�:

Kε

⋂
(xi−1, xi) = ∅, Kε ⊂ [a, b] \

∞⋃
j=1

(αj , βj)

=====⇒ (xi−1, xi) ⊂
∞⋃

j=1

(αj , βj)

=====⇒
∣∣∣∣ ∑

Kε
⋂
(xi−1,xi)=∅

ωi∆xi

∣∣∣∣ 6 ω ∞∑
i=1

(βi − αi) < ωε.
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(Ø

f3[a, b]k., a.e.ëY

=========⇒ lim
‖π‖→0

n∑
i=1

ωi∆xi = 0

�È¿�^�
===========⇒ f ∈ R[a, b]
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Riemann�È5½n�íØ

C[a, b] ⊂ R[a, b],

[a, b]þüN¼ê�N ⊂ R[a, b]
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RiemannÈ©´�ýé�È�È©nØ

f ∈ R[a, b] =========⇒
��Ø¤á

|f | ∈ R[a, b]

LebsgueÈ©´ýé�È�È©nØ

R[a, b]���z = L1[a, b]
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R[a, b]éu\{!ê¦!¦{µ4

R[a, b]éuØ{Øµ4

f ∈ R[a, b]
f , 0, 1

fk.
=========⇒

1
f
∈ R[a, b]

R[a, b]éuEÜØµ4

f ∈ C[a, b] g ∈ R[α, β], g[α, β] ⊂ [a, b] =====⇒ f◦g ∈ R[α, β]
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Riemann�È¼ê����±�È5

f ∈ R[a, b] [c, d] ⊂ [a, b] ==⇒ f |[c,d] ∈ R[c, d]

Riemann�È¼ê�±Å�:

f ∈ R[a, b] f ∈ R[b , c] ==⇒ f ∈ R[a, c]
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Riemann¼ê

Riemmann¼êR : R −→ R´±Ï�1�¼ê.

R(x)
∀x ∈ (0, 1]

===========


1
q
, x =

p
q
, (p, q) = 1, p, q ∈ N;

0 x < Q
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Riemann¼ê�5�

Riemann¼ê3Ãn:ëY, kn:1�a��mä.

lim
x→x0

R(x) = 0

y²: Ø��x0 ∈ (0, 1]. K(x0 − 1, x0 + 1)¥Ø�k��
knê,Ù©1v
�:

1
q
< ε ⇐===⇒ q > [

1
ε

] + 1

Ø�q = 1, 2, · · · , [
1
ε

].
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Riemann¼ê�5�

Riemann¼êÃ�¼ê(Darboux),Cþ�È©ØJø�¼ê.

R(x) ∈ R[a, b] \ C[a, b]

0 ≡
(∫ x

0
R(x)dx

)′ ��=�x´R(x)ëY:
=====================

a.e.
R(x)

χ(0,1] ∈ R[0, 1], R ∈ R[0, 1].

χ(0,1] ◦ R = χ[0,1]∩Q < R[0, 1].
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"ÿ8éuRiemann�È5�K�

?U¼ê3"ÿ8��,�UUCRiemann�È5(ØU
CLebesgue�È5)

~X 0 −−−−−−→ χ[0,1]∩Q, R(x)

?U¼ê3k��:?��,ØUCRiemann�È5ÚÈ©
�.
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~K

f ∈ R[−1, 1], f3x = 0?ëY

ϕ ∈ R[−1, 1], ϕ > 0, ϕh(x) =
1
h
ϕ(

x
h

)

=====⇒ lim
h→0

∫ h

−h
f(x)ϕh(x)dx = f(0)

∫ 1

−1
ϕ(x)dx

A~ lim
h→0

1
2h

∫ h

−h
f(x)dx f3x = 0ëY

============
f ∈ R[−1, 1]

f(0)
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y²

�{: ~�=====⇒�Øõ~�

f3x = 0?ëY =====⇒ ∀ ε > 0, ∃ δ > 0, ∀x ∈ (−δ, δ), |f(x) − f(0)| < ε.

�h ∈ (0, δ)�

(f(0) − ε)

∫ 1

−1
ϕ(x)dx 6

∫ h

−h
f(x)ϕh(x)dx 6 (f(0) + ε)

∫ 1

−1
ϕ(x)dx
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[6.6] 1 2 3 4.
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�g�Ì�SN

~êC´{,6Ä{

C©{

eÈ{: GronwallØ�ª
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~êC´{

~êC´{´[Ü�{: ü��Â

ò~���¼ê�µee,|^¼ê��êÚÈ©óä?n
~�¯K.

òê���¼ê�µee,|^¼ê��êÚÈ©óä?n
~�¯K.

�9gñ:

lÑ:ëY======¦�: È©
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~1

π3, 3πX�

?2R(¥I��)



U
ST

C
U

ST
C3π

π3

~êC´{
−−−−−−−−−−−−→

3x

x3

∣∣∣∣∣
x=π

= f(x)
∣∣∣∣
x=π

f ′ > 0 ∀x >
3

log 3
=====⇒ f(π) > f(3) = 1.
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ê�üN5�þfz�{

(1 +
1
n
)n ↗, (1 +

1
n
)n+1 ↘

(1 +
1
n
)n+p ↘

²©Ue
⇐======⇒ p >

1
2
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(1+
1
n
)n+p ↘

þfz
==================⇒
lÑCþ��ëYCþ

(1+
1
x
)x+p =: ef(x)

f(x) = (x + p) ln(1 +
1
x
)

f ′(x) = ln(1 +
1
x
) + (x + p)(

1
1 + x

−
1
x
)

f ′(+∞) = 0. (cuÚõu¦^3Ã¡�:��)
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f ′′(x) =
1

1 + x
−

1
x
+

1
1 + x

−
1
x
++(x + p)(−

1
(1 + x)2 +

1
x2 )

=
−2

(1 + x)x
+

(x + p)(2x + 1)
(1 + x)2x2

=
(2p − 1)x + p
(1 + x)2x2 .
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f ′′(x) =



> 0 p > 1
2 =====⇒ f ′ ?? ???? ?? < 0 =====⇒ f �� ���� ��

< 0 p < 1
2 , x � 1

x�1
=====⇒ f ′ �� ���� �� > 0

x�1
=====⇒ f ??

???? ??
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?ê=z��?ê�þfz�{

n∑
k=0

(−1)k
(
n
k

)
1

2k + 1
=

(2n)!!
(2n + 1)!!
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n∑
k=0

(−1)k
(
n
k

)
1

2k + 1
þfz
=======

n∑
k=0

(−1)k
(
n
k

)
1

2k + 1
x2k+1

∣∣∣∣∣∣∣
x=1

= f(x)
∣∣∣
x=1

f ′(x) =
n∑

k=0

(−1)k
(
n
k

)
x2k = (1 − x2)n
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f(1) ======== f(0) +
∫ 1

0
f ′(x)dx =

∫ 1

0
(1 − x2)ndx

x=sin t
========

∫ π
2

0
cos2n+1 tdt

4íúª
=========

(2n)!!
(2n + 1)!!
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ü«�{O�Ó��ªf

∫ 1

0
(1 − x2)ndx =



Newton��ªÐm
================

n∑
k=0

(−1)k
(
n
k

) 1
2k + 1

È©Cþ��
================

∫ π
2

0
cos2n+1 tdt =

(2n)!!
(2n + 1)!!
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þfz�xùó�^�Ú(Ø

a0

n + 1
+

a1

n
+ · · ·+ an = 0

=====⇒ a0xn + a1xn−1 + · · ·+ an = 03(0, 1)k)

?2R(¥I��)
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���§ÒÈ©,È©z�C©�§

�§��C©�§

( a0

n + 1
xn+1 +

a1

n
xn + · · ·+ anx

)′
= 0

C©�§�¦)=z�>�¯K.

^�
þfz
=====⇒¼ê�>.�f(0) = f(1) = 0.

