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Jp,Ú\
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1.1 888ÜÜÜ���ÄÄÄ���VVVggg

1.1.1 888ÜÜÜ

8Ü´�
é��oN.oN¥�é�¡��8Ü���½¤
.�½

?¿��é�x±98ÜS,XJx´8ÜS�����,·�ò�¤x ∈ S.X

JxØ´8ÜS�����K�¤x /∈ S.

S.þ¡��8Ü�¯Ô,Ï~3êÆþ´�±�É�.~X:

1◦ /�u4��K�ê8Ü0´do���|¤�8Ü.ùo���©

O´0, 1, 2, 3;

2◦ /�N¹X�¥I<0´�8Ü.8Ü¥����êéõ,�´k

��.du)k�Cz,��Ñù�8Ü�¤
´(J�.ù«(J´¢�þ

�,Ø´nØþ�;

3◦ /�u�u3��ê8Ü0´�kÃ�õ����8Ü.��ä��

�ê´Ä´§���éN´;

4◦ /3äkÃ��Ñþ�O�Åþ,$1v
���m��UÊ�$

1�¤kAlgol 60§S|¤
��Ã�8Ü0.�O�nØ®²y²,�ä?

¿§S´Ä´ù�8Ü�����{´Ø�3�.lù�8Ü´Ø��½

�;

5◦ /�N�u0,�u1��ê8Ü0.3ù�8Ü¥vk?Û��,·�

¡§��8,¿P�∅.

8Ü´±§���5L��.��kk�õ����8Ü�±^�Ñ§

��Ü����{5`².ù
��^�)Ò)å5,¿����m^ÏÒ©

m.��8Ü^��i1L«,8Ü��^��i1L«.�8ÜA¥kk�õ

����,^|A|L«8Ü¥����ê.AOéu�8∅, |∅| = 0.~X:

1◦ A = {a, b, c}, a, b, c´8ÜA���,|A| = 3;
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2 CHAPTER 1. 8Ü

2◦ B = {0, 2, 4, 6, 8}, B´�u10��Kóê8Ü.|B| = 5.

8Ü,AO´kÃ�õ����8Ü,Ï~^�Ñ8Ü¥��5���{

5`².~X,PZ´�N�ê8Ü.

1◦ �Nóê8Ü�{x | ∃y ∈ Z, x = 2y};

2◦ �u10��ê8Ü{x | x ∈ Z�x > 10};

3◦ knê8ÜQ = {x/y | x, y ∈ Z�y 6= 0}.

1.1.2 888ÜÜÜ���������

Ó��8Ü�±kØÓ�L«{.~X,A = {−1, 1},B = { x | x ∈
Z, x2 = 1 },C = { x | x ∈ R, |x| = 1 },Ù¥RL«�N¢ê8Ü.ùÒ�)


��¯K,=XÛ�äü�8Ü´Ó��8Ü.

½Â 1.1. �½ü�8ÜAÚB,XJ8ÜA¥�z���Ñ´8ÜB¥

���,�L58ÜB¥�z����Ñ´8ÜA¥���,@o¡8ÜAÚ

8ÜB������,¿P�A = B.

^ù�½Â����yþ¡�8ÜA,B,C´���8Ü,A = B = C.

½n 1.1. A,B,C´?¿8Ü,8Üm���'X÷v:

1◦ ggg���555 A = A;

2◦ ééé¡¡¡555 eA = B,KB = A;

3◦ DDD444555 eA = B,B = C,KA = C.

yyy²²² 3½Â1.1¥,òBU¤A±�w,¤á,§`²A = A.q3½

Â1.1 ¥, k`��é{,2`c�é{,�Ò´`8ÜB�z���Ñ´8

ÜA¥���,�L58ÜA�z����Ñ´8ÜB¥���,Ù¿g��5

���Ó,¤±�A = B�,7kB = A.

e¡y²D45.®�A = B,éu?Ûx ∈ A,7kx ∈ B.qdB =

C,lx ∈ BíÑx ∈ C.�L5,dA = B,B = C9��'X�é¡5í

ÑB = A,C = B.éu?Ûx ∈ C,duC = B,7kx ∈ B.qdB = A,lx ∈
BíÑx ∈ A.éì½Â1.1�A = C.
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1.1.3 888ÜÜÜ������¹¹¹

8Ü�����¹´8Üm�ü«�Ä��'X.y3½Âü�8Ü�

�¹'X.

½Â 1.2. AÚB´ü�8Ü.XJ8ÜA¥�z���Ñ´8ÜB¥�

��,·�¡8ÜB�¹8ÜA,8ÜA��8ÜB���fff888,L«¤B ⊇
A½A ⊆ B.

XJ8ÜB�¹8ÜA,¿�������áu8ÜBØáu8ÜA,·

�¡8ÜBý�¹8ÜA,8ÜA��8ÜB���ýýýfff888.

~X,óê8Ü´�ê8Ü�ýf8.8Ü{1, 2, 3, 4}´8Ü{x | x ∈ Z

�0 <x < 5}�f8,�Ø´ýf8.

½n 1.2. A,B,C´?¿8Ü,8Üm��¹'X÷v:

1◦ ggg���555 A ⊆ A;
2◦ ���ééé¡¡¡555 eA ⊆ B�B ⊆ A,KA = B;

3◦ DDD444555 eA ⊆ B�B ⊆ C,KA ⊆ C.

yyy²²² 1◦, 3◦�y²3�SK.ùp�y2◦.

eA ⊆ B�B ⊆ A,d8Ü�¹�½Â�8ÜA¥�z���Ñ´8

ÜB¥���,¿�8ÜB¥�z���Ñ´8ÜA¥���.ù�´8ÜAÚ

8ÜB���½Â,l�ÑA = B.

½n 1.3. éu?Û8ÜA,∅ ⊆ A.

yyy²²² ^�y{.b��8∅Ø´,�8ÜA�f8,@o��k���

�x, x ∈ ∅�x /∈ A.∅´�8,§vk?Û��,=é?Ûx7kx /∈ ∅.�)

gñ.�Ø�U.dd�Ñ∅´?Û8ÜA�f8.

d½n1.3�,�8∅´���.ù´Ï�be∅1Ú∅2Ñ´�8.Ï�∅1´

�8,�Ñ∅1 ⊆ ∅2.Ï�∅2´�8,�∅2 ⊆ ∅1.d8Ü�¹'X��é¡5

�∅1 = ∅2.

3ïÄ��A½¯K�,b�k��v
��8Ü¦��8ÜÑ�¹

3§�¥.ù�v
��8Ü¡���k8Ü,¿P�U .éu?Û8ÜAþ

kA ⊆ U .
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1.1.4 ���888

A,B, · · ·´8Ü,r§��3�å�¤��#�8Ü{A,B, · · · }.ù«8
Ü±8Ü����¡�8x.8xÏ~^s�i1A ,B, · · ·L«.

��8Ü��Üf8�¤�8x��T8Ü��8.eA = {a, b, c}, A�
48P(A)´k8����8x:

P(A) = {∅, {a}, {b}, {c}, {a, b}, {a, c}, {b, c}, {a, b, c}}.

½n 1.4. A´k�8Ü,|P(A)| = 2|A|.

yyy²²² A´k�8Ü,|A| = n.A�i�f8��êÒ´ln���¥À

�i�ØÓ����{Cin

(
= n!

i!(n−i)!

)
,ùpi�±�0, 1, · · · , nùn + 1��.�

k

|P(A)| = C0
n + C1

n + · · ·+ Cnn

3��ª½n

(x+ y)n = C0
nx

ny0 + C1
nx

n−1y + · · ·+ Cnnx
0yn

¥,-x = y = 1,u´k2n = C0
n + C1

n + · · ·+ Cnn .l|P(A)| = 2n = 2|A|.

1.1.5 ÈÈÈ888

½Â 1.3. éu��ên,kSn�|(a1, a2, · · · , an)´ai�1i�©þ�n

�é��SSS���.

ü�kSn�|´���,��=�§��z�©þÑ´���.

½Â 1.4. n�8ÜA1, A2, · · · , An�ÈÈÈ888A1 × A2 × · · · × An´d�N
kSn�|(a1, a2, · · · , an)�¤�8Ü,Ù¥ai ∈ Ai, 1 6 i 6 n.

AO/,eA1 = A2 = · · · = An = A�,PA1 ×A2 × · · · ×An�An.

~X,A = {1, 2}, B = {m,n}, C = {0}, D = ∅,@o

A×B = {(1,m), (1, n), (2,m), (2, n)},
A × C = {(1, 0), (2, 0)}, C × A = {(0, 1), (0, 2)}, A × D = ∅. 5¿,ù

pA× C 6= C ×A.
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½n 1.5. A,B´ü�k�8Ü,|A×B| = |A| • |B|.

yyy²²² l8ÜA¥?�����a��1�©þ,l8ÜB¥?���

��b��1�©þ�¤�kS2�|(a, b)´A × B�����.a�b�Ø

Ó�{�¤ØÓ�kS2�|.l8ÜA¥À�����k|A|«�{,l8

ÜB¥À�����k|B|«�{.§��±�¤|A| • |B|�ØÓ�2�|.u

´|A×B|= |A| • |B|.
Ón�±y²|A1 ×A2 × · · · ×An| = |A1| • |A2| • · · · • |An|.

1.2 888ÜÜÜ���$$$���

·�3c�!!�8Üm��
éX,X�¹!f8�,�«ØÓ8Ü�

?�ÚéX´ÏL8Üþ��«$�w«Ñ5�.

½Â 1.5. 8ÜA�B�¿¿¿,���,���8A ∪B,A ∩B,A−B©O�

A ∪B = {x | x ∈ A½x ∈ B},
A ∩B = {x | x ∈ A�x ∈ B},
A−B = {x | x ∈ A�x /∈ B}.

d½ÂwÑA ∪ B´d½´38ÜA¥,½´38ÜB¥���|¤�.A

∩B´d8ÜAÚ8ÜB�ú���|¤�.A − B´d38ÜA¥�Ø38
ÜB¥���|¤�.e�A��k8ÜU,U −B¡�8ÜB�Ö8,¿P�B̄.

ØJwÑ

B̄ = {x | x ∈ U �x /∈ B} = {x | x /∈ B}.

~X,A = {0, 1, 2}, B = {1, 2, 3}, U = {x | x ∈ Z �x > 0}.

A ∪B = {0, 1, 2, 3},
A ∩B = {1, 2},

A−B = {0}, B −A = {3},
Ā = U −A = {x | x ∈ Z�x > 3}.

½n 1.6. éu?¿8ÜA,A ∪ Ā = U,A ∩ Ā = ∅.
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yyy²²² d¿��$��½Â

A ∪ Ā = {x | x ∈ A½x ∈ Ā} = {x | x ∈ A½x /∈ A} = U .

A ∩ Ā = {x | x ∈ A�x ∈ Ā} = {x | x ∈ A�x /∈ A} = ∅.

~ 1.1. y²Ā ⊆ B̄��=�B ⊆ A.

yyy²²² ^�y{y²7�5.b�B ⊆ AØ¤á,@o���3��

��x0∈ B�x0 /∈ A,lx0 ∈ Ā.,��¡x0 ∈ B, �x0 /∈ B̄.ùÒ´`,�

��3����x0,¦x0 ∈ Ā�x0 /∈ B̄,�Ā ⊆ B̄�gñ,�Ø�.u´=

�B ⊆ A�kĀ⊆ B̄.

�^aq��{y²¿©5.

~ 1.2. y²A ∩B = Ā ∪ B̄.

yyy²²² y²�g´´ky²A ∩B ⊆ Ā ∪ B̄,2y²Ā ∪ B̄ ⊆ A ∩B,|

^8Üm�¹'X��é¡5��A ∩B = Ā ∪ B̄.

e¡·�kyA ∩B ⊆ Ā ∪ B̄.

?�x ∈ A ∩B,dÖ$��½Â�x /∈ A ∩ B,=x ∈ A�x ∈ BØU

Ó�¤á.dd�Ñx /∈ A½x /∈ B.2d8Ü¿$��½Â�x ∈ Ā ∪ B̄,ù

px´A ∩B�?¿��,�A ∩B ⊆ Ā ∪ B̄.

2yĀ ∪ B̄ ⊆ A ∩B.

?�x ∈ Ā ∪ B̄,d¿$��½Â�x ∈ Ā½x ∈ B̄.ÏA ∩ B ⊆ A,l

þ~�Ā ⊆ A ∩B.�x ∈ Ā�,7kx ∈ A ∩B.Ó�ÏA ∩ B ⊆ B,lþ~

�B̄ ⊆ A ∩B. �x ∈ B̄�,7kx ∈ |A ∩B|.nþ©Û�Ā ∪ B̄�z���Ñ
´A ∩B���, =Ā ∪ B̄ ⊆ A ∩B.

½n 1.7. é?¿8ÜA,B,Ce¡�ª¤á:

1◦ A ∪B = B ∪A,A ∩B = B ∩A;
2◦ A ∪ (B ∪ C) = (A ∪B) ∪ C,A ∩ (B ∩ C) = (A ∩B) ∩ C;
3◦ A ∪ (B ∩ C) = (A ∪B) ∩ (A ∪ C),

A ∩ (B ∪ C) = (A ∩B) ∪ (A ∩ C);

4◦ A ∪∅ = A,A ∩ U = A;

5◦ A ∪ Ā = U,A ∩ Ā = ∅.
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yyy²²² 5◦®3½n1.6¥y².Ù{�þ�d8Ü¿!�$��½Â��

y².

½n 1.8. e¡n�'u8ÜAÚB�·K´�p�d�:

1◦ A ⊆ B;

2◦ A ∪B = B;

3◦ A ∩B = A.

yyy²²² ·��y²�{´ÏLy²1◦ =⇒ 2◦ =⇒ 3◦ =⇒ 1◦5`²§�

´�d�.

Äky²1◦ =⇒ 2◦.

®�A ⊆ B,A�z���Ñ´B¥���,l8Ü¿$��½Â�

A ∪B = {x | x ∈ A ½x ∈ B} = {x | x ∈ B} = B.

2y²2◦ =⇒ 3◦.

®�A ∪ B = B,�ªü>Ó��A¦�E,��.,�2½n1.7¥�Ã

5�

A ∩B = A ∩ (A ∪B)

= (A ∪∅) ∩ (A ∪B) 4◦

= A ∪ (∅ ∩B) 3◦

= A ∪ ((∅ ∩B) ∩∅) 4◦

= A ∪ ((B ∩∅) ∪ (B ∩ B̄)) 1◦, 5◦

= A ∪ (B ∩ (∅ ∪ B̄)) 3◦

= A ∪ (B ∩ B̄) 1◦, 4◦

= A ∪∅ 5◦

= A. 4◦

��y²3◦ =⇒ 1◦.

®�A∩B = A,?�x ∈ A∩B,d8Ü�$��½Â�x ∈ A�x ∈ B,A

O5¿�x ∈ B,dx�?¿5,��A ∩ B ⊆ B.òA ∩ B = A�\=´¤¦�

(JA ⊆ B.
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A A A B

A Ā A ∩B

A B A B A B

A−B A ∪B A ⊆ B

A

B A B

C

A B

C

A ∩B = ∅ (A ∪B) ∩ C (A ∪ C) ∩B

ã 1.1: Vennã

é8Ü�$��±^Vennã�*/L«.3ã1.1¥^Ý/L«�k8

ÜU ,�L«8ÜA,B,C.

1.3 888ÜÜÜ���888BBB½½½ÂÂÂ

c¡!�k�8Ü�±^�Ñ8Ü����{,��^�x8Ü��5

���{5Lã.�´^8Ü��5½Â8Ü,AO´Ã�8Ü,Øo´é�B

�.~Xpascal§S8Ü!g,ê8Ü�.éù��8ÜÏ~g,/æ^8B

½Â.

8Ü�8B½Â´dÄ:�é,8B�éÚª(�én�Ü©|¤�.
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kw�~f.�Kó�ê8ÜE�±½Â�

E = {x | x ∈ Z, x > 0 �∃y ∈ Z,¦x = 2y}.

§��±8B½ÂXe:

1◦ (Ä:�é)0 ∈ E;

2◦ (8B�é)XJn ∈ E,Kn+ 2 ∈ E;

3◦ (ª(�é)Ø
k�õg¦^1◦, 2◦�)��ê�	2�vkÙ¦

��áuE.

3ù�~f¥,·��±wÑ: Ä:�é�T8ÜJø
Ä�ïÓ¬.ù


Ä�¬AT¦�U/�.8B�é�ÑXÛl8Ü®k���EÑÙ¦�

�.�E�{�{ü�1.ª(�éLã�E�{���5,=ØKÄ:�é�

Ñ���	,8Ü�z���ÑU^8B�éJø��{�EÑ5,¿�T8

Ü��N��Ò´k�g¦^Ä:�éÚ8B�é¤����Ü��.

3O�Å�Æ¥ÎÒ1åX��^,31©?6§S!?n�êú

ª§S±9½ny²§S¥,éÎÒ1�$�´Ø%.i1L´dk�õ

�ÎÒ|¤�8Ü,P�Σ.lΣ¥À�k��ÎÒü¤�1¡�i1LΣþ

���1.-Σ = {a1, a2, · · · , an},x = ai1ai2 · · · aik .Ù¥ai1 , ai2 , · · · , aik ∈
Σ,@o¡x´Σþ��k�1.AO/,¡��0�1��1,P�λ.ykΣþ�

ü�1x = ai1ai2 · · · aik ,y = bj1bj2 · · · bjl ,Ù¥ai1 ,ai2 , · · · ,aik ,bj1 ,bj2 , · · · , bjl ∈
Σ.1x�1y�ë�´1xy:

xy = ai1ai2 · · · aikbj1bj2 · · · bjl ,

§´Σþ��k + l�1.��/,1�ë�$�Ø÷v��Æ.

AO/,xλ = λx = x,=?Û1��1�ë�,K�±ØC.

e¡8B½Âü�~^�8ÜΣ+ÚΣ∗.

½Â 1.6. i1LΣþ¤k��1�8ÜΣ+½ÂXe:

1◦ (Ä:�é)XJa ∈ Σ,Ka ∈ Σ+;

2◦ (8B�é)XJx ∈ Σ+�a ∈ Σ,Ka�1x�ë�ax ∈ Σ+;

3◦ (ª(�é)8ÜΣ+��¹k�g¦^1◦, 2◦¤���@
1.

8ÜΣ+�)��1, 2, · · ·�1,§´��Ã�8Ü.AO��Ñ�´,3Σ+

¥�z����Ñ´dk�õ�ÎÒ|¤�1.
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~XΣ = {a, b},@o

Σ+ = {a, b, aa, ab, ba, bb, aaa, aab, · · · }.

½Â 1.7. Σ´i1L,Σþ¤k1�8ÜΣ∗½ÂXe:

1◦ (Ä:�é)�1λ ∈ Σ∗;

2◦ (8B�é)XJx ∈ Σ∗�a ∈ Σ,Ka�1x�ë�ax ∈ Σ∗;

3◦ (ª(�é)Ø
k�g¦^1◦, 2◦�E�1±	,Σ∗2vkÙ¦��.

~XΣ = {a, b},@o

Σ∗ = {λ, a, b, aa, ab, ba, bb, aaa, aab, · · · } = {λ} ∪ Σ+.

~ 1.3. ^8B�{½Â=d�ê,��$�Î+,−,��$�Î+,−, ∗, /
9)Ò|¤��âL�ª8Ü.

1◦ (Ä:�é)-D = {0, 1, 2, · · · , 9},ex ∈ D+,Kx´�âL�ª;

2◦ (8B�é)XJxÚy´�âL�ª,K(−x), (+x), (x+y), (x− y), (x∗
y), (x/y)´�âL�ª;

3◦ (ª(�é)��ÎÒ1´�âL�ª,��=�§´k�g¦

^1◦, 2◦ ���.

ØJ�y341, 0000, (3 + 7), (3 ∗ (−61)), ((+1)− ((+6)/7))Ñ´þ¡½Â

�8Ü¥���.

SSSKKK

1.e¡�8ÜAÚ8ÜB´Ä´���?

(1) A = {1, 2, 3}, B = {x | x ∈ Z};
(2) A = {1, 2, 4}, B = {1, 2, 2, 4};
(3) A = {a, b, ab}, B = {b, ab, a, b, a}.
2.®�A ⊆ B,B ⊂ C,y²A ⊂ C.

3.e¡��ª´Ä¤á?

(1) {0} = ∅;

(2) ∅ = 0;

(3) {∅} = ∅;
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(4) ∅ = {x | x 6= x};
(5) ∅ = {B | B ⊆ A�|B| = 0};
(6) P(∅) = ∅.

4.e¡�·K´Ä¤á?

(1) XJA 6= B,B 6= C,KA 6= C;

(2) XJa /∈ A,A ⊇ B,Ka /∈ B;

(3) |P(A)| > 1íÑA 6= ∅.

5.y²e�Ø�ª:

(1) A ∩ (Ā ∪B) = A ∩B;

(2) A ∪ (A ∩B) = A;

(3) A1, A2, · · · , An�8Ü,y²⋂
i

Ai =
⋃
i

Ai,
⋃
i

Ai =
⋂
i

Ai.

6.y²e�·K:

(1) B ⊆ C ⇒ (A ∩B) ⊆ (A ∩ C);

(2) A ⊆ C,B ⊆ C ⇒ (A ∪B) ⊆ C;

(3) AÚB´k�8Ü,@o|A ∪B| 6 |A|+ |B|,¿�=�A ∩B = ∅��ª¤
á.

7.^8B{½ÂXe8Ü:

(1) �?�ÃÎÒ�ê,§AT�)4, 167, 0012�;

(2) �k��êÜ©�ÃÎÒ¢ê,§AT�)6.1, 712., 61.200�;

(3) Ø±0�Þ��?�ó�ê,§AT�)0, 110, 1010�.
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êØ´���P�êÆ©|.3�Ù¥·�Ì�0�Ð�êØ¥�Ä�

�£,§�)�Ø5!Ó{ª!����ê�SN,�15Ù±�ÆS+!�!

���£Jø��y¢�.,��8�ÆS��ÏÕ!�èN��7��O

�.

2.1 ���ØØØ555

3y¢.�êþ'X¥,<�Äk@£�1, 2, 3, · · ·ù
��ê,3��

ê�m�±�\{$�.�
U�~{$�q*¿�K�êÚ".�N��ê

�¤
g,ê8ÜN.�N�K�êÚ"�¤
�ê8ÜZ.�ê8ÜÚg,

ê8Ü´Ð�êØïÄ�é�.

3�ê8ÜZ¥�±?1\!~!¦$�,¿�÷v�
5Æ(~X,\{

���ÆÚ(ÜÆ,¦{é\{�©�Æ�).��ØU�Ø{$�,¤±,ïÄ

�êmUÄ�Ø´�«�êA5����Ãã.

2.1.1 ���ØØØ'''XXX999ÙÙÙ555���

½Â 2.1. a, b´�ê,a���ØØØb��=��3�êd,¦�ad = b,¿P

�a | b,�¡a ´b���ÏÏÏfff.

�Ø5�N
ü��ê�m��«'X,X−3 | 6, 3 | −6, 4 - 6.

½n 2.1. �a, b, c, x, y ∈ Z.�Ø'XäkXe�
5�:

1◦ é?Ûaþka | a;
2◦ ea | b�b | a,Ka = ±b;
3◦ ea | b�b | c,Ka | c;
4◦ ea | b,Ka | (bc);
5◦ ea | b�a | c,Ka | (bx+ cy);

6◦ ea, b > 0�a | b,Ka 6 b;

yyy²²² 1◦, 3◦, 4◦, 5◦|^�Ø½Â�±y².ùp�y²2◦Ú6◦.

12
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y²2◦ da | bÚb | a,��3x, y ∈ Z,¦�ax = b, by = a.ò§�

��>!m>©O�¦��abxy = ab,íÑxy = 1.l�Ukü«�

¹x = y = 1½x = y = −1,=a = b½a = −b.
y²6◦ a, b > 0�a | b,7kx ∈ N¦ax = b.ùpx > 1, �Ña 6 b.

���/,ea, b ∈ Z,�a, b 6= 0, a | b,@o|a| | |b|.d6◦íÑ|a| 6 |b|,=− |b| 6
a ≤ |b|.ùL²�"��êb�kk�õ�Ïf.du?Ûx ∈ Z, x • 0 = 0,l

0kÃ�õ�Ïf.

2.1.2 ������úúúÏÏÏfff

k
�Ø�VgÒ�±½Âü��ê���úÏf.

½Â 2.2. a, b´ü�ØÓ��"��ê,a, b�������úúúÏÏÏfffd = (a, b)÷

v:

1◦ d | a, d | b,=d´a�b�ú�Ïf;

2◦ ec | a, c | b,Kc 6 d,=d´a�b�¤kú�Ïf¥�����.

aq/�±½Â(a1, a2, · · · , an).

Ø
1±	��ê��kü�Ïf:1Úg�.ü��ê��k��úÏ

f1.c¡®²©ÛL,z��"�ê�kk�õ�Ïf.l�a, bØ��"

�,§��úÏf��kk�õ�.dK´���@�úÏf.w,d = (a, b) >

1.~X,(−3,−6) = 3, (−3, 6) = 3, (2, 3) = 1.XJü��ê���úÏf

�1,K¡ùü��ê´p��.

�
�	´Ä�3�êx, y,¦�a�b���úÏfd = ax + by.�Ò

´a, b���úÏfd´ÄU^a�b�5L«Ñ5.�d,·�k*���ïÄ

8Ü

S = {ax+ by | x, y ∈ Z}.

T8ÜkXe5�:

1◦ em,n ∈ S,Km± n ∈ S;

2◦ en ∈ S, c ∈ Z,Kcn ∈ S;

3◦ PS¥����ê�d,@oS¥z�êÑ´d��ê.�L5,d�z�

�ê�7áuS.
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þ¡�5�1◦Ú2◦´w,�.yy²5�3◦.Ï�a, bØ��",±a,±bw
,áu8ÜS.�Ò´`,8ÜS¥k���,¤±S¥�½�3X�����

��êd.?�c ∈ S,kc = qd + r,Ù¥qÚr©O�cØ±d���ûÚ�K

{ê,0 6 r < d.Ï�d ∈ S,d5�2◦�q • d ∈ S.qÏc ∈ S,d5�1◦�r =

c− q • d ∈ S.dud´S¥�����ê,l7kr = 0,=c = q • d,�

S = {ax+ by | x, y ∈ Z} = {k • d | k ∈ Z}.

e¡y²S�����êdÒ´a�b���úÏf.dud ∈ S,�3x0, y0

∈ Z,¦�d = ax0 + by0.Ï�(a, b) | a, (a, b) | b,u´(a, b) | d.d�Ø�

5�6◦,�(a, b) 6 d.,��¡,Ï�a ∈ S, b ∈ S,@o�3k1, k2 ∈ Z,¦

�a = k1d, b = k2d,ld´a�b�úÏf.(a, b)´a�b���úÏf,¤

±d ≤ (a, b). nþ�d = (a, b).

lþ¡�?ØwÑ,ea, b´Ø��"��ê,@o�½�3�êx, y¦ax

+by = (a, b).,	,�ên�±L«¤ax + by/ª�¿�^�´(a, b) | n.w

,,�a�bp��,?Û�ênÑ�±L«¤ax+ by�/ª,dd��:

½n 2.2. �a, b´Ø�"��ê,@o

1◦ (a, b)´8ÜS = {ax+ by | x, y ∈ Z}¥�����ê;

2◦ �ên�±L«¤ax+ by/ª�¿�^�´(a, b) | n.

|^½n2.2�±��'u��úÏf��
k^�5�.

íØ 2.1. em���ê,K(ma,mb) = m (a, b).

yyy²²²

(ma,mb) =/X max+mby �����ê

= m •/X ax+ by �����ê

= m • (a, b) .

AOk:

1◦ e(a, b) = d,Kd = (a, b) = d
(
a
d ,

b
d

)
.ü>Ø±d,��

(
a
d ,

b
d

)
= 1.

2◦ em´a�b�úÏf,a = ma1, b = mb1. (a, b) = m (a1, b1),¤±m |
(a, b),=a�b�úÏf´��úÏf�Ïf.
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íØ 2.2. e(a,m) = (b,m) = 1,K(ab,m) = 1.

yyy²²² d(a,m) = (b,m) = 1��3x0, y0, x1, y1 ∈ Z,¦�ax0 +my0 =

1,bx1 +my1 = 1.òùü�ªf�mü>©O�¦,��

abx0x1 +m (ax0y1 + bx1y0 +my0y1) = 1.

l(ab,m) = 1.

íØ 2.3. a, b´Ø��"��ê,é?¿�êxk(a, b) = (a, b+ ax).

yyy²²² -g = (a, b) , h = (a, b+ ax).dg | a, g | b�g | (b+ ax),=g´a�b

+ax�úÏf.líØ2.1¥�2◦�g | h.,��¡h | a, h | (b+ ax),íÑh |
b.lh´a�b�úÏf.Ónh | g.d½n2.1¥2◦Úh, g > 0,�Ñh = g,=(a, b)

= (a, b+ ax).

íØ 2.4. ec | ab�(c, b) = 1,Kc | a.

yyy²²² dc | ab, c | ac,�âíØ2.1¥�2◦�c | (ab, ac).líØ2.1�(ab, ac) =

a (b, c) = a • 1 = a.u´c | a.

þ¡�y²(a, b)�±L«¤ax+ by/ª�L§¥,vk�Ñ�«�1�

�{¦Ñx Úy.·�|^íØ2.3,�±��¦)ax + by = (a, b)�îAp�

�{.du(a, b) = (|a| , |b|),·�ùpØ�b�a > b > 0.

½n 2.3. a, b���ê,ke�'Xª:

a = bq0 + r0, 0 < r0 < b,

b = r0q1 + r1, 0 < r1 < r0,

r0 = r1q2 + r2, 0 < r2 < r1,

· · · · · · · · · · · ·

ri = ri+1qi+2 + ri+2, 0 < ri+2 < ri+1,

ri+1 = ri+2qi+3,

K(a, b) = ri+2.



16 CHAPTER 2. êØÐÚ

yyy²²² 3þãÎ=�Ø��X�'Xª¥,b > r0 > r1 > · · · ri+1 >

ri+2 > 0´���K�4~S�.Ïd²Lêg�Ø±�¤���{ê7�0.

·�ùpb�ri+3 = 0.�âíØ2.3k

(a, b) = (b, r0) = (r0, r1) = · · · = (ri, ri+1)

= (ri+1, ri+2) = ri+2.

dþãÎ=�Ø�{,Ø=�±��(a, b),|^ù
'Xª�í£�,Ò

�±��(a, b) = ax+ by¥�x, y��.

~ 2.1. O�(963, 657).

))) U½n2.3Jø�Î=�Ø�{��'Xª:

963 = 657 • 1 + 306,

657 = 306 • 2 + 45,

306 = 45 • 6 + 36,

45 = 36 • 1 + 9,

36 = 9 • 4,

u´(963, 657) = 9.

qk

9 = 45− 36 • 1 = 45− (306− 45 • 6) = 45 • 7− 306

= (657− 306 • 2) • 7− 306 = 657 • 7− 306 • 15

= 657 • 7− (963− 657 • 1) • 15 = 657 • 22− 963 • 15,

�§963x+ 657y = 9�)�x = −15, y = 22.

2.1.3 ������úúú���êêê

½Â 2.3. a, b��ê,a�b�������úúú���êêêc = [a, b]÷v:

1◦ a | c, b | c,�c > 0;

2◦ ea | e, b | e,Kc 6 |e|.
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aq�±½Â[a1, a2, · · · , an].

?Ûü��êa, b�3X�ú�ê,X|ab|.·���,eu´a�b�ú�ê,

Kéu?Û��êx,ux�´a�b�ú�ê.¤±a�bØ�3��ú�ê.w

,a�bk���ú�êc.·�¡c�a�b���ú�ê.

éuü��"�ê���ú�ê�kaqu��úÏf�(Ø.

½n 2.4. a, b��"�ê,a�b�z�ú�êþ´��ú�ê��ê.

yyy²²² �Ä8ÜS′ = {a�b�¤kú�ê}.T8ÜkXe5�:

1◦ em,n ∈ S′,Km± n ∈ S′;
2◦ en ∈ S′, c ∈ Z,Kcn ∈ S′;
3◦ S′¥k����êu,@oS′¥z���þ´u��ê.�L5u�?

¿�ê7áuS′.w,uÒ´a�b���ú�ê.

1◦, 2◦´w,�.ÏS′´da�b�¤kú�ê|¤�,±ab ∈ S′,=S′ ¥k
�ê,lS′¥�3����êu.?�v ∈ S′, v = qu + r, 0 6 r < u. d

uv, u ∈ S′, q ∈ Z,¤±r = v − qu ∈ S′.u´S′¥�����ê,Ïd7kr =

0,=v = qu.da�b���ú�ê�½Â�u = [a, b].S′ = {ku|k ∈ Z}.ù`²
�"�êa, b�z�ú�êÑ´��ú�ê��ê.

|^½n2.4�±��'u��ú�ê��
k^�5�.

íØ 2.5. m���ê,K[ma,mb] = m [a, b].

yyy²²² da | [a, b] , b | [a, b],�ma | m [a, b] ,mb | m [a, b],=m [a, b]´ma

�mb �ú�ê,l[ma,mb] | m [a, b].,��¡,el´ma�mb�ú�ê,7

km | l.Ø�-l = l′m,@ol′´a�b�ú�ê,l[a, b] | l′.ddíÑm [a, b] |
l,y�l = [ma,mb],��m [a, b] | [ma,mb].d½n2.1¥2◦±9m [a, b] > 0,

[ma,mb] > 0,���Ñ

[ma,mb] = m [a, b].

íØ 2.6. ea,b���ê,K[a, b] (a, b) = ab.

yyy²²² Äk?Ø(a, b) = 1��¹,[a, b]´a�b���ú�ê,�3m1¦

�[a, b] = m1a.db | [a, b],�b | m1a.(a, b) = 1,díØ2.4�Ñb | m1.m1A

T´÷vd'X�����ê,¤±m1 = b,=[a, b] = ab.
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�(a, b) = d�,díØ2.1¥�1◦�
(
a
d ,

b
d

)
= 1.lþ¡�(Ø,k

[
a
d ,

b
d

]
=

1
d2
ab.�âíØ2.1ÚíØ2.5,

(a, b) [a, b] = d2
(
a
d ,

b
d

) [
a
d ,

b
d

]
= d2 • 1 • 1

d2
• ab = ab.

ù�´¤��(Ø.

2.1.4 ���ÏÏÏfff©©©)))������555½½½nnn

a´b�Ïf��=�a | b.XJ��êb�k1Úb�ÙÏf,K¡b��

ê.~X2, 3, 5, 7, 11, 13, 17, 19, · · · ,z��u1��êÑ�±����ê�

Ø,l��T�ê��Ïf©)ª.~X60 = 22 • 3 • 5.XJØ�ÄÏfÑy

�gS,@où«©)/ª´���.·��Qã�Ïf©)��5½n,Ø

\±y².

½n 2.5. (�Ïf©)��5½n)

?¿��êÑU^�«�ª��k�«�ª�¤�ê�¦È.

·��±^\{���Eg,ê�Ãã,?Û��ên = 1 + 1 + · · ·+ 1︸ ︷︷ ︸
n

,

ÙÄ���Ò´1.�^¦{���Eg,ê�Ãã�,ÙÄ���´�N�

ê.ù�(Ø´�Ïf©)��5½nw�·��.

@okõ���êQ?(Ø´:�3XÃ�õ��ê.�^�y{y²ù

�(Ø.be�kk�õ��êp1, p2, · · · , pk.-n = p1p2 · · · pk + 1.n´g,

ê,�3���êpi¦pi | n,íÑpi | 1.�)gñ,�Ø�.¤±kÃ�õ��ê.

��5`,é�½��ê?1�Ïf©)´é(J�.Äk���¯K´

vk�«/�15�{05(½¤���ê´Ä´�ê.c/|U©Æ[^

�¼ç{s
20c�m��
108 ±S��ê.20 V60c�{I\Ù¦�

�O�ÅS��Xc5× 108��ê.1985c9�{I3CRAY X-MP�?O�

ÅþO�����ê�2216091 − 1 > 1065050.ù´8c<�������ê.

2.2 ���555ØØØ½½½���§§§

��3,aê¥(X��ê!knê�)¦)��§�¿�ã�§,�{

ü�¿�ã�§Ò´�5Ø½�§
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a1x1 + a2x2 + · · ·+ anxn = n.

¦Ù�ê).

@31400õcc,��5Ü£è�»6�Ö¥���¯´.Í¶�z

/¯K.¯K´:/±�,�aÊ,/1�,�an,/cn,�a�,zaïz/,¯

/±!/1!/c�AÛ?�/±x�,/1y �,/c3z�.dK¿�Ñ�§

5x+ 3y + z = 100

x+ y + 3z = 100.

��z,��7x+ 4y = 100.ù�õ��5Ø½�§z����5Ø½�§.

±e·��?Ø���5Ø½�§.

½n 2.6. a,b,n��ê.ax+by = nk)��=�(a, b) | n.XJx0,y0´ax+

by = n��|),KÏ)�

x = x0 + b
(a,b) t, y = y0 − a

(a,b) t,

Ù¥t��ê.

yyy²²² dþ!½n2.2é8ÜS = {ax+ by | x, y ∈ Z}�?Ø�ax +

by = nk)��=�(a, b) | n.

XJx0,y0´ax+ by = n��|),=ax0 + by0 = n.du

a
(
x0 + b

(a,b) t
)

+ b
(
y0 − a

(a,b) t
)

= n.

¤±x = x0 + b
(a,b) t,y = y0 − a

(a,b) t´ax + by = n�).�L5,ex,y´�

§ax+ by = n�),K

a(x− x0) + b(y − y0) = 0.

dd�Ñb | a (x− x0),= b
(a,b) |

a
(a,b) (x− x0).

(
a

(a,b) ,
b

(a,b)

)
= 1,u´ b

(a,b) |
(x− x0),=x = x0 + b

(a,b) t,Ù¥t����ê,òx�L�ª�\a (x− x0) +

b (y − y0) = 0,)Ñy = y0 − a
(a,b) t.dd��T�§�Ï)�

x = x0 + b
(a,b) t, y = y0 − a

(a,b) t.
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~ 2.2. c¡�z/¯K7x+4y = 100.Ï(7, 4) = 1,¤±�§k),x0 =

0, y0 = 25´�|A).Ï)�x = 4t, y = 25 − 7t.��yx, y���ê,t�U

��0, 1, 2, 3.�T�§�)�ko|.§�´


x = 0

y = 25

3z = 75,


x = 4

y = 18

3z = 78,


x = 8

y = 11

3z = 81,


x = 12

y = 4

3z = 84.

2.3 ÓÓÓ{{{ªªª������555ÓÓÓ{{{���§§§

2.3.1 ÓÓÓ{{{ªªª999ÙÙÙ555���

32.1!¥·�ù��Ø5.�êaØ±�êb,XJ{ê�0,¡b | a.�b -
a�,{êk�«�U5.�
«©§�,·�Ú\Ó{�Vg.

½Â 2.4. �a, b,m ∈ Z,m 6= 0,a�b���mÓÓÓ{{{��=�m | (a− b),¿P
�a ≡ b (mod m).

w,a ≡ b (mod m)�a ≡ b (mod −m)�d.¤±,±�b�m > 0.

Ó{ªkNõ�Ï~�ª�aq�5�.·��ÞXe(�a, b, c, x, y ∈
Z):

1◦ a ≡ a (mod m);

2◦ ea ≡ b (mod m),Kb ≡ a (mod m);

3◦ ea ≡ b (mod m),b ≡ c (mod m),Ka ≡ c (mod m);

4◦ ea ≡ b (mod m),c ≡ d (mod m),K

a+ c ≡ b+ d (mod m) , ac ≡ bd (mod m);

5◦ ea ≡ b (mod m)�d | m,Ka ≡ b (mod d);

6◦ ea ≡ b (mod m),Kax ≡ bx (mod m);

7◦ ax ≡ ay (mod am)��=�x ≡ y (mod m);

8◦ eax ≡ ay (mod m)�(a,m) = 1,Kx ≡ y (mod m);
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9◦ x ≡ y (mod mi),1 6 i 6 r��=�x ≡ y (mod [m1,m2, . . . ,mr]).

±þÃ5�Ñ�±dÓ{½Â����.y²lÑ.

2.3.2 ���555ÓÓÓ{{{���§§§

a, b��ê,·��¦�5Ó{�§ax ≡ b (mod m)�).kw��AÏ

�¹.

½n 2.7. �(a,m) = 1.éuz��êb,Ó{�§ax ≡ b (mod m)k

�m��).

yyy²²² Ï�(a,m) = 1,éuz��êbÑ�3Xx, y ∈ Z,¦�ax+my =

b,=ax ≡ b (mod m),xÒ´TÓ{�§�).

e¡y²)´�m���.ex1, x2Ñ´ax ≡ b (mod m)�),=ax1 ≡
ax2 ≡ b (mod m).du(a,m) = 1,��x1 ≡ x2 (mod m).ù`²�§�?¿

ü�)´�mÓ{�,=)�m��.

½n 2.8. Ó{�§ax ≡ b (mod m)k)��=�(a,m) | b.�^�÷
v�,TÓ{�§k(a,m)��mØÓ{�):

x = x0 +
m

(a,m)
t (mod m) , 0 6 t 6 (a,m)− 1.

Ù¥x0´Ó{�§

a

(a,m)
x ≡ b

(a,m)

(
mod

m

(a,m)

)
�).

yyy²²² �x0´Ó{�§ax ≡ b (mod m)�).=m | (ax0 − b).du(a,m)

| m,w,k(a,m) | (ax0 − b).qd(a,m) | a,íÑ(a,m) | b.�L5,�(a,m) |
b�,�3x1, y1 ∈ Z, ¦ax1 +my1 = b,=ax1 ≡ b (mod m).ùL²x1Ò´Ó{

�§ax ≡ b (mod m)���).
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�÷vÓ{�§k)�^�(a,m) | b�,ax ≡ b (mod m)�±z¤�d

�Ó{�§
a

(a,m)
x ≡ b

(a,m)

(
mod

m

(a,m)

)
.

du
(

a
(a,m) ,

m
(a,m)

)
= 1,T�§k� m

(a,m)��)x ≡ x0

(
mod m

(a,m)

)
.ùpØ

��0 6 x0 <
m

(a,m) .ù�x0�´ax ≡ b (mod m)���).e¡y²x0 +

i m
(a,m) , 0 6 i 6 (a,m)− 1�´ax ≡ b (mod m)�).r§��\�§

a

(
x0 + i

m

(a,m)

)
= ax0 +

a

(a,m)
im ≡ b (mod m) .



0 6 x0 + i
m

(a,m)
<

m

(a,m)
+ ((a,m)− 1)

m

(a,m)
= m,

¤±x0 + i m
(a,m) , 0 6 i 6 (a,m) − 1´(a,m)��mØÓ{�).�L5,b

�y´ax ≡ b (mod m) ���).7kax0 ≡ ay ≡ b (mod m),íÑx0 ≡
y
(

mod m
(a,m)

)
,=y = x0 + k m

(a,m) .-iL«kØ±(a,m)��K{ê,@oy ≡
x0 + i m

(a,m) (mod m).ù`²ax ≡ b (mod m)Øþã(a,m)�)�	vkÙ¦

/ª�).

~ 2.3. )14x ≡ 27 (mod 31).

))) Ï(14, 31) = 1, 14x ≡ 27 (mod 31).k�31��),

14x ≡ 27 ≡ 58 (mod 31) .

Ï(2, 31) = 1,|^Ó{ª5�8◦��

7x ≡ 29 (mod 31) .

qd7x ≡ 29 ≡ 91 (mod 31),�(7, 31) = 1,)Ñx ≡ 13 (mod 31).

~ 2.4. )6x ≡ 30 (mod 33).

))) (6, 33) = 3�3 | 30,d½n2.8�TÓ{�§k3��33ØÓ{�).

�6x ≡ 30 (mod 33)�d�Ó{�§2x ≡ 10 (mod 11)¥(2, 11) = 1, x ≡
5 (mod 11)´§��11��).x ≡ 5 + 11t (mod 33) , 0 6 t 6 2´Ó{�

§6x ≡ 30 (mod 33)�n��33ØÓ{�),=TÓ{�§�)�

x ≡ 5, 16, 27 (mod 33) .
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2.3.3 ¦¦¦)))���555ÓÓÓ{{{���§§§|||

·I��êÆÍ�5�f�²6¥/ÔkØ�Ùê0�¯:/8kÔØ

�Ùê.nnê�{�,ÊÊê�{n,ÔÔê�{�,¯ÔAÛ?0^êÆ�ó

5£ãÒ´(�Ùê�x) 
x ≡ 2 (mod 3)

x ≡ 3 (mod 5)

x ≡ 2 (mod 7) .

ù�¯K����{3§� �5�{Úm6¥o(¤:

/n<Ó1Ô�D,

Êärsö�{,

Ôfì����,

Øz"ÊB��.0

¿g´±70, 21, 15©O¦TêØ±3, 5, 7¤��{ê2, 3, 2,ò(J�\2

�105. =

x ≡ 70 • 2 + 21 • 3 + 15 • 2 = 233 ≡ 23(mod 105).

I	êØ©z¥rù��{¡��¥I�{½n.3e¡½n¥ò�Ñy².

½n 2.9. �g,êm1,m2, · · · ,mr,üüp�,é?¿�êa1, a2, · · · , ar,
�5Ó{�§|x ≡ ai( mod mi),1 6 i 6 rþk),¿�)´�m1m2 · · ·mr�

��.

yyy²²² -M = m1m2 · · ·mr,Mi = M
mi
, (Mi,mi) = 1, 1 6 i 6 r.é

z�i,Mibi ≡ 1(mod mi)k)¿��j 6= i�,Mibi ≡ 0(mod mi).y-y =∑r
j=1Mjbjaj ,w,

y = Mibiai ≡ ai(mod mi), 1 6 i 6 r,

ly´Ó{�§|�).Ó��y�m1m2 · · ·mrÓ{�ê�´TÓ{�§|

�).
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-y1, y2Ñ´Ó{�§|�),@oy1 − y2 ≡ 0(mod mi), 1 6 i 6 r.�Ò

´`y1−y2´m1,m2, · · · ,mr�ú�ê,l[m1,m2, · · · ,mr] | (y1−y2).m1,

m2, · · · ,mr üüp�,[m1,m2, · · · ,mr] = m1m2 · · ·mr. ���Ñ

y1 ≡ y2(mod m1m2 · · ·mr).

T½n�y²´�E5�,§®�²)�5Ó{�§|�äNÚ½.

~ 2.5. )Ó{�§| 
x ≡ 2(mod 3)

x ≡ 3(mod 5)

x ≡ 2(mod 7).

))) �K¥M = 3 • 5 • 7 = 105,M1 = 35,M2 = 21,M3 = 15.d35b1 ≡
1(mod 3), 21b2 ≡ 1(mod 5), 15b3 ≡ 1(mod 7)©O)Ñb1 = 2, b2 = 1, b3 =

1.l

y = 35 • 2 • 2 + 21 • 1 • 3 + 15 • 1 • 2

= 70 • 2 + 21 • 3 + 15 • 2 = 233.

y ≡ 23(mod 105)´TÓ{�§|�).

½n 2.10. �5Ó{�§|x ≡ ai(mod mi), i = 1, 2,k)�¿�^�

´(m1,m2) | (a1 − a2).3^�÷v�,T�§�)�[m1,m2]��.

yyy²²² T�§k)Ò´�3X�ês, t,¦x = m1t+ a1�x = m2s+ a2,

=m1t −m2s = a2 − a1.l½n2.6�T�§k)��=�(m1,m2) | (a2 −
a1).¤±�5Ó{�§|k)�¿�^�´(m1,m2) | (a1 − a2).
e�^�÷v�,x1Úx2Ñ´T�§|�),Kx1 − x2 ≡ 0(mod m1)

x1 − x2 ≡ 0(mod m2).

x1−x2´m1,m2�ú�ê.u´[m1,m2] | (x1−x2),=x1 ≡ x2( mod [m1,m2]).

§`²T�§�)�[m1,m2]��.
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~ 2.6. ¦) x ≡ 2(mod 4)

x ≡ 0(mod 6).

))) Ï(4, 6) | (2 − 0),T�§|k)¿�)�12��.e¡Ò¦§�

).dx ≡ 2(mod 4),�x = 2 + 4k1,òÙ�\x ≡ 0(mod 6), ��4k1 ≡
4(mod 6),z{��k1 ≡ 1(mod 3).u´k1 = 1 + 3k2.2�\x = 2 + 4k1,

��x = 6 + 12k2.l)�

x ≡ 6(mod 12).

2.4 îîî...½½½nnn999îîî...¼¼¼êêê

2.4.1 ���XXX���   XXX

éu�½��êm,z��êÑ��=�8Ü{0, 1, · · · ,m − 1}¥��ê
�mÓ{.��/,

½Â 2.5. �ê8Ü{x1, x2, · · · , xm},XJz��êÑ��=�T8Ü
¥��xi�mÓ{,K¡{x1, x2, · · · , xm}��m����XXX.

w,{0, 1, 2, 3, 4}´�5 ��X,{10, 21, 27, 38,−1}�´�5 ��X.ØJ

wÑ, �m��Xkü�A�, Äk§´dm���|¤�,Ùgù
���

pØ�mÓ{.

·�r�m�Ó{aL«¤Ai = {x|x ∈ Z, x ≡ i(mod m)}, 0 6 i 6

m − 1.z��êÑ�{0, 1, · · · ,m − 1}¥��êÓ{,¤±z��ê�á

uA0, A1, · · · , Am−1 ¥���.ex ∈ Ai�(x,m) = 1,@oAi¥�?¿�

�yÑ7k(y,m) = 1,ù´Ï�x, y ∈ Ai, x ≡ y(mod m),=x = y + km, X

J(y,m) = d,K7kd | x.2dd | m�d | (x,m).(x,m) = 1,l(y,m) =

d = 1.

ex ∈ Ai�(x,m) = 1,K¡Ai´�mp��Ó{a,�mp��Ó{a�

êP�φ(m),¡�îîî...¼¼¼êêê.

½Â 2.6. 3z��mp��Ó{a¥��������L�3�å�

¤�8Ü{r1, r2, · · · , rφ(m)}���m�   XXX.
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~ 2.7. {0, 1, 2, 3, 4, 5}´�6��X,8�Ó{aAi = {6k + i|k ∈
Z}, 0 6 i 6 5¥A1, A5´�6p��Ó{a,�φ(6) = 2.{1, 5}, {7,−1}Ñ´
�6 � X.

¢Sþ,r{1, 2, · · · ,m − 1}¥�mp��ê�3�åTÐ´�m���
 X.φ(m)Ò´Ø�Lm��mp����ê�ê.ØJ�yφ(2) = 1, φ(3) =

φ(4) = φ(6) = 2, φ(5) = φ(8) = 4, φ(7) = 6.·�5½φ(1) = 1.w,éu�

êp, φ(p) = p− 1.

Ún 2.1. ®�(a,m) = 1.e{x1, x2, · · · , xm}´�m��X,K{ax1, ax2,
· · · , axm}�´�m��X,e{r1, r2, · · · , rφ(m)}´�m� X,K{ar1, ar2, · · · ,
arφ(m)}�´�m� X.

yyy²²² {x1, x2, · · · , xm}´�m��X,dÙ½Âi 6= j, xi 6≡ xj(mod

m). XJaxi ≡ axj(mod m),du(a,m) = 1,íÑ7kxi ≡ xj(mod m).ù

�{x1, x2, · · · , xm} ´�m��Xgñ. dd�Ñax1, ax2, · · · , axm´üü
�m pØÓ{�m���, §��Ð�¤���m��X.

{r1, r2, · · · , rφ(m)}´�m� X,dÙ½Â�(ri,m) = 1, 1 6 i 6 φ(m),¿

�i 6= j, ri 6≡ rj(mod m).l(ri,m) = 1Ú(a,m) = 1,�âíØ2.2 �(ari,m)

= 1.c¡®²y²Li 6= j, ari 6≡ arj( mod m).ar1, ar2, · · · , arφ(m)T´φ(m)�

�mp��üü�m ØÓ{���.§�TÐ�¤�m��� X.

2.4.2 îîî...½½½nnn���¤¤¤êêê½½½nnn

½n 2.11. £££îîî...½½½nnn¤¤¤

XJ(a,m) = 1,Kaφ(m) ≡ 1(mod m).

yyy²²² ����m� X{r1, r2, · · · , rφ(m)}.�(a,m) = 1�,{ar1, ar2,
· · · , arφ(m)}�´�m� X.?À��ri,7�3��rj¦ri ≡ arj( mod m),¿

�ØÓ�eIiéAØÓ�eIj.dd�Ñ

r1r2 · · · rφ(m) ≡ arj1 • arj2 · · · arjφ(m)

= aφ(m) • r1r2 · · · rφ(m)(mod m).
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du(ri,m) = 1, 1 6 i 6 φ(m),�âíØ2.2�

(r1r2 · · · rφ(m),m) = 1,

lcªá=íÑ

aφ(m) ≡ 1(mod m).

3½n2.11¥�m��êp,(a, p) = 1Ò´p - a,φ(p) = p− 1, l��¤

ê½nµp��ê�p - a,K

ap−1 ≡ 1(mod p).

ep|a,a ≡ 0(mod p),Kw,¤áap ≡ a(mod p).�p - a�,l¤ê½n

�ap−1 ≡ 1(mod p).2dÓ{ª5�6◦,E¤áap ≡ a(mod p).¤±,éu?

ÛaÑkap ≡ a(mod p),Ù¥p´�ê.

2.4.3 OOO���îîî...¼¼¼êêê

Ún 2.2. p��ê,é����ên,φ(pn) = pn−1(p− 1).

yyy²²² �u�upn�ê�kpn�, Ù¥�pnkúÏfp�ê´p, 2p, · · · ,
pn−1p,��kpn−1�.@o�pnÃúÏfp�,=�pnp��ê�kpn−pn−1 =

pn−1(p− 1)�.

½n 2.12. �(m,n) = 1�,φ(mn) = φ(m) • φ(n).

yyy²²² φ(mn)´�u�umn��mnp����ê�ê,e¡r¤k�

u�umn���ê�¤����

1 m+ 1 2m+ 1 · · · (n− 1)m+ 1

2 m+ 2 2m+ 2 · · · (n− 1)m+ 2

3 m+ 3 2m+ 3 · · · (n− 1)m+ 3
...

...
...

...

m m+m 2m+m · · · (n− 1)m+m

e(m, r) = d > 1,@or¤31��Ü��r,m+r, 2m+r, · · · , (n−1)m+rþ

�mnkúÏfd,dd��,�mnp��ê�U3(m, r) = 1�φ(m)¥Ï
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é,�(m, r) = 1 �,{r,m+ r, 2m+ r, · · · , (n− 1)m+ r}´n�8Ü,¿�ü

ü�nØÓ{.§´�n��X.3���n��X¥kφ(n)�ê�np�.T

�X¥z�êþ�mp�,l§p¡kφ(n)�ê�mnp�.

lþ©Û��φ(mn) = φ(m) • φ(n).

e(m,n) = 1,÷vf(mn) = f(m)f(n)�¼êf¤�ÈÈÈ555¼¼¼êêê.î.¼

êφ´È5¼ê.l½n2.12ØJwÑ.en��Ïf©)ª�n = pl11 p
l2
2 · · · p

lk
k ,

K

φ(n) = pl1−11 (p1 − 1) · · · plk−1k (pk − 1) = n(1− 1

p1
) · · · (1− 1

pk
).

~ 2.8. ¦2340Ø±341�{ê.

))) 341 = 11 • 31.dî.½n210 ≡ 1(mod 11), 230 ≡ 1(mod 31).

2340 = (210)34 ≡ 1(mod 11),

2340 = (230)11 • 210 ≡ 210 = (25)2 ≡ 1(mod 31),

=2340´e¡�5Ó{�§|�)µx ≡ 1(mod 11)

x ≡ 1(mod 31).

)�x ≡ 1(mod 341),=2340 ≡ 1(mod 341).

�~`²¤ê½n�_½nØ¤á,2340 ≡ 1(mod 341),�´341Ø´�

ê.

~ 2.9. )9x ≡ 7(mod 13).

))) 13´�ê.d¤ê½n�312 ≡ 1(mod 13).

x ≡ 312 • x ≡ 310 • 9x ≡ 310 • 7 ≡ (13− 4)5 • 7 ≡ (−4)5 • 7

≡ (13 + 3)2(−28) ≡ 9 • (−2) ≡ 8(mod 13)

x ≡ 8(mod 13)´T�§�).
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2.4.4 %%%���ÖÖÖ½½½nnn

%�Ö½n�Ñ
�½�ê�¿�^�.�dk�Ñü�Ún.

Ún 2.3. x2 ≡ 1(mod p)TÐkü�)x ≡ 1, p− 1(mod p).

yyy²²² x2 ≡ 1(mod p)´�gÓ{�§.�r´Ù),r2 − 1 ≡ 0(mod

p),=p | (r + 1)(r − 1).ùpkü«�Uµep | (r + 1),Kr ≡ p − 1(mod p)¶

ep | (r − 1),Kr ≡ 1(mod p).

Ún 2.4. p�Û�ê,a′L«�5Ó{�§ax ≡ 1(mod p)�),ù

pa�±��1, 2, · · · , p− 1.�a 6≡ b(mod p)�,a′ 6≡ b′(mod p).ea′ ≡ a(mod

p), Ka = 1½p− 1.

yyy²²² dua��{1, 2, · · · , p − 1}, (a, p) = 1.�§ax ≡ 1(mod p)T

Ðk��)a′.bea′ ≡ b′(mod p),3Ó{ªü>Ó¦ab,aa′b ≡ ab′b(mod

p).Ïaa′ ≡ 1(mod p), bb′ ≡ 1(mod p),íÑa ≡ b(mod p).l�a 6≡ b(mod

p) �,7ka′ 6≡ b′(mod p).qea′ ≡ a(mod p),Ó{ªü>Ó¦a,ka2 ≡ 1

(mod p).lÚn2.3 �a ≡ 1(mod p)½a ≡ p− 1(mod p).

½n 2.13. (%%%���ÖÖÖ½½½nnn) p��ê��=�(p− 1)! ≡ −1(mod p).

yyy²²² p´�ê.�p = 2�,w,(2 − 1)! ≡ −1(mod 2).�p > 2�.dÚ

n2.4�a��u8Ü{2, 3, · · · , p − 2}�,�3a′ 6= a�aa′ ≡ 1(mod p).�a�

�ØÓ��A�a′�´ØÓ�,l2, 3, · · · , p− 2ùp− 3�ê�±ra �a′|

¤�é,=

2 • 3 · · · (p− 2) ≡ 1(mod p);

(p− 1)! = (p− 1) • 2 • 3 · · · (p− 2) ≡ p− 1 ≡ −1(mod p)

�L5,®�(n − 1)! ≡ −1(mod n).-a´n�Ïf�a 6= n.dn | ((n − 1)! +

1),��a | ((n − 1)! + 1).w,a | (n − 1)!,u´a | 1.ddíÑa = 1. ù`

²nØ
g��	�kÏf1, n´�ê.
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2.5 ���êêê���ÏÏÏfff999������êêê

n���ê,d(n)L«n��Ïfê,σ(n)L«n��Ïf�Ú.w,

d(n) =
∑

d|n 1, σ(n) =
∑

d|n d.

en = pl11 p
l2
2 · · · p

lk
k ,@opf11 p

f2
2 · · · p

fk
k (0 6 fi 6 li, 1 6 i 6 k)´n��Ïf.z

�fi kli + 1«ØÓ���,lnk(l1 + 1)(l2 + 1) · · · (lk + 1)��Ïf,=

d(n) = (l1 + 1) (l2 + 1) · · · (lk + 1) ,

σ(n) =
∑

06fi6li
16i6k

pf11 p
f2
2 · · · p

fk
k

=
∑

06fi6li
16i6k−1

pf11 p
f2
2 · · · p

fk−1

k−1

 lk∑
fk=0

pfkk


=

∑
06fi6li
16i6k−1

pf11 p
f2
2 · · · p

fk−1

k−1

(
plk+1
k − 1

pk − 1

)

· · · · · · · · · · · ·

=
pl1+1
1 − 1

p1 − 1
•
pl2+1
2 − 1

p2 − 1
· · · · · ·

plk+1
k − 1

pk − 1
.

ØJwÑ,�(m,n) = 1�,σ(mn) = σ(m)•σ(n),d(mn) = d(m)•d(n),=dÚσþ

´È5¼ê.

½Â 2.7. ��ên�������êêê��=�n�uØg��	��Ïf�

Ú,=σ(n) = 2n.

~X6 = 1 + 2 + 3,28 = 1 + 2 + 4 + 7 + 14,6�28´��ê.éu��ê®

²��
éÐ�(J.

½n 2.14. p��ê.XJ2p − 1�´�ê,K2p−1(2p − 1)´��ê.



2.6. ����ê 31

yyy²²² p�2p − 1Ñ´�ê,d2p−1 < 2p − 1�,(2p−1, 2p − 1) = 1.σ´È

5¼ê�

σ
(
2p−1

)
=

2p − 1

2− 1
= 2p − 1, σ (2p − 1) = (2p − 1) + 1 = 2p,

σ(n) = σ
(
2p−1 (2p − 1)

)
= σ

(
2p−1

)
σ (2p − 1)

= (2p − 1) • 2p = 2n.

§`²2p−1(2p − 1)´��ê.

½n 2.15. n´��ó��ê,7kn = 2p−1 • (2p − 1),Ù¥pÚ2p − 1þ

��ê.

yyy²²² n�ó��ê,�±L«¤n = 2k •m,Ù¥2 - m,k > 1.�â��

ê�½Âσ(n) = 2n,=

2k+1 •m = σ
(
2k •m

)
= σ

(
2k
)
σ(m) =

(
2k+1 − 1

)
• (m+ l).

)Ñm = (2k+1 − 1) • l,ùpl´m��um�Ïf�Ú¿�l���´m�

Ïf.¤±�Ul = 1.lm = 2k+1 − 1, σ(m) = m + 1.ù`²m´�ê.b

�k + 1Ø´�ê,k + 1 = c • d,m = 2k+1 − 1 = 2c•d − 1 = (2c − 1) (2c(d−1) +

2c(d−2) + · · ·+ 1),ù�m´�êgñ,�Ø�U.¤±,k + 1��êp. nþ©Û

�n = 2p−1 (2p − 1) ,Ù¥pÚ2p − 1þ��ê.

/X2p − 1��ê��Mersenneê,��1985cé����Mersenneê

�2216091−1.8c=uy51�rÜ�ê,���´282589933−1,k24862048 "

2.6 ������������êêê

�!·��)Ó{�§xn ≡ c(mod m).�(c,m) = 1�,x0´xn ≡
c( mod m)���A),y´xn ≡ 1( mod m)�),Kx ≡ yx0( mod m)´xn ≡
c(mod m) �).�L5xn ≡ c(mod m)�z�)Ñ�±�¤yx0/ª,Ù

¥y´xn ≡ 1(mod m)�).¤±,)Ó{�§xn ≡ c(mod m),��é��

�A)x0,¿^x0 ¦±xn ≡ 1(mod m)��Ü)Ò��
xn ≡ c(mod m)�

�Ü).

e¡·�Ò5ïÄxn ≡ 1(mod m)�).�dÚ?�!��9�ê�V

g.
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2.6.1 a���m������

�(a,m) = 1�,�Ä8Ü

A = {n | n ∈ Z�an ≡ 1(mod m)} ,

dî.½n�φ(m) ∈ A�φ(m) > 0.@o8ÜA¥�½�3����êl.8

ÜAw,kXe5�:

1◦ en1, n2 ∈ A,Kn1 ± n2 ∈ A;

2◦ en ∈ A, c ∈ ZKcn ∈ A;

3◦ 8ÜA´dl��ê�ê|¤�,¿��dù
�ê�ê|¤,=A

= {k • l | k ∈ Z}.
·�¡l�a�m��.d8ÜA�5��,�(a,m) = 1�,a�m���l,@

oéz�÷van ≡ 1(mod m)��ênþkl | n.AO/,l | φ(m).ØJw

Ñan1 ≡ an2(mod m)��=�n1 ≡ n2(mod l).

íØ 2.7. e(a,m) = 1,l�a�m��,Kak�m��� l
(l,k) .

yyy²²² Äkw÷v
(
ak
)j ≡ 1(mod m)�jAäk�o5�.l8ÜA�

5��l | k • j,=
l

(l, k)
| k

(l, k)
• j,

du
(

l
(l,k) ,

k
(l,k)

)
= 1,�� l

(l,k) | j,a
k��A´÷vT5������ê,�ak

��� l
(l,k) .

2.6.2 ������

½Â 2.8. e(g,m) = 1�g�m���φ(m),K¡g��m�������.

~X,2´�5���,φ(5) = 4, 24 ≡ 1(mod 5).3´�7���,φ(7) = 6,

36≡ 1(mod 7).�¿Ø´¤kmÑk��.~Xm = 8, φ(8) = φ
(
23
)

= 4.

{1, 3, 5, 7} ´�8� X,1�8���1;3,5,7�8���2.?Û�8p��ê

þ��=�{1, 3, 5, 7}¥������8 Ó{,�Ù�8���T���Ó.d

d����ê8Ã��.
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�0 6 i, j 6 φ(m)−1, i 6= j,w,gi 6≡ gj( mod m),
{
g0, g1, · · · , gφ(m)−1}

�¤�m� X.�Ò´`,g´�m���,z��mp��aþ��=�,

�gi�mÓ{,Ù¥0 6 i 6 φ(m)−1.�m���Ñ3
{
g0, g1, · · · , gφ(m)−1}¥.

e(l, φ(m)) = 1,Kgl�´�m���.

e¡�e�?Ø=
êk��,Ù(Ø´¤k��êpÑk��,���

ê�φ(p− 1).�dk�Ñü�Ún.

Ún 2.5. ef(x)´ng�Xêõ�ª,f(x) ≡ 0(mod p)�õkn�).

yyy²²² f(x)´ng�Xêõ�ª,f(x) = anx
n + an−1x

n−1 + · · ·+ a0,Ù

¥an 6≡ 0(mod p).éf(x)�gên?18By².

�n = 1�,a1x + a0 ≡ 0(mod p)�a1 6≡ 0(mod p),d½n2.7 �T�5

Ó{�§k��).·K¤á.

b�n = k�,akx
k+ak−1x

k−1+· · ·+a0 ≡ 0( mod p)�õkk�).yn =

k + 1.XJf(x) ≡ 0(mod p)Ã),w,·K¤á.XJf(x) ≡ 0(mod p)��k

��)r,=f(r) ≡ 0(mod p).

f(x) ≡ f(x)− f(r)

= ak+1

(
xk+1 − rk+1

)
+ ak

(
xk − rk

)
+ · · ·+ a1(x− r)

= (x− r)g(x)(mod p),

Ù¥ak+1 6≡ 0( mod p), g(x)´kg�Xêõ�ª.f(x) ≡ (x−r)g(x) ≡ 0( mod

p)�?¿)s¦(s − r)g(s) = 0(mod p),=s ≡ r(mod p)½g(s) = 0(mod p),

�Ò´`s½´r½´g(s) ≡ 0(mod p)�).d8Bb���ö�õkk�),

¤±f(x)�õkk + 1�).·Kén = k + 1�¤á.

Ún 2.6. en > 1,K
∑

d|n φ(d) = n.

yyy²²² dd | n�n
d | n.�

∑
d|n φ(d) =

∑
d|n φ

(
n
d

)
.

�Ä8ÜCd,Ù¥d´n�Ïf.

Cd = {m | 1 6 m 6 n �(m,n) = d}

=
{
m | 1 6 m 6 n �

(m
d
,
n

d

)
= 1
}
,
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w,|Cd| = φ
(
n
d

)
.{1, 2, · · · , n}¥z���þ3�=3��Cd¥,l

n =
∑
d|n

|Cd| =
∑
d|n

φ
(n
d

)
=
∑
d|n

φ(d).

~Xn = 6, n�Ïf©O�1, 2, 3, 6.8ÜC1 = {1, 5}, C2 = {2, 4}, C3 =

{3}, C6 = {6}.

½n 2.16. p��ê,l | (p− 1).@o�p��l�êTÐkφ(l)�.

yyy²²² éuz�l | (p− 1),-�p��l����ê�ψ(l).XJé,�lØ

�3�p��l���,@oψ(l) = 0.XJ�3a,a�pp��a�p��l,=al ≡
1(mod p).38Ü

{
a0, a1, · · · , al−1

}
¥,du������ê�lØÓ{,¤±

ù
��þ�pØÓ{.éu0 6 i 6 l − 1,(
ai
)l

=
(
al
)i ≡ 1(mod p),

a0, a1, · · · , al−1þ´xl ≡ 1(mod p)�).�âÚn2.5,TÓ{�§�õkl�

).ù`²a0, a1, · · · , al−1´§��Ü),líØ2.7�ak �p��l��=�(k,

l) = 1.{0, 1, · · · , l−1}¥kφ(l)��lp��ê,¤±
{
a0, a1, · · · , al−1

}
¥kφ(l)

��p��l�ê,=ψ(l) = φ(l).nþ�,é?Ûl | (p− 1)þ¤áψ(l) 6φ(l).

,��¡,�â¤ê½n(a, p) = 1, ap−1 ≡ 1(mod p).ea�p���t,K

7kt | (p − 1).÷vT^��a��kp − 1�.dc¡b�ψ(l)´�p��l �

���ê.2dÚn2.6��∑
l|(p−1)

ψ(l) > p− 1 =
∑
l|(p−1)

φ(l).

¿íÑψ(l) > φ(l).

����ψ(l) = φ(l),=�p��l�êTÐkφ(l)�.

AO�l = φ(p),�p��φ(p)����ê�φ(φ(p)) = φ(p − 1).ù`²

kφ(p− 1)��p���.~X37´�ê,§���ê�

φ(φ(37)) = φ(36) = φ
(
22
)
φ
(
32
)

= 21 • (2− 1) • 31(3− 1) = 12.

ÏL{üO��1´2���,3´4���,�±y²:mk����=�m = 2,

4, pk, 2 • pk,Ù¥p´Û�ê,k���ê.2g`²8vk��.
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2.6.3 ���êêê

�g��p���,
{
g0, g1, · · · , gp−2

}
��p� X.éz��ên,e(n, p)=

1,K�3m, 0 6 m 6 p − 2,¦�n ≡ gm(mod p)¤á.·�¡m�n(éu�

�g)��p�ê,¿P�indg n.

ekl¦n ≡ gl(mod p),n ≡ gind gn(mod p),¤±l ≡ indg n(mod p −
1).

�p�êkXe5�:

1◦ p - ab, indg ab ≡ indg a+ indg b(mod p− 1);

2◦ p - a, indg a
l ≡ l • indga (mod p− 1).

ù
5�l�ê�½ÂéN´yÑ.ØJwÑ�p�ê�éê¼êk�a

q�5�.

½n 2.17. e(n, p) = 1, g��p���,KÓ{�§xk ≡ n (mod p)k

)��=�(k, p− 1) | indg n.�^�÷v�,T�§k(k, p− 1)�).

yyy²²² -y = indg x, x ≡ gy (mod p) �\xk ≡ n (mod p)��gyk ≡
gindg n (mod p),=yk ≡ indg n (mod p− 1). T�§k)y��=�(k, p− 1) |
indgn,¿�^�÷v�k(k, p− 1)�).§�´

y ≡ y1, y2, · · · , y(k,p−1) (mod p− 1).

@ox ≡ gy1 , gy2 , · · · , gy(k,p−1) (mod p)´xk ≡ n (mod p)�).

~ 2.10. )Ó{�§x8 ≡ 3 (mod 11).

))) ����êL�11�����´2, 3éu��2��11�ê´8,-y =

ind2 x,k)8 • y = ind2 3 = 8 (mod 10) .Ï(8, 10) = 2,T�5Ó{�§k2�

�10ØÓ{�),§�´

y ≡ 1, 6 (mod 10),

dd��x ≡ 21, 26 ≡ 2, 9 (mod 11),§�´x8 ≡ 3 (mod 11)�).

~ 2.11. )�5Ó{�§5x ≡ 7 (mod 11).

))) d5x ≡ 7 (mod 11),±911������2�
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ind2 5 + ind2 x ≡ ind2 7 (mod 10).

l���êL�ind2 5 = 4, ind2 7 = 7,�\þª��ind2 x ≡ 3 (mod 10),�x ≡
8 (mod 11)´�Ó{�§�).

~ 2.12. )Ó{�§x8 ≡ 3 (mod 143).

))) Ï143 = 11 • 13.�)x8 ≡ 3 (mod 143)Ò´�)Ó{�§|x8 ≡ 3 (mod 11)

x8 ≡ 3 (mod 13) .

d~2.10�x8 ≡ 3 (mod 11)�)�x ≡ 2, 9 (mod 11).^~2.10¥��{)

Ñx8 ≡ 3 (mod 13)�)�x ≡ 4, 6, 7, 9 (mod 13).

e¡¦) x ≡ a (mod 11)

x ≡ b (mod 13) ,

Ù¥a = 2, 9; b = 4, 6, 7, 9.¦)�{32.3.4�!¥®�ãL,ùp��Ñ(

Jx = 13 • 6 • a+ 11 • 6 • b (mod 143).�\a, b��,��

x = ±9,±20,±35,±46 (mod 143).

8cé�½�êpXÛ¦Ñ�p���ÿÃ����{.,	,�½���

êa,§´=
�ê����vk����{.3¦^��3���êØÖ¥

����ê���9�A��êL.L2.1�Ñ
50±S��ê�����

9�A��ê.TL¥1�1�Ñ50±S��Ü�êp,1��´��ên.�

êp�A�¥ê��1���éA�n�K´T�ê�����g,T��Ù¦

��K´indg n.
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L 2.1: �êp(6 50)�����Ú�êL

n

indgn p
3 5 7 11 13 17 19 23 29 31 37 41 43 47

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

2 1 1 2 1 1 14 1 2 1 24 1 26 27 18

3 3 1 8 4 1 13 16 5 1 26 15 1 20

4 2 4 2 2 12 2 4 2 18 2 12 12 36

5 5 4 9 5 16 1 22 20 23 22 25 1

6 3 9 5 15 14 18 6 25 27 1 28 38

7 7 11 11 6 19 12 28 32 39 35 32

8 3 3 10 3 6 3 12 3 38 39 8

9 6 8 2 8 10 10 2 16 30 2 40

10 5 10 3 17 3 23 14 24 8 10 19

11 7 7 12 9 25 23 30 3 30 7

12 6 13 15 20 7 19 28 27 13 10

13 4 5 14 18 11 11 31 32 11

14 9 7 21 13 22 33 25 20 4

15 6 11 17 27 21 13 37 26 21

16 8 4 8 4 6 4 24 24 26

17 10 7 21 7 7 33 38 16

18 9 12 11 26 17 16 29 12

19 15 9 4 35 9 19 45

20 5 24 8 25 34 37 37

21 13 17 29 22 14 36 6

22 11 26 17 31 29 15 25

23 20 27 15 36 16 5

24 8 13 29 13 40 28

25 16 10 10 4 8 2
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L 2.2: YL2.1

n

indgn p
3 5 7 11 13 17 19 23 29 31 37 41 43 47

26 19 5 12 17 17 29

27 15 3 6 5 3 14

28 14 16 34 11 5 22

29 9 21 7 41 35

30 15 14 23 11 39

31 9 28 34 3

32 5 10 9 44

33 20 18 31 27

34 8 19 23 34

35 19 21 18 33

36 18 2 14 30

37 32 7 42

38 35 4 17

39 6 33 31

40 20 22 9

41 6 15

42 21 24

43 13

44 43

45 41

46 23
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SSSKKK

1. y²:

(1) ea|b, a > 0,K(a, b) = a;

(2) ((a, b) , b) = (a, b) .