¼ê�ü�":
f(0)=f(1)=0
=======⇒

f ′(ξ)=0
Jø�¼ê���":.
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þfzJø��ëê

f ∈ C[a, b]↗=====⇒

∫ b

a
xf(x)dx >

a + b
2

∫ b

a
f(x)dx
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ò~þbÀ�ëêt , ¯K=z�y²��¼ê�K.

g(t) =
∫ t

a
xf(x)dx −

a + t
2

∫ t

a
f(x)dx > 0

|^�È©�óä?n�K5:

g′(t) = tf(t) −
1
2

∫ t

a
f(x)dx −

a + t
2

f(t)

=
1
2

∫ t

a
(f(t) − f(x))dx > 0 (f ↗)

g↗
====⇒
g(a)=0

g(t) > 0.
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üN5���Ø�ª�x

üN5��x

(x −
a + b

2
)(f(x) − f(

a + b
2

)) > 0

(Ø=z�

∫ b

a
(x −

a + b
2

)(f(x) − f(
a + b

2
))dx > 0.
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GronwallØ�ª: kÀJ�þfz

f ∈ C[0,T ], ϕ ∈ C[0,T ], ϕ > 0, M(t)↗> 0,

f(t) 6 M(t) +
∫ t

0
f(s)ϕ(s)ds, ∀ t ∈ [0,T ]

=====⇒ f(t) 6 M(t)e

∫ t

0
ϕ(s)ds

.

Ø�ª
Ü©þfz

=============⇒
eÈÈ©�	�

üN5
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y²

��y²

M(t0) +
∫ t0

0
f(s)ϕ(s)ds 6 M(t0)e

∫ t0

0
ϕ(s)ds

, ∀t0 ∈ [0,T ].

��y²:

M(t0)+
∫ t

0
f(s)ϕ(s)ds 6 M(t0)e

∫ t

0
ϕ(s)ds

, ∀t ∈ [0, t0], ∀t0 ∈ [0,T ].

Ø��t0 > 0 (ÄKt0 = 0 =====⇒ t = 0).
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Ü©þfz

òÈ©�	��eÈ: (�½t0 ∈ (0,T ])

M(t0) +
∫ t

0
f(s)ϕ(s)ds 6 M(t0)e

∫ t

0
ϕ(s)ds

, ∀ 0 6 t 6 t0.

8(uy²È©�üN5:

(
M(t0) +

∫ t

0
f(s)ϕ(s)ds

)
e
−

∫ t

0
ϕ(s)ds

↘ ∀ 0 6 t 6 t0
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|^�ê�yüN5:

d
dt


(
M(t0) +

∫ t

0
f(s)ϕ(s)ds

)
e
−

∫ t

0
ϕ(s)ds



======

(
f(t)ϕ(t) − ϕ(t)

(
M(t0) +

∫ t

0
f(s)ϕ(s)ds

))
e
−

∫ t

0
ϕ(s)ds

6 (M(t) −M(t0))ϕ(t)e
−

∫ t

0
ϕ(s)ds

6 0.
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f , g3[a, b]��,
�
∫ b

a
f(x)dx =

∫ b

a
g(x)dx = 0

=====⇒ ∃ζ ∈ (a, b), f ′(ζ)
∫ ζ

a
g(x)dx = g′(ζ)

∫ ζ

a
f(x)dx

8(uC©�§

F ′(x) = 0.

Ù¥ F(x) = f(x)
∫ x

a
g(t)dt − g(x)

∫ x

a
f(t)dt .
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C©�§��E5g©ÜÈ©

F ′(x) = f ′(x)
∫ x

a
g(t)dt − g′(x)

∫ x

a
f(t)dt

ü>È©
=======⇒ F(x) − F(a) =

∫ x

a

(
f ′(s)

∫ s

a
g(t)dt − g′(s)

∫ s

a
f(t)dt

)
ds

=

∫ x

a

(∫ s

a
g(t)dt

)
df(s) −

∫ x

a

(∫ s

a
f(t)dt

)
dg(s)

©ÜÈ©
========= f(x)

∫ x

a
g(t)dt − g(x)

∫ x

a
f(t)dt .
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C©�§�¦)8(uÃ¡«m�Rolle½n

�f3[0,+∞)þ��,�0 6 f(x) 6
x

1 + x2

=====⇒ ∃ξ > 0, f ′(ξ) =
1 − ξ2

(1 + ξ2)2
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C©�§��E

F ′(x) = f ′(x) −
1 − x2

(1 + x2)2

ü>È©
=======⇒ F(x) = f(x) +

∫ x

0

1 − s2

(1 + s2)2 ds + C

= f(x) −
x

1 + x2 + C (�C = 0)

|^[0,∞]þ�Rolle½n.
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f ∈ C[0, 1], f(x) > 0, f(1) = 0

=====⇒ ∃ξ ∈ (0, 1), f(ξ) =
∫ ξ

0
f(x)dx
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C©�§

(
e−x

∫ x

0
f(s)ds

)′
= 0
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þfz

G(x) := f(x) −
∫ x

0
f(s)ds

à:ÉÒ

G(1)G(x0) 6 0 (x0´f���:)

(i). G(1)G(x0) < 0
0�½n
=======⇒ ∃ζ ∈ (x0, 1) ⊂ (0, 1) : G(ζ) = 0

(ii). G(1) = 0, ½ö G(x0) = 0 =====⇒ G(x) ≡ 0
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þfz��

f ∈ R[0, 1]↘=====⇒

∫ a

0
f(x)dx > a

∫ 1

0
f(x)dx ∀ a ∈ (0, 1).
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�f ∈ C[a, b]�,éue�¼ê¦^þfz�{:

1
x

∫ x

0
f(t)dt

d
dx

(
1
x

∫ x

0
f(t)dt

)
=

1
x

(
f(x) −

1
x

∫ x

0
f(t)dt

)
=

1
x
(f(x) − f(ξ))

6 0 (f ↘)
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þfz��

�f ∈ R[a, b]�,þfz�{��.

∫ a

0
f(x)dx x=at

====== a
∫ 1

0
f(ax)dx > a

∫ 1

0
f(x)dx

(f ↘=====⇒ f(at) > f(t))
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f ∈ R[−1, 1], f3x = 0?ëY

ϕ ∈ R[−1, 1], ϕ > 0, ϕh(x) =
1
h
ϕ(

x
h
)

=====⇒ lim
h→0

∫ h

−h
f(x)ϕh(x)dx = f(0)

∫ 1

−1
ϕ(x)dx

A~ lim
h→0

1
2h

∫ h

−h
f(x)dx f3x = 0ëY

============
f ∈ R[−1, 1]

f(0)
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y²

�{: ~�=====⇒�Øõ~�

f3x = 0?ëY =====⇒ ∀ ε > 0, ∃ δ > 0, ∀x ∈ (−δ, δ), |f(x) − f(0)| < ε.

�h ∈ (0, δ)�

(f(0) − ε)
∫ 1

−1
ϕ(x)dx 6

∫ h

−h
f(x)ϕh(x)dx 6 (f(0) + ε)

∫ 1

−1
ϕ(x)dx
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RiemannÈ©�ü�k.5^�

«m[a, b]k.

¼êfk.
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2ÂRiemannÈ©

2ÂRiemannÈ©


Ã¡�2ÂRiemannÈ© »Ø«m�k.5

×È© »Ø¼ê�k.5

2ÂRiemannÈ© = RiemannÈ©+ lim
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±RiemannÈ©�Ä:�í2

RiemannÈ©(�^�ÂñÈ©nØ,�ýéÂñÈ©nØ):

f ∈ R[a, b] ==⇒ |f | ∈ R[a, b]

2ÂRiemannÈ©(^�ÂñÈ©nØ):

|f | ∈ R[a,+∞)
Cauchy�OOK
=============⇒ f ∈ R[a,+∞)

LebesgueÈ©(ýéÂñÈ©nØ):

f ∈ L1[a, b]⇐===⇒ |f | ∈ L1[a, b]
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2ÂRiemannÈ©�AÛ¿Â

ü �±�Ý:

2
∫ 1

−1

1
√

1 − x2
dx ×È©.

¡È:

∫ +∞

1

1
x2 dx Ã¡È©.
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Ã¡È©

b�f3[a,+∞)ÛÜRiemann�È,mà4��3k�.½Â∫ +∞

a
f(x)dx :====== lim

b→+∞

∫ b

a
f(x)dx︸       ︷︷       ︸

f∈R[a,b]︸                 ︷︷                 ︸
4��3k�

,

¡

∫ +∞

a
f(x)dxÂñ,¡f 3[a,+∞)2ÂRiemann�È.

ÄK¡

∫ +∞

a
f(x)dxuÑ.
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Ã¡È©ÂñCauchy�OOK

∫ +∞

a
f(x)dx Âñ =====⇒ ∀ε > 0,∃M > a,�B > A > M �

∣∣∣∣∣∣
∫ B

A
f(x)dx

∣∣∣∣∣∣ < ε
y²: G(b) =

∫ b

a
f(x)dx

lim
b→+∞

G(b)�3k� ⇐===⇒ ∀ε > 0,∃M > a,�B > A > M�

|G(A) − G(B)| < ε

=

∣∣∣∣∣∣
∫ B

A
f(x)dx

∣∣∣∣∣∣ < ε
?2R(¥I��)



U
ST

C
U

ST
C

5P

RieamnnÈ©: Ã¡È©======k�Ú:Ã¡?ê

Ã¡È©=RieamnnÈ©+lim=V­4�

Ã¡È©,Úª4�
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ñÑ5�Ð©�Ã',Ó?ê�/.

kü�×:8(u�k��×[�/:

∫ +∞

−∞

f(x)dx :
màü�È©Âñ
================
¡

∫ +∞

−∞
f(x)dxÂñ

∫ a

−∞

f(x)dx+
∫ +∞

a
f(x)dx.
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×È©

b�a´f�×:, f3(a, b]ÛÜRiemann�È,mà4��3k�.
½Â ∫ b

a
f(x)dx :====== lim

ε→0+

∫ b

a+ε
f(x)dx︸         ︷︷         ︸

f∈R[a+ε,b]︸                 ︷︷                 ︸
4��3k�

,

¡

∫ b

a
f(x)dxÂñ,¡f 3[a, b]2ÂRiemann�È.

ÄK¡

∫ b

a
f(x)dxuÑ.
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×È©ÂñCauchy�OOK

∫ b

a
f(x)dx Âñ(a�×:)

⇐===⇒ ∀ε > 0,∃δ > 0,�a < c < d < a + δ�

∣∣∣∣∣∣
∫ d

c
f(x)dx

∣∣∣∣∣∣ < ε
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kü�×:8(u�k��×:�/:

∫ b

a
f(x)dx :

màü�È©Âñ
==================
a, b´×:, c ∈ (a, b)

∫ c

a
f(x)dx +

∫ b

c
f(x)dx.
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Ã¡È©Ú×È©éX

Ã¡È©Ú×È©���Ó (x¶, y¶/ �d)

Ã¡È©: ¡È÷Xx¶��∞.

×È©: ¡È÷Xy¶��∞.

Ã¡È©Ú×È©'u��y = x − aº¡é¡

∫ +∞

1
f(x)dx︸          ︷︷          ︸

±+∞�×:

b�f�_
================
ü>¡Èº¡é¡

∫ 1

0
f−1(x)dx︸          ︷︷          ︸

±0�×:

5¿: y = f(x)�ã/÷X��y = xº¡é¡´y = f−1(x).
þª�¡L«�­>F/�¡È²Lº¡é¡Ò´m¡L«

�­>F/�¡È.
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2ÂRiemannÈ©O��{

�n:

2ÂRiemannÈ© ====== RiemannÈ©+4�
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Newton-Leibnizúª

∫ +∞

a
f(x)dx

f ∈ R[a,+∞)
============
f�3�¼êF

F(x)
∣∣∣+∞
a

F(+∞) = lim
x→+∞

F(x)�3k�
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©ÜÈ©úª

∫ +∞

a
f(x)dg(x)

f , g ∈ C1[a,+∞)
===============
màk¿Â

f(x)g(x)
∣∣∣+∞
a −

∫ +∞

a
g(x)df(x)

(fg)(+∞) = lim
x→+∞

(fg)(x)�3k�
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Cþ��úª

∫ +∞

a
f(x)dx

f ∈ C[a,+∞), ϕ ∈ C1[α, β]
=========================
x = ϕ(t), ϕ(α) = a, ϕ(β) = +∞

ϕ[α, β] ⊂ [a,+∞]

∫ β

α
f(ϕ(t))ϕ′(t)dt
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×:+∞��k�×:b,(ØE,¤á.

Newton-Leibnizúª

©ÜÈ©úª
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ü�­�È©

∫ +∞

1

1
xp dxÂñ

p → +∞�/
⇐=========⇒ p > 1

∫ 1

0

1
xp dxÂñ

p → −∞�/
⇐========⇒ p < 1.
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x =
1
t

x = tan t .
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~K

I =
∫ +∞

0

ln x
1 + x2 dx

I
x = 1

t====== −I

I x = tan t
========

∫ π
2

0
ln tan tdt = 0
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~K

I =
∫ +∞

0

1
(1 + x2)(1 + xα)

dx.

AO

∫ +∞

0

1
(1 + x2)2 dx =

π

4

I x = tan t
========

∫ π
2

0

sec2 t
sec2 t(1 + tanα t)

dt =
∫ π

2

0

1
1 + tanα t

dt

I
t= π

2−s
======

∫ π
2

0

tanα s
1 + tanα s

ds

2I �\
======

π

2
=====⇒ I =

π

4
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I ======

∫ +∞

0

1
(1 + x2)(1 + xα)

dx

x = 1
t======

∫ +∞

0

1

(1 + 1
t2 )(1 + 1

tα )

1
t2 dt

======

∫ +∞

0

tα

(1 + t2)(1 + tα)
dt

2I �\
======

∫ +∞

0

1
1 + t2 dt ====== arctan t |+∞0 =

π

2
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I =
∫ π

2

0
ln sin xdx
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I ======

∫ π
2

0
ln sin xdx

x = π
2 − t

========

∫ π
2

0
ln cos tdt

2I �\
======

∫ π
2

0
ln(

1
2
sin(2x))dx

====== −
π

2
ln 2 +

1
2

∫ π

0
ln sin xdx = −

π

2
+ I

I ====== −
π

2
ln 2
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2ÂRiemannÈ©´^�ÂñÈ©

∫ +∞

0
sin(x2)dxÂñ,

∫ +∞

0
| sin(x2)|dxuÑ
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I t = x2
======

∫ +∞

0

sin t

2
√

t
dt

∣∣∣∣∣∣
∫ B

A

sin t

2
√

t
dt

∣∣∣∣∣∣ È©1�¥�½n
================

Dirichlet�O{

1

2
√

A

∣∣∣∣∣∣
∫ ζ

A
sin tdt

∣∣∣∣∣∣
6

1
√

A
→ 0 B > A → +∞

CauchyOK
=========⇒

∫ +∞

0
sin(x2)dxÂñ
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∫ +∞

0
| sin(x2)|dx t = x2

======

∫ +∞

0

| sin t |

2
√

t
dt

>

∫ +∞

0

sin2 t

2
√

t
dt

======

∫ +∞

0

1

4
√

t
dt −

∫ +∞

0

cos 2t

4
√

t
dt = +∞
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Dirichlet�O{

f ∈ C[a,+∞),
∫ t

a
f(x)dx3[a,+∞)k.

g3[a,+∞)üN~�, lim
x→+∞

g(x) = 0

È©1�¥�½n
==============⇒

∫ +∞

a
f(x)g(x)dxÂñ.

~X: f(x) = sin x, g(x) =
1
√

x
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f ∈ C[a,+∞),
∫ +∞

a
f(x)dxÂñ

g3[a,+∞)üNk.

Dirichlet�O{
==============⇒
Ø��g(+∞) = 0

∫ +∞

a
f(x)g(x)dxÂñ.
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∫ +∞

a
f(x)dxÂñ


3∞:òz

3∞:��
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[6.7] 1 (1)(8)(10)(12), 3 (2)(4)(6)(7), 6
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lÑÚëY´�égñ

lÑ©Û


O�Å��

þfÔn

lÑ��©Û
4�
−−−−−−→ëY��©Û
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Ð�¼ê�Ø½È©�UØ´Ð�¼ê

È©�{: ê�O�

È©�{: ÀÐ�¼ê�Ã¡gõ�ª
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n�©�{ : a = x0 < x1 < · · · < xn = b

xi = a + i
b − a

n

3����/¡È�O�¥�9p�À�
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
¥:�p �9½Â��²þ

à:p�²þ �9���²þ, F/{
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F/{

f ∈ C2[a, b], K�3ξ, η ∈ (a, b)¦�

∫ b

a
f(x)dx

xi=a+i b−a
n========

n∑
i=1

f(xi−1) + f(xi)

2
∆xi −

(b − a)3

12n2 f”(ξ)

=======
n∑

i=1

f(
xi−1 + xi

2
)∆xi +

(b − a)3

24n2 f”(η)
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È©ê�O�

{� ====== O(
1
n2 )
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f ∈ C2[a, b], K�3ξ, η ∈ (a, b)¦�

1
b − a

∫ b

a
f(x)dx ======

f(a) + f(b)

2
−

(b − a)2

12
f”(ξ)

======= f(
a + b

2
) +

(b − a)2

24
f”(η)
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y²

'u«m¥:�©ÜÈ©úª+3à:òz�©ÜÈ©+È
©¥�½n

1
b − a

∫ b

a
f(x)dx

=========
1

b − a

∫ b

a
f(x)d(x −

a + b
2

)

=========
f(a) + f(b)

2
−

1
2(b − a)

∫ b

a
f ′(x)d((x − a)(x − b))

x=(1−t)a+tb
=========

f(a) + f(b)

2
−

(b − a)3

2(b − a)

∫ 1

0
t(1 − t)dtf ′′(ξ)

=========
f(a) + f(b)

2
−

(b − a)2

12
f ′′(ξ)
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Newton-Leibnizúª+�¼êuà:?3¥:TaylorÐm�
�óg�.