2. y²:

(1) é¤kn > 0¤á(n, n+ 1) = 1;

(2) �n > 0�,(n, n+ k)���o�º

3. ¦xÚy¦�:

(1) 314x+ 159y = 1;

(2) 3141x+ 1592y = 1.

4. y²: éu¤kn > 0,k6 |
(
n3 − n

)
.

5. y²: eéu,�mk10 | (3m + 1),Ké¤kn > 0, 10 |
(
3m+4n + 1

)
.

6. ¦234593456ü�ê��ê©)ª.

7. y²: �n > 0�,n(n+ 1)Ø´��²�ê.

8. -n = 5! + 1,y²n+ 1, n+ 2, n+ 3, n+ 4þ�Üê.

9. ¦e��§�¤k�ê)

(1) x+ y = 2;

(2) 2x+ y = 2;

(3) 15x+ 16y = 17.

10. ¦e��§�K�ê):

(1) 6x− 15y = 51;

(2) 6x+ 15y = 51.

11. ^30Ü¦¡��5©!1�!2�5©��1,�5�a.¯kõ�«ØÓ

�ç��{?

12. ,<^0.99�ï
°JÚ"f�12�,z�°J'z�"fB3©

a,ï�°Jêõu"fê.¯°JÚ"f�ïõ��?

13. ek ≡ 1 (mod 4),K6k + 5�4�uõ�?

14. y²: z��u3��ê�6½�1Ó{½�5Ó{.

15. y²: �U�ü�á�ê��ØU�3�Ø.



40 CHAPTER 2. êØÐÚ

16. y²: e���ê�� êi�ÚU�3�Ø,@oTê�U�3�

Ø.

17. y²:

(1) 10k ≡ (−1)k (mod 11) , k = 0, 1, 2, · · · ;
(2) í�Ñ���êU�11�Ø��O{.

18. )e��5Ó{�§:

(1) 2x ≡ 1 (mod 17); (2)3x ≡ 6 (mod 18);

(3) 4x ≡ 6 (mod 18); (4)3x ≡ 1 (mod 17).

19. )e�Ó{�§|:

(1)

{
x ≡ 1 (mod 2)

x ≡ 1 (mod 3)
(2)

{
x ≡ 31 (mod 41)

x ≡ 59 (mod 26)

(3)


x ≡ 1 (mod 2)

x ≡ 1 (mod 3)

x ≡ 6 (mod 7)

(3)


2x ≡ 1 (mod 5)

3x ≡ 2 (mod 7)

4x ≡ 1 (mod 11)

20. Á¦Ó�÷vXeü^�¦���êx, y, z:

(1) §�©O¦±3, 5, 7¤�¦È�20�{ê´ú��1��â?ê;

(2) §�©O¦±3, 5, 7¤�¦ÈØ±20���û©O�u(1) ¥��A

�{ê.

21. ¦÷v2 | n, 3 | (n + 1), 4 | (n + 2), 5 | (n + 3), 6 | (n + 4)����

ên(> 2).

22. O�φ(42), φ(420), φ(4200).

23. �u18��18p����ê´=
? �m = 18, a = 5�,�yÚ

n2.1.

24. p��ê,(m,n) = p,¯φ(mn)�φ(m)φ(n)�mk�o'X?

25. y²:

(1) XJ6 | n,Kφ(n) 6 n
3 ;

(2) XJn− 1Ún+ 1þ��ê,n > 4,Kφ(n) 6 n
3 .

26. (1) �y1 + 2 = 2
3φ(3), 1 + 3 = 4

2φ(4), 1 + 2 + 3 + 4 = 5
2φ(5), 1 + 5 =

6
2φ(6), 1 + 2 + 3 + 4 + 5 + 6 = 7

2φ(7), 1 + 3 + 5 + 7 = 8
2φ(8);

(2) í���½n;

(3) y²\�½n.
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27. 314159Ø±7�{ê´õ�?

28. 7355�" ê´�o? "ü ê´�o?

29. p��ê.y²: é�K�êk, (k + 1)p − kp ≡ 1 (mod p),¿ddíÑ

¤ê½n.

30. b�p´��Û�ê.y²:

(1) 1p−1 + 2p−1 + · · ·+ (p− 1)p−1 ≡ −1 (mod p);

(2) 1p + 2p + · · ·+ (p− 1)p ≡ 0 (mod p).

31. O�d(42), d(420), d(4200), σ(42), σ(420), σ(4200).

32. ¦äk60�Ïf�ên
(
n < 104

)
.

33. y² ∑
d|n

1

d
=

1

n
σ(n).

34. y²¤k�ó��ê±6½8(�.

35. en�ó��ê,n > 6,y²n ≡ 1 (mod 9).

36. y²

∑
p6x

σ(p) =
∑
p6x

φ(p) +
∑
p6x

d(p).

37. ¦2, 4, 7, 8, 11, 13, 14�15��´õ�?

38. (1) �Ñ'u��2����ê(mod 29);

(2) |^dL)9x ≡ 2 (mod 29);

(3) |^dL)x9 ≡ 2 (mod 29).

39. 457911 ≡ 1 (mod 10021)éØé? (ùp457, 911Ñ´�ê,10021 =

11 • 911.)

40. ¦37�12���.

41. y²: ep, q�Û�ê,q | (ap + 1),Kkq | (a + 1)½q | (2kp + 1),Ù

¥k�,��ê.

42.y²: ea�p���3,Ka+ 1�p���6.
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3.1 NNN������ÄÄÄ������£££

½Â 3.1. �A�B�?¿ü�8Ü§XJk��(½�5Æ£½{K¤

f§¦�?�a ∈ A§fòa éA�B¥�������b ∈ B§K¡f�8
ÜA�8ÜB���N�§P�f : A→ B½A

f−→ B"

½Â 3.2. �f�8ÜA�8ÜB���N�§?�a ∈ A§XJfòaé
A�b ∈ B§K¡b�a3N�f�^e��§P�f(a) = b¶¡a�b���"

lN��½Â�±wÑ§8ÜA¥�z���3N�f��^eÑk�§

B¥���Kk�Uvk��"Ó�§8ÜA¥ØÓ�����U�Ó§

B¥ØÓ�����K�½ØÓ"

XJA�B´ê�8Ü§XEê8Ü!¢ê8Ü½�ê8Ü�§@o

lA�B�N�Ò´Ï~�¼ê"��§N��Vg´¼êVg�í2"X

JA´õ�8Ü�(k�È§'X`A = A1×A2×· · ·×An§f´A�B�
N�§�(a1, a2, · · · , an) ∈ A1 × A2 × · · · × An3f�^e���b ∈ B§K
P�f(a1, a2, · · · , an) = b§ùa�N�éAu·�~��õ�¼ê"

�f´A�B���N�§�f(a) = b§·���±P�(a, b) ∈ f§�
Ò´`§òN�f w�´¤k�����¤�kS��|�8Ü§=f =

{(a, b)|a ∈ A�f(a) = b}"¤±§N�f�±w�´A × B�f8§=f ⊆
A×B"Ï�?�a ∈ A§a����§¤±e(a, b) ∈ f�(a, c) ∈ f§K�½
kb = c"

½Â 3.3. �f : A→ B§8ÜA¥¤k��3f�^e��¤�¤�8

Ü¡�f���§P�Rf§=

Rf = {f(a)|a ∈ A}.

w,kRf = {b|b ∈ B§��3a ∈ A§¦�f(a) = b} ⊆ B"

½Â 3.4. �f : A → B§g : A → B§XJé?¿a ∈ A§Ñ÷

vf(a) = g(a)§K¡N�f�g��§P�f = g"

42
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~ 3.1. �kü�8ÜA = {a1, a2, a3, a4}!B = {b1, b2, b3}"XJk�
�5Kf§fòa1�a2éA�b2§òa3�a4éA�b1§Kf�A�B�N�§

Ù¥f(a1) = f(a2) = b2§f(a3) = f(a4) = b1§Rf = {b1, b2}"

~ 3.2. �kü�8ÜA = {a1, a2, a3}§B = {b1, b2, b3}§

(1) XJk��5Kf§fòa1éA�b1Úb2§a2éA�b2§a3éA�b3§

KfØ´N�§ù´Ï�fòa1éA�ü�ØÓ���b1Úb2"

(2) XJk��5Kg§gòa1éA�b2§a2éA�b1§�a3vkéA��

�§KgØ´N�§ù´Ï�a33B¥vkéA���"

(3) XJk��5Kh§hòa1éA�b2§a2éA�b1§a3éA�,��

�c /∈ B§KhØ´A�BN�§ù´Ï�a3éA���cØ3B¥"

k
½Â3.4§·��±�äü�N�´Ä��"@o§�½ü�k�

8ÜA �B§lA�B�.kõ��Ø���N�Qºe¡�½n�Ñ
�

Y"

½n 3.1. �½ü�k�8ÜA�B§lA�B�N��k|B||A|�.

yyy²²²µA!B´k�8Ü§b�A = {a1, a2, · · · , an}§B = {b1, b2, · · · , bm}§
�¿�X|A| = n!|B| = m"�f´A�B�N�§Kf�n��þ

(f(a1), f(a2), · · · , f(an))

��éA"f(a1)�±´B¥��b1, b2, · · · , bm�?¿��§km«�U"
Ón§f(a2) km«�U§ ...§f(an)km«�U"¤±§A�B�N��

k

n�︷ ︸︸ ︷
m×m× · · · ×m = mn = |B||A| �"y."

~ 3.3. �A = {a1, a2}!B = {b1, b2, b3}"KlA�B�N��k|B||A| =
32 = 9 �"ë�L3.1"

lB�A�N��k|A||B| = 23 = 8 �"ë�L3.2"
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L 3.1: lA�B�9�N�

��

� ¼ê

f1 f2 f3 f4 f5 f6 f7 f8 f9

a1 b1 b1 b1 b2 b2 b2 b3 b3 b3

a2 b1 b2 b3 b1 b2 b3 b1 b2 b3

L 3.2: lB�A�8�N�

��

� ¼ê

g1 g2 g3 g4 g5 g6 g7 g8

b1 a1 a2 a1 a1 a2 a2 a1 a2

b2 a1 a1 a2 a1 a2 a1 a2 a2

b3 a1 a1 a1 a2 a1 a2 a2 a2
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3.2 AAAÏÏÏNNN���

�!0�A«äkAÏ5��N�§§�3±��Ù!¥å���

^"

½Â 3.5. �f : A → A"eé?¿a ∈ A§þkf(a) = a§K¡N

�f�Aþ�ð�N�§P�f = IA"

½Â 3.6. �f : A→ B§

(1) XJRf = B¶=?�b ∈ B§�3a ∈ A§¦�f(a) = b§K¡f�÷

�"

(2) ?�a1, a2 ∈ A§ea1 6= a2§Kkf(a1) 6= f(a2)§K¡f�ü�"�

=§�f´ü�§Kef(a1) = f(a2)§�½ka1 = a2"

(3) XJfQ´ü�§�´÷�§K¡f´��N�½V�"

�f�8ÜA�8ÜB�N�§?�A�f8S§½ÂS��8�

f(S) = {f(x)|x ∈ S}.

AO§�S = ∅�§f(S) = ∅¶�S = A�§f(A)��N�f��8§P

�Im(f). e·�ò8ÜB�¤Im(f)§òfw�´l8ÜA�8ÜIm(f)�

N�§Kf : A→ Im(f)´÷�"

½Â 3.7. �f�8ÜA�8ÜB�V�"Ï�f´÷�§¤±?�b ∈
B§�3a ∈ A§¦�f(a) = b"âd·�½Â��l8ÜB¥���8

ÜA¥���éA5Kf−1§¦�?�b ∈ B§ef(a) = b§Kf−1 òbéA

�a"

½n 3.2. �f�8ÜA�8ÜB�V�§KXþ½Â�f−1�8ÜB�

8ÜA�V�"

yyy²²²µÄky²f−1�8ÜB�8ÜA�N�"?�b ∈ B§Ï�f´

÷�§¤±�3a ∈ A§¦�f(a) = b§�qÏ�f´ü�§=k��
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�a ∈ A§¦�f(a) = b"¤±§f−1òB¥?¿����éA�A¥���

����§Ïdf−1´8ÜB�8ÜA�N�"

�e5y²f−1´ü�"^�y{"?�b1, b2 ∈ B§�b1 6= b2§b

�f−1(b1) = f−1(b2) = a ∈ A"df−1�½Â�§kf(a) = b1�f(a) = b2.

b1 6= b2§¿�Xfòa ∈ AéA�B¥ü�ØÓ���b1Úb2§�f´N�
gñ"�f−1´ü�"

��y²f−1´÷�"?�a ∈ A§Ï�f´N�§¤±�3b ∈ B§¦
�f(a) = b§df−1�½Â�§kf−1(b) = a"¤±f−1´÷�"

nþ��§f−1�8ÜB�8ÜA�V�"y."

¯¢þ§dN��kS��|8Ü�L«�ª§·��±òfL«

¤f = {(a, b)|a ∈ A �f(a) = b}"ef´V�§Kf−1 = {(b, a)|(a, b) ∈ f}"

½n 3.3. �A�B´k�8Ü§K�3lA�B�÷��¿�^�

´|A| ≥ |B|"

yyy²²²µ�f´lA�B�÷�§K8ÜB¥z���3A¥Ñk���

�"dN��½Â�§B¥ØÓ���3A ¥����½ØÓ§�B¥�

����3A¥�Ukõ���"Ïd§8ÜA¥����ê�½�u�u

8ÜB¥����ê§=|A| ≥ |B|"
��§b�A!BÑ´k�8Ü§�|A| ≥ |B|"PA = {a1, a2, · · · , am}§

B = {b1, b2, · · · , bn}§Km ≥ n"·�½Â��N�f : A→ B§

f(ai) =

bi 1 ≤ i < n

bn n ≤ i ≤ m.

K?�bi ∈ B(1 ≤ i ≤ n)§Ñ�3ai ∈ A(1 ≤ i ≤ n)§¦�f(ai) = bi§

f´A�B�÷�"¤±§l8ÜA�8ÜB�3÷�"y."

½n 3.4. �A�B´k�8Ü§KlA�B�3V��¿�^�´|A| =
|B|"

yyy²²²µXJlA�B�3V�§��f"��¡§Ï�f´÷�§d

½n3.3�§ |A| ≥ |B|",��¡§Ï�f�V�§d½n3.2�§�3
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lB�A�_N�f−1§�f−1�V�§´÷�"d½n3.3�§|B| ≥ |A|"
Ïd§|A| = |B|"

XJ|A| = |B|§�|A| = |B| = n§A = {a1, a2, · · · , an}§B = {b1, b2, · · · , bn}"
½Â��¼êf§¦�éu1 ≤ i ≤ n§f(ai) = bi§K´�f´V�"y."

½n 3.5. �A�B´k�8Ü§�|A| = |B| = n§KlA�Bkn!�Ø

Ó�V�"

yyy²²²µ�A = {a1, a2, · · · , an}§B = {b1, b2, · · · , bn}§f�A�B�V

�"Äk§f(a1)�±´B ¥�?¿����§¤±kn�ÀJ¶�§

duf ´V�§f(a2) 6= f(a1)§3f(a1)(½�§f(a2)ØU��f(a1)�

Ó���§�U�B − {f(a1)}¥�,���§kn − 1«ÀJ¶Ón§

3f(a1)!f(a2) (½�§f(a3)kn − 2«ÀJ¶...¶��§3f(a1)!f(a2)!

...!f(an−1)(½�§f(an)�k�«ÀJ"Ïd§lA�B �V�kn× (n−
1)× · · · × 1 = n!�"

¯¢þ§lA�B�V��B��ü���éA"ef´A�B�V

�§Kf(a1)f(a2) · · · f(an)´B¥������ü�¶��§�½B��

ü�bj1bj2 · · · bjn§·�½ÂN�f : A → B§¦�f(ai) = bji(1 ≤ i ≤ n)§

Kf´A�B���N�"¤±§lA�B�V��ê�uB��ü�ê§

�n!"y."

~ 3.4. �A!B©O´�ê8Ü�óê8Ü§KB´A�ýf8"½

ÂN�f : A → B§?�n ∈ A§f(n) = 2n§K´�§f´lA�B�V�"

ù�~f`²
§éuÃ�8Ü5`§�U�3�Ùýf8�V�"�´§

d½n3.4�§éuk�8Ü5`§ù´Ø�U�"

~ 3.5. �R�¢ê8Ü§½ÂN�f : R×R→ R§f((x, y)) = x× y§
Kf´÷�§�fØ´ü�"~X§f((2, 3)) = 2 × 3 = 6§�kf((1, 6)) =

1× 6 = 6"

~ 3.6. �S = {1, 2, 3}§P(S) = {∅, {1}, {2}, {3}, {1, 2}, {1, 3}, {2, 3},
{1, 2, 3}}�S��8§½Â8Ü�¿$�∪ : P(S) ×P(S) → P(S)"?

�A ⊆ S!B ⊆ S§∪((A,B)) = A ∪ B§K?�A ∈ P(S)§(∅, A) ∈
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P(S)×P(S)§∪((∅, A)) = ∅∪A = A§¤±§∪´P(S)×P(S)�P(S)�

÷�§�Ø´ü�§~X§{1, 2} ∪ {2, 3} = {1} ∪ {1, 2, 3} = {1, 2, 3}"

Ón§8Ü��$��äk�¿$��Ó�5�§Ö$�K´P(S)�P(S)�

V�"

~ 3.7. �A = {a1, a2, · · · , an}§B = {0, 1}§P(A)�A��8§½

Âf : P(A) → Bn =

n︷ ︸︸ ︷
B ×B × · · · ×B§?�C ∈ P(A)§=C ⊆ A§½

Âf(C) = (b1, b2, · · · , bn)§Ù¥§éu1 ≤ i ≤ n§

bi =

0 ai /∈ C,

1 ai ∈ C.

Kf´8ÜA��8P(A)�8ÜBn���N�§�´V�"

?�Bn�����(b1, b2, · · · , bn)§bi ∈ B§1 ≤ i ≤ n§�E8ÜC =

{ai|ai ∈ A, bi = 1}§w,C´A�f8§=C ∈P(A)§¿�

f(C) = (b1, b2, · · · , bn).

=C´(b1, b2, · · · , bn)���"¤±§f´÷�"

b�§A�f8C1�C2Ñ´(b1, b2, · · · , bn)���"?�ai ∈ A§eai ∈
C1§Kd(b1, b2, · · · , bn)�½Â��§bi = 1§?��§ai ∈ C2§¤

±C1 ⊆ C2"Ón§C2 ⊆ C1"¤±§C1 = C2"=(b1, b2, · · · , bn)�k�

���§¤±f´ü�"

nþ��§f´8ÜP(A)�8ÜBn�V�"

3.3 NNN������EEEÜÜÜ

½Â 3.8. �f´8ÜA�8ÜB�N�§g´8ÜB�8ÜC�N�"

?�a ∈ A§�f(a) = b ∈ B§?�Úkg(b) = c ∈ C"�Ò´§ëY�1
N�f�g§ÒòA¥���éA�C ¥���§�¤
��#�N�§�

�f�g�EÜN�§P�g ◦ f £ë�ã3.1¤"5¿§ùpòf �3EÜN

��m>§L«k�1N�f§,�3�1N�g"u´§éua ∈ A§k

g ◦ f(a) = g(f(a)).
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A CB

a
b

c

f g

g  f

ã 3.1: EÜN��«¿ã

XJA!B!CÑ´ê�8Ü§XEê8Ü!¢ê8Ü½�ê8Ü�§

@of�gÒ´Ï~�¼ê§EÜN�g ◦ fÒ´EÜ¼ê"
e¡?ØEÜN��5�"

½n 3.6. �f´8ÜA�8ÜB�V�§Ïd�3_N�f−1 : B → A§

@of−1 ◦ f = IA§f ◦ f−1 = IB"

yyy²²²µÏ�f : A→ B§?�a ∈ A§�f(a) = b§Kb ∈ B"duf´V
�§¤±k_N�f−1§f−1(b) = a"lk

f−1 ◦ f(a) = f−1(f(a)) = f−1(b) = a.

¤±§V�f�Ù_N�f−1�EÜN�Ò´Aþ�ð�N�§=f−1 ◦ f =

IA"Ón�y§f ◦ f−1 = IB"y."

½n 3.7. N��EÜ$�÷v(ÜÆ"

yyy²²²µ�f : A→ B!g : B → C!h : C → D§�y²

(h ◦ g) ◦ f = h ◦ (g ◦ f).

Äkw�§(h ◦ g) ◦ fÚh ◦ (g ◦ f)Ñ´l8ÜA�8ÜD�N�"?�a ∈ A§
�f(a) = b!g(b) = c!h(c) = d§Ù¥b ∈ B!c ∈ C!d ∈ D"dEÜN�
�½Â§�±�Ñ

(h ◦ g) ◦ f(a) = (h ◦ g)(f(a)) = (h ◦ g)(b) = h(g(b)) = h(c) = d;
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h ◦ (g ◦ f)(a) = h(g ◦ f(a)) = h(g(f(a))) = h(g(b)) = h(c) = d.

Ïd§(h◦g)◦f(a) = h◦(g◦f)(a)"Ï�é?¿a ∈ A§Ñ÷v(h◦g)◦f(a) =

h ◦ (g ◦ f)(a)§¤±(h ◦ g) ◦ f = h ◦ (g ◦ f)"y."

½n 3.8. �f : A→ B!g : B → C§

(1) ef�gÑ´÷�§Kg ◦ f�´÷�"

(2) ef�gÑ´ü�§Kg ◦ f�´ü�"

(3) ef�gÑ´V�§Kg ◦ f�´V�§¿�g ◦ f�_N�´(g ◦ f)−1 =

f−1 ◦ g−1"

yyy²²²µÏ�f : A→ B!g : B → C§¤±EÜN�´g ◦ f : A→ C"

(1) ?�c ∈ C§Ï�g : B → C´÷�§¤±�3b ∈ B§¦�g(b) = c"

qÏ�f : A→ B ´÷�§¤±�3a ∈ A§¦�g(a) = b"¤±

g ◦ f(a) = g(f(a)) = g(b) = c.

�Ò´`§éuN�g ◦ f5`§a´c���§¤±g ◦ f´÷�"
(2) 3�SK"

(3) d(1)�(2)�§ef�gÑ´V��§g ◦ f�´V�"e¡y²µ(g ◦
f)−1 = f−1 ◦ g−1"
Äk§Ï�f : A → B!g : B → C§¤±g ◦ f : A → C§(g ◦ f)−1 :

C → A"f−1 : B → A!g−1 : C → B§¤±�kf−1 ◦ g−1 : C → A"?

�8ÜC¥��c§Ï�g´÷�§�3b ∈ B§¦�g(b) = c§qÏ�f ´÷

�§�3a ∈ A§¦�f(a) = b"dEÜN��½Â§k

f−1 ◦ g−1(c) = f−1(g−1(c)) = f−1(b) = a.

,��¡§du

g ◦ f(a) = g(f(a)) = g(b) = c,

��(g ◦ f)−1(c) = a"Ï�c�C¥?¿����§¤±

(g ◦ f)−1 = f−1 ◦ g−1.

y."
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3.4 ������

�!0��«AÏ�V�–k�8Ü�Ùg��V�§¡����"�

�3��§±9|ÜêÆ¥Ñk���^"

3.4.1 ���������½½½ÂÂÂ���555���

½Â 3.9. �A´k�8Ü§lA�Ùg��V�¡�8ÜAþ���"

e|A| = n§KAþ���¡�n ���"

�A = {a1, a2, · · · , an}§KAþ�n���σ�±L«¤

σ =

(
a1 a2 . . . an

σ(a1) σ(a2) . . . σ(an)

)
.

du��σ´Aþ�V�§¤±éui 6= j§kσ(ai) 6= σ(aj)"¯¢þ§

σ(a1)σ(a2) . . . σ(an)´A¥����ü�§¤±8ÜAþ����A¥���

�ü���éA"AO/§¡Aþ�ð�N��ð���§P�

σI =

(
a1 a2 . . . an

a1 a2 . . . an

)
.

~ 3.8. �A = {1, 2, 3, 4, 5}§σ =

(
1 2 3 4 5

2 5 1 4 3

)
§Ù¥σ(1) =

2, σ(2) = 5, σ(3) = 1, σ(4) = 4, σ(5) = 3"25143´A¥����ü�"

3ïÄ8ÜAþ����§·�Ì�'%A¥��m�éA'X§

¿Ø'%äN���´�o"¤±§30���9Ù5��§·�Ò

^A = {1, 2, · · · , n}L«���n�8Ü"duAþ���σ�A¥����
ü�σ(a1)σ(a2) . . . σ(an)��éA§¤±n���kn!�"

d½n3.2�§V��3_N�§�Ù_N��´V�"du��´

V�§¤±���3_N�§¡�_��"b�σ´��§

σ =

(
a1 a2 . . . an

σ(a1) σ(a2) . . . σ(an)

)
,
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KÙ_���

σ−1 =

(
σ(a1) σ(a2) . . . σ(an)

a1 a2 . . . an

)
.

~ 3.9. ¦σ =

(
1 2 3 4 5

2 5 1 4 3

)
�_��"

)))µσ−1 =

(
1 2 3 4 5

2 5 1 4 3

)−1
=

(
2 5 1 4 3

1 2 3 4 5

)
=

(
1 2 3 4 5

3 1 5 4 2

)
"

¯¢þ§�I�òσ�ü1p�§2ò1�1l1�nüÐS§1�1��1

�1�Ó�üSÒ�±
"

~ 3.10. ¦A = {1, 2, 3}þ¤k���"

)))µ|A| = 3§¤±Aþ��k3! = 6�§§�´

σ1 =

(
1 2 3

1 2 3

)
§σ2 =

(
1 2 3

2 3 1

)
§σ3 =

(
1 2 3

3 1 2

)
§

σ4 =

(
1 2 3

1 3 2

)
§σ5 =

(
1 2 3

3 2 1

)
§σ6 =

(
1 2 3

2 1 3

)
"

Ù¥§σ1´ð�N�"Aþ���A¥����ü���éA"~X§σ5 =(
1 2 3

3 2 1

)
éA��ü�´321§�Ò´��σ5L�ª¥�1�1"

�½Aþ���σ§σ(a1)σ(a2) . . . σ(an)�A¥����ü�"XJσ(a1)

σ(a2) . . . σ(an)¥_S��ê�Ûê§K¡σ(a1)σ(a2) . . . σ(an)�Ûü�§

σK¡�Û��¶ÄK§σ(a1)σ(a2) . . . σ(an)¥_S��ê�óê§¡σ(a1)

σ(a2) . . . σ(an)�óü�§σK¡�ó��"~X§3~3.8¥§σéA�ü

��25143§Ù¥k5�_S§©O�21!51!54!53!43§¤±25143´Û

ü�§σ´Û��"3~3.10 ¥§σ2éA�ü�´231§k2�_S21Ú31§

¤±231´óü�§σ2´ó��"

·���§?Ûü�V��EÜN�E,´��V�"Ïd§ü��

�σi�σj ��U�1�´����§·�¡��σi�σj�¦È§P�σj • σi§

�²~�ÑK/•0§��P�σjσi"3~3.10¥§
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σ5 • σ4 =

(
1 2 3

3 2 1

)(
1 2 3

1 3 2

)
=

(
1 3 2

3 1 2

)(
1 2 3

1 3 2

)

=

(
1 2 3

3 1 2

)
= σ3,

σ4 • σ5 =

(
1 2 3

1 3 2

)(
1 2 3

3 2 1

)
=

(
3 2 1

2 3 1

)(
1 2 3

3 2 1

)

=

(
1 2 3

2 3 1

)
= σ2.

�����«AÏ�N�§ÙEÜ$��Ø÷v��Æ"~X§3�

~¥§σ5σ4 6= σ5σ4"

3.4.2 ÓÓÓ���

Ó�´�«AÏ���§Ó�3���L«�5�©Û��¡k�

��^"

½Â 3.10. �a1, a2, · · · , ar´8ÜA = {1, 2, · · · , n}¥r�ØÓ���"
σ´Aþ���§÷vσ(a1) = a2§σ(a2) = a3§...§σ(ar−1) = ar§σ(ar) =

a1§�3σ��^e§Ù§���±ØC§=?�a ∈ A−{a1, a2, · · · , ar}§
Ñkσ(a) = a§·�¡σ�����r�Ó�§P�

σ = (a1a2 · · · ar).

¡a1, a2, · · · , ar�σ�Ä���"

eσ = (a1a2 · · · ar)§Kkσ−1 = (arar−1 · · · a1)"3~3.10¥§σ2 =(
1 2 3

2 3 1

)
= (123)§σ−12 = (321) =

(
1 2 3

3 1 2

)
= σ3"

ØJwÑ§(a1a2 · · · ar) = (a2a3 · · · ara1) = ... = (ara1 · · · ar−1)"¤±§
����r�Ó�kr«ØÓ�L«�ª"Ó��¦È�^e¡�L�/ª

?1O�"~X§�σ = (134)!τ = (12)§Kk

στ = (134)(12) = (1234).
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σ τ

2 ← 2 ← 1

3 ← 1 ← 2

4 ← 3 ← 3

1 ← 4 ← 4

τσ = (12)(134) = (1342)

τ σ

3 ← 3 ← 1

1 ← 2 ← 2

4 ← 4 ← 3

2 ← 1 ← 4

ù�~f¥§στ 6= τσ"

�éuσ = (12)!τ = (34)5`§ÏLO�§�±�Ñστ = τσ"ù´

Ï�σ = (12)�τ = (34)¤�Ä���¥§vk�Ó�"·�¡ù��ü�

Ó�´Ø���Ó�"ü�Ø��Ó��¦È´����"

½n 3.9. ?Û��Ñ�±L«¤eZØ���Ó��¦È"

yyy²²²µÓ�=���Ä���k'§·�ÏLé��Ä����ê?

18B§5y²ù�½n"e��vk�Ä?Û��§K�ð���§�

±w�Ó���§½n¤á"��Ø�U=�Ä����§¤±e�Ä


��§K��ü�"����σ"

���=�Äü����§��i�j§Kσ = (ij)§´��2�Ó�"½

n¤á"

b�����Ä����ê�um�§½n¤á"y3b���σ�Ä


m���£m ≥ 3¤"σ�½�Ä
,���§��i"duσ´k�8Ü

þ�V�§Ã¡S�i§σ(i)§σ2(i)§...§σt(i)§...¥���Ø�Uüüp

Ø�Ó"Ïd§�½�3ü�����ê0 ≤ k < l§¦�σk(i) = σl(i) =

(σkσl−k)(i) = σk(σl−k(i))"duσ´��§σk�´��§¤±dσk(i) =

σk(σl−k(i))��§i = σl−k(i)"duk�l´÷v0 ≤ k < l�σk(i) = σl(i)�ü



3.4. �� 55

����ê§i, σ(i), σ2(i), ..., σl−k−1(i)üüØ�§�π0 = (iσ(i)σ2(i)...σl−k−1(i))´

����l − k�Ó�"
y3�Ä��σ1 = π−10 σ§Ï�π0�Ä����i, σ(i), σ2(i), ..., σl−k−1(i)§

ù
����σ�Ä
"¤±§σvk�Ä���§σ1�vk�Ä§

�σ1�±i, σ(i), σ2(i), ..., σl−k−1(i)ØÄ§vk�Äù
��§¤±σ1�Ä�

���ê�um"d8Bb��§�3üüØ���Ó�π1!π2!...!πs§

¦�σ1 = π1π2...πs"Ïdσ = π0σ1 = π0π1...πs.

ùp§π0��Ä
i, σ(i), ..., σl−k−1(i))§π1!π2!...!πsÑØ�Äù


��§¤±§π0�π1!π2!...!πsÑØ��§d8Bb�§π1!π2!...!

πsp�Ø��§¤±π0!π1!π2!...!πsp�Ø��"ùÒy²
½néu

�Ä
m�������¤á"d8B{�§½n¤á"y."

ò����L«¤Ø���Ó��¦È�§Ù¥�z�Ó�¡���

Ó�Ïf"ùp�`²�´§Ø���Ó��¦È´����§XJØ�

ÄÓ�Ïf�Ö�^S§@o?Û��L«¤Ø���Ó��¦È�/ª

´���"~X§

σ =

(
1 2 3 4 5 6 7 8 9

6 3 5 1 7 4 2 9 8

)
= (164)(2357)(89) = (2357)(164)(89).

�σ´��§¦�σn = σI����ên¡�σ��"eσ = (a1a2...ar)´

��r�Ó�§@oσ���r"

½n 3.10. ò��L«¤Ø���Ó��¦È§�����Ù�Ó�

Ïf�Ý���ú�ê"

yyy²²²µd½n3.9�§����σ�±L«¤Ø���Ó��¦Èσ =

π1π2...πs§Ù¥π1!π2!...!πs�pØ���Ó�§�Ù�©O�m1!m2!

...!ms"�m´m1!m2!...!ms���ú�ê§��m = k1 ×m1!m =

k2 ×m2!...!m = ks ×ms"duØ��Ó��¦È´����§¤±k

σm = πm1 π
m
2 ...π

m
s = (πm1

1 )k1(πm2
2 )k2 ...(πmss )ks = σk1I σ

k2
I ...σ

ks
I = σI .
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b�§σ���r"e¡ÏLy²r|m§¿�m|r§l��m = r§`

²m´σ ��"

��¡§Ï�σm = σI§¤±m ≥ r"�r
′ ≡ m mod r§Kk0 ≤ r

′ ≤
r−1"dσm = σr = σI �§σr

′
= σI"er

′ 6= 0§K1 ≤ r′ ≤ r−1§�r´σ�

�gñ"Ïd§r
′

= 0§7kr|m"
,��¡§duσ���r§¤±k

σr = πr1π
r
2...π

r
s = σI .

duπ1!π2!...!πsüüpØ��§7kπri = σI , 1 ≤ i ≤ s"πi���mi§

�þ�ã�Ó��n��§mi|r, 1 ≤ i ≤ s"qÏ�m´m1!m2!...!ms�

��ú�ê§¤±m|r"nÜm|rÚr|m§��m = r"m´σ��"y."

3.4.3 ééé���

ü����Ó�¡��é�"?ÛÓ�Ñ�±L«¤é��È§'X

(a1a2...ar) = (a1ar)(a1ar−1)...(a1a3)(a1a2).

duz�Ó�Ñ�±L«¤Ø���Ó��È§¤±z���Ñ�±L«

¤é��È§�L«�{Ø��"~X

σ =

(
1 2 3 4 5

2 5 4 3 1

)
= (15)(12)(34) = (13)(34)(45)(24)(14)"

½n 3.11. é�´Û��"

yyy²²²µ�½é�(ij)§Ø��i < j§(
1 2 · · · i− 1 i i+ 1 · · · j − 1 j j + 1 · · · n

1 2 · · · i− 1 j i+ 1 · · · j − 1 i j + 1 · · · n

)
.

1�1�êi¥§_Skj(i + 1)!j(i + 2)! ...!j(j − 1)!ji¶±

9(i+ 1)i!(i+ 2)i!...!(j − 1)i§�k2× (j − i)− 1�§�Ûê"�(ij)´

Û��"y."
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�½��σ =

(
1 2 · · · n

a1 a2 · · · an

)
§òσ¦±��A½�é�(i i+ 1)§

·���

σ • (i i+ 1) =

(
1 2 · · · n

a1 a2 · · · an

)
(i i+ 1)

=

(
1 2 · · · i− 1 i i+ 1 i+ 2 · · · n

a1 a2 · · · ai−1 ai+1 ai ai+2 · · · an

)
.

Ù�J´ò��σ¥�ai�ai+1�� �"XJai < ai+1§ai�ai+1�� �

�§σ • (i i+ 1)¥_Sê'σ¥_SêO\1¶ÄK§ai > ai+1§σ • (i i+ 1)¥

_Sê'σ¥_Sê~�1"ÃØ´ai < ai+1§½ai > ai+1§σ • (i i+ 1) ¥_

Sê�Ûó5�σ�'Ñu)
Cz"¤±§����3¦±/X(i i+ 1)�

é��§ÙÛó5��"

�½é�(i j)§Ø�b�i < j§Kk

(i j) = (i i+ 1)(i+ 1 i+ 2) · · · (j − 1 j)(j − 2 j − 1) · · · (i i+ 1).

Xd§σ • (i j)òσ�Ûó5UC
2 × (j − i) − 1g§lσ • (i j)�Ûó5

�σ�Ûó5��"

lþ¡�©Û��§Û���±©)¤Ûê�é�Ïf�¦È§ó�

��±©)¤óê�é�Ïf�¦È"

½n 3.12. n(n ≥ 2)���¥§Û���ó���Ó��§�n!/2�"

yyy²²²µ n�8ÜA����A��ü���éA§¤±A����

kn!�"z����o´Û��§�o´ó��§üö7ØÙ�"-�

Nn�ó���8Ü�An§�Nn�Û���8Ü�Bn"½Âf : An → Bn§

¦�?�σ ∈ An§f(σ) = σ • (1 2)"e¡y²§f´An�Bn�V�§l�

Ñ|An| = |Bn| = n!/2"

?�σ ∈ An§σ´ó��§f(σ) = σ •(1 2)´Û��§¤±§f(σ) ∈ Bn§
f´An�Bn�N�"?�τ ∈ Bn§kτ • (1 2) ∈ An§�f(τ • (1 2)) =

(τ • (1 2)) • (1 2) = τ§¤±f´÷�"b�σ1, σ2 ∈ An§ef(σ1) = f(σ2)§

=σ1 • (1 2) = σ2 • (1 2)§Kkσ1 = σ2§¤±f´ü�"lf´An�Bn�V

�"Ï�|An ∪Bn| = n!�|An ∩Bn| = 0§¤±|An| = |Bn| = n!/2"
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L 3.3: ��m'¼ê

x1 x2 f0 f1 f2 f3 f4 f5 f6 f7 f8 f9 f10 f11 f12 f13 f14 f15

0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1

0 1 0 0 0 0 1 1 1 1 0 0 0 0 1 1 1 1

1 0 0 0 1 1 0 0 1 1 0 0 1 1 0 0 1 1

1 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1

3.5 mmm'''¼¼¼êêê

3.5.1 mmm'''¼¼¼êêê���½½½ÂÂÂ���555���

-F2 = {0, 1}§n�m'¼êf(x1, x2, ..., xn)´lFn2�F2�N�§l½

n3.1�§n�m'¼êq22
n
�"~X§��m'¼ê�k22

2
= 16�§ë�

L3.3"

3L3.3¥§¼êf1½Â
ü�Ù�þ�m�Ü6¦$�§P�x1 • x2§

·��²~�Ñ/•0§{üP�x1x2§§�$�5KXL3.4¤«§=�x1

�x2 Ñ�1 �§x1x2 = 1"¼êf7½Â
ü�Ù�þ�m�Ü6\$�§P

�x1 + x2§§�$�5KXL3.5¤«§=�x1�x2Ñ�0�§x1 + x2 = 0"

L 3.4: Ü6¦{

x1 x2 x1x2

0 0 0

0 1 0

1 0 0

1 1 1

L 3.5: Ü6\{

x1 x2 x1 + x2

0 0 0

0 1 1

1 0 1

1 1 1

Ü6Cþ�,���$�´Ü6Ö$�x§§�$�5KXL3.6§¼

êx�x�����"

½Â 3.11. �f(x1, x2, ..., xn)�g(x1, x2, ..., xn)´ü�n�m'¼ê§

½Ân�m'¼êf!f + gÚf • gXe"?�(a1, a2, ..., an) ∈ Fn2§
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L 3.6: Ü6Ö

x x

0 1

1 0

L 3.7: m'¼ê$�

x1 x2 x1 x2 x1 + x2 f g f f + g f • g

0 0 1 1 1 0 0 1 0 0

0 1 1 0 1 0 1 1 1 0

1 0 0 1 1 0 0 1 0 0

1 1 0 0 0 1 1 0 1 1

(1) f(x1, x2, ..., xn) = f(x1, x2, ..., xn)§f¡�f�Ö¼ê§¡/f0�Ö$

�§{¡¦Ö"

(2) (f + g)(x1, x2, ..., xn) = f(x1, x2, ..., xn) + g(x1, x2, ..., xn)§f + g¡

�f�g�Ú¼ê§¡/+0�Ü6\§{¡\{"

(3) (f •g)(x1, x2, ..., xn) = f(x1, x2, ..., xn)•g(x1, x2, ..., xn)§f •g¡�f�g�

È¼ê§¡/•0�Ü6¦§{¡¦{"

�
m'¼ê�L«å5{ü�B§·�5½m'¼ê$��`k?

�g�¦Ö/f0!¦{”•”!\{/+0"

~ 3.11. �f(x1, x2) = x1x2!g(x1, x2) = x2"l¼ê��O�L3.7¥

�±wÑ§(f + g)(x1, x2) = x2 = g(x1, x2)§(f • g)(x1, x2) = x1x2 =

f(x1, x2)§f(x1, x2) = x1 + x2"

½n 3.13. �f!g!h´m'¼ê§m'¼ê�$�÷ve¡�5�µ

(1) (ÜÆµ(f + g) + h = f + (g + h)¶(f • g) • h = f • (g • h)"
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L 3.8: ©�Æy²

f g h g + h f • (g + h) f • g f • h f • g + f • h

0 0 0 0 0 0 0 0

0 0 1 1 0 0 0 0

0 1 0 1 0 0 0 0

0 1 1 1 0 0 0 0

1 0 0 0 0 0 0 0

1 0 1 1 1 0 1 1

1 1 0 1 1 1 0 1

1 1 1 1 1 1 1 1

(2) ��Æµf + g = g + f¶f • g = g • f"

(3) ©�Æµf + g • h = (f + g) • (f + h)¶f • (g + h) = f • g + f • h"

(4) f + 0 = f¶f • 1 = f"

(5) f + f = 1¶f • f = 0"

yyy²²²µµµ����~f§·�5y²©�Æf • (g + h) = f • g + f • h"d

uf!g!h���Ñ�k0�1ü«�U§·�ò¤k�U��§�¤O�

L§ë�L3.8"lL3.8�±wÑ§f • (g + h) �f • g + f • h������

Ó§�f • (g + h) = f • g + f • h"y."

éuê�¦{�\{5`§¦{éu\{÷v©�Æ§�´\{éu

¦{Ø÷v©�Æ"~X§?�¢êa, b, c§Ñka× (b+ c) = a× b+ a× c§
����¹e§a + b × c 6= (a + b) × (a + c)"�´Ü6¦éÜ6\÷v©

�Æ§�Ü6\éÜ6¦�÷v©�Æ"

e¡|^½n3.13§5y²m'¼ê$�÷v��
�ª"

~ 3.12. é?¿m'¼êf§Ñ÷vf + f = f§f • f = f"

yyy²²²µµµ



3.5. m'¼ê 61

f + f = (f + f) • 1 = (f + f) • (f + f) = f + (f • f) = f + 0 = f§

f • f = (f • f) + 0 = (f • f) + (f • f) = f • (f + f) = f • 1 = f"

y."

~ 3.13. é?¿m'¼êf§Ñ÷vf + 1 = 1§f • 0 = 0"

yyy²²²µµµ

f + 1 = f + (f + f) = (f + f) + f = f + f = 1§

f • 0 = f • (f • f) = (f • f) • f = f • f = 0"

y."

~ 3.14. é?¿m'¼êf�g§f + g = 1�f • g = 0�¿�^�

´g = f"

yyy²²²µµµeg = f§Kkf + g = f + f = 1�f • g = f • f = 0"

��§ef + g = 1�f • g = 0§@o

g = g • 1 = g • (f + f) = g • f + g • f = 0 + g • f = g • f§

f = f • 1 = f • (f + g) = f • f + f • g = 0 + f • g = g • f§

¤±§g = f¤á"y."

~ 3.15. é?¿m'¼êf�g§f + g = f • g"

yyy²²²µµµy²g´´§ky²(f + g) • (f • g) = 0§(f + g) + (f • g) = 1§

,�|^~3.14 �(J§�±��§f + g = f • g"

(f + g) • (f • g) = f • (f • g) + g • (f • g)

= (f • f) • g + (g • g) • f

= 0 • g + 0 • f = 0 + 0 = 0.

(f + g) + (f • g) = f + [g + (f • g)]

= f + (g + f) • (g + g)

= f + (g + f) • 1

= (f + f) + g = 1 + g = 1.

d~3.14�§f + g = f • g"y."
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~ 3.16. é?¿m'¼êf�g§f + f • g = f§f • (f + g) = f

yyy²²²µµµ

f + (f • g) = f • 1 + f • g = f • (1 + g) = f • 1 = f§

f • (f + g) = (f + 0) • (f + g) = f + 0 • g = f"

y."

~ 3.17. �f!g�h´m'¼ê§XJf • g = f • h�f + g = f + h§

Kg = h"

yyy²²²µµµ£1¤�g = 1�§df • g = f • h�f + g = f + h��§f • 1 =

f • h�f + 1 = f + h§¤±f = f • h�1 = f + h"^f¦±1 = f + h�ü>§

�±�Ñ

f = f • (f + h) = f • f + f • h = 0 + f • h = f • h,

h = h • (f + f) = h • f + h • f = f + f = 1"d�§g = h = 1"

£2¤�g = 0�§df • g = f • h�f + g = f + h��§f • h = f • 0 =

0�f + h = f + 0 = f"^f¦±f = f + h�ü>§�±�Ñ

0 = f • f = f • (f + h) = f • f + f • h = 0 + f • h = f • h,

h = h • (f + f) = h • f + h • f = 0 + 0 = 0"d�§g = h = 0"nþ§Ã

Øg = 1½ö0§Ñkg = h§¤±g = h"y."

~3.12!~3.15�~3.16©Oy²
n�m'¼ê÷v��Æ!�•��

Æ�áÂÆ"ù
½Æ8�Ñ�±��Ú^"

3.5.2 mmm'''¼¼¼êêê���������LLL���ªªª

Ï~§��m'¼ê�±kõ«�p�d�L��ª"�
nØþï

Ä��B§·�I��«IO�L��ª§¦�z�m'¼êk���L

��ª§¿�ØÓ�m'¼êkØÓ�L��ª"e¡0����L�ª

Ò´Ù¥��«�{"

Äk·�`²§é?¿nm'¼êf(x1, x2, ..., xn)§Ñ÷v

f(x1, x2, ..., xn) = x1 • f(1, x2, ..., xn) + x1 • f(0, x2, ..., xn). (3.1)
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ù´Ï�§�x1 = 0�§úª(3.1)�mª�

0 • f(1, x2, ..., xn) + 1 • f(0, x2, ..., xn) = f(0, x2, ..., xn),

��x1 = 1�§úª(3.1)�mª�

1 • f(1, x2, ..., xn) + 0 • f(0, x2, ..., xn) = f(1, x2, ..., xn).

¤±§ÃØx1 = 0§�´x1 = 1§úª(3.1)Ñ¤á§¤±úª(3.1)¤á"

·�òúª(3.1)A^���m'¼êf(x1, x2)§�±�Ñ

f(x1, x2) = x1 • f(1, x2) + x1 • f(0, x2)

= x1 • [x2 • f(1, 1)) + x2 • f(1, 0)] + x1 • [x2 • f(0, 1) + x2 • f(0, 0)]

= f(1, 1)x1x2 + f(1, 0)x1x2 + f(0, 1)x1x2 + f(0, 0)x1x2.

òù�5Æí2�n�m'¼ê§Kk

f(x1, x2, ..., xn) =
∑

ai=0½1,1≤i≤n

f(a1, a2, ..., an)xa11 x
a2
2 ...x

an
n , (3.2)

Ù¥§

xaii =

xi ai = 1,

xi ai = 0.
(3.3)

úª(3.2)Ò´n�m'¼ê�f(x1, x2, ..., xn)���L�ª§Ù¥�z�

�xa11 x
a2
2 ...x

an
n Ò´����"Ï�z�aiÑ�±���0½1§n�m'¼ê

k2n���"

~ 3.18. �½3�m'¼êf(x1, x2, x3)§Ù¼ê�ë�L3.9"

§���L�ª�

f(x1, x2, x3) = f(0, 0, 0)x01x
0
2x

0
3 + f(0, 0, 1)x01x

0
2x

1
3

+ f(0, 1, 0)x01x
1
2x

0
3 + f(0, 1, 1)x01x

1
2x

1
3

+ f(1, 0, 0)x11x
0
2x

0
3 + f(1, 0, 1)x11x

0
2x

1
3

+ f(1, 1, 0)x11x
1
2x

0
3 + f(1, 1, 1)x11x

1
2x

1
3

= 0 • x01x
0
2x

0
3 + 1 • x01x

0
2x

1
3 + 1 • x01x

1
2x

0
3 + 1 • x01 x

1
2x

1
3

+ 0 • x11x
0
2x

0
3 + 1 • x11x

0
2x

1
3 + 0 • x11x

1
2x

0
3 + 1 • x11x

1
2x

1
3

= x1x2x3 + x1x2x3 + x1x2x3 + x1x2x3 + x1x2x3.



64 CHAPTER 3. N�

L 3.9: f(x1, x2, x3)�¼ê�L

x1 x2 x3 f(x1, x2, x3)

0 0 0 0

0 0 1 1

0 1 0 1

0 1 1 1

1 0 0 0

1 0 1 1

1 1 0 0

1 1 1 1

~ 3.19. ¦f(x1, x2, x3) = x1���L�ª"

)))µµµ

f(x1, x2, x3) = x1 = x1 • (x2 + x2) • (x3 + x3)

= x1x2x3 + x1x2x3 + x1x2x3 + x1x2x3.

3.5.3 888ÜÜÜ���AAA���¼¼¼êêê

½Â 3.12. �½8ÜE§F2 = {0, 1}§éuE�z�f8A ⊆ E§½Â
��¼êχA : E → F2§

χA(x) =

1 ex ∈ A,

0 ex /∈ A.

¡χA�8ÜA�A�¼ê"

w,§E�ØÓf8éAXØÓ�A�¼ê"eE´k�8Ü§E�f

8k2|E|�"lE�F2�N��ê�´2|E|"½Âg : P(E) → {f |f : E →
F2}§¦�?�A ∈P(E)§g(A) = χA§Kg´lP(E)�{f |f : E → F2}�
V�"
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XJ�E = Fn2§F
n
2�22

n
�f8�lFn2�F2�22

n
�m'¼ê�m�±

ïá��éA'X"éA��{´µéuA ⊆ Fn2§A�A�¼ê½Â�

χA(x1, x2, ..., xn) =

1 e(x1, x2, ..., xn) ∈ A,

0 e(x1, x2, ..., xn) /∈ A.

N´wÑ§eA1!A2�A�¼ê©O�χA1!χA2§@o8ÜA1 ∩ A2!

A1 ∪A2�A�¼ê©O´χA1
• χA2ÚχA1 + χA2"ù�§8Üþ�n«Ä�

$�Ö/-0!�/∩0!¿/∪0©OéAum'¼ê�n«$�–Ü6Ö!

Ü6¦ÚÜ6\"ò8Ü�$�5K�m'¼ê�$�5K\±'�§é

§���q�?ÒØJn)
"ù�:ò31??Ùk?�Ú�©Û"

SSSKKK

1. e¡�éA5K¥=
U
�¤N�º�`²nd"Ù¥§N�R©
O�g,ê8Ü�¢ê8Ü"

£1¤{(x1, x2)|x1, x2 ∈ N, x1 + x2 < 10}"
£2¤{(y1, y2)|y1, y2 ∈ R, y2 = y21}"
£3¤{(y1, y2)|y1, y2 ∈ R, y22 = y1}"
2. �f : A→ B§Ù¥A = {−1, 0, 1}2§B��ê8Ü"

f(x1, x2) =

0 ex1 × x2 > 0,

x1 − x2 ex1 × x2 ≤ 0.

£1¤f���Rf´�oº

£2¤lA�Rfkõ��ØÓ�N�º

3. e�¼ê¥=
´ü�!÷�½V�º`²nd"Ù¥§Z�Z+©

O��ê8Ü���ê8Ü"

£1¤f : Z→ Z+§f(n) = |n|+ 1"

£2¤f : Z → Z ∪ {0}§f(j) = j mod 3"Ù¥§j mod 3 L«jØ

±3��K{ê"

£3¤f : Z→ Z§f(n) = n+ 1¶g : Z→ Z§g(n) = n− 1"
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£4¤f : Z→ {0, 1}§f(j) =

0 j�Ûê§

1 j�óê
"

£5¤f : Z→ Z§f(j) = j2 + 2j − 15"

4. A!B´k�8Ü§Á�ÑlA × B�B × A�V�§ly²|A ×
B| = |B ×A|"

5. �R[x]�¤k¢êXê�õ�ª�¤�8Ü§

£1¤y²µ d
dxf(x) = f

′
(x)´lR[x]�R[x]�N�"§���´�oº

´Ä�÷�º´Ä�V�º

£2¤y²µI(f(x)) =
∫ x
0 f(t)dt´lR[x]�R[x]�N�"§���´�

oº´Ä�÷�º´Ä�V�º

6. �A = {a1, a2, ..., an}!B = {b1, b2, ..., bm}§S(B)L«8ÜB¥��

�¤�¤kkSn�|¤�¤�8Ü§=

S(B) = {(bi1 , bi2 , ..., bin)|bij ∈ B, 1 ≤ j ≤ n}.

^FL«lA�B�¤kN��¤�8Ü§éuF¥�z�N�f§-

g(f) = (f(a1), f(a2), ..., f(an)),

y²µg´lF�S(B)�V�§¿ddy²lA�B�N�kmn�"

7. �f´8ÜS�T�N�§A�B´S�f8§y²

f(A ∪B) = f(A) ∪ f(B)§

f(A ∩B) ⊆ f(A) ∩ f(B)"

¿���Ñ��~f§`²f(A ∩B) 6= f(A) ∩ f(B)"

8. �f´8ÜS�T�N�§A´S�f8§A3S¥�Ö8�Ã = S−A"
�f�ü�½÷��§©O?Øf(Ã)�f̃(A)�'X"

9. �f!g!hÑ´lZ�Z�N�§f(x) = 3x§g(x) = 3x + 1§h(x) =

3x+ 2§�O�f ◦ g§g ◦ f§g ◦ h§h ◦ g§f ◦ g ◦ h"
10. �f´A�B�ü�§g´B�C�ü�§y²µ g ◦ f´A�C�ü

�"

11. �S = {1, 2, 3, ...}§�Ñü�lS�S�N�f�g§¦�f ◦ g = IS§

�´g ◦ f 6= IS"XJf´V�§¬u)�o�¹º
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12. �σ =

(
1 2 3 4 5 6

3 1 4 5 6 2

)
§τ =

(
1 2 3 4 5 6

2 4 1 3 6 5

)
"O�τσ§

τ2σ§σ2τ§σ−1τσ"

13. b�e��8ÜA = {1, 2, 3, 4, 5, 6, 7, 8}þ���§�òÙ�¤Ø�
��Ó��È"

£1¤(257)(78)(145)§

£2¤(72815)(21)(476)(12)"

14. òe���L«¤Ø���Ó��È"

£1¤

(
1 2 3 4 5 6 7 8

8 2 6 3 7 4 5 1

)
§

£2¤

(
1 2 3 4 5 6 7 8

3 6 4 1 8 2 5 7

)
§

£3¤

(
1 2 3 4 5 6 7 8

3 1 4 7 2 5 8 6

)
"

15. b�e��8ÜA = {1, 2, 3, 4, 5, 6, 7}þ���§�¦Ñ����
��"

£1¤(47)(261)(567)(1234)§

£2¤(163)(1357)(67)(12345)"

16. y²µ?Ûn����±L«¤é�(12)!(23)!...!((n − 1)n)�

¦È"

17. y²e¡ð�ªµ

£1¤x1 = x1x2x3 + x1x2x3 + x1x2x3 + x1x2x3§

£2¤x1x2 + x2x3 + x1x3 = x1x2 + x1x3"

18. b�f�g´m'¼ê§XJf + g = g§y²e¡n��ª¤á"

£1¤f • g + f = 1§

£2¤f + g = 1§

£3¤f • g = 0"

19. �Ñe���m'¼ê���L�ªµ

£1¤�ð�1�¼ê§

£2¤��=�ü�Cþ����Ó�§¼ê���1"
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4.1 ÄÄÄ���VVVggg

4.1.1 '''XXX���½½½ÂÂÂ

½Â 4.1. �A1, A2, · · · , An´8Ü§A1 × A2 × · · · × An�f8R¡

�A1!A2! ...!Anm���n�'X"XJR = ∅§¡R��'X½²�'
X¶XJR = A1 ×A2 × · · · ×An§K¡R��'X"

XJR´8ÜA�8ÜBm���'X§K�¡�´lA�B���'

X"d�§R�½Â�½Â�

Dom(R) = {x|x ∈ A§��3y ∈ B§¦�(x, y) ∈ R}.
R���K½Â�

Ran(R) = {y|y ∈ B§��3x ∈ A§¦�(x, y) ∈ R}.
N´��§Dom(R) ⊆ A§Ran(R) ⊆ B"XJ(a, b) ∈ R§·�¡a�b

k'XR§P�aRb¶XJ(a, b) /∈ R§·�¡a�bvk'XR§P�a/Rb"X
JA = B§K¡R�Aþ���'X"

~ 4.1. ò�ê8ÜZþ��u'XP�L"Ï�4 < 6§¤±(4, 6) ∈ L§
½ö4L6§�´(6, 4) /∈ L"

~ 4.2. ½Âg,ê8ÜNþ��ê�'XM§(x, y) ∈ M��=

�x´y��ê�§=

xMy ⇔�3k ∈ N§¦�x = ky.

XJx ∈ N�x /M2§Kx�Ûê"�p ∈ N�p > 1§e?�q 6= 1�q 6= p§Ñ

kp /Mq§K¿�Xp´�ê"

~ 4.3. ¢ê8Üþ���'XéAu(k��I²¡�:8Ü"~

X'XR = {(x, y)||x|+ |y| ≤ 1} éAuã4.1¥xÒK�Ü©"

é'8ÜA�8ÜB�N�f�A× Bþ���'XR§¦+§�Ñ�±
�¤Xe�kSé8Ü�/ªµ

68
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O

Y

X

1

1‐1

‐1

ã 4.1: ~4.3éA�ã

f = {(x, y)|x ∈ A, y ∈ B,¿�f(x) = y}§
R = {(x, y)|x ∈ A, y ∈ B,¿�xRy}"

üöwþ��~aq§�´§lN��½Â��§3f��^e§A¥�

z���3B¥Ñk��éA��"Ïd§f�½Â�´Dom(f) = A§�

´R�½Â�Dom(R) ⊆ A",��¡§éu?�x ∈ A§3f ��^e§x
3B¥��´���§�Ò`§e(x, y1) ∈ f�(x, y2) ∈ f§Kky1 = y2"

�´éu'XR5`§��k�U�3x ∈ A§y1, y2 ∈ B�y1 6= y2§¦

�(x, y1) ∈ R�(x, y2) ∈ R"¤±§'X´¼ê�ò�§�éu¼ê5`§
'XL�
8Üm�2��éX"

dun�'X�±L�¤kSn�|�8Ü�/ª§k
'X��±æ

^8B½Â"~X§g,ê8ÜNþ��u'X/L0�±ÏLe¡�/ª
?18B½Âµ

(1) Ä:�éµ(0, 1) ∈ L¶

(2) 8B�éµXJ(x, y) ∈ L§K(x, y + 1) ∈ L§(x+ 1, y + 1) ∈ L¶

(3) ª(�éµLdk�g¦^5K(1)�(2))¤�kS��||¤"

4.1.2 '''XXX���555���

½Â 4.2. �R´Aþ���'X§

(1) XJéu?¿x ∈ A§ÑkxRx§K¡R´g��¶
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(2) XJéu?¿x ∈ A§Ñkx/Rx§K¡R´�g��¶

(3) XJéu?¿x, y ∈ A§exRy§K�½kyRx§@o¡R´é¡�¶

(4) XJéu?¿x, y ∈ A§exRy�yRx§K�½kx = y§@o¡R ´

�é¡�¶

(5) XJéu?¿x, y, z ∈ A§exRy�yRz§K�½kxRz§@o¡R´
D4�"

éu8ÜAþ���'XR5`§�U�3x, y ∈ A§¦�xRx§�y /Ry"
¤±§lþ¡�½Â�±wÑ§�3��'X§QØ´g��§�Ø´�

g��§g���g��5�¿Ø´pÖ�"Ùg§éu�é¡'X5`§

Ì���´§ex, y ∈ A�x 6= y§KxRy�yRxØUÓ�¤á"

~ 4.4. ò=©i1LP�Σ = {a, b, · · · , x, y, z}§Σ∗�Σ¥i1|¤

�iÎG8Ü§b½α, β ∈ Σ∗§½ÂΣ∗þ���'XR1!R2!R3§Ù¥µ

αR1β§��=�α�β�Ý��§

αR2β§��=�α'β�§

αR3β§��=�α�,�ýcM´β���ý�M"

~X§�α = abc§β = xyz§γ = xyzab§KkαR1β§α /R1γ§γR2β§

α /R2β§αR3γ§α /R3β"Ù¥§ab´α�ýcM§Ó�q´γ�ý�M"

d½Â�§R1´g��¶R2´�g��¶R3QØ´g��§�Ø´�

g��"'X`§aaR3aa§�´ab/R3ab"

~ 4.5. Σ∗�½ÂX~4.4"�α, β ∈ Σ∗§½ÂΣ∗ þ���'XR4!

R5!R6§Ù¥µ

αR4β§��=�α´β�fG§

αR5β§��=�α�βk���Ó���cM§

αR6β§��=�α�β��"

~X§�α = abc§β = xyz§γ = xyzab§δ = xyz§KkαR4α§βR4γ§

α /R4β§βR5γ§α /R5β§βR6δ§α /Rbβ"

d½Â�§R4´�é¡�¶R5´é¡�¶R6Q´é¡�§�´�é¡

�"b���'XR Q´é¡�§�´�é¡�§@oeα 6= β§Kα�β�

½Ø÷v'XR§=α/Rβ"
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~ 4.6. Σ∗�½ÂX~4.4"�α, β ∈ Σ∗§½ÂΣ∗ þ���'XR7!

R8!R9§Ù¥µ

αR7β§��=�α´β�cM§

αR8β§��=�α´β�fi§

αR9β§��=�α�βk�Ó�iÎ"

d½Â�§R7�R8´D4�¶�R9Ø´D4�"~X§�α = abc§

β = xyzab§γ = xyz§KkαR9β§βR9γ§�´§α/R9γ"

4.1.3 '''XXX���LLL«««

3'X�½Â¥§·�Q^kS��|�/ª5L«��'X"b

�R´8ÜA�Bþ���'X§�±òRL«�

R = {(x, y)|x ∈ A, y ∈ B, xRy}.

�!0�,	ü«��'X�L�/ª§='XÝ
�'Xã"

½Â 4.3. �R´lk�8ÜA�k�8ÜB���'X§Ù¥A =

{a1, a2, · · · , am}!B = {b1, b2, · · · , bn}§½ÂÝ
MR = (mij)m×n§Ù¥

mij =

0 �ai /Rbj�,

1 �aiRbj�.

·�¡MR´'XR�'XÝ
§MR�1ê��ê©O�8ÜA¥����

ê�8ÜB¥����ê"

~ 4.7. �A = {a1, a2, a3, a4}!B = {b1, b2, b3}§R´8ÜA�8ÜBþ
�'X§

R = {(a1, b1), (a1, b2), (a2, b2), (a3, b1), (a3, b3), (a4, b1), (a4, b2)}.

R�'XÝ
MR´4× 3�Ý
§

MR =


1 1 0

0 1 0

1 0 1

1 1 0

 .
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~ 4.8. �R´A = {a1, a2, a3, a4}þ���'X§R = {(a1, a1), (a1, a2),
(a1, a4), (a2, a2), (a2, a3), (a3, a1), (a3, a3), (a3, a4), (a4, a1), (a4, a2), (a4, a3)}§
KR�'XÝ
MR´4��
§

MR =


1 1 0 1

0 1 1 0

1 0 1 1

1 1 1 0

 .

l'XÝ
�½Â�±wÑµéuk�8ÜA = {a1, a2, · · · , an}þ�
��'XR§XJR ´g��§@oMR�Ìé��þ¤k��Ñ´1¶X

JR´�g��§@oMR �Ìé��þ¤k��Ñ´0¶XJR´é¡�§

@oMR´é¡Ý
¶XJR´�é¡�§@oMR¥'uÌé��é¡�

ü� �ØUÓ��1§=3i 6= j�§emij = 1§�½kmji = 0"�´§

'XR �D45ØN´lMR¥��wÑ"

½Â 4.4. �½k�8ÜA = {a1, a2, · · · , an}þ���'XR§·��
±^��k�ãGR5L«R"GR �½Â´µ^n�:©OL«A¥�z�

��§Ù¥�Lai�:IP�ai§�¡�!:ai¶XJaiRaj(i 6= j)§@ol

!:ai�!:ajx�^k�l¶XJaiRai§K3!:aiþx�^k��"

~ 4.9. ~4.8¥'XéA�'Xãë�ã4.2"

a1

a4a3

a2

ã 4.2: ~4.8éA�'Xã

k�8Üþ���'X�±^'Xã5L«§l'Xã�±�*/w

Ñ'X��
5�"XJ'XR ´g��§@o'Xã¥�z�!:Ñk
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���"XJ��'X´�g��§K'Xã¥�z�!:þÑvk�"

�ai �aj ´ü�ØÓ�!:§XJ'X´é¡�§ai �ajkk�l§Kaj

�ai �½k�l¶XJ'X´�é¡�§ai�aj kk�l§Kaj �ai �½

vkk�l"�ai !aj �ak ´n�ØÓ�!:§XJ'X´D4�§ai

�aj!aj�ak Ñkk�l§Kai�ak �½kk�l"

'XÝ
�±L«k�8ÜA�k�8ÜBþ���'X§��±L«

k�8ÜAþ���'X"'Xã^5L«k�8ÜAþ���'X"��

�¹e§Ø^'XãL«k�8ÜA�,��k�8ÜBþ���'X"

4.1.4 '''XXX���$$$���

l8ÜA�8ÜB���'XR§�duA × B���f8"8Ü�m
�����¹�'X§±98Üm�¿!��Ö�$�§Ñ�±��½Â

¤'X�m��p'X±9'X�$�"

½Â 4.5. �R1�R2Ñ´8ÜA�8ÜB���'X"��A× B�f
8ó§XJR1 ⊆ R2§K¡R1�u�uR2§P�R1 ≤ R2"

XJR1 ≤ R2�R1 6= R2§K¡R1�uR2§P�R1 < R2"

aq/§�±½Â'Xm�/�u�u0�/�u0'X§©OP�

/≥0�/>0"
éuü�8ÜA�Bó§e÷vA ⊆ B§Ù¹Â´µ?�a ∈ A§K7

ka ∈ B"éu8ÜA�8ÜB�ü���'XR1�R2ó§e÷vR1 ≤
R2§�±�y¤µexR1y§K7kxR2y¶aq/§e÷vR1 < R2§�±

�y¤µexR1y§K7kxR2y§¿��3x0 ∈ A!y0 ∈ B§¦�x0 /R1y0§

�´x0R2y0"

½Â 4.6. �R!R1�R2Ñ´8ÜA�8ÜB���'X"½ÂR�

ÖR!R1�R2�¿R1 ∪R2§±9R1�R2��R1 ∩R2Xeµ

£1¤?�x ∈ A!y ∈ B§exRy§��=�x/Ry¶
£2¤?�x ∈ A!y ∈ B§ex(R1 ∪R2)y§��=�xR1y½xR2y¶

£3¤?�x ∈ A!y ∈ B§ex(R1 ∩R2)y§��=�xR1y�xR2y"
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~ 4.10. �R1�R2´¢ê8ÜRþ���'X"§��½Â©O�µ
?�x, y ∈ R§£1¤xR1y§��=�x = y¶£2¤xR2y§��=�x = −y"
@o

x(R1 ∪R2)y§��=�|x| = |y|"

~ 4.11. �R1�R2´¢ê8ÜRþ���'X"§��½Â©O�µ
?�x, y ∈ R§£1¤xR1y§��=�x ≥ y¶£2¤xR2y§��=�x ≤ y"@
o

x(R1 ∩R2)y§��=�x = y§

xR1y§��=�x < y"

Ï�l8ÜA�8ÜB���'XR�duA×B���f8§¤±8Ü
m$�/∪0!/∩0!/A0¤÷v�Ä�5K���·Üu'Xm�$�"
~X§

£1¤��ÆµR1 ∪R2 = R2 ∪R1§R1 ∩R2 = R2 ∩R1¶

£2¤(ÜÆµ (R1 ∪ R2) ∪ R3 = R1 ∪ (R2 ∪ R3)§(R1 ∩ R2) ∩ R3 =

R1 ∩ (R2 ∩R3)"

Ø
�8Ü$�a'�A�'X$�/∪0!/∩0!/A0�	§�kü
�AÏ�'X$�µ'X�Ü¤�'X�4�"

½Â 4.7. �R1´l8ÜA�8ÜBþ�'X§R2´l8ÜB�8

ÜCþ�'X§½ÂR1�R2 �EÜ'XR2 ◦ R1�l8ÜA�8ÜCþ�

'X§äN½ÂXeµ

?�x ∈ A!z ∈ C§x(R2◦R1)z§��=��3y ∈ B§¦�xR1y�yR2z"

~ 4.12. �R�SÑ´8ÜA = {1, 2, 3, 4, 5}þ�'X§Ù¥§
R = {(1, 2), (2, 2), (3, 4)}§
S = {(1, 3), (2, 5), (3, 1), (4, 2)}§

@o

R ◦ S = {(1, 4), (3, 2), (4, 2)}§
S ◦R = {(1, 5), (2, 5), (3, 2)}"

R ◦ S�S ◦ RÑ´8ÜA�Ùg�þ���'X§�´R ◦ S 6= S ◦ R§��
'X�EÜ$�Ø÷v��Æ"
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½n 4.1. 'X�EÜ$�÷v(ÜÆ"

yyy²²²µµµ�R1´l8ÜA�8ÜBþ�'X§R2´l8ÜB�8ÜCþ

�'X§R3 ´l8ÜC�8ÜDþ�'X"·��y²R3 ◦ (R2 ◦ R1) =

(R3 ◦R2) ◦R1"

ky²R3 ◦ (R2 ◦R1) ⊆ (R3 ◦R2) ◦R1"?�a ∈ A!d ∈ D§e(a, d) ∈
R3 ◦ (R2 ◦ R1)§�âEÜ'X�½Â��§�3c ∈ C§¦�(a, c) ∈ R2 ◦
R1�(c, d) ∈ R3"qdu(a, c) ∈ R2 ◦ R1§dEÜ'X½Â�§�3b ∈ B§
¦�(a, b) ∈ R1�(b, c) ∈ R2"d(b, c) ∈ R2Ú(c, d) ∈ R3§��(b, d) ∈
R3 ◦R2§2d(b, d) ∈ R3 ◦R2Ú(a, b) ∈ R1 �§(a, d) ∈ (R3 ◦R2) ◦R1"Ï

d§R3 ◦ (R2 ◦R1) ⊆ (R3 ◦R2) ◦R1"

Ón�y§(R3 ◦ R2) ◦ R1 ⊆ R3 ◦ (R2 ◦ R1)"Ïd§(R3 ◦ R2) ◦ R1 =

R3 ◦ (R2 ◦R1)"y."

|^'X�EÜ$�§±9'XEÜ$�÷v�(ÜÆ§�±�¤'

X��$�"�R´8ÜA þ���'X§�±48½ÂR��µR1 = R!

R2 = R ◦R!R3 = R2 ◦R = R ◦R2!...!Rn = Rn−1 ◦R = R ◦Rn−1!..."

d'XEÜ$�÷v(ÜÆ��§éun > m > 0§÷v

Rn = Rm ◦Rn−m.

5¿§R7L´,�8ÜA�Ùg�þ���'X§â�±½ÂR��"

½Â 4.8. �R´8ÜAþ���'X§XJ�3Aþ���'XR1§

R1÷v±en�^�µ

£1¤R1´g��§

£2¤R ⊆ R1,

£3¤?�Aþ���'XR2§eR2´g��§�R ⊆ R2§K�½

kR1 ⊆ R2§

@o¡R1´R�g�4�"

¯¢þ§R�g�4�Ò´�¹R�÷vg�5����'X"aq/§

�±½ÂR�é¡4��D44�"�´§�ì½Â4.8§ØU½ÂR��g

�4���é¡4�"
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½n 4.2. �R´8ÜAþ���'X§½Â8ÜAþ���'XR+µ

?�a1, a2 ∈ A§

a1R
+a2§��=��3n > 0§¦�a1Rna2§

KR+´'XR�D44�"

yyy²²²µµµÄky²R+´D4�"?�a, b, c ∈ A§XJaR+b�bR+c§K

�3n1 > 0!n2 > 0§¦�aRn1b!bRn2c§dEÜ'X�½Â�§a(Rn2 ◦
Rn1)c = aRn1+n2c§¤±aR+c§lR+´D4�"

2y²R ≤ R+"?�a, b ∈ A§eaRb§=aR1b§¤±aR+b"Ïd§

R ≤ R+"

��y²R+´�¹R���D4'X"b�R∗´Aþ?¿���¹R�

D4'X"?�b, c ∈ A§ecR+b§@o�3X,�n > 1§¦�cRnb"d

�'X�½Â�§�3a1, a2, · · · , an−1 ∈ A§¦�

cRa1, a1Ra2, · · · , an−2Ran−1, an−1Rb,

Ï�R ≤ R∗§¤±k

cR∗a1, a1R
∗a2, · · · , an−2R∗an−1, an−1R∗b.

Ï�R∗÷vD45§¤±cR∗b"lR+ ≤ R∗§R+´�¹R���D4'

X"

nþ©Û�§R+´'XR�D44�"y."