∫ b

a
f(x)dx ====== F(b) − F(a)

F∈C3[a,b]
======= F ′(

a + b
2

)(b − a) +
F ′′′(ξ) + F ′′′(ζ)

3!
(
b − a

2
)3

Darboux
====== f(

a + b
2

)(b − a) +
(b − a)3

24
f”(η)
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n�©«mþz��|^²þ�¥�½n,2�\:

xi = a + i
b − a

n
, xi − xi−1 =

b − a
n

1
xi − xi−1

∫ xi

xi−1

f(x)dx ======
f(xi−1) + f(xi)

2
−

(xi − xi−1)2

12
f ′′(ξi)

1
b − a

∫ b

a
f(x)dx ======

1
n

n∑
i=1

f(xi−1) + f(xi)

2
−

(b − a)2

12n2

1
n

n∑
i=1

f ′′(ζi)

Darboux
======

1
n

n∑
i=1

f(xi−1) + f(xi)

2
−

(b − a)2

12n2 f ′′(ζ)
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à¼êÈ©²þ

f : [a, b] −→ Rà

=====⇒ f(
a + b

2
) 6

1
b − a

∫ b

a
f(x)dx 6

f(a) + f(b)

2

?2R(¥I��)



U
ST

C
U

ST
C

5P

ef ∈ C2[a, b],Kà¼êÈ©²þØ�ª´²þ�¥�½
n�íØ.

à¼êÈ©²þØ�ªÃI^�f ∈ C2[a, b].

?2R(¥I��)



U
ST

C
U

ST
C

y²

f : [a, b] −→ Rà

=====⇒ f3[a, b]þk.,3(a, b)þëY

=====⇒ f ∈ R[a, b]
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|^à¼ê�½Â(1��Ø�ª)Úo:�O{(1��Ø�
ª):

f(
a + b

2
) 6

f(a + θ(b − a)) + f(b − θ(b − a))

2
6

f(a) + f(b)

2

È©,|^e�úª

∫ 1

0
f(a + θ(b − a))dθ

x = a + θ(b − a)
==============

1
b − a

∫ b

a
f(x)dx

∫ 1

0
f(b − θ(b − a))dθ

x = b − θ(b − a)
===============

1
b − a

∫ b

a
f(x)dx
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���¤�¡È 6 ­>F/�¡È 6 ���¤�¡È

(b − a)f(
a + b

2
) 6

∫ b

a
f(x)dx 6 (b − a)

f(a) + f(b)

2
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ϕ : [α, β] −→ Rà

f : [a, b] −→ [α, β], f , ω ∈ C[a, b]

dµ(x) := ω(x)dx´[a, b]þVÇÿÝ

=====⇒ ϕ(

∫ b

a
f(x)dµ(x)) 6

∫ b

a
ϕ(f(x))dµ(x)
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y²

ϕà
�3| �

=========⇒ ϕ(y) > ϕ(c) + α(y − c)

�y = f(x), c =

∫ b

a
f(x)µ(x) ∈ [α, β]

ü>È©
=======⇒

∫ b

a
ϕ(f(x))dµ(x) > ϕ(c).
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à¼ê�| �Ø�ª====Ø�È©	��JensenØ�ª.
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Stirlingúª

n! ======
√

2πn(
n
e

)ne
θn

12n , θn ∈ (0, 1)
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y²

��y

an =
n!

√
2πn(

n
e

)n
∈ (1, e

1
12n )

��y

an �� ���� ��1, ane−
1

12n ?? ???? ??1
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an �� ���� ��1�y²:

an

an+1
=

n!
√

2πn(
n
e

)n

(n + 1)!√
2π(n + 1)(

n + 1
e

)n+1

=
1
e

(1 +
1
n

)n+ 1
2 ↘ 1

lim
n→∞

an = 1��y lim
n→∞

a2
n

a2n
= 1

ù5guWallisúª.
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ane−
1

12n
?? ???? ??1�y²:

|x | < 1 =====⇒ ln(1 + x) = x −
x2

2
+

x3

3
−

x4

4
+

x5

5
+ · · ·

1
2x

ln
1 + x
1 − x

=
1
x

(ln(1 + x)odd)

= 1 +
x2

3
+

x4

5
+ · · ·

< 1 +
x2

3
(1 + x2 + x4 + · · · ) 0 < |x | < 1

= 1 +
1
3

x2

1 − x2
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0 < |x | < 1 =====⇒
1

2x
ln

1 + x
1 − x

< 1 +
1
3

x2

1 − x2

x= 1
2n+1

=====⇒ (n +
1
2

) ln
n + 1

n
< 1 +

1
12n(n + 1)

=====⇒ ane−
1

12nî�üNO\

ane−
1

12n

an+1e−
1

12(n+1)

= e−(1+
1

12n(n+1) )(1 +
1
n

)n+ 1
2 < 1
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(2n)!!

(2n − 1)!!
∼
√

nπ
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∫ π
2

0
sinn xdx =

∫ π
2

0
cosn xdx =


(n − 1)!!

n!!
nÛ

(n − 1)!!

n!!

π

2
nó
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In =
n − 1

n
In−2 (n > 2), I0 =

π

2
, I1 = 1.

In =

∫ π
2

0
sinn xdx = −

∫ π
2

0
sinn−1 xd cos x

= (n − 1)

∫ π
2

0
sinn−2 x cos2 xdx = (n − 1)In−2 − (n − 1)In

In =
n − 1

n
In−2 =

n − 1
n

n − 3
n − 2

In−4 = · · · =


(n − 1)!!

n!!
I1 nÛ

(n − 1)!!

n!!
I0 nó

?2R(¥I��)



U
ST

C
U

ST
C

Wallisúª�y²

∫ π
2

0
sin2n+1 xdx <

∫ π
2

0
sin2n xdx <

∫ π
2

0
sin2n−1 xdx.

=====⇒
(2n)!!

(2n + 1)!!
6

(2n − 1)!!

(2n)!!

π

2
6

(2n − 2)!!

(2n − 1)!!

=====⇒
1

2n + 1
2
π
6

(
(2n − 1)!!

(2n)!!

)2

6
1

2n
2
π

=====⇒

(
(2n − 1)!!

(2n)!!

)2

∼
1

nπ

?2R(¥I��)



U
ST

C
U

ST
C

Wallisúª�^3uy²Stirlingúª

Stirlingúª =====⇒ Wallisúª

(2n)!!

(2n − 1)!!
=

(2nn!)2

(2n)!
= 22n

(√
2πn(

n
e

)n
)2

√
2π(2n)(

2n
e

)2n
∼
√

nπ
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a2
n

a2n
= 1

a2
n

a2n
=

 n!
√

2πn(
n
e

)n


2

(2n)!
√

2π2n(
2n
e

)2n

=
1
√
πn

(2n)!!