½n 4.3. �R´8ÜAþ���'X§KR
′

= IA ∪ R´'XR�g�
4�"Ù¥§IA´A þ�ð�'X§=é?�a ∈ A§ÑkaIAa§éu?
�a, b ∈ A�a 6= b§aIAbÑØ¤á"

yyy²²²µµµ3�SK5"

½n 4.4. �R´8ÜAþ���'X§½ÂAþ���'XR
′
Xe

R
′

= {(y, x)|x, y ∈ A�(x, y) ∈ R},

KR̃ = R ∪R′´R�é¡4�"
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yyy²²²µµµÄk§duR̃ = R ∪R′ ⊇ R§¤±R ≤ R̃"
e¡y²R̃´é¡�"?�a, b ∈ A§eaR̃b = a(R ∪ R′)b§d'X�

¿$��½Â��§aRb½aR
′
b"eaRb§dR

′
�½Â�§bR

′
a§¤±b(R∪

R
′
)a§=bR̃a¶eaR

′
b§dR

′
�½Â�§bRa§Ó���±��b(R ∪ R′)a§

=bR̃a"¤±§ÃØ´aRb½aR
′
b§Ñ�±��bR̃a"¤±R̃´é¡�"

��y²R̃´�¹R���é¡'X"b�R∗´�¹R�é¡'X"

?�a, b ∈ A§eaR̃b§KkaRb½aR′b"£1¤eaRb§Ï�R∗ �¹
R§¤

±aR∗b¶£2¤eaR
′
b§KdR

′
�½Â�§bRa"Ï�R∗�¹
R§¤±bR∗a"

2Ï�R∗´é¡'X§��aR∗b"¤±§ÃØ´aRb§�´aR
′
b§ÑkaR∗b"

Ïd§aR∗b"R∗�¹
R̃"

nþ��§R̃´R�é¡4�"y."

4.2 ���ddd'''XXX

½Â 4.9. �R´8ÜAþ���'X§XJR´g��!é¡�!D

4�§K¡R´�d'X"

�R´8ÜAþ��d'X§a, b ∈ A"XJaRb§K¡a�b�d"X

JaRb§dR �é¡5��§bRa§·�¡a�b*d�d"dR�g�5�

�§?�a ∈ A§aRa§¤±A ¥z����Ùg��d"qdR�D45
��§ea�b�d§�b�c�d§Ka�c�d"

½Â 4.10. �R´8ÜAþ��d'X"?�a ∈ A§P[a]R�A¥¤

k�a�d����¤�8Ü§=

[a]R = {x|x ∈ A, aRx}.

dua�Ùg��d§a ∈ [a]R§¡[a]R���a¤á��da§�¡��a´

�da[a]R��L�"

½n 4.5. �R´8ÜAþ��d'X§K�da÷vµ

£1¤?�a, b ∈ A§�o[a]R = [b]R§�o[a]R ∩ [b]R = ∅"
£2¤

⋃
a∈A[a]R = A"
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yyy²²²µµµ £1¤?�a, b ∈ A§�oaRb§�oa/Rb§üö7ØÙ�"
kwaRb��¹"dR�é¡5��§bRa"?�x ∈ [a]R§d�da�

½Â�§aRx§2dR�D45�§bRx§¤±x ∈ [b]R"�[a]R ⊆ [b]R"Ó

n��§[b]R ⊆ [a]R"¤±[a]R = [b]R"

2wa/Rb��¹"XJ[a]R ∩ [b]R 6= ∅§K�3x ∈ [a]R ∩ [b]R§=x ∈
[a]R�x ∈ [b]R"d�da�½Â�§aRx�bRx"Ï�R´é¡�§dbRx

�ÑxRb"qÏ�R´D4�§daRxÚxRb�ÑaRb"�b�a/Rb gñ§

�[a]R ∩ [b]R = ∅"
dþ¡�y²��§*d�d���áuÓ���da§*dØ�d

���¤á��davkú���"

£2¤?�x ∈
⋃
a∈A[a]R§�3a ∈ A§¦�x ∈ [a]R"Ï�[a]R´A �

f8§�x ∈ A"dd�Ñ§
⋃
a∈A[a]R ⊆ A"

��§?�x ∈ A§w,x ∈ [x]R ⊆
⋃
a∈A[a]R"¤±§A ⊆

⋃
a∈A[a]R"

nþ��§A =
⋃
a∈A[a]R"y."

½Â 4.11. �A´����8Ü"XJ8ÜxA = {A1, A2, · · · , Ak, · · · }÷
vµ

£1¤?�i§Ai ⊆ A§=Ai´A�f8§
£2¤?�i 6= j§Ai ∩Aj = ∅½öAi = Aj§

£3¤
⋃+∞
i=1 Ai = A§

K¡8ÜxA´A���y©"

eR´8ÜAþ��d'X§Kd½n4.5�§�da8Ü{[a]R|a ∈
A}´8ÜA���y©§·�¡��8ÜA'u�d'XR�û8§P
�A/R"

~ 4.13. �Z´�ê8Ü§Rn´Zþ��nÓ{'X§=?�a, b ∈ Z§

xRny, ��=� n|x− y§�=x ≡ y mod n.

·�Q²31�Ù0�L§Ó{'X´g��!é¡��D4�§¤

±Rn´Zþ��d'X"[0]Rn , [1]Rn , · · · , [n − 1]Rn´Rn¤(½��Ü�d

a"
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~ 4.14. �R´Eê8ÜCþ���'X§?�x, y ∈ C§xRy��=
�|x| = |y|§Ù¥|x|! |y|©O�Eêx�y��"KR´Cþ��d'X"?
�x ∈ C§x¤3��da[x]RÒ´±�I�:O��%§�»�|x|��§ë
�ã4.3"¤k±O ��%���¤C'uR�¤k�da"�ê¶[0,+∞)

þ¤k�ê´¤k�da��L�§ù´Ï�z��da¥Ñk�=k�

���3�ê¶þ"

O

Y

X

ã 4.3: ~4.14¥�da�«¿ã

~ 4.15. 3²¡AÛ¥§�A´�«AÛã/�¤�8Ü§XJ��

AÛã/²L²£½^=§�±�,��AÛã/��Ü§K¡ùü�

AÛã//��0"ù«/��0'X´�d'X"*d���AÛã/�

¤���da"

XJ��AÛã/²L¤'~��½ �§�±�,��AÛã/�

�Ü§K¡ùü�AÛã//�q0"AÛã/m�/�q0'X�´�

d'X"*d�q�AÛã/�¤���da"~X§¤k��Ò´áu

Ó���q��da"

d½n4.5�§8ÜAþ��d'Xû½
A���y©§Ty©d��

ØÓ��da�¤"�L5§�½8ÜA���y©§�û½
8ÜA��

��d'X"

½n 4.6. �8ÜxA = {A1, A2, · · · , Ak, · · · }´��8ÜA���y
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©"½Â8ÜAþ���'XR§?�x, y ∈ A§

xRy ��=��3i§¦�x ∈ Ai�y ∈ Ai,

K'XR´8ÜAþ��d'X"

yyy²²²µµµÏ�A = {A1, A2, · · · , Ak, · · · }´8ÜA���y©§¤±
⋃+∞
i=1 Ai =

A§?�x ∈ A§�3i§¦�x ∈ Ai"dR�½Â�§xRx§¤±R´g�
�"?�x, y ∈ A§XJxRy§K�3i§¦�x ∈ Ai �y ∈ Ai§¤±yRx§
�R´é¡�"?�x, y, z ∈ A§exRy�yRz"dxRy��§�3i§¦

�x ∈ Ai�y ∈ Ai¶dyRz q�±��§�3j§¦�y ∈ Aj�z ∈ Aj"
Ï�A´A�y©§¤±A¥z����Uáu,��Ai"Ï�y 3Ai�Aj
¥§¤±i = j"lx, y, z ∈ Ai = Aj"dR�½Â�§xRz§¤±R´D4

�"

nþ©Û�§R´8ÜAþ��d'X§§¤(½��da8ÜÒ´A"
y."

3��8Üþ§^ØÓ�ª½Â�ü��d'X�U�)Ó��8Ü

y©"~X§�A = {1, 2, · · · , 9}"3Aþ½Â�d'XR1ÚR2§Ù¥R1�

½Â�µ?�x, y ∈ A§

xR1y ��=�3|x− y.

R2KÏLe¡�Ý
5½Â
1 2 3

4 5 6

7 8 9

"
?�x, y ∈ A§xR2y��=�x�y3þãÝ
�Ó��¥"KR1�R2Ñ´

8ÜA þ��d'X§§��)��daÑ´

[1]R1 = [1]R2 = {1, 4, 7}, [2]R1 = [2]R2 = {2, 5, 8}, [3]R1 = [3]R2 = {3, 6, 9}.

ù�·�¡R1 = R2"¯¢þ§8Ü�y©�8Üþ��d'X��éA§

ü��d'XéA�8Üy©�Ó§¿�Xü��d'X��þ�Ó"
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4.3 SSS'''XXX

S'X´,�a����'X"

4.3.1    SSS'''XXX

½Â 4.12. ��´8ÜAþ���'X§XJ�´g��!�é¡�!
D4�§K¡� ´8ÜAþ� S'X§½� S"8ÜAÚAþ��� 
S��¤ S8§P�< A,�>"

~ 4.16. ¢ê8ÜRþ��u�u'X/≥0Ú�u�u'X/≤0Ñ
´ S"< R,≥> �< R,≤>Ñ´ S8"

~ 4.17. b�A´��8Ü§3A��8P(A)þ½Â�¹'X/⊇0
���¹'X/⊆0§K/⊇0�/⊆0Ñ´P(A)þ� S'X§< P(A),⊇>!
< P(A),⊆>Ñ´ S8"

��´8ÜAþ� S§a�b´A¥ü���"XJa � b½öb � a§K
¡a�b´�'��¶ea/�b�b/�a§K¡a �b´Ø�'��"d S��g
�5��§A¥z����Ùg�Ñ´�'��"��5`§8Ü¥?�ü

���a�b§�Ua�bØ�'�"~X§b�A = {1, 2, 3}§�8P(A)þ

��¹'X/⊇0´ S"�´§A�ü�f8{1, 2}�{2, 3}�mÒØ�'
�"

4.3.2 ���SSS'''XXX

½Â 4.13. ��´8ÜAþ� S"XJA¥?¿ü���a�bÑ´�
'��§=a � b ½b � a¤á§@o¡�´�S'X½��S'X§{¡�
S½��S"< A,�>¡��S8"

5¿§3½Â4.13¥§ea = b§Ï��´g��§�,ka � b �b �
aÓ�¤á¶�´ea 6= b§Ka � b�b � a�Uk��¤á"
~4.16¥�< R,≥>�< R,≤>Ñ´�S8"
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~ 4.18. �< A,�>´�S8"�
�B§·�^a �6= bL«a �
b�a 6= b"y3½ÂAnþ���'X�′"?�(a1, a2, · · · , an), (b1, b2, · · · , bn) ∈
An§(a1, a2, · · · , an) �′ (b1, b2, · · · , bn)§��=�e¡n�^���¤áµ

£1¤(a1, a2, · · · , an) = (b1, b2, · · · , bn)§

£2¤a1 �6= b1§

£3¤�31 ≤ i ≤ n − 1§¦�é?¿1 ≤ j ≤ i§Ñ÷vaj = bj§

�ai+1 �6= bi+1"

K�′´Anþ� S§�´�5S"

yyy²²²µµµ¯¢þ§(a1, a2, · · · , an) ∈ An�dua1a2 · · · an´A¥���¤
���n �iÎG"XJò�w�A¥���m��«^S§K'X�′Ò´
dA ¥���¤��n�iÎG�m�i;S"éu�ê�iÎG5`§ù

´�«~��üS�ª§3O�Å�Æ¥k�A^"

Äk§d^�£1¤��§�′´g��"
Ùg§e(a1, a2, · · · , an) �′ (b1, b2, · · · , bn)§Kd½Â¥�n�^��§

�oa1 = b1§�oa1 �6= b1§Ñ÷va1 � b1"Ón§XJ(b1, b2, · · · , bn) �′

(a1, a2, · · · , an)§Kkb1 � a1"Ï�� ´ S§÷v�é¡5§�±�
Ña1 = b1"3��a1 = b1 ��§^�£2¤Ø¤á§Ïd�o^�

£1¤¤á§��(a1, a2, · · · , an) = (b1, b2, · · · , bn)¶�o^�£3¤¤á§

Kd(a1, a2, · · · , an) �′ (b1, b2, · · · , bn) �§a2 = b2½öa2 �6= b2§Ñ�±�

Ña2 � b2"Ón§d(b1, b2, · · · , bn) �′ (a1, a2, · · · , an)�±�Ñ§b2 � a2"

d� ��é¡5§�a2 = b2¶...¶Xd48�±�Ña1 = b1!a2 = b2!...!

an = bn§=(a1, a2, · · · , an) = (b1, b2, · · · , bn)"��′´�é¡�"
��y²�′´D4�"�(a1, a2, · · · , an) �′ (b1, b2, · · · , bn)§K÷vc

¡�n�^�£1¤!£2¤Ú£3¤"b�(b1, b2, · · · , bn) �′ (c1, c2, · · · , cn)§

K÷ve¡�n�^���µ

£I¤(b1, b2, · · · , bn) = (c1, c2, · · · , cn)§

£II¤b1 �6= c1§

£III¤�31 ≤ i
′ ≤ n− 1§¦�é?¿1 ≤ j ≤ i

′
§Ñ÷vbj = cj§

�bi′+1 �6= ci′+1"

·��±nÜ©Û§3÷vn�^�£1¤!£2¤!£3¤��Ú÷v
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n�^�£I¤!£II¤!£III¤����«|Ü§5y²(a1, a2, · · · , an) �′

(c1, c2, · · · , cn)"ùp§��Ñ÷v^�£3¤�£III¤��y²"

b�^�£3¤�£III¤¤á§©ü«�¹"Äk§ei ≥ i
′
+ 1§@o

é?¿1 ≤ j ≤ i
′
§Ñ÷vaj = bj = cj§�ai′+1 = bi′+1!bi′+1 �6= ci′+1§

¤±kai′+1 �6= ci′+1"d�
′
�½Â�§(a1, a2, · · · , an) �′ (c1, c2, · · · , cn)"

2ö§ei < i
′
+ 1§Ké?¿�1 ≤ j ≤ i§Ñ÷vaj = bj = cj§�bi+1 =

ci+1!ai+1 �6= bi+1§lai+1 �6= ci+1"d�
′
�½Â�§(a1, a2, · · · , an) �′

(c1, c2, · · · , cn)"¤±�′÷vD45"
nþ��§�′´Anþ� S"
¯¢þ§�′�´Anþ��S"?�A¥ü���(a1, a2, · · · , an)Ú(b1, b2,

· · · , bn)§·��Il��m§Å�'�ü�n�|���=�"'�L§

´µea1 6= b1§du�´�S§7ka1 � b1½b1 � a1§¤±ka1 �6=
b1½b1 �6= a1§d^�£2¤�§(a1, a2, · · · , an) �′ (b1, b2, · · · , bn)½ö(b1, b2, · · · , bn) �′

(a1, a2, · · · , an)"XJ§a1 = b1§Ò'�a2Úb2"��/§ea1 = b1!

a2 = b2!...!ai = bi§ai+1 6= bi+1§Kai+1 �6= bi+1½bi+1 �6= ai+1§l

(a1, a2, · · · , an) �′ (b1, b2, · · · , bn)½ö(b1, b2, · · · , bn) �′ (a1, a2, · · · , an)"

��§e(a1, a2, · · · , an) = (b1, b2, · · · , bn)§�Ó�÷v(a1, a2, · · · , an) �′

(b1, b2, · · · , bn)"¤±§�′´Anþ��S§´An¥���i;S"

4.3.3 444���������444������

½Â 4.14. �< A,�>� S8§x, y ∈ A§XJx �6= y§¿�Ø�

3z ∈ A§¦�x �6= z�z �6= y§K¡��y����x§½ö`��x ��

�y ��§P�x�̂y"

3 S8¥§Ø´z���ÑU��X,�Ù§��§�Ø´z��

�Ñ�O���¤��"~X§ S8< R,≤>¥§z���ÑØ��O�
��§�z����Ø�Ù§��¤��"

½n 4.7. �< A,�>� S8"�A´k�8Ü�§éuA¥��a§
XJk��b ∈ A§¦�a �6= b§K�½�3b

′
§¦�a�̂b′§=a�����

�½�3"
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yyy²²²µµµ�< A,�>� S8§éua ∈ A§�3b ∈ A§¦�a �6= b§

Kkü«�U"£1¤eb´a�����§a�̂b§�b′ = b =�¶£2¤bØ´a

�����§@od½Â4.14��§�3b1 ∈ A§¦�a �6= b1�b1 �6= b"

ùpE,kü��U§��´b1´a�����§,��´�3b2 6= b1§

¦�a �6= b2�b2 �6= b1"ùp·��±�Ñb2 6= b"ÄK§eb2 = b§@

ob2 �6= b1Ò´b �6= b1§2\þb1 �6= b§d� ��é¡5��§b1 = b"ù

�b1 6= bgñ"�b2 6= b"

XJ·���éØ���a�����§þãL§Ò�±Ã�/?

1e�§��Ã�S�b1, b2, · · · , bn, · · ·§Ù¥bi ∈ A§÷va �6= · · ·!
bn �6= bn−1!bn−1 �6= bn−2! ...!b3 �6= b2!b2 �6= b1!b1 �6= b§

�b1, b2, · · · , bn, · · · pØ�Ó§�A´k�8Ügñ"u´§�3,�i§
¦�þãL§ª�§=a �6= bi§�bi´a�����"y."

lù�½n�±wÑ§e�´k�8ÜAþ� S'X§Kéu?
¿a ∈ A§�oØ�3��b§¦�a �6= b¶�oa�3����"Ó���

n��§�oØ�3��b§¦�b �6= a¶�oa��,���"

~ 4.19. �S = {1, 2, 3, 4, 6, 12}"Sþ��Ø'X´ S'X"�

�1������2�3"��2 ������4�6§��3������6§

��4�6������12"��12vk����"

½Â 4.15. �< A,�>� S8§éua ∈ A§XJØ�3��b ∈ A§
¦�a �6= b§K¡a� S8< A,�>�4��¶XJØ�3��b ∈ A§¦
�b �6= a§K¡a � S8< A,�>�4��"

�â½n4.7§z�k� S8Ñ�±±¤��ã§¡�MF£Hasse¤

ã"b�< A,�>� S8§�A´k�8Ü"òA¥�z���^��:
5L«§éua, b ∈ A§XJb´a�����§=a�̂b§Kòbx3a�þ�§
�3a �b�mx�^�"ù�Ò��
< A,�> éA�MFã"MFã�
±�*/ò S'XL«Ñ5§éïÄ S8�(�Jø�B"3MFã

¥§ u�þ����´4��§ u�e����´4��§Ù{z�

��^�ã�þë�§��Ü����§�e^�ãë��Ü�§���

��"
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{1,2,3}

{2,3}

{2} {3}{1}

{1,3}{1,2}



ã 4.4: ~4.20éA�MFã

{2,3}

{2} {3}{1}

{1,3}{1,2}

ã 4.5: ~4.21éA�MFã

~ 4.20. �S = {1, 2, 3}" S8< P(S),⊆>�MFãë�ã4.4"Ù

¥{1, 2, 3}´4��§∅´4��"

~ 4.21. < {{1}, {2}, {3}, {1, 2}, {1, 3}, {2, 3}},⊆>´ S8§éA�
MFãë�ã4.5§Ù¥§{1, 2}, {1, 3}, {2, 3}Ñ´4��§{1}, {2}, {3}Ñ´
4��"

~ 4.22. B = {1, 2, 3, 5, 6, 10, 15, 30}§B�Ùþ��Ø'X�¤ S
8< B, | >§éA�MFãë�ã4.6§Ù4��´30§4��´1"

~4.20�~4.22¥ü� S8�MFã�Ó"ùL²§¦+< P(S),⊆>�<
B, | >�äN¹ÂØÓ§�§����m�S(����Ó"eü� S8
�MFã�Ó§·�¡Ù´SSSÓÓÓ����"

~ 4.23. < {1, 2, 4, 5, 10},≤>´ S8§éA�MFãë�ã4.7§§

�MFã´�^ó"ØJwÑ§eA´k�8Ü§KAþ� S8´�S8§

��=�§�MFã´�^ó"

4.3.4 ���������������������

½Â 4.16. �< A,�>� S8§a ∈ A"e?�b ∈ A§Ñkb � a§

K¡a�< A,�> ����¶e?�b ∈ A§Ñka � b§K¡a�< A,�>
����"
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30

15

3 52

106

1

ã 4.6: ~4.22éA�MFã

10

5

4

2

1

ã 4.7: ~4.23éA�MFã

3~4.20¥§{1, 2, 3}´���§∅´���"~4.21¥vk�����

��"~4.22¥§30´���§1 ´���"3~4.23¥§10´���§1´

���"

e¡©Û4��!4��!��������5�"

½n 4.8.  S8< A,�>�����½´4��"

yyy²²²µµµ^�y{"�a´ S8< A,�>����§eaØ´< A,�>�
4��§K�3b ∈ A§¦�a �6= b§=a 6= b�a � b"dua ´< A,�> �
���§¤±7,kb � a"2l���é¡5§�±íÑa = b§�a 6= bg

ñ"¤± S����7´4��"y."

½n 4.9.  S8< A,�>�����õ�k��"

yyy²²²µµµlc¡�~f�±wÑ§ S8Ø�½k���§'X`

~4.21¥� S8Òvk���"

XJ S8< A,�>k���§�a, b ∈ AÑ´���"Ï�a´��
�§K?�x ∈ A§Ñ÷vx � a§¤±kb � a"Ón§db´���§�

±�Ña � b"du�÷v�é¡5§b � a�a � b§¤±a = b"ù`²

�< A,�>k����§�½��"y."

½n 4.10. b�A´k�8Ü§ S8< A,�>�3���§��=
�< A,�>�k��4��"
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yyy²²²µµµ�a´< A,�>����"d½n4.8 �§a ´< A,�>�4�
�"bX�3b ∈ A�b 6= a§b�´4��"dua ´���§¤±b � a"

�b 6= a§¤±b �6= a§ù�b´4��gñ"¤±`§< A,�> �k��
4��"

��§�a´< A,�>���4��§·��y²a´< A,�>���
�"?�b ∈ A�b 6= a"Ï�bØ´4��§¤±�3c1 ∈ A§¦�b �6= c1"

e¡©ü«�¹5?Ø"

Ù�´c1 = a§Kdub �6= c1§�±��b � a"
,�«�¹´c1 6= a"Ï�a´��4��§�c1�Ø´4��§l

�3c2 ∈ A �c2 6= c1§¦�c1 �6= c2"ù�qkü«�¹µ£1¤c2 = a§

@olb �6= c1!c1 �6= c2±9c2 = a§�±�Ñb � a¶£2¤c2 6= a§@

oc2�Ø´4��§�3c3 ∈ A§¦�c2 �6= c3§�db �6= c1!c1 �6= c2!

c2 �6= c3 ��§b, c1, c2, c3 pØ��"ù���©Ûe�§����S

�c1, c2, c3, · · · ,§�ù�S�¥���üüØÓ"duA´k�8Ü§
ù�L§�½¬ª�"�Ò´`§�3,�i§¦�

b �6= c1, c1 �6= c2, c2 �6= c3, · · · , ci−1 �6= ci, ci �6= ci+1§

�ci+1 = a"du�÷vD45§�±�Ñb � a"
nþ�±�Ñ§?�b ∈ A§Ñ÷vb � a§¤±a´< A,�>����"
Ïd§eA´k�8Ü§ S8< A,�>�3���§��=�<

A,�>�k��4��"y."
aq§�±y²e¡�½nµ

½n 4.11. b�A´k�8Ü§ S8< A,�>�3���§��=
�< A,�>�k��4��"

4.3.5 þþþ...���eee...

½Â 4.17. �< A,�>� S8§M ⊆ A§a ∈ A"XJéu?

¿m ∈ M§Ñkm � a§K¡a´f8M�þ.¶XJéu?¿m ∈ M§Ñ
ka � m§K¡a´f8M�e."



88 CHAPTER 4. ��'X

8ÜA�?¿f8MØ�½kþ.½e."=¦kþ.½e.§�

Ø�½��"~X§< {1, 2, 3, 4, 5, 6}, | >´ S8§§�MFãë�
ã4.8"< {1, 2, 3, 4, 5, 6}, | >����´1§Ã���§4, 5, 6´4��"f

8{1, 2, 4}�þ.´4§f8{1, 3}�þ.´3Ú6§f8{3, 4}Ãþ."

3 52

64

1

ã 4.8: þe.«~

���þ.�e.éïÄ¯K�¿ÂØ´é�§<�  �'5�´

��þ.���e."ë�½Â4.18"

½Â 4.18. �< A,�>� S8§a ∈ A´M ⊆ A�þ."XJ?

�M�þ.a
′
§Ñka � a′§K¡a´M���þ.½þ(."

b ∈ A´M ⊆ A�e."XJ?�M�e.b
′
§Ñkb

′ � b§K¡b ´M

���e.½e(."

4.4 888ÜÜÜ���³³³

éuk�8Ü5`§·��±êÑÙ¥����ê§��k�8Ü�

�§l�±'�ü�k�8Ü¥���õ�"�éuÃ�8Ü5`§·

�ÒÃ{êÑÙ¥����ê"�
'�Ã�8Ü3���êþ��É§

�!Ú\8Ü³�Vg"8Ü³·^uk�8Ü�Ã�8Ü"

½Â 4.19. XJ�3l8ÜA�8ÜB�V�§@o¡8ÜA�8

ÜB�³§P�A ∼ B"

~ 4.24. 8ÜN = {0, 1, 2, 3, · · · }§N2 = {0, 2, 4, 6, · · · }"½ÂN�f :

N→ N2§?�n ∈ N§f(n) = 2n§Kf ´N�N2�V�"lN�N2�³"
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½n 4.12. �E´�k8Ü§P(E)´¤k8Ü�¤�8Üx"8Üm

��³'X∼´P(E) þ��d'X"

yyy²²²µµµ?�8ÜA ∈ P(E)§½ÂN�IA : A → A"?�a ∈ A§

IA(a) = a§KIA´A�Ùg��V�§¤±A ∼ A§�∼÷vg�5"
?�A,B ∈ P(E)§eA ∼ B§K�3A�B�V�f : A → B§Kf�

_N�f−1 : B → A´B�A�V�§¤±B ∼ A§�∼÷vé¡5"?
�A,B,C ∈ P(E)§eA ∼ B�B ∼ C§K�3V�f : A → BÚV

�g : B → C§dEÜN��5�£½n3.8¤��§g ◦ f : A → C´8

ÜA�8ÜC�V�§¤±A ∼ C"�∼÷vD45"
nþ§∼´P(E)þ��d'X"y."

|^�³'X§�±é¤k�8Ü?1�d©a§3Ó���da¥

�8Ü´�³�"

4.4.1 kkk���888ÜÜÜ������êêê888ÜÜÜ

½Â 4.20. P|0, n| = {0, 1, 2, · · · , n}§¡�g,ê8Ü���ä¡"
�g,ê�,�ä¡�³�8Ü¡�k�8Ü"�8Ü∅�¡�k�8Ü"
Ø´k�8Ü�8Ü��Ã�8Ü"

XJ8ÜA�|0, n|�³§K�3V�f : |0, n| → A§éu0 ≤ i ≤ n§

Pf(i) = ai§KkA = {a0, a1, a2, · · · , an}"�±òk�8Ü¥�����
��/êÑ5§¤±k�8Ü�³�±^Ù¥����ê5L«§�Ò´

k�8Ü��"�8Ü�³�0"

?Ûk�8ÜØU�Ùýf8�³"ù´Ï�§eA!B´k�8Ü

�A ⊂ B§K7k|A| < |B|"A�B�mØ�U�3V�§�A/∼B",§
Ã�8Ü�±�Ùýf8�³"~X§3~4.24 ¥§N2 ´N�ýf8§�
´N ∼ N2"

½Â 4.21. �g,ê8ÜN�³�8Ü���êÃ�8Ü"

k�8Ü��êÃ�8ÜÚ¡��ê8Ü§��ê8Ü¡�Ø�ê8

Ü"
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e8ÜA�g,ê8ÜN = {0, 1, 2, · · · }�³§@o�3V�f : N→ A"

Pf(i) = ai§KA = {a0, a1, a2, · · · }§¤±Ã��ê8Ü¥����±Å�
qÞÑ5§g,ê8Ü�³P�N0"

e¡5w��Ø�ê8Ü�~f"

~ 4.25. 8Ü(0, 1) = {x|x ∈ R, 0 < x < 1}´Ø�ê8Ü"

yyy²²²µµµÄky²(0, 1)´Ã�8Ü"�(0, 1)�f8C = {12 ,
1
3 , · · · ,

1
n , · · · } ⊂

(0, 1)§½ÂN�f : C → N§f( 1
n) = n− 2§Kf´C�N�V�§�C ∼ N"

Ï�C´Ã�8Ü§�C ⊂ (0, 1)§¤±(0, 1)´Ã�8Ü"

e¡y²(0, 1)´Ø�ê8Ü"b�(0, 1)´�ê8Ü§ò(0, 1)¥¤k�

��Å�qÞÑ5§P�(0, 1) = {b1, b2, · · · , bn, · · · }"ò(0, 1)¥�z��

�L«¤�ê§��

b1 = 0.a11a12 · · · a1n · · ·§
b2 = 0.a21a22 · · · a2n · · ·§
· · · · · · · · · · · ·§
bn = 0.an1an2 · · · ann · · ·§
· · · · · · · · · · · ·§

·��d = 0.d1d2 · · · dn · · ·§Ù¥§?�i = 1, 2, · · · , n, · · ·§di 6=
aii, 0, 9§�Ò´`§di�±?�{1, 2, 3, 4, 5, 6, 7, 8}¥,�Ø�uaii�êi§
ù´�½�±���"Ï�di 6= 0, 9§¤±d ∈ (0, 1)",��¡§éu?

¿i ≥ 15`§di 6= aii§�Ò´d�1i �êØ�ubi�1i �ê§¤±

kd 6= bi§ld /∈ {b1, b2, · · · , bn, · · · } = (0, 1)"gñ"¤±§(0, 1) ´Ø�

ê8Ü"

R

(0, 1)

ã 4.9: (0, 1)�R�³y²«¿ã

�±y²§8Ü(0, 1)�¢ê8ÜR´�³�"ã4.9�Ñ
Ùy²�«

¿ã"·�òm«m(0, 1)�k���ã�¤����§^Ã���î�
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I¶5L«¢êR§î�I¶���l��u��l�¥:"XJl���

�%ÚÑ��§¦����l§±9î�I¶��§ùü��:7½¤é

Ñy§l/¤l(0, 1)�R�V�"�(0, 1)�R�³�Ó§P�N1"

4.4.2 ³³³���������

½Â 4.22. XJ8ÜA�8ÜB���f8�³§K¡B|�A§P

�A � B§¿�`A�³�u�uB�³§P�A�³≤B�³"
XJA � B§¿�A/∼B§K¡A ≺ B§�`A�³�uB�³§P�A

�³<B�³"

~X§g,ê8Ü´¢ê8Ü�f8§=N ⊆ R§�g,ê8ÜN �
³N0≤¢ê8ÜR�N1"qÏ�N/∼R§¤±N0 < N1"

½n 4.13. ò8ÜA��8P�P(A)§@oA�³�uP(A)�³§

=A ≺P(A)"

yyy²²²µµµÄky²A � P(A)"PP(A) = {{a}|a ∈ A}§KP(A) ⊂
P(A)"½Âf : A→P(A)§?�a ∈ A§f(a) = {a}§K´�f´A�P(A)�

V�§�P(A) ⊂P(A)§¤±A �P(A)"

e¡y²A ≺ P(A)"Ï�®²y²A � P(A)§�Iy²A/∼P(A)"

b�A ∼P(A)§K�3V�g : A→P(A)"·�r8ÜA¥���©¤ü

aµSÜ¤
�	Ü¤
"?�a ∈ A§XJa ∈ g(a)§K¡a�SÜ¤
§

ÄK¡a�	Ü¤
"-B = {x|x ∈ A, x /∈ g(x)}§=B´�N	Ü¤
�
¤�8Ü§´A�f8§B ∈P(A)"

Ï�g´V�§¤±´÷�§Ïd�3b ∈ A§¦�g(b) = B"XJb´

SÜ¤
§Kkb ∈ g(b) = B"B�	Ü¤
8Ü§�b ∈ g(b)gñ"X

Jb´	Ü¤
§ATb /∈ g(b) = B",��¡B´¤k	Ü¤
�¤�8

Ü§b´	Ü¤
§ATb ∈ B§�b /∈ B§�gñ"
nþ¤ã§A ∼ P(A)Ø¤á§=A/∼P(A)§\�A � P(A)§�

�A ≺P(A)"y."

½n 4.14. �E´�k8Ü"P(E)¥8Üm�|�'X/�0´ S
'X"
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yyy²²²µµµ £1¤é?¿8ÜA ∈ P(E)§½ÂN�f : A → A§¦�?

¿a ∈ A§f(a) = a"Kf´A�A�V�§�A ⊆ A§¤±A � A"/�0´
g��"

£2¤?�A,B,C ∈ P(E)§XJA � B!B � C§K�3f8B1 ⊆
B!C1 ⊆ C§±9V�f : A → B1Úg : B → C1"Ï�B1 ⊆ B§¤

±f(B1) ⊆ f(B)§�Ï�g´8ÜB�8ÜC1�V�"¤±f(B) = C1"

nþ§Pf(B1) = C2§KkC2 ⊆ C1"òg������B1þ§Kg �´B1

�C2�V�§¤±EÜN�g ◦ f : A→ C2´A �C2�V�"C2 ⊆ C§¤
±A � C"/�0´D4�"

£3¤e¡y²|�'X/�0´�é¡�"b�A,B ∈ P(E)§A �
B�B � A§K�3A1 ⊆ A�B1 ⊆ B§±9V�f : A→ B1Úg : B → A1§

lA�B1�³§B�A1�³§=A ∼ B1�B ∼ A1"-g(B1) = A2 ⊆ A1 ⊆
A§òg������B1 þ§g : B1 → A2 ´V�§B1 ∼ A2"d�³'X

�D45§�ÑA ∼ A2§=�3V�h : A → A2"aq§·��±��§

�3A�f8ÜS�A1, A2, A3, · · ·§÷v

h(A) = A2§Ù¥A2 ⊆ A1, (1)

h(A1) = A3§Ù¥A3 ⊆ A2, (2)

h(A2) = A4§Ù¥A4 ⊆ A3, (3)

h(A3) = A5§Ù¥A5 ⊆ A4, (4)

· · · · · ·
lA ⊇ A1 ⊇ A2 ⊇ · · · ⊇ An−1 ⊇ An · · ·"Ï�h ´��N�§d£1¤ª

�£2¤ª§��h(A−A1) = h(A)− h(A1) = A2 −A3§u´k

A−A1 ∼ A2 −A3 (5)

Ón§d£3¤ª�£4¤ª§��h(A2 − A3) = h(A2) − h(A3) =

A4 −A5§u´k

A2 −A3 ∼ A4 −A5 (6)

· · · · · ·

P8ÜC = A1 ∩A2 ∩ · · · ∩An−1 ∩An · · ·"?�a ∈ A§PA0 = A§k

±eü«�U5µ

£1¤a ∈ C§K?�i = 1, 2, · · ·§Ñ÷va ∈ Ai¶
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£2¤a /∈ C§K�3,�n ∈ {1, 2, · · · }§¦�a ∈ An−1§�´a /∈ An§
¤±a ∈ An−1 −An"
lþ¡�©Û��§

A = C ∪ (A−A1) ∪ (A1 −A2) ∪ (A2 −A3) ∪ · · ·§
A1 = C ∪ (A1 −A2) ∪ (A2 −A3) ∪ (A3 −A4) ∪ · · ·"

qd£5¤!£6¤!...Ãª§�±��

(A−A1) ∪ (A2 −A3) ∪ · · · ∼ (A2 −A3) ∪ (A4 −A5) ∪ · · ·§
=�3V�

f0 : (A−A1) ∪ (A2 −A3) ∪ · · · → (A2 −A3) ∪ (A4 −A5) ∪ · · ·"
2½Â��V�f1 : A→ A1§?�a ∈ A§

f1(a) =

f0(a), a ∈ (A−A1) ∪ (A2 −A3) ∪ · · · ,

a a ∈ C ∪ (A1 −A2) ∪ (A3 −A4) ∪ · · ·"
ØJwÑ§f1´V�§=A ∼ A1"2dB ∼ A1§�ÑA ∼ B§=A�³�

uB�³"¤±§|�'X/�0÷v�é¡5"
nþ¤ã§8Üm�|�'X/�0´ S'X"y."

4.4.3 ÃÃÃ���888ÜÜÜ

½n 4.15. z�Ã�8ÜÑ¹k���êÃ�f8"

yyy²²²µµµÏ�A´Ã�8Ü§¤±Ø´�8Ü§�3a1 ∈ A"A−{a1}E
´Ã�8Ü"Ón§7�3a2 ∈ A − {a1}§w,a2 6= a1"{a1, a2}´A�f
8§A−{a1, a2}�´Ã�8Ü"Xd?1e�§��S = {a1, a2, · · · , an, · · · }
´A�f8"�§�i 6= j�§ai 6= aj§¤±`§SÒ´Ã�8ÜA ��ê

Ã�f8"y."

½n 4.16. z�Ã�8ÜÑ�§�,�ýf8�³"

yyy²²²µµµb�A´Ã�8Ü§d½n4.15�§Ak���êÃ�f8S =

{a1, a2, · · · , an, · · · }"�EN�f : A→ A− {a1}§

f(a) =

a a ∈ A− S,

ai+1 a ∈ S�a = ai,
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Kf´A�A− {a1}�V�§¤±A ∼ A− {a1}"y."
lù�½n��§e��8Ü�Ùýf8�³§K�½´Ã�8Ü¶Ä

KÒ�½´k�8Ü"

SSSKKK

1. �E´�k8Ü§3P(E)þ½Âe�'X§�`²ù
'Xäk�

o5�º

£1¤SR1T§��=�S ∩ T = ∅§
£2¤SR2T§��=�S ∩ T 6= ∅§
£3¤SR3T§��=�S ⊂ T§
£4¤SR4T§��=�S ⊆ T§
£5¤SR5T§��=�S = T"

2. �3�ê8ÜZþ�Ñn���'X§ùn�'X©Oäk±e5
�µ

£1¤g��!é¡�§�Ø´D4�§

£2¤g��!D4�§�Ø´é¡�§

£3¤é¡�!D4�§�Ø´g��"

3. �{a, b, c, d}§R1!R2´Aþ�'X§Ù¥

R1 = {(a, a), (a, b), (b, d)}§
R2 = {(a, d), (b, c), (b, d), (c, b)}"

¦R1 ◦R2§R2 ◦R1§R2
1§R

3
2"

4. R1´8ÜB�8ÜC�'X§R2�R3´8ÜA�8ÜB�'X"y

²µ

R1 ◦ (R2 ∩R3) ⊆ (R1 ◦R2) ∩ (R1 ◦R3).