(2n − 1)!!
∼ 1
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σ : [α, β] −→ R2 =====⇒r\õCþ�È©

­�======�­�m====== 1�6/
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Nì*:

σ : [α, β] −−−−−−→ R2

t p−→ (x(t), y(t))

x(t), y(t) ∈ C1[α, β]

ëêL« x = x(t)

y = y(t)
t ∈ [α, β]
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w«L« ëêL«

x, y 'X²( x, y/ �Ó

­��²1uy¶����õ�u�: µ4­�7L^ëêL«

y = f(x), x ∈ [a, b]

x = x(t)

y = y(t)
t ∈ [α, β]
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π : α = t0 < t1 < · · · < tn = β

‖π‖ := max
16i6n

(ti − ti−1)

­���Ý=���Ý�4�

L(σ) = lim
‖π‖→0

n∑
i=1

√
(x(ti) − x(ti−1))2 + (y(ti) − y(ti−1))2
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©/ÈsG­�, Koch­�
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­�σ��Ý = L(σ)
σ∈C1([α,β],R2)

==========

∫ β

α

√
(x′(t))2 + (y′(t))2dt
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L(σ) ========= lim
‖π‖→0

n∑
i=1

√
(x(ti) − x(ti−1))2 + (y(ti) − y(ti−1))2

¥�½n
========= lim

‖π‖→0

n∑
i=1

√
(x′(ξi))2 + (y′(ηi))2∆ti

=========

∫ β

α

√
(x′(t))2 + (y′(t))2dt + I
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I = lim
‖π‖→0

n∑
i=1

(√
(x′(ξi))2 + (y′(ηi))2 −

√
(x′(ξi))2 + (y′(ξi))2

)
∆ti

|I| 6 lim
‖π‖→0

n∑
i=1

∣∣∣∣ √(x′(ξi))2 + (y′(ηi))2 −

√
(x′(ξi))2 + (y′(ξi))2

∣∣∣∣∆ti

6 lim
‖π‖→0

n∑
i=1

∣∣∣∣y′(ηi) − y′(ξi)
∣∣∣∣∆ti

6 lim
‖π‖→0

n∑
i=1

ωi(y′)∆ti = 0.

dAÛ¿Â�wÑ

|
√

a2 + b2 −
√

a2 + c2| 6 |b − c |
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?2R(¥I��)



U
ST

C
U

ST
C

5P

­���Ý´��þ�Ý�È©

��þ σ′(t) = (x′(t), y′(t))

��þ�Ý ‖σ′(t)‖ =
√

(x′(t))2 + (y′(t))2

­��Ý L(σ) =

∫ β

α
‖σ′(t)‖dt
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(ds)2 = (dx)2 + (dy)2

ds =
√

(dx)2 + (dy)2 ÷XëêO\��================
l�O\

√
(x′(t))2 + (y′(t))2dt
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­��Ý¼ê = s(t) :=

∫ t

α

√
(x′(τ))2 + (y′(τ))2dτ

=====⇒ s′(t) =
√

(x′(t))2 + (y′(t))2

=====⇒ ds =
√

(x′(t))2 + (y′(t))2dt
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L(σ) =

∫ β

α
ds =

∫ β

α

√
(x′(t))2 + (y′(t))2dt
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­�σü«ëêz�ïáp_V�

[a, b]
t = t(τ)

GGGGGGGGGGGBFGGGGGGGGGGG

τ = τ(t)
[α, β]

­�þ�:�ü«L�:

ëêL� �IL�

t = t(τ) (x(t), y(t)), t ∈ [α, β]

τ = τ(t) (x(τ), y(τ)), τ ∈ [a, b]
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dx = x′(t)dt = x′(τ)dτ, dy = y′(t)dt = y′(τ)dτ

ds =
√

dx2 + dy2 =
√

(x′(t))2 + (y′(t))2dt =
√

(x′(τ))2 + (y′(τ))2dτ

È©Cþ��úª

L =

∫ β

α

√
(x′(t))2 + (y′(t))2dt

t=τ(t)
=====

∫ b

a

√
(x′(τ))2 + (y′(τ))2dτ
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b�­�σ�ëê�½�t ,Ù�Ý�þ=��þ??�".
K�±�El�ëêτÚëêt�m�V�

[0, L(σ)]
t = t(τ)

GGGGGGGGGGGBFGGGGGGGGGGG

τ = τ(t)
[α, β]

τ(t) =

∫ t

α

√
(x′(t))2 + (y′(t))2dt

τ′(t) =
√

(x′(t))2 + (y′(t))2 = ‖σ′(t)‖

σ′(τ) =

dσ(τ(t))
dt

dτ(t)
dt

=
σ′(t)
‖σ′(t)‖
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ds =
√

(dx)2 + (dy)2 y=f(x)
======

√
(1 + (f ′(x))2dx
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4�IX(­���À��ëêO\���)


x = r(θ) cos θ

y = r(θ) sin θ

θ ∈ [c, d]

ds =
√

(dx)2 + (dy)2 ==
√

(r(θ))2 + (r ′(θ))2dθ
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�m­� 
x = x(t)

y = y(t)

z = z(t)

t ∈ [α, β]

l��©

ds =
√

(dx)2 + (dy)2 + (dz)2 =
√

(x′(t))2 + (y′(t))2 + (z′(t))2dt

l�úª

­�σ��Ý =

∫ β

α

√
(x′(t))2 + (y′(t))2 + (z′(t))2dt
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r = a(1 + cos θ), θ ∈ [0, 2π]

L é¡5======= 2
∫ π

0
a
√

(1 + cos θ)2 + (sin θ)2 = 8a

?2R(¥I��)



U
ST

C
U

ST
C

~K

¦e�ý����
x = a cos t

y = b sin t

t ∈ [0, 2π], a > b > 0.

L é¡5======= 4
∫ π

2

0

√
a2 sin2 t + b2 cos2 tdt = 4a

∫ π
2

0

√
1 − ε2 cos2 tdt

ε =

√
a2 − b2

a
l%Ç
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Ω =
{
(x, y) : x ∈ [a, b], y ∈ [f1(x), f2(x)]

}

=====⇒ Ω�¡È = S =

∫ b

a

∫ f2(x)

f1(x)
1dydx

d��{w¡È�O�

��¡È = (f2(x) − f1(x))dx =
( ∫ f2(x)

f1(x)
1dy

)
dx
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Ω =
{
(x, y) : y ∈ [c, d], x ∈ [φ(y), ϕ(y)]

}

=====⇒ Ω�¡È = S =

∫ d

c

∫ ϕ(y)

φ(y)
1dxdy

d��{w¡È�O�

��¡È = (φ(y) − ϕ(y))dy =
( ∫ ϕ(y)

φ(y)
1dx

)
dy

3¡È�O�¥, x, y�/ �Ó.
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Ω =
{
(x, y) : y ∈ [0, 1], x ∈ [

√
y, 2
√

y]
}

O�Ω�¡È

Ω�¡È =

∫ 1

0

∫ 2
√

y

√
y

dxdy =
2
3
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Ω =
{
(r , θ) : θ ∈ [α, β], r ∈ [0, r(θ)]

}
=====⇒ Ω�¡È = S =

1
2

∫ β

α
r2(θ)dθ

d��{w¡È�O�

��¡È =
1
2

p︷︸︸︷
r

.>�︷︸︸︷
(rdθ)︸              ︷︷              ︸

n�/¡È��
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Ω =
{
(r , θ) : θ ∈ [α, β], r ∈ [r1(θ), r2(θ)]

}
=====⇒ Ω�¡È = S =

1
2

∫ β

α
(r2

2 (θ) − r2
1 (θ))dθ
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r = a(1 + cos θ), θ ∈ [0, 2π]

S é¡5
=======

1
2

∫ 2π

0
a2(1 + cos θ)2dθ =

3
2
πa2
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²¡ã/(­>F/)7x¶^=

NÈ�� = dV = πf2(x)︸ ︷︷ ︸
�¡È

dx

^=NNÈ =

∫ b

a
πf2(x)dx
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²¡­�
x2

a2 +
y2

b2 = 1
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NÈ��

dV = S(x)dx = πy2dx

ý¥NÈ

V =

∫ a

−a
πy2dx

=

∫ a

−a
πb2(1 −

x2

a2 )dx

=
4π
3

ab2
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e�ëê­�7x¶^=
x = ϕ(t)

y = ψ(t)

t ∈ [α, β], ϕ, ψ ∈ C1[α, β], ϕ′ > 0.

^=NNÈ =

∫ t=β

t=α
πy2dx = π

∫ β

α
ψ2(t)ϕ′(t)dt
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x = a cos3 t

y = a sin3 t

t ∈ [0, 2π], a > 0, x′ < 0.