5. �R´8ÜAþ���'X§IA´Aþ�ð�'X"y²µR
′

=

R ∪ IA´R�g�4�"
6. N´g,ê8Ü§/∼0´N×Nþ�'X"?�(a, b), (c, d) ∈ N×N§

(a, b) ∼ (c, d), ��=� a+ d = b+ c"
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y²µ/∼0´N× Nþ��d'X§¿3���I²¡þxÑ/∼0(½�
�da"

7. �A = {1, 2, 3, 4}§3P(A)þ½Â'X/∼0"?�S, T ∈P(A)§

S ∼ T, ��=� |S| = |T |"

y²µ/∼0´P(A)þ��d'X§¿�Ñ§�û8P(A)/ ∼"
8. ò�"¢ê8ÜP�R∗§½ÂR∗þ���'XR"?�x, y ∈ R∗§

xRy, ��=� x× y > 0"

y²µR´R∗þ��d'X§�Ñ¤k�da��L�"
9. R´¢ê8Ü§3Rþ½Â'XR"?�x, y ∈ R§

xRy, ��=� x�y�����ê"

y²µR´Rþ��d'X§�Ñ¤k�da��L�"
10. �R´8ÜXþ� S§A´X�f8"y²µR∩ (A×A)´Aþ�

�� S'X"

11. �A´��8Ü§B´Aþ¤k��'X�¤�8Ü"3Bþ½Â

��'X�"?�R1, R2 ∈ B§R1 � R2§��=�§é¤k�x, y ∈ A§
exR1y§K7kxR2y"y²¶< B,�> ´ S8"

12. �xÑe�8Üþ�Ø'X�MFãµ

£1¤S = {1, 2, 3, 4, 6, 8, 12, 14}§
£2¤S = {1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12}"
13. b½ã4.10�Ñ�´ØÓ S'X�'Xã§�xÑz�'XéA

�MFã"

14. �A = {a, b, c}§`²A� S8�kÊ«ØÓ�MFã"
15. Z´�ê8Ü§3Z∗ = Z− {0}þ½Â'XR"?�m,n ∈ Z∗§

mRn, ��=� m× n > 0�m|n.

y²µ< Z∗, R >´ S8§§´Äk���!���!4��!4��º

16. A = {a1, a2, · · · , an, · · · }´?¿8Ü"3 S8< P(A),⊆> ¥�
f8S�{a1}, {a1, a2}, {a1, a2, a3}, · · · , {a1, a2, · · · , an, }, · · ·§§��¿8
´Ä´P(A)���4��º��o?
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a1

a4a3

a2

a1

a4a3

a2

a1

a4a3

a2

a1

a4a3

a2

(a) (b)

(c) (d)

ã 4.10: SK13éA�ã

17. �< S,�>´ S8"y²µS�?¿��f8Mþ¹k4��§

��=�S�?¿4üS�a1 � a2 � · · · � an � · · ·7ª�uk��"
18. y²µ��k�8Ü����ê8Ü�¿´�ê8Ü"

19. �N´g,ê8Ü"y²N× N´�ê8Ü"
20. y²µ¢ê8ÜR�(k�ÈR× R�³"
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l�Ùåm©ùã+!�!�!���êé��Ä�5�§§´ÆS

ÚïÄnØO�Å�ÆØ�"��óä.

8�·�Ì�ïÄé�Ø´�ê(�¥���A5§´�«�ê(

���ÚØÓ�ê(��m��péX(Ó�). ÝºÙ¥Ny�´L�êÆ

g�Ú�{§'�{½ÂÚ¶c���õ.

5.1 +++���½½½ÂÂÂ���{{{üüü555���

½Â 5.1. G´��8Ü§∗´Gþ�¦{$�§XJ¦�÷vXe�
¦µ

1° Géu¦{∗´µ4�§=∀a, b ∈ G§a ∗ b ∈ G¶
2° é∀a, b, c ∈ G§a ∗ (b ∗ c) = (a ∗ b) ∗ c. ∗÷v(ÜÆ¶
3° �3e ∈ G§∀a ∈ G§e ∗ a = a ∗ e = a. e¡�ü �¶

4° ∀a ∈ G§�3a′ ∈ G§¦�a′ ∗ a = a ∗ a′ = e. a
′
¡�a�_�.

@oGëÓ∗¡���+++§P�〈G, ∗〉.

XJ�÷v1°§2°§K¡〈G, ∗〉����+++.

XJ�÷v1°§2°§3°§K¡〈G, ∗〉��1�+.

½Â 5.2. 3+〈G, ∗〉¥§XJé?¿a, b ∈ G, a∗b = b∗a§K¡〈G, ∗〉�
������+++(½¡�CCC������+++).

~ 5.1. A´��8Ü. 〈P(A),∪〉´�1�+. ∅ ∈P(A)´ü �.

~ 5.2. i1LΣþ�¤k��i|¤8ÜΣ+§éui�ë�$�•�
¤�+〈Σ+, •〉.

~ 5.3. knê8ÜQ§3ÊÏ\{$�e/¤��+〈Q,+〉. Ùü 
��0§z����_�Ò´§�Kê.

~ 5.4. �"¢ê8ÜR∗§3ÊÏ¦{$�e/¤��+〈R∗, •〉. Ùü
 ��1. z����_�Ò´§��ê.

97
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~ 5.5. -G = {1,−1, i,−i}§éuEê¦{�¤�k���+〈G, ∗〉.
G¥�?¿ü����¦È�^e¡�+L«.

∗ 1 −1 i −i

1 1 −1 i −i

−1 −1 1 −i i

i i −i −1 1

−i −i i 1 −1

~ 5.6. -Zn = {[0], [1], · · · , [n − 1]}§Ù¥[i]´�nÓ{i�¤k�ê

�¤�8Ü§5½Znþ�+$�§[a] + [b] = [a+ b]. d�nÓ{½Â�§X

J[a1] = [a2]§[b1] = [b2]§@o[a1 + b1] = [a2 + b2]§=Ó{a�\{½Â�

Ó{a��L�À�Ã'§¤±ù��\{½Â´(½�§·�¡§´/�

½Â0�. ØJ�y〈Zn,+〉´��+§[0]´¦�ü �§[a]�_�´[−a].

�â+�½Â§·��±½Â+G¥�����

an =

n︷ ︸︸ ︷
a ∗ a ∗ · · · ∗ a

w,am ∗ an = am+n§(am)n = am∗n. XJòG¥��a�_�a
′
P�a−1§

@o

a ∗ a′ = a ∗ a−1 = a0§

=a0 = e. w,a−n = (a−1)n = (a
′
)n.

3+〈G, ∗〉¥�$�∗Ø�½÷v��Æ. �$�∗÷v��Æ�§��
��/+0. +�ü �¡�"�§���_�¡�K�. 3��+¥§

na =

n︷ ︸︸ ︷
a+ a+ · · ·+ a,

ma+ na = (m+ n)a,

m(na) = (m · n)a.

½n 5.1. 3+〈G, ∗〉¥§���ÆÚm��Æ¤á§=∀a, b ∈ G§X
Ja ∗ b = a ∗ c§K7kb = c§XJb ∗ a = c ∗ a§K7kb = c.
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yyy²²²µXJa ∗ b = a ∗ c§d+½Â¥4°�§G¥z���Ñk_�. -

��a�_��a
′
. ·�^a

′
�¦ù��ª§

a
′ ∗ (a ∗ b) = a

′ ∗ (a ∗ c)

qd+½Â¥�2°�§$�*÷v(ÜÆ§��(a
′ ∗ a) ∗ b = (a

′ ∗ a) ∗ c. l
_��½ÂÚü �e�½Â�a

′ ∗ a = e§e ∗ b = b§e ∗ c = c§u´���

�b = c. ùL²3+G��ª¥�±���ªü>���úÏf§=���

Æ¤á.

Ón�±y²m��Æ¤á.

½n 5.2. 3+〈G, ∗〉¥§�§a ∗ x = b�y ∗ a = bk��).

yyy²²²µ-x = a
′ ∗ b�\�§a ∗ x = b¥§¦�

a ∗ (a
′ ∗ b) = (a ∗ a′) ∗ b = e ∗ b = b

§`²x = a
′ ∗ b´�§a ∗ x = b�).

yb�x1Úx2Ñ´�§a ∗ x = b�)§=a ∗ x1 = b§a ∗ x2 = b. u´

ka ∗ x1 = a ∗ x2§|^���Æ��x1 = x2. ùÒ´`XJ�§a ∗ x = bk

ü�)§@o§�7L��.

nþ�3+〈G, ∗〉¥�§a ∗ x = bk)§¿�)´���.

Ón�±y²�§y ∗ a = bk��).

½n 5.3. +〈G, ∗〉¥ü �Ú_�´���.

yyy²²²µb�e1Úe2Ñ´+G�ü �. Ï�e1´ü �§∀a ∈ G§a ∗
e1 = a§AO�a = e2§@oe2 ∗ e1 = e2. qÏe2´ü �§∀a ∈ G§

e2 ∗ a = a. AO�a = e1§@oe2 ∗ e1 = e1. le1 = e2§=+G�ü �

´���.

b�a1, a2 ∈ GÑ´a�_�. d_�½Â�a1 ∗ a = e§a2 ∗ a = e§

=a1 ∗ a = a2 ∗ a. 2^m��Æ��a1 = a2§=+G¥��a�_�´��

�.

½n 5.4. 3+〈G, ∗〉¥§∀a, b ∈ G§Kk
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1° (a
′
)
′

= a¶

2° (a ∗ b)′ = b
′ ∗ a′ .

yyy²²²µ

1° (a
′
)
′
´a

′
�_�§a

′
´a�_�§d_��½Â�(a

′
)
′ ∗ a′ = e§

a ∗ a′ = e§=(a
′
)
′ ∗ a′ = a ∗ a′ . dm��Æ�(a

′
)
′

= a.

2° (a ∗ b) ∗ (b
′ ∗ a′) = a ∗ (b ∗ b′) ∗ a′ = a ∗ a′ = e§

(b
′ ∗ a′) ∗ (a ∗ b) = b

′ ∗ (a
′ ∗ a) ∗ b = b

′ ∗ b = e.

d_����5�(a ∗ b)′ = b
′ ∗ a′ .

5¿§3+¥¦È¦_÷vø�5K.

½Â 5.3. 3+〈G, ∗〉¥§G´k�8Ü§K¡〈G, ∗〉´kkk���+++§Ù�ê
�|G|.

½Â 5.4. 3+〈G, ∗〉¥§a ∈ G§XJ�3n§§´÷van = e���

��ê§K¡��a´n����. XJ@��nØ�3§K¡��a´ÃÃÃ�������.

·��Ä8ÜA§Ù¥a ∈ G§Z∗��"�ê8Ü

A = {i|i ∈ Z∗§ai = e}.

�A = ∅�§a´Ã���. �A 6= ∅�§@oA¥7k��ê. (ù´Ï�X

J−m < 0§�−m ∈ A=a−m = e§@o7kam = e§=m > 0�m ∈ A.)ù

�a´k���§Ù�ê´A¥�����ên. 8ÜAkXe5�µ

1° em, l ∈ A§Km± l ∈ A.

2° em ∈ A, c ∈ Z∗§Kcm ∈ A.

ØJy²µ

A = {kn|k ∈ Z∗}.

�Ò´`§XJam = e§@om7´��a���ê�ê.

~ 5.7. 3�ê\+〈Z,+〉¥§Ø"�0���1±	§¤k����Ñ

´Ã��.

~ 5.8. �6Ó{a+〈Z6,+〉¥§[0]´1��§[1], [5]´6��§[2], [4]´3�

�§[3]´2��.



5.2. +½Â�?�Ú?Ø 101

~ 5.9. 3+〈G, ∗〉¥§a, b ∈ G§§�©O´m�!n��§(m,n) = 1.

XJa ∗ b = b ∗ a§Ka ∗ b´m · n��.

yyy²²²µ�a ∗ b���k§

(a ∗ b)mn = amn ∗ bmn = (am)n ∗ (bn)m = e ∗ e = e,

��k|mn.

dua ∗ b��´k§(a ∗ b)k = e§

e = (a ∗ b)km = (am)k ∗ (bk)m = bkm.

Ï�b���n§�n|km§qd(m,n) = 1�n|k. Ón�±y²m|k. l

[m,n]|k§=mn|k.

nþ�k = m · n.

5.2 +++½½½ÂÂÂ���???���ÚÚÚ???ØØØ

�!0�+�A��d�½Â§l�?�Ú&?+�5�.

½n 5.5. G´��8Ü§∗´Gþ�$�. XJ

(1) ∀a, b ∈ G, a ∗ b ∈ G¶
(2) ∀a, b, c ∈ G, a ∗ (b ∗ c) = (a ∗ b) ∗ c¶
(3) �3er ∈ G§é��a ∈ G, a ∗ er = a. er¡�mü �¶

(4) ∀a ∈ G§�3a′ ∈ G¦�a ∗ a′ = er. a
′
¡�a�m_§@o〈G, ∗〉�

+.

yyy²²²µéì½Â5.1§·���y²mü ��½´�ü �§m_�

½´�_.

kym_�½´�_§=®�a∗a′ = er§y²a
′ ∗a = er. y�a

′′
´a

′
�

m_§a
′ ∗ a′′ = er.

a
′ ∗ a = (a

′ ∗ a) ∗ er = (a
′ ∗ a) ∗ (a

′ ∗ a′′) = er.

a
′
�´a��_.

2ymü ��½´�ü �§a
′
´a�_�
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er ∗ a = (a ∗ a′) ∗ a = a ∗ (a
′ ∗ a) = a ∗ er = a.

½n 5.6. G´��8Ü§∗´Gþ�$�§XJ
(1) ∀a, b ∈ G, a ∗ b ∈ G¶
(2) ∀a, b, c ∈ G, (a ∗ b) ∗ c = a ∗ (b ∗ c)¶
(3) ∀a, b ∈ G§�§a ∗ x = bÚy ∗ a = b3G¥Ñk). @o〈G, ∗〉�+.

yyy²²²µ�½n5.5'�§·��y²l(3)íÑG¥kmü �¿�?¿

��þkm_.

d(3)��§a ∗ x = a3G¥k)§·�À�Ù¥��)P�er§=a ∗
er = a. ?�G�?¿��b§d(3)�y ∗ a = b3G¥k)§·�À���)

P�d§=d ∗ a = b. @o

b ∗ er = (d ∗ a) ∗ er = d ∗ (a ∗ er) = d ∗ a = b.

ù`²er´G�mü �. qd(3)�a ∗ x = er3G¥k)§¿P�a
′
§=a ∗

a
′

= er§@oa
′
´a�m_.

½n5.5Ú½n5.6´�½Â5.1�d�ü�+½Â. §���d5y²L

§ã5.1¤«.

1°, 2°, 3°, 4°

(1)(2)(3) (1), (2), (3), (4)

定理5.2

定理5.6

定理5.5

ã 5.1: �d5y²L§

½n 5.7. G´��8Ü§∗´Gþ�$�. XJ

1° ∀a, b ∈ G, a ∗ b ∈ G¶
2° ∀a, b, c ∈ G, (a ∗ b) ∗ c = a ∗ (b ∗ c)¶
3° ∀a ∈ G§a ∗ x1 = a ∗ x2íÑx1 = x2§¿�∀a ∈ G, y1 ∗ a = y2 ∗ aí

Ñy1 = y2. @o〈G, ∗〉�+.
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yyy²²²µ-G = {a1, a2, · · · , an}. ?�G¥���a§^a�¦G¥�z�
��§¤k¦È�¤��8ÜG

′
§

G
′

= {a ∗ a1, a ∗ a2, · · · , a ∗ an}.

d1°�a∗ai ∈ G§1 ≤ i ≤ n§=G′ ⊆ G. qd3°��i 6= j�§a∗ai 6= a∗aj§
u´|G′ | = |G| = n. w,�ÑG = G

′
. ùL²?�G���a§b§�

§a ∗ x = bþk).

Ó�§�ÄG
′′

= {a1 ∗ a, a2 ∗ a, · · · , an ∗ a}§�±y²?�G���a§
b§�§y ∗ a = bþk).

d½n5.6�〈G, ∗〉�+.

3½n5.1¥�Ñ§+¥�!m��Æ¤á. 3½n5.7¥§XJ��8

ÜGþ�$�÷vµ45!(ÜÆÚ�m��Æ§@oT�ê(�´+. �

Ò´`§�G´k�8Ü�. ½Â5.1�1°§2°§3°§4°�½n5.7�¥1°§2°§

3°´�d�. l½n5.7�±w¤k�+�½Â.

��k�+�¦{�±^��+L5L«. +��
5��±l+

L(5.1!~5.5)þ��wÑµdu�3ü �§L¥k�1�î�>þ��

���§Lpk���ç��>�����. qd��Æ�§�N��73

z1Ñy�g§73z�Ñy�g. e¡·�5wA�$�+.

1�+G1, |G1| = 1. du+7kü �e§�G1 = {e}. 2�+G2, |G2| =
2. G2¥Ø�ü ��	�k����a. G2 = {e, a}, a 6= e. du$�∗�µ
45§a ∗ a ∈ {e, a}. b�a ∗ a = a. da ∗ e = aíÑa = e§gñ§�Ø�.

¤±a ∗ a = e. G1ÚG2�¦{LXe

∗ e

e e

∗ e a

e e a

a a e

G1 G2

3�+G3 = {e, a, b}, a 6= b, a, b 6= e, a ∗ aØU´a½e§ÄKíÑa = e§¤

±a ∗ a = b. 2�âz���3�1½��¥Ñy��Ñy�g§�

�a ∗ b = e, b ∗ a = e, b ∗ b = a. ·�w���b = a ∗ a = a2§e = b ∗ a = a3§

lG3 = {e, a, a2}§¿�a´3��§a3 = e. 4�+3Ó��¿Âe�kü
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�µC4 = {e, a, a2, a3}�a4 = e§K4 = {e, a, b, c}�a2 = b2 = c2 = e. 3�

+G3Ú4�+C4,K4�¦{LXe.

∗ e a b

e e a b

a a b e

b b e a

∗ e a b c

e e a b c

a a b c e

b b c e a

c c e a b

∗ e a b c

e e a b c

a a e c b

b b c e a

c c b a e

G3 C4 K4

~ 5.10. �G´k�+§KG�z�����7´k��.

yyy²²²µ+G�ü �ew,´1��. ea ∈ G�a 6= e, a, a2, a3, · · · , an, · · · ∈
G. duG´k�8Ü§7,�3i > j§ai = aj . �ªü>Ó�¦±aj�_

�(aj)
′
§

ai ∗ (aj)
′

= aj ∗ (aj)
′

= e.

dai = ai−j ∗ aj9∗$��(ÜÆ��

ai−j = e, i− j > 0.

@oi − j´þ!"âJ��8ÜA = {k|k ∈ Z∗, ak = e}���A 6= ∅§ù
L²��a´k���§Ù�ê´A¥�����ê.

e¡2�Ñü����+�~f.

~ 5.11. �Nn�knê�
P�Qn. -G = {A|A ∈ Qn, |A| 6= 0}.
GéuÝ
¦{•�¤+. eA,B ∈ G,=|A|, |B| 6= 0§|A•B| = |A|•|B| 6=
0§KA •B ∈ G. ¦{•3G¥´µ4�. Ý
¦{´�(Ü�.

In =


1 0

. . .

0 1


´G�ü �. �A ∈ G�§ |A| 6= 0§Ak_Ý
A−1§�|A−1| 6= 0§

=A−1 ∈ G§�A • A−1 = In§�A−1´A3G¥�_�. ¤±〈G, •〉�+.

duÝ
¦{´����§u´〈G, •〉����+.
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~ 5.12. Q´knê8Ü. -

G = {fa,b|fa,b : Q→ Q, fa,b(x) = ax+ b, a 6= 0, a, b ∈ Q}.

GéuN��Ü¤$��¤+. efa,b, fc,d ∈ G§Ù¥fa,b(x) = ax +

b, fc,d(x) = cx+ d§�a, c 6= 0, a, b, c, d ∈ Q.

(fa,b ◦ fc,d)(x) = fa,b(cx+ d) = a(cx+ d) + b = fac,ad+b(x)§

Ù¥a · c 6= 0§ac, cd+ b ∈ Q§�fa,b ◦ fc,d ∈ G§=G¥◦$�´µ4�. N

�Ü¤$�´�(Ü�. f1,0 ∈ G´G�ü �§f 1
a
,− b

a
´fa,b�_�. 〈G, ◦〉

´+. du$�◦Ø÷v��Æ§¤±〈G, ◦〉´���+.

5.3 fff+++

½Â 5.5. 〈G, ∗〉´+§H´G���f8. XJ

1° ∀a, b ∈ H§a ∗ b ∈ H¶
2° ∀a ∈ H§a′ ∈ H¶
K¡〈H, ∗〉´〈G, ∗〉�fff+++§¿P�H 6 G.

½n 5.8. e〈H, ∗〉´〈G, ∗〉�f+§K〈H, ∗〉�´+.

yyy²²²µl〈H, ∗〉´〈G, ∗〉�f+�½Â�$�∗38ÜH¥´µ4�. H

´G�f8§=H¥�z���Ñ´G¥���. 〈G, ∗〉�+§∗$�÷v
(ÜÆ§l∀a, b, c ∈ H ⊆ G§(a ∗ b) ∗ c = a ∗ (b ∗ c). H´G���f8§
§��k����h ∈ H§df+½Â¥2°�§h′ ∈ H@oh ∗ h′ = e ∈ H.

�G¥�ü �e3H¥¿��´H�ü �. nþ�〈H, ∗〉���´+.

ddwÑ§+G�f+§XJéT+�$�9¦_$�´µ4�§@o

Tf8é�5+�$���¤+.

½n 5.9. H´+G�k���f8. XJ∀a, b ∈ H§a ∗ b ∈ H§

KH 6 G.

yyy²²²µ?�a ∈ H§a2 = a ∗ a ∈ H§a3 = a2 ∗ a ∈ H, · · · . duH´G�
k���f8§a, a2, a3, · · ·Ø�U´��ØÓ���§7�31 ≤ i ≤ j§

¦�ai = aj = ai ∗ aj−i. ^���Æ��aj−i = e ∈ H§
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e = aj−i = a ∗ aj−i−1, j − i− 1 ≥ 0.

a
′

= aj−i−1 ∈ H§ùL²H¥?¿��a3H¥þk_. éì½Â5.5�〈H, ∗〉´〈G, ∗〉�
f+.

~ 5.13. 〈G, •〉 = 〈{1,−1, i,−i}, •〉¥§H = {−1, 1} ⊂ G. HéEê¦
{µ4§〈H, •〉´〈G, •〉�f+.

~ 5.14. �N�"Eê8ÜC∗§éEê¦{�¤+〈C∗, •〉. -

H = {x|x ∈ C∗,∃n ∈ N¦xn = 1}§

KH 6 C∗.

yyy²²²µ 1´+〈C∗, •〉�ü �. 11 = 1, 1 ∈ H. H´C∗���f8.

ex, y ∈ H§=�3n,m ∈ N§¦xn = ym = 1§(x • y)mn = (xn)m •
(xm)n = 1§�x • y ∈ H. qex ∈ H§�3n ∈ N, xn = 1. (x

′
)n =

(xn)
′

= 1
′

= 1§�x
′ ∈ H. ùÒy²
H 6 C∗.

~ 5.15. �H1 ⊆ H2 ⊆ · · · ⊆ Hn ⊆ · · ·´d+G�f+Hi|¤�,ó.

-H =
⋃
iHi§KH 6 G.

yyy²²²µHi´+G�f+. =Hi 6= ∅�Hi ⊆ G§w,H =
⋃
iHi 6=

∅�H ⊆ G. ea, b ∈ H§�3i, j, i > j¦a ∈ Hi, b ∈ Hj ⊆ Hi§duHi 6

G§Ka ∗ b ∈ Hi ⊆ H. qea ∈ H§�3i, a ∈ Hi. 2dHi 6 G§Ka
′ ∈

Hi ⊆ H. nþ�H 6 G.

~ 5.16. 〈G, ∗〉�+. S´G���f8§-

A = {H|H 6 G, �S ⊆ H}§

=A´G¥�¹S¤kf+�¤�8Ü. w,G ∈ A§=A´���. ½

ÂK =
⋂
H∈AH. y²K 6 G.

yyy²²²µ?�H ∈ A§H´G�f+§+G�ü �e ∈ H�H ⊆ G§¤

±e ∈
⋂
H∈AH = K �K ⊆ G§=K´G���f8. ea, b ∈ K§é?

ÛH ∈ Aþka, b ∈ H§H´G�f+§�a ∗ b ∈ H. ¤±a ∗ b ∈ K§q
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ea ∈ K§é?ÛH ∈ Aþka ∈ H§H´G�f+§�a′ ∈ H. ¤±a
′ ∈ K§

nþ�K 6 G.

A¥z�Hþ÷vS ⊆ H. w,S ⊆
⋂
H∈AH = K. lK´G¥�

¹S���f+. ·�P〈S〉 = K =
⋂
H∈AH§¿¡〈S〉�S)¤�f+§X

JS��Ò´G�f+§@oK = 〈S〉 = S§ÄKS ⊆ 〈S〉.
e¡?Ø〈S〉´=
��|¤�. ·�kÚ\8ÜT .

T = {ae11 ∗a
e2
2 ∗· · ·∗aenn | a1, a2, · · · , an ∈ S, e1, e2, · · · , en = ±1, n = 1, 2, · · · }.

S´��8Ü. S¥�?¿��a§a = a1§�a ∈ T§�Ò´`S ⊆ T§

T´��8Ü. dT�½Â�T ⊆ G. ex = a
ei1
i1
∗ aei2i2 ∗ · · · ∗ a

eim
im

, y =

a
ej1
j1
∗aej2j2 ∗· · ·∗a

ejn
jn
∈ T ,@ox∗y = a

ei1
i1
∗aei2i2 ∗· · ·∗a

eim
im
∗aej1j1 ∗a

ej2
j2
∗· · ·∗aejnjn ∈

T, x
′

= a
−ei1
i1
∗ a−ei2i2

∗ · · · ∗ a−eimim
∈ T , ¤±T´G��¹S�f+. c¡®²

��〈S〉´G¥�¹S���f+§u´〈S〉 ⊆ T .

,��¡§?�x = a
ei1
i1
∗ aei2i2 ∗ · · · ∗ a

eim
im
∈ T§Ù¥aik ∈ S, eik =

±1, 1 ≤ k ≤ m. du〈S〉´G¥�¹S�+§a
eik
ik
∈ 〈S〉, 1 ≤ k ≤ m§¤

±x ∈ 〈S〉§ddíÑT ⊆ 〈S〉.
nþ�T = 〈S〉.
AO/§�S = {a}�§〈S〉 = {an|n ∈ Z} = 〈a〉. �ê\+〈Z,+〉´d

�ê1)¤�+§=〈Z,+〉 = 〈1〉. 〈2〉 = {2k|k ∈ Z}§〈2, 3〉 = {2a+ 3b|a, b ∈
Z} = {k · 1|k ∈ Z} = Z. ��/§〈m,n〉 = {(m,n) · k|k ∈ Z}.

5.4 ÌÌÌ���+++

k�a+§§�z���Ñ�±�¤,��½����§ai½a−i§ù

��+¡��Ì�+.

½Â 5.6. 3+〈G, ∗〉¥§XJ�3����g ∈ G§¦G = {gn | n ∈ Z}§
K¡T+�ÌÌÌ���+++§P�〈g〉§Ù¥g¡�Ì�+�)))¤¤¤���.

e+¥�$�^/+0L«§Ì�+〈G,+〉�¤〈g〉 = {ng | n ∈ Z}§
g´TÌ�+�)¤�.

z�Ì�+Ñ´��+§ù´Ï�gr ∗ gs = gr+s = gs ∗ gr.
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~ 5.17. 〈G, ∗〉 = 〈{1,−1, i,−i}, ·〉´di)¤�o�Ì�+.

i0 = 1, i1 = i, i2 = −1, i3 = −i, i4 = 1, · · ·

¤±T+�±�¤〈
{

1, i, i2, i3
}
, •〉.

½n 5.10. g´+〈G, ∗〉¥�k��. -H = {gr | r ∈ Z}§@o〈H, ∗〉´〈G, ∗〉�
��k�f+.

yyy²²²µµµ∀r, s ∈ Z, gr ∗ gs = gr+s ∈ H, (gr)
′

= g−r ∈ H. �H 6 G.

g´G�k��§g0 = e, g1, · · · , gk−1´k�üüpØ�Ó���. éu?¿�

êt§t = uk + v§Ù¥0 6 v < k§@o

gt = guk+v = (gk)u ∗ gv = gv

H = {gr | r ∈ Z} =
{
g0, g1, · · · , gk−1

}
.

〈H, ∗〉´〈G, ∗〉�k�f+.

AO/§G´n�+. G�,���g´n��§@oG7½´dg)¤�

��Ì�+.

½n 5.11. Ì�+�z�f+7´Ì�+.

yyy²²²µµµ-G´d��a)¤�Ì�+. G = 〈a〉. H´+G�f+. X

JH = {e} = 〈e〉§w,H´Ì�+. XJH 6= {e}. @o���3���
�b ∈ H�b 6= e. �m´¦am ∈ H�����ê§?�H¥���b§b�´
+G���§Kb = an. -n = mu+ v§0 6 v < m.

b = an = amu+v = (am)u ∗ av,

av = an ∗ (am)−u.

dub = an ∈ H§am ∈ H§H´+§(am)−u ∈ H§lav ∈ H. b

ev > 0§@oùÒ�m´¦am ∈ H�����ê�gñ§�Ø�. ù`

²7Lv = 0§=b = amu = (am)u§�Ò´`H¥�z���Ñ�±L«

¤am���. u´am´f+H�)¤�§H´Ì�+.

~ 5.18. �6Ó{a\+〈Z6,+〉 = 〈[1]〉´Ì�+. [0]´1��§〈[0]〉 =

{[0]}´Z6�1�f+§[3]´2��§〈[3]〉 = {[0], [3]}´Z6�2�f+. [5]´6�

�§〈[5]〉 = {[0], [5], [4], [3], [2], [1]}´Z6�6�f+.
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½n 5.12. G´n�Ì�+§G = 〈a〉�|G| = n§H´G���f+§

H = 〈b〉§�b = as§K

|H| = n

(n, s)
.

yyy²²²µµµ-H´G�m�f+§m´¦bm = e�����ê. bm = asm =

e§a´n��an = e§�n | ms. �(n, s) = d, n = dn0, s = ds0§�(n0, s0) =

1§u´n0 | ms0§?��n0 | m§=m = n0 · k. m´÷vdª�����

ê§lk = 1. ���Ñ

m = n0 =
n

(n, s)

~ 5.19. ¦�18Ó{a\+�¤kf+.

)))µµµ〈[1]〉 = 〈[5]〉 = 〈[7]〉 = 〈[11]〉 = 〈[13]〉 = 〈[17]〉´Z18�18�f+.

〈[2]〉 = 〈[4]〉 = 〈[8]〉 = 〈[10]〉 = 〈[14]〉 = 〈[16]〉´Z18�9�f+.

〈[3]〉 = 〈[15]〉´Z18�6�f+.

〈[6]〉 = 〈[12]〉´Z18�3�f+.

〈[9]〉Ú〈[0]〉©O�Z18�2�Ú1�f+.

~ 5.20. 38Ü{1, 2, · · · , p− 1}þ½Â$�∗:

a ∗ b = c⇐⇒ a · b ≡ c(mod p)§

Ù¥p��ê. ea ∈ {1, 2, · · · , p − 1}§w,(a, p) = 1§a���l§@

ol | (p − 1)§=a´xl ≡ 1(mod p)���). u´
{

1, a, a2, · · · , al−1
}
Ñ

´xl ≡ 1(mod p)�)§�´�Ü). §´±a�)¤��l�Ì�+§

´{1, 2, · · · , p− 1}�l�f+. ��ak��� l
(k,l) .

5.5 ������+++

½n 5.13. n�8ÜA = {1, 2, · · · , n}þ��N���¤8ÜSn§Sn3
Ü¤$��e�¤��+. ¡��ngé¡+§Ù�ê�n!.

yyy²²²µµµ8ÜAþ���´lA�A�V�. duü�V��Ü¤N�E

´V�. ¤±Sn¥���3Ü¤$�e´µ4�. ¿�N��Ü¤÷v(Ü
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Æ. Sn�ü �´ðÓ��σI =

(
1 2 · · · n

1 2 · · · n

)
��σ�_�´§�_�

�σ−1. �â+�½Â�〈Sn, •〉´+. n����kn!�. �|Sn| = n!.

½Â 5.7. 8ÜAþ�V��NéuN��Ü¤$��¤+. T+��

ééé¡¡¡+++. é¡+�f+���+.

du���Ü¤$�Ø÷v��Æ§¤±��+Ï~´���+.

~X§S2 = {σI , (1 2)} , S3 = {σI , (1 2 3), (1 3 2), (1 2), (1 3), (2 3)}.

~ 5.21. ã5.2¥��>n�/²^=Ú��¦�n�º:��5�º

:Ü3�å§��k8«�¹µ

ρ0 =

(
1 2 3

1 2 3

)
= σ1, µ1 =

(
1 2 3

2 1 3

)
= (1 2),

ρ1 =

(
1 2 3

2 3 1

)
= (1 2 3), µ2 =

(
1 2 3

3 2 1

)
= (1 3),

ρ2 =

(
1 2 3

3 1 2

)
= (1 3 2), µ3 =

(
1 2 3

1 3 2

)
= (2 3),

3

1 2

μ1

μ2 μ3

ã 5.2: �>n�/�º:��«¿ã

-ρ0, ρ1, ρ2©O´7�>n�/¥%^=0◦, 120◦, 240◦�(J. µ1, µ2, µ3©

O´én�é¡¶���(J.
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-D3 = {ρ0, ρ1, ρ2, µ1, µ2, µ3}§D33Ü¤$��e/¤����+. §

�¦{LXe:

∗ ρ0 ρ1 ρ2 µ1 µ2 µ3

ρ0 ρ0 ρ1 ρ2 µ1 µ2 µ3

ρ1 ρ1 ρ2 ρ0 µ2 µ3 µ1

ρ2 ρ2 ρ0 ρ1 µ3 µ1 µ2

µ1 µ1 µ3 µ2 ρ0 ρ2 ρ1

µ2 µ2 µ1 µ3 ρ1 ρ0 ρ2

µ3 µ3 µ2 µ1 ρ2 ρ1 ρ0

·�5¿�ρ1 · µ3 = µ1, µ3 · ρ1 = µ2§D3Ø´��+§¡§�ng�¡N.

|D3| = 6§TÐD3 = S3.

~ 5.22. ��/ÏL^=Ú��¦�º:��5º:Ü. �kXe

l«�¹µ

ρ0 =

(
1 2 3 4

1 2 3 4

)
= σ1, µ1 =

(
1 2 3 4

2 1 4 3

)
= (1 2)(3 4),

ρ1 =

(
1 2 3 4

2 3 4 1

)
= (1 2 3 4), µ2 =

(
1 2 3 4

4 3 2 1

)
= (1 4)(2 3),

ρ2 =

(
1 2 3 4

3 4 1 2

)
= (1 3)(2 4), δ1 =

(
1 2 3 4

3 2 1 4

)
= (1 3),

ρ3 =

(
1 2 3 4

4 1 2 3

)
= (1 4 3 2), δ2 =

(
1 2 3 4

1 4 3 2

)
= (2 4).

Ù¥ρ0, ρ1, ρ2, ρ3´��/7¥%^=0◦, 90◦, 180◦, 270◦�(J. µ1, µ2´'

uü�é>¥%:ë����(J. δ1, δ2´'uü^é�����(

J(ã5.3).

-D4 = {ρ0, ρ1, ρ2, ρ3, µ1, µ2, δ1, δ2} , D43Ü¤$��e/¤����

+. §�¦{LXeµ
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1 2

34

μ1

μ2

δ1
δ2

ã 5.3: ��/�º:��«¿ã

∗ ρ0 ρ1 ρ2 ρ3 µ1 µ2 δ1 δ2

ρ0 ρ0 ρ1 ρ2 ρ3 µ1 µ2 δ1 δ2

ρ1 ρ1 ρ2 ρ3 ρ0 δ1 δ2 µ2 µ1

ρ2 ρ2 ρ3 ρ0 ρ1 µ2 µ1 δ2 δ1

ρ3 ρ3 ρ0 ρ1 ρ2 δ2 δ1 µ1 µ2

µ1 µ1 δ2 µ2 δ1 ρ0 ρ2 ρ3 ρ1

µ2 µ2 δ1 µ1 δ2 ρ2 ρ0 ρ1 ρ3

δ1 δ1 µ1 δ2 µ2 ρ1 ρ3 ρ0 ρ2

δ2 δ2 µ2 δ1 µ1 ρ3 ρ1 ρ2 ρ0

D4¡�og�¡N. |D4| = 8. §´ogé¡+S4�f+.