�(/�t ∈ [0, π]7x¶^=¤�^=N�NÈ

V = ±

∫ t=π

t=0
πy2dx = ±

∫ π

0
π(y(t))2x′(t)dt

= ±

∫ π

0
π(a sin3 t)23a sin t cos2 tdt

= 6πa3
∫ π

2

0
sin7 t cos2 tdt = 6πa3(

6!!
7!!
−

8!!
9!!

)
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e��7�:'u¢¶é¡�4�I­�,7x¶^=

r = r(θ), θ ∈ [0, 2π].

^=NNÈ�� =�¡Èß u�%¤rL�ål ×¡È

= 2π(
2
3

r) sin θ ·
1
2

r(rdθ)

^=NNÈ =

∫ π

0
2π(

2
3

r) sin θ ·
1
2

rrdθ
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r = a(1 + cos θ), θ ∈ [−π, π]

^=N��NÈ =�¡Èß u�%¤rL�ål ×¡È

= 2π(
2
3

r) sin θ ·
1
2

r(rdθ)

^=NNÈ =

∫ π

0

2
3
πa3(1 + cos θ)3 sin θdθ =

8
3
πa3
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x2 + y2 = a2

x2 + z2 = a2

31���,�¡È´±
√

a2 − x2�>���/

V = 8
∫ a

0
dV = 8

∫ a

0
(a2 − x2)dx =

16
3

a3.
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e�ëê­�7x¶^=
x = ϕ(t)

y = ψ(t)

t ∈ [α, β], ϕ, ψ ∈ C1[α, β], ψ > 0

^=Ný¡�� = 2πy︸︷︷︸
^=�N�±�

ds

^=Ný¡È =

∫ t=β

t=α
2πyds =

∫ β

α
2πψ(t)

√
(ϕ′(t))2 + (ψ′(t))2dt
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x2

a2 +
y2

b2 = 1, a > b
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x = a cos θ,

y = b sin θ

θ ∈ (0, π)

Sý¡È =

∫ θ=π

θ=0
2πyds =

∫ π

0
2πb sin θ

√
a2 sin2 θ + b2 cos2 θdθ
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S = 2πr︸︷︷︸
»��

h︸︷︷︸
��²¡mål

��¡È��ÝÃ',���3»��/�Ó.
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∫ y=c+h

y=c
2πxds

x=
√

r2−y2

========

∫ y=c+h

y=c
2π

√
r2 − y2

√
1 +

( y√
r2 − y2

)2
dy

======== 2πrh
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/¥��¡Èy²(Y)

ý¡È
�{�

========

∫ y=c+h

y=c
2πxds

x=r cos θ
=======

y=r sin θ

∫ y=c+h

y=c
2πr cos θrdθ

======== 2πr2 sin θ
∣∣∣y=c+h
y=c = 2πrh
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�:(�þm, u�:)

þ![�(�þM, u¢¶[a, a + l])

[x, x + dx]�þ= M
dx
l

Úå�© = G
m · (M

dx
l
)

x2

Úå =

∫ a+l

a

GmM
l

dx
x2 = GmM

1
a(a + l)

.
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M =/¥�þ, r =/¥�»

1��»�Ý====�þmd/¡£�∞¤I��Ð�Ýv0.
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Y

±/%��:,±U����x¶.

�þmd/¡£�∞¤��õ

õ�� =Úå · dx =
GmM

x2 dx

õ =

∫ ∞

r

GmM
x2 dx =

GmM
r

Ð�v0JøÄU= 1
2mv2

0 .
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Y

õ=ÄU ­å
/¡?
=======/¥Úå

GmM
r = 1

2mv2
0 mg = G mM

r2

v0 =
√

2gr =
√

2 × 9.8 × 10−3 × 6371 = 11.17km/s

g´­å\�Ý
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Cå�õ

�¥: ¥%(0, 0, r),�»= r . §´d

�¥ ======


x2 + (y − r)2 = r2

y ∈ [0, r]

7y¶=Ä

ò5÷Y��¥ÄZI��õ=Cå�õ
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±R����y¶,,Y²���x¶

^=NÈ��= πx2dy

õ��= (r − y)︸ ︷︷ ︸
¤rål

πx2dy︸ ︷︷ ︸
­å
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Cå�õY

õ ======

∫ r

0
(r − y)πx2dy

======

∫ r

0
(r − y)π(r2 − (y − r)2)dy

u=r−y
======

∫ r

0
uπ(r2 − (u2)du =

π

4
r4
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b�an > 0,
∞∑

n=1

an < +∞

=====⇒
∞∑

n=1

an
√

rn
< +∞

Ù¥, rn =
∞∑

k=n

ak → 0, n → ∞
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∞∑
k=1

ak
√

rk
==

∞∑
k=1

rk − rk+1
√

rk

6
∞∑

k=1

∫ rk

rk+1

1
√

x
dx

= 2
∞∑

k=1

(
√

rk −
√

rk+1) < +∞
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b�an > 0,
∞∑

n=1

an = +∞

=====⇒
∞∑

n=2

an

sn
= +∞

Ù¥, s1 = 0, sn =
n−1∑
k=1

ak → +∞, n → ∞
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∞∑
k=2

ak

sk
==

∞∑
k=2

sk+1 − sk

sk

>
∞∑

k=2

∫ sk+1

sk

1
x

dx

=
∞∑

k=2

(log sk+1 − log sk ) = +∞
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∃ f ∈ C[0,+∞), f(x) > 0,
∫ +∞

1
f(x)dxÂñ, fÃ.

f(x) =
∞∑

n=1

nχAn(x), An = [n −
1
n3 , n +

1
n3 ]pØ��

∫ +∞

1
f(x)dx =

+∞∑
n=1

2
n2 < ∞.

òf?��ëY¼ê.
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f ∈ C1[0, 1] ==⇒ lim
n→∞

n

∫ 1

0
f(x)dx −

1
n

n∑
k=1

f(
k
n
)

 = f(0) − f(1)
2

� = lim
n→∞

n
n∑

k=1

∫ k
n

k=1
n

(
f(x) − f(

k
n
)

)
dx

= lim
n→∞

n
n∑

k=1

f(ζn) − f( k
n )

ζn −
k
n

∫ k
n

k=1
n

(
x −

k
n

)
dx (È©¥�½n)

=
−1
2

lim
n→∞

n∑
k=1

f ′(ηn)
1
n

(�©¥�½n)

=
−1
2

∫ 1

0
f ′(x)dx =m
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[7.1] 5, 7

[7.2] 1, 3
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¡È�nNy�´È©��©�E|

È©
=z�
=====⇒¦Ú

�ê=�F(ÛÜ~�)¼ê�È©=¡È
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Riemannζ¼ê

∞∑
k=1

1
k ζ
, ζ > 1�Âñ
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uÑ?ê

n∑
k=1

1
k ζ

ζ∈(−∞,1]
========
∃r(ζ)∈[0,1]

∫ n

1

1
xζ

dx + r(ζ) + O(
1
nζ

)

r(1) = 0.577 · · · Euler~ê,

r |(−∞,0] = 0.

A~

n∑
k=1

1
k
== ln n + 0.577 + O(

1
n
)

?2R(¥I��)



U
ST

C
U

ST
C

1�¡È�n(ζ 6 0�/)

f ↗> 0 f ∈ C[1,+∞)

=====⇒

∣∣∣∣∣∣∣
n∑

k=1

f(k) −
∫ n

1
f(x)dx

∣∣∣∣∣∣∣ 6 f(n)

ÏL~�òÿ,Ð©:�?�.
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¦Ú�÷v

f(k − 1) 6
∫ k

k−1
f(x)dx 6 f(k)

n∑
k=2

f(k − 1) 6
n∑

k=2

∫ k

k−1
f(x)dx 6

n∑
k=2

f(k).

−f(n) 6
∫ n

1
f(x)dx −

n∑
k=1

f(k) 6 f(1) 6 f(n).
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1�¡È�n(ζ > 0�/)

f ↘ 0 f ∈ C[1,+∞)

∃~êγ(f)
========⇒

n∑
k=1

f(k) ==
∫ n

1
f(x)dx + γ(f)︸︷︷︸

∈[0,f(1)]

+O(f(n))︸   ︷︷   ︸
∈[0,f(n)]
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1�¡È�n =====⇒ γ(f) = lim
n→∞

( n∑
k=1

f(k) −
∫ n

1
f(x)dx

)
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1�¡È�n =====⇒
∣∣∣∣ n∑

k=1

f(k) −
∫ n

1
f(x)dx − γ(f)

∣∣∣∣ 6 f(n).