~ 5.23. y²Sn = 〈(1 2), (1 3), · · · , (1 n)〉§=é�(1 2)§(1 3)§· · ·§
(1 n)´Sn�)¤�X.

yyy²²²µµµ〈(1 2), (1 3), · · · , (1 n)〉´d(1 2)§(1 3)§· · ·§(1 n)´Sn)¤�

+. d5.3~5.16�§

〈(1 2), (1 3), · · · , (1 n)〉 = {σ1σ2 · · ·σn | σi ∈ {(1 2), (1 3), · · · , (1 n)},

1 6 i 6 n, n = 1, 2, · · · }.
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w,〈(1 2), (1 3), · · · , (1 n)〉 ⊆ Sn.
e¡y²z�n���þ�±�¤(1 2), (1 3), · · · , (1 n)ù
Ä����

¦È. én?18By². �n = 2�§(
1 2

1 2

)
= (1 2)(1 2)§

(
1 2

2 1

)
= (1 2)§

T·K¤á. b�n = k�·K¤á§y�n = k + 1§

σ

(
1 2 · · · k k + 1

σ(1) σ(2) · · · σ(k) σ(k + 1)

)

kXeü«�U:

1◦ σ(k + 1) = k + 1§ù�σ��C¤k���. d8Bb�·K¤á.

2◦ σ(k + 1) 6= k + 1§7½�3l, 1 6 l 6 k, σ(l) = k + 1. ^é

�(l k + 1)m¦σ��σ1§

σ1 = σ(l k + 1)

=

(
1 2 · · · l − 1 l l + 1 · · · k + 1

σ(1) σ(2) · · · σ(l − 1) k + 1 σ(l + 1) σ(k + 1)

)
(l k + 1)

=

(
1 2 · · · l − 1 l l + 1 · · · k k + 1

σ(1) σ(2) · · · σ(l − 1) σ(k + 1) σ(l + 1) · · · σ(k) k + 1

)
,

σ1C�k���. d8Bb�σ1�±�¤(1 2)§(1 3)§· · ·§(1 k)�¦È.

σ = σ1(l k + 1) = σ1(1 l)(1 k + 1)(1 l)§�σ�±�(1 2)§(1 3)§· · ·§
(1 k)§(1 k + 1)�¦È. ·Kén = k + 1�¤á.

~X

S2 = {σI , (1 2 3), (1 3 2), (1 2), (1 3), (2 3)}

= {(1 2)(1 2), (1 3)(1 2), (1 2)(1 3), (1 2), (1 3), (1 2)(1 3)(1 2)}

5.6 +++���ÓÓÓ���

�!?Øü�+�m�'X.

·�3SK¥Q²?ØL〈S, ∗〉§Ù¥S = {α, β, γ, δ}§¦{L�
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∗ α β γ δ

α β δ α γ

β δ γ β α

γ α β γ δ

δ γ α δ β

〈S, ∗〉´+§rTL�1��·�/N�gS��

∗ γ α β δ

γ γ α β δ

α α β δ γ

β β δ γ α

δ δ γ α β

2�5.2!�C4�¦{L'�§��rγ, α, β, δ©O�¶�e, a, b, c§§

�´���Ó�. �Ò´`+SÚ+C4����m�k�«��éA'X.

·�ïÄ+�¿Ø'%����´�o§'%�´�����m�'X. ¤

±§lù�¿Âþ+S�+C4´�£¯.

�
�xþãg�§·�ÚÑÓ��Vg.

½Â 5.8. 〈G1, ∗〉�〈G2, •〉´ü�+§XJ�3Xl8ÜG1�8ÜG2�

V�ϕ§éu?Ûa, b ∈ G1§

ϕ(a ∗ b) = ϕ(a) • ϕ(b).

K¡G1�G2Ó�§P�G1
∼= G2. V�ϕ¡�ÓÓÓ���NNN���.

ϕ��Ó�N�§Ø
�¦§´V�	§��¦§�±$�. =∀a, b ∈
G1§ϕ(a ∗ b) = ϕ(a) • ϕ(b). /�/`§Ó�N�ϕ÷vXã5.4¤«��ã

L.

XJ+G1�+G2Ó�§@oü�+�ü ��m±9��Ú§�_�

�mk�oéXQºù´e¡½n�?Ø�SN.

½n 5.14. ϕ´l+G1�+G2�Ó�N�§e1Úe2©O´+G1ÚG2�

ü �§7kϕ(e1) = e2§¿�é?ÛG1¥���a§ϕ(a
′
) = ϕ

′
(a).



5.6. +�Ó� 115

a,b a*b 

φ(a),φ(b)

*

φ

φ(a*b)

φ

 �
 

ã 5.4: Ó�N�ϕ���ãL

yyy²²²µµµe1Úe2©O´+G1ÚG2�ü �. é?¿G1¥���a§

ϕ(a) = ϕ(e1 ∗ a) = ϕ(e1) • ϕ(a).

�ªü>Ó�m¦ϕ
′
(a)��

e2 = ϕ(a) • ϕ′(a) = ϕ(e1) • ϕ(a) • ϕ′(a) = ϕ(e1),

=+G1�ü �e1�Ó�N��´G2�ü �e2.

qéuG1�?¿��a§

ϕ
′
(a) = ϕ

′
(a) • e2 = ϕ

′
(a) • ϕ(e1) = ϕ

′
(a) • ϕ(a) • ϕ(a

′
) = ϕ(a

′
)§

=G1?¿��a�_����uT��Ó�N���_�.

~ 5.24. y²�¢ê¦+�¢ê\+Ó�.

yyy²²²µµµ 〈R+, •〉�〈R,+〉©O��¢ê¦+�¢ê\+. ϕ : R → R+,

ϕ(x) = ex. w,ϕ´V�. é?¿x, y ∈ R§

ϕ(x+ y) = ex+y = ex • ey = ϕ(x) • ϕ(y),

�ϕ�Ó�N�. l〈R+, •〉 ∼= 〈R,+〉.
ùp��Ñ�´¿�z�lG1�G2�V�Ñ´Ó�N�. ~Xµψ :

R→ R+, ψ(x) = ex−1§w,ψ´V�. �´é?¿x, y ∈ R§

ψ(x+ y) = ex+y−1

φ(x) • ψ(y) = ex−1 • ey−1 = ex+y−2

�ψØ´lR�R+�Ó�N�.
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~ 5.25. 3Ó��¿ÂeÌ�+G = 〈a〉�küaµea´Ã���§
KG ∼= 〈Z,+〉. ea´n��§KG ∼= Zn.

yyy²²²µµµeÌ�+G = 〈a〉�)¤�a´Ã���§é?Ûm1 6= m2þ

kam1 6= am2 . f ´lG��ê8ÜZ�N�§f : G → Z, f(am) = m. w

,f´V�. é?¿am1 , am2 ∈ G§

f(am1 ∗ am2) = f(am1+m2) = m1 +m2 = f(am1) + f(am2).

f´Ó�N�§�G ∼= 〈Z,+〉.
e)¤�a´n��§KG =

{
a0, a1, a2, · · · , an−1

}
. f´lG��nÓ{

a8ÜZn�N�§f : G → Zn, f(ai) = [i]. w,f´V�. é?¿ai, aj ∈
G§

f(ai ∗ aj) = f(ai+j) = [i+ j] = [i] + [j] = f(ai) + f(aj).

f´Ó�N�§�G ∼= 〈Zn,+〉.

~ 5.26. ?¿��+Ñ�����+Ó�.

yyy²²²µµµéu?¿+〈G, ∗〉�E��#�8Ü

G
′

= {fa | a ∈ G, fa : G→ G, fa(x) = a ∗ x} .

N´y²fa´Gþ�V�§G
′
þ�$�·´N��Ü¤$�.

(fa • fb)(x) = fa(b ∗ x) = (a ∗ b) ∗ x = fa∗b(x),

=fa • fb = fa∗b. T$�3G
′
¥µ4�÷v(ÜÆ. fe´G

′
�ü �§

fa′´fa�_�§l〈G
′
, •〉´��+.

3+G�G
′
�m½ÂN�h : G → G

′
, h(a) = fa§w,h´V�. é?

¿a, b ∈ G§
h(a ∗ b) = fa∗b = fa • fb = h(a) • h(b),

�h´Ó�N�. lG ∼= G
′
.

~ 5.27. ¦Ñ�n�Ì�+Ó����+.
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)))µµµ-G = 〈a〉´Ì�+§f : G → G
′
´Ó�N�. ?�x ∈ G′§7�

3g = ai ∈ G¦
x = f(g) = f(ai) = (f(a))i.

ù`²G
′
´±f(a)�)¤��Ì�+. yG´n�Ì�+§G =

{
a0, a1, · · · , ,

an−1
}
§l~5.26��G

′
= {fa0 , fa1 , · · · , fan−1}. �´n�Ì�+. Ù)¤�

´fa§§éAGþ��n�Ó�(a0 a1 · · · an−1). -G′′ = 〈(a0 a1 · · · an−1)〉§
KG ∼= G

′′
.

½n 5.15. 〈G, ∗〉�+§,k��8ÜG′§´G′ þ�$�. XJ�

3lG�G
′
þ�V�f§éG¥�?¿��a, bkf(a ∗ b) = f(a) • f(b). @

o〈G′ , •〉�´+§¿�G ∼= G
′
.

yyy²²²µµµ?�x, y ∈ G′§f´lG�G′�÷�§�3a, b ∈ G¦�f(a) = x.

f(b) = y. duf�±$�§

x • y = f(a) • f(b) = f(a ∗ b) ∈ G′ ,

��$�•3G′¥´µ4�§?�x, y, z ∈ G
′
. éu÷�f3G¥k��.

f(a) = x§f(b) = y§f(c) = z§

(x • y) • z = (f(a) • f(b)) • f(c) = f((a ∗ b) ∗ c)

= f(a ∗ (b ∗ c)) = f(a) • (f(b) • f(c)) = x • (y · z),

=G
′
¥$�•÷v(ÜÆ. N´wÑf(e)´G

′
�ü �. ?�x ∈ G′ , a ∈ G´

§���§´�f(a
′
) ∈ G′´x�_�.

nþ�〈G′ , •〉´+. fÒ´lG�G
′
�Ó�N�§lG ∼= G

′
.

SSSKKK

1. Xe�êXÚ〈S, ∗〉=
´+ºXJ´+§§´Ä´��+º�Ñ§
�ü �±9XÛO�Ù_�.

(1) S = {z|z ∈ C, |z |= 1}§Ù¥C´Eê8Ü§∗´ÊÏ�Eê\{.

(2) S = {a+ b
√

2 | a, b ∈ Q}§Ù¥Q´knê8Ü. ∗´ÊÏ�\{.
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(3)

S =

{(
1 0

0 1

)
,

(
−1 0

0 −1

)
,

(
1 0

0 −1

)
,

(
−1 0

0 1

)}

∗´Ý
¦{.

(4) S = {α, β, γ, δ}

∗ α β γ δ

α β δ α γ

β δ γ β α

γ α β γ δ

δ γ α δ β

(5) S = R− {0}´�"¢ê8Ü§3S þ½Â$�∗µ

x ∗ y =

x · y x > 0,

x/y x < 0.

(6) p��ê§S = {1, 2, · · · , p− 1}. 3Sþ½Â$�∗:

a ∗ b = c⇐⇒ a · b ≡ c(mod p).

2. -S = R− {−1}§3Sþ½Â$�∗µ

a ∗ b = a+ b+ ab

(1) y²〈S, ∗〉´+¶
(2) 3S¥¦)�§2 ∗ x ∗ 3 = 7.

3. 3+G¥§XJéGk?¿��aþka2 = e§y²G7´��+.

4. G´��+��=�éG¥?¿��a, b, (a ∗ b)2 = a2 ∗ b2.
5. g´+G¥�?¿��§@o§

(1) g�§�_�g
′
Ó�¶

(2) (gk)
′

= (g
′
)k§k´�K�ê.

6. a�b´+G¥�ü�?¿��. y²a ∗ b�b ∗ a´Ó��.
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7. XJ+G¥�k��2��a§@oa�G¥?¿��Ñ´����§

=∀x ∈ G, a ∗ x = x ∗ a.

8. G´+§G¥����ê�óê§y²µ�3a ∈ G, a´2��.

9. H´+G���f8. 〈H, ∗〉´〈G, ∗〉�f+��=�∀a, b ∈ H, a∗b′ ∈
H.

10. G´+.

H = {a | a ∈ G, ∀g ∈ G, a ∗ g = g ∗ a},

¡�+G�¥%. y²µ〈H, ∗〉´〈G, ∗〉�f+.

11. H,K´+G�f+. y²H ∩ K�´G�f+. H
⋃
K´G�f+

íºy²\�(Ø.

12. éÑK4+�¤kf+.

13. -G = {fa,b | fa,b : Q→ Q, f(x) = ax+ b, a 6= 0, a, b ∈ Q} , GéÜ
¤$��¤+. y²H = {f1,b | b ∈ Q}´G�f+.

14. �Ñe�+¥=�´Ì�+ºéÌ�+�Ñ§��Ü)¤�.

(1) G1 = 〈Q,+〉¶
(2) G2 = 〈6Z,+〉¶
(3) G3 = 〈{6n | n ∈ Z} , •〉.
15. G´6�Ì�+§éÑG��Ü)¤�¿�ÑG�¤kf+.

16. y²µ�k��)¤��Ì�+�õ¹kü���.

17. XJn�+G�,���g´n��§@oG´dg)¤�Ì�+.

18. G´n�Ì�+§d´n�Ïf§G�3�=�3��d�f+.

19. éÑS3�¤kf+.

20. A4´�N4�ó���¤�+§��Ñ§��Ü��.

21. Sn(n > 2)�z�f+½ö�Üdó���¤§½öÙ¥Û!ó�

��Ó��.

22. y²µ�ê\+�óê\+Ó�.

23. y²µ+�Ó�'X´�«�d'X.

24. éÑ¤k�K4+Ó��Sn�f+.

25. y²µÃ�Ì�+�f+§Ø{e}±	Ñ´Ã�Ì�+.
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26. 3+〈G, ∗〉¥½Â#���$�•§

a • b = b ∗ a.

y²µ〈G, •〉´+§¿�〈G, ∗〉�〈G, •〉Ó�.
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�
�\&?+�(�§I�?�ÚïÄf+��^.

6.1 ���+++���Lagrange½½½nnn

½Â 6.1. H´G�f+. 3Gþ½Â�HÓ{'X§∀a, b ∈ G§X

Ja ∗ b′ ∈ H§K¡a�b���HÓÓÓ{{{§P�a ≡ b(mod H).

½n 6.1. �HÓ{'X´Gþ��d'X. éuG¥���a§a¤3

��da�

Ha = {h ∗ a|h ∈ H}§

¡�G¥H�m�8§��a´�8Ha��L�.

yyy²²² ?�a ∈ G§a ∗ a′ = e ∈ H§�a ≡ a (modH ). �HÓ{'

X´g��. XJa, b ∈ G§a ≡ b(modH )§=a ∗ b′ ∈ H. ÏH´+§

(a ∗ b′)′ = b ∗ a′ ∈ H . �b ≡ a (modH). �HÓ{'X´é¡�. X

Ja, b, c ∈ G§a ≡ b (modH)§b ≡ c (modH)§=a ∗ b′ ∈ H§b ∗ c′ ∈ H.

H´G�f+§Hé+G�$�∗µ4§(a ∗ b′) ∗ (b ∗ c′) = a ∗ c′ ∈ H§

�a ≡ c (mod H). �HÓ{'X´D4�. nþ©Û��HÓ{'X´G

þ��d'X.

G¥���a��da§

[a] = {b|b ∈ G, b ∗ a′ ∈ H}
= {h ∗ a|h ∈ H} = Ha.

w,a ∈ Ha§a´T�da��L�.

�HÓ{'XkXe5�µ

1° He = H ;

2° a ≡ b (mod H)⇐⇒ Ha = Hb ;

3° a ∈ H⇐⇒ Ha = H .

121
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~ 6.1. �"knê¦{+〈Q∗, •〉§H = {−1, 1} ⊂ Q∗§´T¦{

+�f+. Q∗¥��a¤3�m�8Ha = {a,−a}. �a ≡ b (mod H)�§

b = ±a§w,Ha = Hb.

~ 6.2. ng�¡N+〈D3, •〉§H = {ρ0, ρ1, ρ2}´D3�f+§Ïρi ∈
H§0 6 i 6 2§�Hρ0 = Hρ1 = Hρ2 = H. qÏµi ∗ µ

′
j ∈ H§1 6 i, j 6 3§

�Hµ1 = Hµ2 = Hµ3 = {µ1, µ2, µ3}. Hkü�ØÓ�m�8HÚHµ1§

D3 = H ∪Hµ1�H ∩Hµ1 = ∅.

~ 6.3. G´±g�)¤��9�Ì�+§G = {g0, g1, · · · , g8}§g9 = e.

H = {g0, g3, g6}´G�3�f+.

Hg0 = Hg3 = Hg6 = {g0, g3, g6} = H§

Hg1 = Hg4 = Hg7 = {g1, g4, g7}§
Hg2 = Hg5 = Hg8 = {g2, g5, g8}.

Hkn�ØÓ�m�8H§Hg§Hg2. G = H
⋃
Hg
⋃
Hg2§�ù
m

�8üü��.

éu+G�f+H��±½Â§���8§k3Gþ½Â�d'X.

∀a, b ∈ G§

a ≡ b (mod H)⇐⇒ a
′ ∗ b ∈ H.

G¥��a¤3��da[a] = {b|b ∈ G, a
′ ∗ b ∈ H} = {a ∗ h|h ∈ H} = aH§

¡�a¤3���8.

½n 6.2. H´+G�f+§H�¤k��88ÜSL = {aH|a ∈ G}Ú
¤km�88ÜSR = {Ha|a ∈ G}´�³�.

yyy²²² -f : SL → SR§f(aH) = Ha
′
. ùpÄk�`²TN���L

�À�Ã'§=eaH = bH§7kHa
′

= Hb
′

. daH = bH�a
′ ∗ b ∈ H§

H´+§(a
′ ∗ b)′ = b

′ ∗ (a
′
)
′ ∈ HlHa

′
= Hb

′
. w,f´÷�. X

Ja1H, a2H ∈ SLÑ´Ha���§f(a1H) = f(a2H) = Ha§�ÑHa
′
1 =

Ha
′
2§�k(a

′
1) ∗ (a

′
2)
′

= a
′
1 ∗ a2 ∈ H. dd��a1H = a2H. ù`²f´ü

�.
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nþ©Û§3SLÚSR�m�3��V�§�SL�SR�³.

5¿:3½n6. 2y²¥½Â�N�´f(aH) = Ha
′
§Ø´Ha. �ö

§Ø´N�. �aH = bH�§ØU�yHa = Hb.

½Â 6.2. +G'u§�f+H��(m)�8�ê��H3G¥����êêê§

P�[G : H].

½n 6.3. (Lagrange½½½nnn)

eG´k�+§H´G�f+§@o

|G| = [G : H]|H|.

yyy²²² Ha´G¥H���m�8. ½ÂN�f : H → Ha§f(h) =

h ∗ a§w,f´V�. G´k�+§H´G�f+§¤±H�´k�+§�

Ñ|H| = |Ha|. d½n6. 1�§G¥H�m�8�N�¤G���©y§

-G'uf+H�m�8�ê[G : H] = k§k�ØÓ�m�8��L�

©O�a1, a2, · · · , ak§@oG = Ha1
⋃
Ha2 · · ·

⋃
Hak§Ù¥Hai

⋂
Haj =

∅, (i 6= j). l

|G| = |Ha1|+ |Ha2|+ · · ·+ |Hak|
= k • |H| = [G : H] • |H|

dd½n�±��ü��~k^�íØ.

íØ 6.1. k�+G¥����´|G| �Ïf.

yyy²²² 3k�+¥¤k����7,´k��. �G¥��a��

�m§-H = {a0, a1, · · · , am−1}§w,H´G�m�f+. dLagrange½n

�|G| = [G : H] • |H| = [G : H] •m§�m| |G|.

íØ 6.2. �ê�+Ñ´Ì�+.

yyy²²² �G´p�+§p´�ê§§�Ïf�k1Úp. díØ6. 1�G¥

�����´1½p. w,+G�ü ����1§�ü ���a���p§

lG = 〈a〉.

~ 6.4. y²4�+G½ö´4�Ì�+C4½ö´Klein-4+K4.
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yyy²²² 4�+G¥�����U�1,2,4. XJG¥�)4��a§@

oG = 〈a〉 = {a0, a1, a2, a3}§=G´4�Ì�+C4. XJG¥vk4��§@

oØü �e	§Ù¦��þ´2��§=G = {e, a, b, c}§a2 = b2 = c2 = e.

dc¡�SK�T+7´��+. a ∗ bØU´a, b, e§ÄKíÑb = e§a = e§

a = b. la∗ b = c. Ón��a∗ c = b§b∗ c = a. âd�ÑT+�¦{Lµ

∗ e a b c

e e a b c

a a e c b

b b c e a

c c b a e

�G´Klein-4+K4.

~ 6.5. G´6�+§G��¹k��3�f+.

yyy²²² G´6�+. G¥�����U´1§2§3§6. XJG¥k3�

�a§@o〈a〉Ò´G�3�f+. XJG¥k6��a§@o〈a2〉�3�f+.

e¡y²G¥Ø�UQÃ3���Ã6��. �Ò´`G¥Ø�UØKü 

�e	Ñ´2��. ^�y{§b�G = {e, a, b, c, d, f}§�a2 = b2 = c2 =

d2 = f2 = e . dua ∗ bØ��a, b, e§�K = {e, a, b, a ∗ b}§Ù¥a ∗ b ∈
{c, d, f}§w,K´Klein-4+. K ⊆ G. �K´G�f+. |K| = 4.

4 - 6§�Lagrange½ngñ. �Ø�. nþ�8�+7kn�f+.

6.2 ���555fff+++���ûûû+++

�!0��aAÏ�f+—�5f+.

½Â 6.3. H´+G�f+. XJé¤k�G¥��g ÚH¥��hÑ

kg
′ ∗ h ∗ g ∈ H§@o¡H´G����555fff+++§¿P�H C G.

½n 6.4. H´+G�f+. H´G��5f+��=�éG¥?¿�

�g§Hg = gH.
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yyy²²² eH´G��5f+. ?�x ∈ gH§�3h1 ∈ H¦x = g ∗ h1.
x = (g

′
)
′ ∗ h1 ∗ g

′ ∗ g§d�5f+�½Â§(g
′
)
′ ∗ h1 ∗ g

′ ∈ H§�x ∈ Hg§

u´gH ⊆ Hg. �L5§?�y ∈ Hg§�3h2 ∈ H¦y = h2 ∗ g§y =

g ∗ g′ ∗ h2 ∗ g§d�5f+�½Âg
′ ∗ h2 ∗ g ∈ H§�y ∈ gH. u´Hg = gH.

nþ�§Hg = gH.

qeéG¥?¿��gþkHg = gH§?�h3 ∈ H§7�3h4 ∈
H¦h3 ∗ g = g ∗ h4§u´g

′ ∗ h3 ∗ g = h4 ∈ H§lH´G��5f

+.

~ 6.6. ng�¡ND3�f+H = {ρ1, ρ2, ρ3}´�5f+§

ρ0H = ρ1H = ρ2H = Hρ0 = Hρ1 = Hρ2 = {ρ0, ρ1, ρ2},
µ1H = µ2H = µ3H = Hµ1 = Hµ2 = Hµ3 = {µ1, µ2, µ3}.

H̃´D3�f+§�Ø´�5f+. ~X

µ2H̃ = {µ2, ρ1}§H̃µ2 = {µ2, ρ2}.

µ2H̃ 6= H̃µ2.

~ 6.7. �ê�2�f+´�5f+.

yyy²²² H´+G�f+�[G : H] = 2§=G = H
⋃
Ha1§Ù¥a1 /∈ H§

¿�H
⋂
Ha1 = ∅. ·�?�+G���a§kü«�U5µea ∈ H§d

uaH = H§Ha = H§�aH = Ha¶ea /∈ H§G = H
⋃
Ha = H

⋃
aH.

Ha = G −H = aH. ¤±Ø+´=«�¹þkaH = Ha. H´G��5f

+.

w,��+�?Ûf+Ñ´�5f+.

e¡ïÄ3G¥H�¤km�8�¤�8Üþ�$�9�A��ê(

�.

½Â 6.4. A§B´+G���f8§½Â

A •B = {a ∗ b|a ∈ A, b ∈ B}.
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T$�Î÷v(ÜÆ. ?�x ∈ A • (B • C)§�3a ∈ A§b ∈ B§

c ∈ C¦x = a∗(b∗c). +G¥¦{÷v(ÜÆx = (a∗b)∗c§�x ∈ (A•B)•C.

lA • (B •C) ⊆ (A •B) •C. Ón��y²(A •B) •C ⊆ A • (B •C).

����A • (B •C) = (A •B) •C.

½n 6.5. N´+G��5f+§〈{Ng|g ∈ G}, •〉´+§¡�G�N�

ûûû+++§P�G/N.

yyy²²² ÄkïÄü��5f+�m�8N��¦{.

Ng1 •Ng2 = {(n1 ∗ g1) ∗ (n2 ∗ g2)|n1, n2 ∈ N}.

ÏN´G��5f+§éuG¥��g1§kg1N = Ng1.g1 ∗n2 ∈ g1N§@o
�3n3 ∈ N¦g1 ∗ n2 = n3 ∗ g1§�\þª§

Ng1 •Ng2 = {n1 ∗ (n3 ∗ g1) ∗ g2|n1, n2 ∈ N}
= {n ∗ (g1 ∗ g2)|n ∈ N}
= Ng1 ∗ g2.

ùp½Â��5f+m�8m�¦{$��m�8�L��À�Ã'. ù´

Ï�§XJNg1 = Na1§Ng2 = Na2§=g1 ∗ a′1, g2 ∗ a′2 ∈ N§@o

(g1 ∗ g2) ∗ (a1 ∗ a2)
′

= g1 ∗ (g2 ∗ a
′
2) ∗ a

′
1.

-n1 = g2 ∗ a
′
2§n1 ∗ a

′
1 = a

′
1 ∗ n2§n3 = g1 ∗ a

′
1

(g1 ∗ g2) ∗ (a1 ∗ a2)
′

= n3 ∗ n2 ∈ N.

u´Ng1 ∗ g2 = Na1 ∗ a2.
38Ü{Ng|g ∈ G}þ�¦{$�w,´µ4�. ¿�÷v(ÜÆ.

N = Ne´ü �§Ng
′
´Ng�_�. ¤±〈Ng|g ∈ G, •〉´+.

�G´k�+�§G�N�û+G/N¥����êÒ´N3G¥��

ê§�

|G/N| = |G|/|N|.

~ 6.8. �ê\+〈Z,+〉´��+. z�f+Ñ´�5f+. Z��5f

+〈n〉 = {kn|k ∈ Z} = nZ�û+.
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Z/nZ = {nZ, 1 + nZ, · · · , (n− 1) + nZ}.

eN�f : Z/nZ→ Zn§f(i+ nZ) = [i]§w,f´V�§�

Z/nZ ∼= Zn.

~ 6.9. ng�¡ND3¥§f+H = {ρ0, ρ1, ρ2}��ê�2. H´D3�

�5f+§D3�H �û+

D3/H = {H, (12)H}

´2�Ì�+.

~ 6.10. G´k���+. �êp´|G|�Ïf§@o+G¥7k�

�p��.

yyy²²² ·�é+G��ê?18By². �|G| = 2�§G = {e, a}�a2 =

e. �ê2| |G|. a´2��§·K¤á. b�|G| < k�§·K¤á. y

�|G| = k§,�êp|k. ?�G�,��ü ��g§§���t§w

,t|k�t > 1. XJp|t§=t = rp§Kgr ´G¥�p��. XJp - t§�
ÄG��5f+〈g〉�û+G/〈g〉.

|G/〈g〉| = |G|/t < |G| = k,

G/〈g〉E´k���+. dup|k§p - t§�p| |G/〈g〉|. d8Bb��
3G/〈g〉¥kp��a〈g〉. b�a3G¥���u§w,k(a〈g〉)u = 〈g〉. l
p|u. dc¡?Ø�§au/p´G�p��. ·Ké|G| = k �¤á.

��/§n�+G§én�Ïfd§3G¥Ø�½kd�f+. ~X:�N

o�ó���¤A4§|A4| = 12. 6´12�Ïf§�A4vk6�f+§ù´

Ï�A4¥k1�1��§8�3��§3�2��. eH´A4�6�f+§Ï2�

��k3�. �H¥��k1�3��§Ø�b�´(a, b, c) ∈ H. 3���_

�E´3��§�3��7L¤éÑy. ü �e ∈ H§¤±H¥��k

��2��§Ø�b�´(ab)(cd) ∈ H. d(a, b, c) ∈ H§(ab)(cd) ∈ Hí

Ñ(abc)
′

= (acb) ∈ H§(abc)(ab)(cd) = (acd) ∈ H§(acd)
′

= (adc) ∈ H§

(ab)(cd)(abc) = (bdc) ∈ H§(bdc)
′

= (bcd) ∈ H, · · · ,H¥����ê®�
L6�§�H´A4�6�f+gñ. ¤±A4vk6�f+.
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6.3 +++���ÓÓÓ���

�!UY?Øü�+�'X.

½Â 6.5. 3+〈G1, ∗〉Ú〈G2, •〉�m�3N�f : G1 → G2§é?

¿a, b ∈ G1§f(a ∗ b) = f(a) • f(b)§K¡f´lG1�G2�ÓÓÓ���NNN���({¡ÓÓÓ

���). XJf´÷�(ü�§V�)§K¡f´÷÷÷ÓÓÓ���NNN���(üüü���ÓÓÓ���NNN���§§§ÓÓÓ

���NNN���).

ef´l+G1�G2�Ó�N�§G1§G2ü �©O�e1Úe2§@

of(e1) = e2. é?¿a ∈ G§f(a
′
) = (f(a))

′
. d(Øy²�{�+Ó

�N��A5�y²�{�Ó.

½Â 6.6. f´l+G1�G2�+Ó�N�§f�ØØØ´G1¥ÏLfN

�G2�ü �e2�@
��|¤�8Ü§P�Kerf§

Kerf = {a|a ∈ G1, f(a) = e2}.

.

½n 6.6. f´l+G1�G2�+Ó�N�.

1° Kerf´+G1��5f+.

2° f�ü��=�Kerf = {e1}.

yyy²²²

1° f´l+G1�G2�+Ó�N�. duf(e1) = e2§e1 ∈Kerf§¤

±Kerf´G1���f8. ?�g1, g2 ∈ Kerf§f(g1) = f(g2) = e2§

f(g1 ∗ g2) = f(g1) • f(g2) = e2 • e2 = e2,

f(g
′
1) = (f(g1))

′
= e

′
2 = e2.

�g1 ∗ g2 ∈ Kerf§g
′
1 ∈ KerflKerf´G1�f+§?�g ∈ G1§k ∈

Kerf§

f(g
′ ∗ k ∗ g) = (f(g))

′ • f(k) • f(g)

= (f(g))
′ • e2 • f(g) = e2,
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�g
′ ∗ k ∗ g ∈ Kerf.Kerf´G1��5f+.

2° �f�ü��§�ke1���e2§�Kerf = {e1}§�L5§�Kerf =

{e1}�§XJ�3g2 ∈ G2§§kü�ØÓ���g11, g12 ∈ G1§g11 6= g12§

f(g11) = f(g12) = g2.

f(g11 ∗ g
′
12) = f(g11) • (f(g12))

′
= g2 • g

′
2 = e2.

@og11 ∗ g
′
12 ∈ Kerf = {e1}§=g11 ∗ g

′
12 = e1. l��g11 = g12§gñ.

ù`²XJG2¥���k��§@o��´���§¤±f´ü�.

~ 6.11. G1ÚG2´?¿ü�+§-f : G1 → G2§é?¿g ∈ G1§

f(g) = e2. ?�g1, g2 ∈ G1§

f(g1 ∗ g2) = e2 = e2 • e2 = f(g1) • f(g2),

f´+Ó�N�. Kerf = G1§·�¡ù�AÏ�Ó�N��"Ó�N�.

~ 6.12. G1 = 〈Z,+〉§G2 = 〈C, •〉§-f : Z → C. f(m) = im.

f(k + l) = ik+l = ik • il = f(k) • f(l). f´lG1�G2�Ó�N�. Kerf =

{n|in = 1} = {4m|m ∈ Z}. f��8Imf = {1,−1, i,−i}.

½n 6.7. f´+G1�G2���Ó�N�.

1° eH1 6 G1§Kf(H1) 6 G2§AO/f(G1) 6 G2;

2° eH1 C G1§Kf(H1) C G1;

3° eH2 6 f(G1)§Kf−1(H2) 6 G1;

4° eH2 C f(G1)§Kf−1(H2) C G1�G1/f
−1(H2) ∼= f(G1)/H2.

yyy²²² ùp�y2°§3°§Ù¦3�öSK.

2° H1´G1��5f+§d1°�f(H1) 6 G2. f(H1) ⊆ f(G1) ⊆
G2§f(G1)�+§�f(H1)´f(G1)�f+. ?�y ∈ f(G1)§x ∈ f(H1)§

�3g ∈ G1§h ∈ H1¦f(g) = y§f(h) = x.

y
′ • x • y = f(g

′
) • f(h) • f(g) = f(g

′ ∗ h ∗ g).

duH1´G1��5f+§g
′∗h∗g ∈ H1§�y

′•x•y ∈ f(H1)§f(H1)´f(G1)�

�5f+.
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3° H2´f(G1)�f+. f−1(H2) = {x|x ∈ G1, f(x) ∈ H2} ⊆ G1§

f(e1) = e2 ∈ H2§w,e1 ∈ f−1(H2).f
−1(H2)´G1���f8. ex1, x2 ∈

f−1(H2)§�3h1, h2 ∈ H2§¦f(x1) = h1§f(x2) = h2.

f(x1 ∗ x2) = f(x1) • f(x2) = h1 • h2 ∈ H2,

f(x
′
1) = (f(x1))

′
= h

′
1 ∈ H2.

��x1 ∗ x2 ∈ f−1(H2)§x
′
1 ∈ f−1(H2). lf−1(H1)´G1�f+.

½n 6.8. f´lG1�G2�+Ó�N�§é?¿a ∈ G1§f−1(f(a)) =

aKerf.

yyy²²² ?�a ∈ G1§f´lG1�G2�+Ó�N�§f(a) ∈ G2. df−1½

Â�f−1(f(a)) = {x|x ∈ G1, f(x) = f(a)}. ?�x ∈ f−1(f(a))§f(a
′ ∗ x) =

f(a
′
) • f(x) = (f(a))

′ • f(a) = e2§�a
′ ∗ x ∈ Kerf§=x ∈ aKerf . l

��f−1(f(a)) ⊆ aKerf . q?�y
′ ∈ aKerf§�3k ∈ Kerf¦y = a ∗ k§

f(y) = f(a) • f(k) = f(a) • e2 = f(a)§¤±y ∈ f−1(f(a)). q�ÑaKerf ⊆
f−1(f(a)). nþ©Û�

f−1(f(a)) = aKerf.

ù�½n`²
§ef´lG1�G2�÷Ó�§KG2¥z������

8�Ð´f�Ó�ØKerf����8. âd§·��±3G1/KerfÚG2�m

ïáå����éA'X.

½n 6.9. (+++ÓÓÓ���ÄÄÄ���½½½nnn)

+G1�?Ûû+Ñ´G1�Ó��.eG2´G1�Ó��§KG1/Kerf ∼=
G2.

yyy²²² �H´+G1��5f+. ½Âϕ : G1 → G1/H§ϕ(a) = aH.

w,ϕ´÷Ó�N�§ϕ(G1) = G1/H§ùÒy²
+G1�?Ûû+Ñ

´G1�Ó��.

eG2´G1�Ó��§=f : G1 → G2§f(G1) = G2. ½Âf̃ : G1/Kerf →
G2§f̃(aKerf) = f(a). Äk`²f̃´N�§Ò´`XJa1Kerf = a2Kerf§
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@oa
′
1∗a2 ∈ Kerf . (f(a1))

′ •f(a2) = f(a
′
1∗a2) = e2§�Ñf(a1) = f(a2)§

=N�f̃��L�À�Ã'.

?�y ∈ G2 = f(G1)§�3a ∈ G1¦y = f(a)§@oaKerf ∈ G1/Kerf´y�

��. qea1Kerf, a2Kerf ∈ G1/KerfÑ´y ∈ f(G1)���§@of(a1) =

f(a2). f(a
′
1 ∗ a2) = (f(a1))

′ • f(a2) = e2§�a
′
1 ∗ a2 ∈ Kerf§=a1Kerf =

a2Kerf . dþ¡©Û�f̃´V�.

f̃(aKerf • bKerf) = f̃((a ∗ b)Kerf)

= f(a ∗ b) = f(a) • f(b)

= f̃(aKerf) • f̃(bKerf).

�f̃�±$�§´+Ó�N�. ����

G1/Kerf ∼= f(G1)

~ 6.13. H´+G��5f+. -ϕ : G→ G/H§ϕ(a) = aH§¡ϕ�

g,Ó�. ϕ�Ó�Ø

Kerϕ = {x|x ∈ G, ϕ(x) = H}
= {x|x ∈ G, xH = H} = H.

~ 6.14. -G1 = 〈Z,+〉§G2 = 〈a〉 = {a0, a1, · · · , an−1}�an = e. ½

Âf : Z→ 〈a〉§f(m) = am§f´lG1�G2�÷Ó�N�§§�Ó�Ø

Kerf = {m|m ∈ Z, am = a0} = {kn|k ∈ Z} = nZ.

d+Ó�Ä�½n�

Z/nZ ∼= 〈a〉.

Z/nZ ∼= Zn§¤±〈a〉 ∼= Zn. ·�2g��/n�Ì�+Ó�u�nÓ{a

+0ù�(Ø.