ÏL~�òÿ,Ð©:�?�.
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g(n) :=
n∑

k=1

f(k) −
∫ n

1
f(x)dx

g↘>0
======⇒
g(1)=f(1)

γ(f) := lim
n→∞

g(n) ∈ [0, g(1)]
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g ↘> 0�y²:

g(n) :=
n∑

k=1

f(k) −
∫ n

1
f(x)dx =

n−1∑
k=1

(
f(k) −

∫ k+1

k
f(x)dx

)
+ f(n) > 0

g(n) − g(n + 1) =
∫ n+1

n
f(x)dx − f(n + 1) > 0.
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g(n) :=
n∑

k=1

f(k) −
∫ n

1
f(x)dx ↘ 0, γ(f) = lim

p→+∞
g(p)

g(n) − γ(f) = lim
p→∞

( ∫ p

n
f(x)dx −

p∑
k=n+1

f(k)
)

∈ [0, f(n)]
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f ↘ 0 f ∈ C[1,+∞)

=====⇒
∞∑

k=1

f(k),
∫ ∞

1
f(x)dx ÓñÑ.
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1�¡È�n =====⇒ ?êÚÈ©ÓñÑ.

f(n) 6
∫ n

n−1
f(x)dx 6 f(n − 1) =====⇒?êÚÈ©ÓñÑ.
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ϕ ∈ C[0,+∞), ϕ > 0, ϕî�üNO\, ϕ(0) = 0

ψ = ϕ−1

a > 0, 0 6 b 6 ϕ(+∞)

=====⇒ ab 6
∫ a

0
ϕ(x)dx +

∫ b

0
ψ(x)dx.

�Ò¤á⇐===⇒ b = ϕ(a)
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�b = ϕ(a)�

��/¡È=ü�­>n�/¡È�Ú
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YougØ�ª´©lJX�{

YougØ�ªò¦{z�\{
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�é�Ý�êp, q

1
p
+

1
q
= 1, p, q > 1.

�Ý�ê~f

(p, q) = (2, 2), (1,+∞), (+∞, 1).
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�p, q´�Ý�ê, p, q > 1, a, b > 0

=====⇒ ab 6
ap

p
+

bq

q

�Ò¤á⇐===⇒ ap = bq
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�ϕ(x) = xp−1, ψ(y) = yq−1

=====⇒ ab 6
∫ a

0
xp−1dx +

∫ b

0
yq−1dy =

ap

p
+

bq

q

�Ò¤á⇐===⇒ b = ϕ(a) = ap−1 ⇐===⇒ ap = bq
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HölderØ�ª(lÑ��)

�p, q´�Ý�ê,

a = (a1, · · · , an) ∈ R
n
+, b = (b1, · · · , bn) ∈ R

n
+

=====⇒ |〈a, b〉| 6 ‖a‖p‖b‖q

�Ò¤á⇐===⇒ (ap
1 , · · · , a

p
n ) ‖ (b

q
1 , · · · , b

q
n )

‖a‖p := (
n∑

k=1

|ak |
p)1/p ‖b‖q = (

n∑
k=1

|bk |
q)1/q
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Ø��a, b�". ��y

n∑
i=1

(
|ai |

p

‖a‖pp

)1/p( |bi |
q

‖b‖qq

)1/q
6 1

Yong =====⇒� 6
n∑

i=1

(1
p
|ai |

p

‖a‖pp
+

1
q
|bi |

q

‖b‖qq

)
= 1.
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HölderØ�ª(ëY��)

�p, q´�Ý�ê, f , g ∈ R+[a, b]

=====⇒ |〈f , g〉| 6 ‖f‖p‖g‖q

�Ò¤á⇐===⇒ |f |p , |g|q��~êÏfA�??��.

〈f , g〉 =
∫ b

a
f(x)g(x)dx

‖f‖p := (

∫ b

a
|f(x)|pdx)1/p ‖g‖q = (

∫ b

a
|g(x)|qdx)1/q
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y²

Ø��‖f‖p , ‖g‖q�". ��y

∫ b

a

|f(x)|
‖f‖p

|g(x)|
‖g‖q

dx 6 1 (YoungØ�ª)
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f , g ∈ Lp[a, b], p ∈ [1,+∞]

=====⇒ ‖f + g‖p 6 ‖f‖p + ‖g‖p

�Ò¤á⇐===⇒ f , g��~êÏfA�??��.
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‖f + g‖pp

6

∫ b

a
|f(x)| |f(x) + g(x)|p−1dx +

∫ b

a
|g(x)| |f(x) + g(x)|p−1dx

6 ‖f‖p‖f + g‖p/qp + ‖g‖p‖f + g‖p/qp
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b�f ∈ R[a, b],K

( ∫ b

a
|f(x)| cos xdx

)2
+

( ∫ b

a
|f(x)| sin xdx

)2
6

( ∫ b

a
|f(x)|dx

)2
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|^HölderØ�ª

�> 6

∫ b

a
|f(x)|dx

∫ b

a
|f(x)| cos2 xdx +

∫ b

a
|f(x)|dx

∫ b

a
|f(x)| sin2 xdx

6 m>
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f ∈ C[0, 1],

∫ 1

x
f(t)dt >

1 − x2

2
, ∀x ∈ [0, 1]

=====⇒

∫ 1

0
f2(t)dt >

1
3
.
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Y

F(t) :=
∫ 1

t
f(x)dx >

1 − t2

2

1
3

∫ 1

0
f2(t)dt >

(∫ 1

0
tf(t)dt

)2

(HölderØ�ª)

=

(∫ 1

0
tdF(t)

)2

(©ÜÈ©úª)

=

(∫ 1

0
F(t)dt

)2

>
1
9
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f ∈ C1[0, 1],

=====⇒ max
x∈[0,1]

|f ′(x)| 6 |f(1) − f(0)|+
∫ 1

0
|f”(x)|dx

y² f(1) − f(0) = f ′(ζ) (�©¥�½n)

max
x∈[0,1]

|f ′(x)| = |f ′(η)| (0�½n)

f ′(η) = f ′(ζ) +
∫ η

ζ
f”(x)dx (Newton-Leibnizúª)
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[7.3] 1, 2, 7

¯K 1, 2, 3
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È�5½n

l�§��Ý*	¥�½n
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f ∈ C[a, b]

∫ b

a
f(x)g(x)dx = 0, ∀g ∈ C[a, b], g(a) = g(b) = 0

=====⇒ f = 0.
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� g(x) = f(x) sin(
x − a
b − a

π)
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3à:òz��K1w¼ê

sin(
x − a
b − a

π)
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��5½n

f ∈ C[a, b]

∫ b

a
f(x)g′(x)dx = 0, ∀g ∈ C1[a, b], g(a) = g(b) = 0

=====⇒ f = C .
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y²

g´

f(x) = c ⇐===⇒

∫ b

a
(f(x)−c)dx = 0,

∫ b

a
(f(x)−c)2dx = 0.

y²: �

c =
1

b − a

∫ b

a
f(x)dx

∫ b

a
(f(x) − c)2dx = 0⇐===⇒

∫ b

a
f(x)(f(x) − c)dx = 0

�g(x)
g′(x):=f(x)−c

==========
g(a)=g(b)=0

∫ x

a
(f(t) − c)dt
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4�L§
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Riemann�È¼ê©ã�5ëY%C

f ∈ R[a, b]
n�©[a, b]

========⇒ ©ã�5ëY¼êfn

3©��1i�«m:

fn(x)´�5¼ê,Ø��↗

f(�à:) 6 fn(x) 6 f(mà:)

|f(x) − fn(x)| ≤ max
{
|f(x) − f(mà:)|, |f(x) − f(�à:)|

}
6 ωi
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∀ f ∈ R[a, b], fn =­�f�n�©[a, b]��

=====⇒ lim
n→∞

fn
L1[a, b]Âñ

=========== f
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f ∈ R[a, b], fn´f�n�©��

��Âñ½n
===========⇒ lim

n→∞

∫ b

a
|fn(x) − f(x)|dx = 0

lim
n→∞

∫ b

a
fn(x)g(x)dx

∀g∈R[a,b]
=======

∫ b

a
f(x)g(x)dx
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f ∈ R[a, b], fn´f�n�©��

=====⇒ lim
n→∞

∫ b

a
|fn(x) − f(x)|dx = lim

n→∞

n∑
i=1

∫ xi

xi−1

|fn(x) − f(x)|dx

6 lim
n→∞

n∑
i=1

ωi∆xi = 0
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f ∈ R[a, b], fn´f�n�©��

=====⇒ fn��k., fn(a) = f(a), fn(b) = f(b)

=====⇒ efüN,KfnüN. efî�üN,Kfnî�üN.
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R[a, b] ⊂
{
[a, b]Åã�5ëY¼ê

}L1[a,b]

∀ f ∈ R[a, b], ∃ ϕn ∈
{
[a, b]Åã�5ëY¼ê

}
:

lim
n→∞

∫ b

a
|f(x) − ϕn(x)|dx = 0.
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Åã�5ëY
È�5

=====⇒ Riemann�È¼ê

Newton-Leibnizúªéu[a, b]þÅã�5ëY¤á
.
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Riemann-LebesgueÚn

f ∈ R[a, b] =====⇒ lim
λ→+∞

∫ b

a
f(x) sin(λx)dx = 0

lim
λ→+∞

∫ b

a
f(x) cos(λx)dx = 0.
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f´Åã�5ëY¼ê

∫ b

a
f(x) cos(λx)dx ©ÜÈ©

========= f(x)
sin λx
λ

∣∣∣∣∣b
a
−

∫ b

a
f ′(x)

sin λx
λ

dx

−−−−−−−−−→ 0 (λ→ ∞)

f ∈ R[a, b]

lim
n→+∞

∣∣∣∣∣∣
∫ b

a
f(x) cos(λx)dx −

∫ b

a
fn(x) cos(λx)dx

∣∣∣∣∣∣
6 lim

n→+∞

∫ b

a
|f(x) − fn(x)|dx = 0
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∫ b

a
fg

f , g ∈ R[a, b]
==============
füN,∃ζ ∈ [a, b]

f(a)

∫ ζ

a
g + f(b)

∫ b

ζ
g.
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Ø��g ∈ C[a, b].

fn := f�n�©��, G(x) =

∫ x

a
g

∫ b

a
fg ======== lim

n→∞

∫ b

a
fng

©ÜÈ©
========= lim

n→∞
( fnG|ba −

∫ b

a
Gf ′n)

¥�½n
========= lim

n→∞
fnG|ba − G(ζn)

∫ b

a
f ′n

��ζn → ζ
========== fG|ba − G(ζ)(f(b) − f(a))

======== f(a)(G(ζ) − G(a)) + f(b)(G(b) − G(ζ))
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∫ b

a
fg

f , g ∈ R[a, b]
===============
f ↘> 0,∃ζ ∈ [a, b]

f(a)

∫ ζ

a
g.
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fn := f�n�©��,

G(x) =

∫ x

a
g, M = max

x∈[a,b]
G(x), m = min

x∈[a,b]
G(x)

∫ b

a
fg ======== f(a)

∫ ζ

a
g + f(b)

∫ b

ζ
g

======== (f(a) − f(b))G(ζ) + f(b)G(b) ∈ [f(a)m, f(a)M]

0�½n
========= f(a)G(η)
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YoungØ�ª

ϕ ∈ C[0,+∞), ϕ > 0, ϕî�üNO\, ϕ(0) = 0

ψ = ϕ−1

a > 0, 0 6 b 6 ϕ(+∞)

=====⇒ ab 6
∫ a

0
ϕ(x)dx +

∫ b

0
ψ(x)dx.

�Ò¤á⇐===⇒ b = ϕ(a)
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Ø��ϕ ∈ C1[0,∞). Ø��b 6 ϕ(a).

b ∈ [ϕ(0), ϕ(a)]
0�½n

=======⇒�3c ∈ [0, a] : b = ϕ(c)

∫ c

0
ϕ(x)dx +

∫ b

0
ψ(y)dy

x=ψ(y)
======
y=ϕ(x)

∫ c

0
ϕ(x)dx +

∫ c

0
xϕ′(x)dx

======

∫ c

0
(xϕ(x))′dx = cb

∫ a

c
ϕ(x)dx > ϕ(c)(a − c) = b(a − c).

�\=�.
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====⇒�¼ê���":
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f ∈ C[0, π],

∫ π

0
f(x)dx = 0,

∫ π

0
f(x) cos xdx = 0

=====⇒ ∃pØ�Óζ1, ζ2 ∈ (0, π) : f(ζ1) = f(ζ2) = 0

±�¼ê�Ñu:ïÄ¼ê.
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F(x) :=

∫ x

0
f F(0) = F(π) = 0

0 =

∫ π

0
f(x) cos xdx ©ÜÈ©=========

∫ π

0
F(x) sin xdx

============⇒ F�3":ζ ∈ (0, π)

Rolle
============⇒
F(0)=F(ζ)=F(π)=0

(Ø¤á
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Lagrange��õ�ª

�½ (x1, f(x1)), · · · , (xn, f(xn)), x1 < x2 < · · · < xn.

LagrangeÄ�õ�ª

li(x) =
(x − x1) · · · (x − xi−1)(x − xi+1) · · · (x − xn)

(xi − x1) · · · (xi − xi−1)(xi − xi+1) · · · (xi − xn)

LagrangeÄ�õ�ª

li(xj) = δij

Lagrange��õ�ª

n∑
i=1

li(x)f(xi)
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Lagrange��õ�ª{��O

f3[a, b] n��� (>.:^��~f)

a 6 x1 < x2 < · · · < xn 6 b

∃ζ∈(a,b)
=====⇒ f(x) =

n∑
i=1

f(xi)li(x) +
f (n)(ζ)

n!

n∏
i=1

(x − xi)

l�§¦��*:w�¥�½n
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e�¼ê±c, x1, · · · , xn�n + 1�ØÓ"::

f(x) −
n∑

i=1

f(xi)li(x) −
(
f(c) −

n∑
i=1

f(xi)li(c)
) n∏

k=1
(x − xk )

n∏
k=1

(c − xk )

þã¼ê�n��ê�3":,�

f (n)(ζ) −
(
f(c) −

n∑
i=1

f(xi)li(c)
) n!

n∏
k=1

(c − xk )

= 0

4�L§=====⇒é?¿c�(
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n = 1�Lagrange��õ�ª{��O ='u���¥�½n
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l)�§�*:w�Lagrange¥�½n

f ′(x) =
f(b) − f(a)

b − a
�§�3�,

8(ue��§kü��

f(x)︸    ︷︷    ︸
­��§

=
f(b) − f(a)

b − a
(x − a) + f(a)︸                             ︷︷                             ︸

���§︸                                               ︷︷                                               ︸
T�§5guþã�§ü>È©

?2R(¥I��)



U
ST

C
U

ST
C

~K

f ∈ C∞(R), |f (n)(x)| 6 M, f(
1
n

) = 0,∀n ∈ N

=====⇒ f ≡ 0

y²: fkÃ¡õ�":,±0�à:, f(0) = 0.

¼ê�ü�":�)�¼ê���":.

Ón
=====⇒ f(0) = f ′(0) = · · · = f (n)(0) = · · · = 0.

f(x)
TaylorÐm

==========
f (k)(θx)

k !
xk =====⇒ |f(x)| → 0, k → ∞.

?2R(¥I��)



U
ST

C
U

ST
C

~K

∑
p�ê

1
p

= +∞.

N∑
n=1

1
n
6

∞∏
j=1

(1 +
1
pj

+
1
p2

j

+ · · · ) (n��ê©))

=
∞∏

j=1

1

1 − 1
pj

6 e

∞∑
j=1

2
pj

(
1

1 − x
6 1 + 2x 6 e2x , ∀x ∈ [0,

1
2

])
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l©ÜÈ©�*:w��kÈ©{��TaylorÐm

In :=

∫ x

x0

f (n+1)(t)
(x − t)n

n!
dt =

∫ x

x0

(x − t)n

n!
df (n)(t)

= In−1 −
(x − x0)n

n!
f (n)(x0) = · · ·

= I0 −
x − x0

1!
f ′(x0) − · · · −

(x − x0)n

n!
f (n)(x0)

= f(x) − f(x0) −
x − x0

1!
f ′(x0) − · · · −

(x − x0)n

n!
f (n)(x0)
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