~ 6.15. ^Ó�Ä�½ny²½n6. 7¥�4°.

yyy²²² ®�H2´f(G1)��5f+. ½Âf̃ : G1 → f(G1)/H2.f̃(a) =

f(a)H2. duf : G1 → f(G1)´÷Ó�N�§´�f̃�´÷Ó�N�.
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Kerf̃ = {x|x ∈ G1, f(x)H2 = H2}
= {x|x ∈ G1, f(x) ∈ H2} = f−1(H2),

d½n6. 6�f−1(H2)´G1��5f+. 2d+Ó�Ä�½n�

G1/f
−1(H2) ∼= f(G1)/H2.

½n 6.10. H§Kþ´+G��5f+§�K ⊆ H§@o

G/H ∼= G/K
H/K .

yyy²²² K´+G�f+. KéuG¥�$��¤+. K ⊆ H§HéuG

¥�$���¤+§lK�´H�f+. ?�h ∈ H ⊆ G§k ∈ K§d

uK´G��5f+§h
′ ∗k ∗h ∈ K§¤±K´H��5f+§lH/K´

+.

-f : G/K → G/H§f(aK) = aH§N´y²f��L�À�Ã'§

f´N�§¿�´÷�.

f(aK • bK) = f(a ∗ bK) = a ∗ bH = aH • bH
= f(aK) • f(bK),

f´÷Ó�N�§§�Ó�Ø

Kerf = {aK|aK ∈ G/K, f(aK) = H}
= {aK|aK ∈ G/K, aH = H}
= {aK|a ∈ H} = H/K.

dÓ�Ä�½n�

G/K
H/K

∼= G/H.

SSSKKK

1. H´��+G�f+§y²H�z���8�´��m�8.

2. H´G�f+§a, b´G¥���§y²±e8�·K´�d�:

(1)a
′ ∗ b ∈ H; (2)b

′ ∗ a ∈ H; (3)b ∈ aH;
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(4)a ∈ bH; (5)aH = bH; (6)aH
⋂
bH 6= ∅.

3. �ÑA4¥'uH = {e, (1 2)(3 4), (1 3)(2 4), (1 4)(2 3)}���8©
)�m�8©).

4. H´+G��ê�2�f+. y²:éuG�?¿��a7ka2 ∈ H§

eH��ê�3§´ÄéG�?¿��aka3 ∈ Hºy²\�äó.

5. H,K´G�ü�f+§ [G : H] = m§ [G,K] = n§y²f

+H
⋂

K3G¥��ê6 m • n.

6. +G��ê�p • q§Ù¥p, qþ��ê�p < q. y²:+GØ�Uk

ü�ØÓ�q�f+.

7. H´G��5f+. XJaÚbáuH�Ó���8¥§cÚdáuH

�Ó���8¥§@oa ∗ cÚb ∗ dáuH�Ó���8¥.

8. G´�ê\+§H = {mk|k ∈ Z}. û+G/H¹k=
��º§�

ü �´�oº�ÑTû+�¦{L.

9. XJ+G¥¹k��,�f+§@oT+7´�5f+.

10. H1ÚH2´+G��5f+. y²µH1
⋂

H2§H1 •H2 �´G�

�5f+.

11. H1,H2,NÑ´G��5f+§¿�H1 ⊂ H2§y²H1 •N´H2 •
N��5f+

12. H,KÑ´+G��5f+¿�H
⋂
K = {e}. y²:é?¿h ∈ H§

k ∈ K§Ñkh ∗ k = k ∗ h.

13. 3G = {f |f : Z→ Z/(2)}þ½Â$�+.

(f + g)(x) = f(x) + g(x).

y²µ〈G,+〉´��+§¿��"�����2.

14. 3�"¢ê¦{+¥§Xe½Â�N�f¥§=
´Ó�N�§

¿�éÑ§�Ó�Ø.

(1)f1(x) = |x|; (2)f2(x) = 2x; (3)f3(x) = x2;

(4)f4(x) = 1
x ; (5)f5(x) = −x; (6)f6(x) = −1

x
.

15. -G = {A|A ∈ (Q)n, |A| 6= 0}§GéuÝ
¦{�¤+. f :

G → R∗§f(A) = |A|. y²: f ´l+G��"¢ê¦+R∗�Ó�N�.

¦f(G)ÚKerf .
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16. G´��+§k´�½���ê. f : G → G§f(a) = ak. y

²:f´Ó�N�. ¦Ñf(G)ÚKerf .

17. G = 〈a〉´n�Ì�+§G
′

= 〈b〉´m�Ì�+§y²:

m|nk ⇔ ∃ϕ : G→ G
′
´Ó�N�¿�ϕ(a) = bk.

18. H ´G��5f+§ [G : H] = m. y²:éuG�?¿�

�x, xm ∈ H.

19. H,K´G��5f+. XJG/H§G/K´��+§@oG/H
⋂
K�

´��+.

20. 3+G¥§a, b´G¥���§¡a
′ ∗ b′ ∗a ∗ b�G�� �. y²:

(1)G�¤kk��� �¦È�¤G
′
§G

′
´G��5f+;

(2)G/G
′
´��+;

(3)eN´G��5f+�G/N´��+§@oG
′
´N�f+.
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¢ê½EêXÚ�¹ü�Ä����$�µ\{Ú¦{"+Ø==?

n����$�§�vk�9ü���$��m�'X))¦{é\{�©

�Æ"�Ùò0��«#��ê(�))�Ú�"

7.1 ������½½½ÂÂÂ

½Â 7.1. 3äkü���$�\{+Ú¦{•�8ÜR¥§XJ

(1) 〈R,+〉´��+;

(2) 〈R, •〉´¹N�+¶

(3) ¦{é\{k�!m©�Æ§=é?¿�n���a, b, c ∈ R§Ñk

a • (b+ c) = a • b+ a • c,

(b+ c) • a = b • a+ c • a.

K¡〈R,+, •〉����"

XJ3�〈R,+, •〉¥§é?¿�ü���a, b ∈ R§Ñka • b = b • a§K

¡T�´���"

l��½Â¥�±wÑ§�¥�ü�$�+Ú•�/ ´ØÓ�"8

ÜRé+�¤��+§é•��¤¹N�+"\{$��ü �¡�"

�§P�0¶¦{$��ü �¡�¦{ü �§P�1"R¥�?¿�

�a ∈ RÑk\{_�§¡�K�§P�−a¶�Ø�½Ñk¦{_�"k¦
{_����¡��¥��_�"

e¡´��A�~f"

~ 7.1. 〈R,+, •〉§〈C,+, •〉Ú〈Q,+, •〉©O´¢ê�!Eê�Úknê
�§Ù¥+Ú•$�´ÊÏ�\{Ú¦{$�"ù
�Ú¡�ê�"

~ 7.2. �Nn��ê�
Mn(Z)éÝ
\{ÚÝ
¦{�¤n�Ý


�〈Mn(Z),+, •〉"�Ü��Ñ�0�n��
�"�§n�ü Ý
�¦{ü

 �§T�´����"

135
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~ 7.3. 〈G,+〉´��+§E = {f |f : G → G ´Ó�N�}"3Eþ½
Â��$�+Ú•XeµéE¥�?¿ü�N�f, g§±9?¿�x ∈ G§

(f + g)(x) = f(x) + g(x),

(f • g)(x) = f(g(x)).

y²〈E,+, •〉´�§�¡���+Gþ�gÓ��"

yyy²²²µéu?¿�f, g ∈ E§±9x ∈ G§½Â(f+g)(x) = f(x)+g(x)"

w,§f + g´Gþ�N�"dufÚgÑ´Gþ�gÓ�N�§¤±k

(f + g)(x+ y) = f(x+ y) + g(x+ y)

= (f(x) + f(y)) + (g(x) + g(y))

= (f(x) + g(x)) + (f(y) + g(y))

= (f + g)(x) + (f + g)(y).

��§f + g�±\{$�§Ïdf + g´Gþ�gÓ�N�§=f + g ∈ E"
du〈G,+〉´��+§¤±E¥�+$�÷v(ÜÆÚ��Æ"-f0 : G →
G§é?¿�x ∈ G§f0(x) = 0G§Ù¥0G´��+〈G,+〉�"�"w,§
f0´E�"�"éuE¥�?¿��f : G → G§½Âf− : G → G§é?¿

�x ∈ G§f−(x) = −f(x)"´�f−´f�K�"nþ¤ã��§〈E,+〉´�
�+"

éu?¿�f, g ∈ E§±9x ∈ G§½Â(f • g)(x) = f(g(x))"w,§

f • g´Gþ�N�"dufÚgÑ´Gþ�gÓ�N�§¤±k

(f • g)(x+ y) = f(g(x+ y)) = f(g(x) + g(y))

= f(g(x)) + f(g(y)) = (f • g)(x) + (f • g)(y).

��§f • g�±\{$�§Ïdf • g´Gþ�gÓ�N�§=f • g ∈ E"N
��EÜ$�÷v(ÜÆ"-f1 : G→ G§é?¿�x ∈ G§f1(x) = x"w

,§f1´E�¦{ü �"nþ��§〈E, •〉´¹N�+"
é?¿�f, g, h ∈ EÚx ∈ G§k

(f • (g + h))(x) = f((g + h)(x)) = f(g(x) + h(x))

= f(g(x)) + f(h(x)) = (f • g + f • h)(x).
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((g + h) • f)(x) = (g + h)(f(x)) = g(f(x) + h(f(x))

= (g • f + h • f)(x),

=f • (g + h) = f • g + f • h§(g + h) • f = g • f + h • f§•é+÷v�!m©�

Æ"Ïd§〈E,+, •〉´�§¿�´����"y."

~ 7.4. 3Zn = {[0], [1], · · · , [n− 1]}þ½Â

[i] + [j] = [i+ j],

[i] • [j] = [i • j].

´yXd½Â�Ó{a\{Ú¦{��L��À�Ã'§=�[i1] =

[i2]§[j1] = [j2]§K[i1 + j1] = [i2 + j2]§[i1 • j1] = [i2 • j2]"w,§〈Zn,+〉´
��+§Ù¥[0]�"�§[−i]´[i]�K�¶〈Zn, •〉´¹N�+§Ù¥[1]�¦

{ü �"d	§• é+ ÷v�!m©�Æ"5¿�Zn¥�•÷v��Æ§Ï

d§〈Zn,+, •〉´�§�´���§�¡��nÓ{a�"

l��½Â�§〈R,+〉´��+§÷v�!m��Æ"Ïd§

x+ a = a⇒ x = 0,

a+ x = 0⇒ x = −a,

a+ b = a+ c⇒ b = c.

é��ü�$�+Ú•§k±e(Ø"

½n 7.1. 3�〈R,+, •〉¥§0Ú1©O´"�Ú¦{ü �"éuR¥

�?¿��aÚb§k

(1) a • 0 = 0 • a = 0¶

(2) a • (−b) = (−a) • b = −(a • b)§AO/§(−1) • a = −a¶

(3) (−a) • (−b) = a • b§AO/§(−1) • (−1) = 1"

yyy²²²µ(1) a • 0 = a • (0 + 0) = a • 0 + a • 0§d��Æ��a • 0 = 0"Ó

n�y§0 • a = 0"
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(2) a • (−b) + a • b = a • ((−b) + b) = a • 0 = 0§Ïda • (−b) = −(a • b)"

Ón�y§(−a) • b = −(a • b)"AO/§�b = 1§=�(−1) • a = −a"
(3) (−a) • (−b) = −(a • (−b)) = −(−(a • b)) = a • b"AO/§�a = b§

=k(−1) • (−1) = 1"y."

3�〈R,+, •〉¥§XJ"�0R�u¦{ü �1R§=0R = 1R§?�r ∈
R§

r = r • 1R = r • 0R = 0R,

=R = {0R}"

½Â 7.2. 3�〈R,+, •〉¥§XJ|R| = 1§KR = {0R}§¡T��²²²���
���"XJ|R| > 1§@o7k0R 6= 1R§¡ù�������²²²������"

~ 7.5. �〈R,+, •〉¥¤k�_�'u•�¤+"

yyy²²²µµµ -H = {r|r ∈ R,∃r′ ∈ R, r • r′ = r′ • r = 1R}"?�r1, r2 ∈ H§
�3r′1, r

′
2 ∈ R§¦�r1 • r′1 = r′1 • r1 = 1R§r2 • r′2 = r′2 • r2 = 1R"d

u(r1 • r2) • (r′2 • r
′
1) = (r′2 • r

′
1) • (r1 • r2) = 1R§Ïd§r′2 • r

′
1 ∈ R´r1 • r2�

¦{_�§�r1 • r2 ∈ H§=Hé•$�´µ4�"Ï�〈R, •〉´¹N�+§
H ⊆ R§w,§•$�3H¥�÷v(ÜÆ"Ï�1R�¦{_�Ò´g�§

=1′R = 1R§¤±1R ∈ H"?�r ∈ H§r´r′�¦{_�§�r′ ∈ H"nþ
¤ã§〈H, •〉´+"y."

7.2 ������ÚÚÚ���

�!0�üaAÏ��))))��Ú�"k*	e¡�ü�~f"

~ 7.6. 3�ê�〈Z,+, •〉¥§0´"�"é?Ûm,n ∈ Z§XJm • n =

0§K7km = 0½n = 0"�é{`§XJm 6= 0§m • n = 0§K7

kn = 0"ù�5�#N·�3�Òü>���"��"ù´Ï�X

Ja • b = a • c�a 6= 0§@oa • (b− c) = 0"ddíÑb− c = 0§=b = c"

~ 7.7. 3�4Ó{a�¥§[0]´"�" [2] 6= [0]§�´[2] • [2] = [0]§

l[2] • [1] = [2] • [3] íØÑ[1] = [3]"
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½Â 7.3. 3�〈R,+, •〉¥§éu�"��a ∈ R§XJ�3���"�
�b ∈ R§¦�a • b = 0§K¡a����"""ÏÏÏfff"XJ�3���"��c ∈ R§
¦�c •a = 0§K¡a�mmm"""ÏÏÏfff"eaQ´�"Ïfq´m"Ïf§K¡a�

"""ÏÏÏfff"

½n 7.2. �〈R,+, •〉¥vk�"Ïf��=��¥�¦{k�!m�
�Æ"

yyy²²²µµµ XJ�〈R,+, •〉¥vk�"Ïf§éuR¥��"��a§X
Ja • b = a • c§=a • (b− c) = 0§��b− c = 0§=b = c§����Æ¤á"

bX�〈R,+, •〉¥�3m"Ïfb ∈ R�b 6= 0§@o7,�3�"�

�c¦�c • b = 0"Kc´R��"Ïf§��R¥Ã�"Ïfgñ"�é{

`§3�R¥Ã�"Ïf§@o��½vkm"Ïf"^�þ¡�Ó��{

Ón�ym��Æ¤á"

��§�R¥�¦{�3�!m��Æ"?��R¥��"��a§X

Ja • b = 0§dua • b = 0 = a • 0§�â���Æ��b = 0§¤±aØ´�"

Ïf"da �?¿5��§�R¥vk�"Ïf"y."

½Â 7.4. �²����〈R,+, •〉¥§XJvk"Ïf§K¡�����
���"

w,3��¥§éu?¿��a, b ∈ R§ea • b = 0§K7ka = 0½b =

0"d½n7.2�§��¥k�!m��Æ"

½n 7.3. 3��¥§z��"��'u\{$���({¡\�)½ö

´Ã��§½ö´�ê"

yyy²²²µµµ ��〈R,+, •〉¦{ü �1R�\�kü«�¹"

(1) 1R�\�´Ã��"b�R�,��"��a�\��m§=ma =

0R"

ma = a+ a+ · · ·+ a︸ ︷︷ ︸
m

= (1R + 1R + · · ·+ 1R︸ ︷︷ ︸
m

) • a = 0R.

Ï�a 6= 0R§¤±m1R = 1R + 1R + · · ·+ 1R︸ ︷︷ ︸
m

= 0R§ù�1R�\�´Ã�

�gñ§�R¥¤k�"���\�Ñ´Ã��"
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(2) 1R�\�´k�êk"b�kØ´�ê§�k = mn§=(mn)1R =

0R"

(mn)1R = 1R + 1R + · · ·+ 1R︸ ︷︷ ︸
mn

= (1R + 1R + · · ·+ 1R︸ ︷︷ ︸
m

) + (1R + 1R + · · ·+ 1R︸ ︷︷ ︸
m

) + · · · (1R + 1R + · · ·+ 1R︸ ︷︷ ︸
m

)

︸ ︷︷ ︸
n

= (m1R) + (m1R) + · · ·+ (m1R)︸ ︷︷ ︸
n

= (1R + 1R · · ·+ 1R︸ ︷︷ ︸
n

) • (m1R) = (n1R) • (m1R),

�R ´��§Ïdkm1R = 0R½ön1R = 0R"ù�1R�\��k = mng

ñ§Ïd1R�\�7��ê"-1R�\���êp§?�R¥��"��a,

pa = a+ a+ · · ·+ a︸ ︷︷ ︸
p

= (1R + 1R + · · ·+ 1R︸ ︷︷ ︸
p

) • a = 0R • a = 0R.

Ïd��a�\�´p�Ïf§a 6= 0R§¤±a�\�Ø´1§�U´�êp"

y."

½Â 7.5. 3��¥§XJz��"���\���êp§K¡T��

�AAA����p"XJz��"���\�´Ã��§K¡T���A��0"

3A��p���¥§

(a+ b)p = ap + C1
pa

p−1b+ · · ·+ Cp−1p abp−1 + bp,

dup|Cip§1 ≤ i ≤ p− 1§¤±(a+ b)p = ap + bb"

½Â 7.6. 3�²����R¥§XJz��"��aÑ�3¦{_

�a′ ∈ R§K¡�R����"=§�²����¥§XJ¤k�"��'u¦
{$��¤��+§KT�´�"

½n 7.4. �´��"
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yyy²²²µµµ 3�F¥§ea • b = 0F�a 6= 0F§@o�"��ak¦{_

�a′ ∈ F§

b = 1 • b = (a′ • a) • b = a′ • (a • b) = a′ • 0F = 0F .

=F¥vk"Ïf§¤±�F´��"y."

d½n7.4Ú½n7.3�§k���A���êp"

½n 7.5. k���´�"

yyy²²²µµµ �〈R,+, •〉´k���"-R = {r0, r1, · · · , rn}"Ø�b�r0 =

0R§r1 = 1R"?�ri ∈ R§1 ≤ i ≤ n§

riR = {ri • r0, ri • r1, · · · , ri • rn} ⊆ R.

du��¥k�!m��Æ§�k 6= l�§ri • rk 6= ri • rl§¤±|riR| = |R|§
lkriR = R"�3j¦�ri • rj = r1 = 1R§=rj´ri�¦{_�"ù`

²R¥¤k�"��Ñk¦{_�§¤±R´�"y."

~ 7.8. �p��ê§K〈Zp,+, •〉´�"

yyy²²²µµµ Zp = {[0], [1], · · · , [p − 1]}"´�§〈Zp,+, •〉´�²����§
[0]´"�§[1]´¦{ü �"XJ[a] 6= [0] �[a] • [b] = [0]§@o[a • b] = [0]§

=p|a • b"p - a§Ïdp|b§=[b] = [0]"ù`²〈Zp,+, •〉´k���§¤±
§´�"y."

~ 7.9. 〈{a+ b
√

2|a, b ∈ Q},+, •〉´�"

yyy²²²µµµ -Q(
√

2) = {a + b
√

2|a, b ∈ Q}"N´�y§〈Q(
√

2),+〉´�
�+§〈Q(

√
2), •〉 ´¹N�+"0´"�§−a − b

√
2´a + b

√
2�K�§1´

¦{ü �"¦{$�´����§¿�¦{é\{k�!m©�Æ"

�a + b
√

2 6= 0 �§ a
a2−2b2 −

b
a2−2b2

√
2 ∈ Q(

√
2)´a + b

√
2�¦{_�"

�〈Q(
√

2),+, •〉´�"y."
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7.3 fff���ÚÚÚ���ÓÓÓ���

½Â 7.7. 3�〈R,+, •〉¥§S´R���f8"XJ

(1) 〈S,+〉´〈R,+〉�f+¶

(2) Sé¦{$�•µ4¶

(3) �R�¦{ü �1R ∈ S"

K¡〈S,+, •〉´〈R,+, •〉�fff���"

w,Xd½Â�f�〈S,+, •〉��´�"

~ 7.10. 〈Z,+, •〉´〈Q,+, •〉�f�"

~ 7.11. 〈R,+, •〉´�§-

Z(R) = {x|x ∈ R,∀a ∈ R, a • x = x • a},

K〈Z(R),+, •〉´〈R,+, •〉�f�"

yyy²²²µµµ Z(R)´�R¥�¤k��������8Ü"w,§R�¦{

ü �1R ∈ Z(R)§¤±Z(R)´R���f8"?�x, y ∈ Z(R)§∀a ∈ R§

(x+ y) • a = x • a+ y • a = a • x+ a • y = a • (x+ y),

(−x) • a = −(x • a) = −(a • x) = a • (−x),

=x+ y,−x ∈ Z(R)§�〈Z(R),+〉´〈R,+〉�f+"

(x • y) • a = x • (y • a) = x • (a • y) = (x • a) • y

= (a • x) • y = a • (x • y),

=x • y ∈ Z(R)§Ïd§Z(R)é•´µ4�"

nþ¤ã§〈Z(R),+, •〉´〈R,+, •〉�f�"y."
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½Â 7.8. R1, R2´�§f´lR1�R2�N�§1R1Ú1R2©O´R1ÚR2�

¦{ü �"XJé?¿a, b ∈ R1§k

f(a+ b) = f(a) + f(b),

f(a • b) = f(a) • f(b),

f(1R1) = 1R2 ,

K¡f´lR1�R2����ÓÓÓ���NNN���"

XJf´÷�(ü�!V�)§K¡f�÷�Ó�N�(ü��Ó�N�§

�Ó�N�)"

~ 7.12. lRn�Ùg���5C��Né\{Ú¦{$��¤
�〈L(Rn,Rn),+, •〉"n�¢êÝ
�P�〈Mn(R),+, •〉"y²ùü��´
Ó��"

yyy²²²µµµ lRn�Ùg���5C�αéuRn��|Äx1,x2, · · · ,xnk

α


x1

x2

...

xn

 =


a11x1 + a12x2 + · · ·+ a1nxn

a21x1 + a22x2 + · · ·+ a2nxn

...

an1x1 + an2x2 + · · ·+ annxn

 .

½ÂN�f : L(Rn,Rn)→Mn(R)�

f(α) =


a11 a12 · · · a1n

a21 a22 · · · a2n
...

an1 an2 · · · ann

 .

3�5�ê¥®²ÆSLµ�½n��m��|Ä§z��5C�éA�

�n��
§¿��5C��ÚéAuÝ
�Ú§�5C��ÈéAuÝ


�¦È"¤±§éu?¿ü��5C�α, β ∈ L(Rn,Rn)§

f(α+ β) = f(α) + f(β),

f(α • β) = f(α) • f(β).
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eγ´ü �5C�§Kf(γ)´ü Ý
"

��§é?¿n�¢êÝ
Ñ�±½Â�A��5C�"ØÓ��

5C�éAØÓ�Ý
§¤±f´÷�Úü�§Ïdf´�Ó�N�"�

�〈L(Rn,Rn),+, •〉��〈Mn(R),+, •〉´Ó��"y."

~ 7.13. 〈Z24,+, •〉�〈Z4,+, •〉´ü��"-f : Z24 → Z4§f([x]24) =

[x]4"Äk�ÑN�f�½Â��L��À�Ã'"ù´Ï�e[x]24 = [y]24§

K24|(x− y)"4|24§�4|(x− y)§=[x]4 = [y]4"N´�y§

f([x]24 + [y]24) = f([x+ y]24) = [x+ y]4

= [x]4 + [y]4 = f([x]24) + f([y]24),

f([x]24 • [y]24) = f([x • y]24) = [x • y]4

= [x]4 • [y]4 = f([x]24) • f([y]24),

f([1]24) = [1]4.

¤±f´�Ó�N�"

�Ó�N��kaqu+Ó�N���
5�"

½n 7.6. �f´l�R1��R2�Ó�N�§0R1Ú0R2©O´�R1ÚR2�

"�"Kfk±e5�µ

(1) f(0R1) = 0R2¶

(2) f(−a) = −f(a)¶

(3) ea´R1��_�§Kf(a)´R2��_�¿�f(a′) = (f(a))′"

yyy²²²µµµ f´l�R1��R2�Ó�N�§@of�´l��+〈R1,+〉�
��+〈R2,+〉+Ó�N�§¤±(1)Ú(2)w,¤á"éu(3)§ea´R1 �

�_�§=�3a′ ∈ R1§¦�a • a′ = a′ • a = 1R1§@o

f(a) • f(a′) = f(a • a′) = f(1R1) = 1R2 ,

f(a′) • f(a) = f(a′ • a) = f(1R1) = 1R2 .

Ïd§f(a′)´f(a) ∈ R2�¦{_�§=f(a′) = (f(a))′"y."
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~ 7.14. 〈Z,+, •〉�〈Zn,+, •〉´�"-f : Z → Zn§f(m) = [m]"´

y§f´÷Ó�N�" 〈Z,+, •〉´��§�〈Zn,+, •〉Ø�½´��"¯¢þ§
�n´Üê�§〈Zn,+, •〉Ø´��"ù´Ï��n = k • l �§ [k] • [l] =

[0]�[k], [l] 6= [0]§�〈Zn,+, •〉 ¥k"Ïf§¤±Ø´��"

~ 7.15. 〈Z×Z,+, •〉�〈Z,+, •〉´�"-f : Z×Z→ Z§f((a, b)) = a"

´y§f ´÷Ó�N�"Z × Z¥��"��(2, 0)Ú(0, 1)´"Ïf§¤

±〈Z× Z,+, •〉Ø´��§�〈Z,+, •〉´��"

±þü�~f`²�Ó�N�¿Ø�±���Ü�ê(�"��Ó�

N�é��Ú�KØ,"

½n 7.7. f´l�R1��R2�Ó�N�§XJR1´��(�)§KR2�

´��(�)"

yyy²²²µµµ XJR1´��§K§´�²�����vk"Ïf"-f :

R1 → R2´�Ó�N�"Ï�R1´�²��§¤±0R1 6= 1R1§�0R2 =

f(0R1) 6= f(1R1) = 1R2§u´R2´�²��"

?�x2, y2 ∈ R2§7�3x1, y1 ∈ R1§¦f(x1) = x2§f(y1) = y2"

x2 • y2 = f(x1) • f(y1) = f(x1 • y1) = f(y1 • x1)

= f(y1) • f(x1) = y2 • x2.

¤±§R2´���"

XJx2, y2 ∈ R2�x2 • y2 = 0R2§du�3x1, y1 ∈ R1§¦f(x1) = x2§

f(y1) = y2§�k

0R2 = x2 • y2 = f(x1) • f(y1) = f(x1 • y1).

f´ü�§¤±x1 • y1 = 0R1"Ï�R1¥vk"Ïf§�kx1 = 0R1½y1 =

0R1§?�Ñx2 = f(x1) = 0R2½y2 = f(y1) = 0R2§=R2¥Ã"Ïf§

�R2´��"

�R1´�"?�R2��"��x2§Ï�f´÷�§¤±7�3x1 ∈
R1¦f(x1) = x2"fq´ü�§¤±x1´R1¥��"��§3R1¥k¦{_

�x′1"

f(x1) • f(x′1) = f(x1 • x
′
1) = f(1R1) = 1R2
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¤±f(x′1) ∈ R2´x2�¦{_�"dx2�?¿5�R2´�"y."

½n 7.8. �〈R,+, •〉´�"3��8ÜR1þ½Âü�$�+Ú•"XJ

�3÷�f : R→ R1§éu?¿a, b ∈ Rk

f(a+ b) = f(a) + f(b),

f(a • b) = f(a) • f(b),

K〈R1,+, •〉´�"

yyy²²²µµµ f : R → R1´÷�§¤±R1¥���Ñ�±L«¤f(a)/ª§

a ∈ R"du〈R,+〉´��+§´y§R1¥+$�´µ4��÷v��ÆÚ

(ÜÆ§f(0R) ∈ R1´R1�"�§f(−a)´f(a)3R1¥�K�§�〈R1,+〉´
��+"du〈R, •〉´¹N�+§¤±§R1 ¥•$�´µ4��÷v(ÜÆ§

f(1R) ∈ R1´R1�¦{ü �§�〈R1, •〉´¹N�+"Ï�R¥•é+k�!

m©�Æ§¤±R1¥• é+�k�!m©�Æ"�〈R1,+, •〉´�"y."

7.4 nnn������ûûû���

�!ò^aqû+��{½Âû�§Ù¥��5f+éA�Vg´n

�"û�´Äué��n��¤k�8|¤�8Ü½Â�"

½Â 7.9. �I´�〈R,+, •〉���f8"XJ∀x, y ∈ I§r ∈ R§kx−
y ∈ I§x • r ∈ I ¿�r • x ∈ I§K¡I´�R ���nnn���"

�â½Â7.9§du∀x, y ∈ I§kx − y ∈ I§´�〈I,+〉´〈R,+〉�f
+"

z��RÑkü�n�µRÚ{0R}§¡ùü�n��²²²���nnn���"�²�
n�¡�ýýýnnn���"

�I1, I2´�R�n�§½Â

I1 • I2 = {
n∑
k=1

r1k • r2k|r1k ∈ I1, r2k ∈ I2, 1 ≤ k ≤ n, n = 1, 2, · · · },

I1 + I2 = {r1 + r2|r1 ∈ I1, r2 ∈ I2},

@oI1 • I2�I1 + I2Ñ´R�n�"y²3�SK"
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~ 7.16. 3�6Ó{a�〈Z6,+, •〉¥§I1 = {[0], [3]}´n�"3�〈Z×
Z,+, •〉¥§I2 = {(0, n)|n ∈ Z} ´n�"

3�R¥§|^R�n�Iïá
��'Xµé�R¥?¿ü���x�y§

x�y�IÓ{ ��=�x− y ∈ I.

ØJy²�R¥��IÓ{'X´�d'X"��x¤3��da

[x] = {y|y ∈ R, x− y ∈ I} = {x+ i|i ∈ I} = x+ I.

3û8R/I¥½Â

[x] + [y] = [x+ y],

[x] • [y] = [x • y].

Äk�Ñ§Xd½Â��da\{Ú¦{´��L�À�Ã'�"ù´Ï

�§XJ[x1] = [x2]§[y1] = [y2]§@odx1 − x2 ∈ I§y1 − y2 ∈ I�

(x1 + y1)− (x2 + y2) = (x1 − x2) + (y1 − y2) ∈ I,

(x1 • y1)− (x2 • y2) = x1 • (y1 − y2) + (x1 − x2) • y2 ∈ I.

�(x1+y1)+I = (x2+y2)+I§(x1•y1)+I = (x2•y2)+I§=[x1+y1] = [x2+y2]§

[x1 • y1] = [x2 • y2]"

½n 7.9. �I´�R�n�"R/I = {x + I|x ∈ R}¥�\{+Ú¦

{•Xþ½Â"K〈R/I,+, •〉´�§�¡�R�I�ûûû���"

yyy²²²µµµ R/I¥�+Ú•$�´d�da�L��+�•$�¢y�§Ïd§

R/I�+$�÷v(ÜÆÚ��Æ§0R + I´R/I�"�§(−x) + I ´x+ I

�K�§�〈R/I,+〉´��+"R/I�•$�÷v(ÜÆ§1R + I´R/I�¦

{ü �§�〈R/I, •〉´¹N�+"• é+ w,k�!m©�Æ"nþ¤ã§

〈R/I,+, •〉´�"y."

~ 7.17. 3~7.16¥§

Z6/I1 = {[0] + I1, [1] + I1, [2] + I1},

Z× Z/I2 = {(m, 0) + I2|m ∈ Z}.
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½n 7.10. XJ�R�n�I¥k�_�§KI = R"

yyy²²²µµµ ��R�n�I¥kR��_�r§=Ù¦{_�r′ ∈ R"dn�
�½Â�1R = r • r′ ∈ I"?�r̃ ∈ R§r̃ = r̃ • 1R ∈ I§u´R ⊆ I"q�n

�I´R���f8§=I ⊆ R§ÏdI = R§=Tn�´²�n�"y."

3�F¥§eI´F�n��I 6= {0F }§K7�3���"��a ∈
I"��¤k�"��Ñk¦{_�§d½n7.10�§I = F"�Ò´

`§�F�kü�²�n�{0F } ÚF§vkýn�"Ïd§�F�û�½
´F/{0F } = {r+ {0F }|r ∈ F} ∼= F§½´F/F = {F} ∼= {0F }"§��(�
é{ü§Ø7�\?Ø"

�!��?Ø�«AÏ�n�"

½n 7.11. �R´���"∀a ∈ R§(a) = {a • r|r ∈ R}´R�n�§
¡��da)¤�n�"ùaAÏ�n���ÌÌÌnnn���"

yyy²²²µµµ éua ∈ R, a = a •1R ∈ (a)"¤±(a)´R���f8"∀a1, a2 ∈
(a)§�3r1, r2 ∈ R¦�a1 = a • r1§a2 = a • r2"a1−a2 = a • (r1− r2) ∈ (a)"

é?¿r ∈ RÚa1 ∈ (a)§r • a1 = r • (a • r1) = a • (r • r1) ∈ (a)§a1 • r =

a • (r1 • r) ∈ (a)"¤±(a)´R�n�"y."

ù�Vg�±í2����R�f8þ"-S = {a1, a2, · · · , ak} ⊆ R§

(a1, a2, · · · , ak) = {a1 • r1 + a2 • r2 + · · ·+ ak • rk|r1, r2, · · · rk ∈ R},

´R�n�§�¡�S)¤�n�§�´Ìn�"

½Â 7.10. XJ�R�¤kn�Ñ´Ìn�§K¡R´ÌÌÌnnn������"

~ 7.18. �ê�〈Z,+, •〉´Ìn��"

yyy²²²µµµ �I´�ê�〈Z,+, •〉�n�"XJI¥vk�"��§=I =

{0}§KI´d0)¤�n�"

XJI¥k�"��§@o7k��êa ∈ I (XJb < 0�b ∈ I§d

uI´n�§−1 ∈ Z§−b = (−1) • b ∈ I§¿�−b > 0)"ù�Ò�±3I ¥

é������êk"éuI¥?¿��n§n = m • k + q§0 ≤ q ≤ k − 1"

duI´n�§¤±q = n−m • k ∈ I"k´I¥�����ê§7kq = 0§

=n = m • k ∈ (k)"ÏdI ⊆ (k)"qduk ∈ I§w,m • k ∈ I§�(k) ⊆ I"

Ïd§I = (k)"=�ê�´Ìn��"y."
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7.5 õõõ���ªªª���

7.5.1 ���þþþ���õõõ���ªªª

�〈R,+, •〉þ�õ�ª½Â�

p(x) = a0 + a1x+ · · ·+ anx
n, an 6= 0R, n ≥ 0,

Ù¥a0, a1, · · · , an ∈ R¡�Xê§x��½�§n�p(x)�gê§=deg(p(x)) =

n"�Rþ��"��¡�"gõ�ª(½~êõ�ª)§"��0R¡�"õ

�ª"

�Rþ��Nõ�ª|¤�8ÜP�R[x]§3Ùþ½Â$�+Ú•"é?

¿�f(x), g(x) ∈ R[x]§Ù¥f(x) =
∑n

i=0 aix
i§g(x) =

∑m
j=0 bjx

j§

f(x) + g(x) =

max{m,n}∑
k=0

(ak + bk)x
k,

f(x) • g(x) =

m+n∑
k=0

ckx
k, ck =

∑
i+j=k

ai • bj , 0 ≤ k ≤ m+ n,

Ù¥m < n�ak = 0§n < k ≤ m¶m < n�bk = 0§m < k ≤ n"ØJ

�y〈R[x],+, •〉´�""õ�ª´"�§−f(x) ´f(x) �K�§~êõ�

ª1R´¦{ü �"

�R´��§=R´�²����¿�vk"Ïf"�f(x)�g(x)´R[x]¥

��"õ�ª§§��gê©O´n,m(≥ 0)§=f(x) = anx
n + · · ·§

g(x) = bmx
m + · · ·§an, bm 6= 0R"duR´��§¤±an • bm 6= 0R"�

f(x) • g(x) = anbmx
n+m + · · ·

´�"õ�ª§ÏdR[x]¥vk"Ïf"qR[x]´�²����§�R[x]´

��"

7.5.2 ���þþþ���õõõ���ªªª

½n 7.12. �F´�§f(x), g(x)´õ�ª�F [x]���"XJg(x)Ø

´"õ�ª§K�3���q(x), r(x) ∈ F [x]§¦�

f(x) = q(x) • g(x) + r(x),
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Ù¥r(x)½´"õ�ª§½´gê�udeg(g(x))�õ�ª"

yyy²²²µµµ -g(x) = b0 + b1x+ · · ·+ bmx
m§bm 6= 0F§m ≥ 0"�Ä8Ü

S′ = {f(x)− s(x) • g(x)|s(x) ∈ F [x]}.

kü«�U��¹µ

(1) "õ�ª0F ∈ S′"d��3q(x) ∈ F [x]§¦�f(x) = q(x) • g(x)"

(2) "õ�ª0F /∈ S′"PS′¥gê���õ�ª�r(x)§K�3q(x) ∈
F [x]§¦�r(x) = f(x)− q(x) • g(x)§=f(x) = q(x) • g(x) + r(x)"�r(x) =

ctx
t + · · ·+ c0§ct 6= 0F"b�deg(r(x)) = t ≥ deg(g(x)) = m"y�E��

#�õ�ª§

r1(x) = f(x)− q(x) • g(x)− ct • b′mxt−m • g(x) = r(x)− ctxt + · · · ,

u´deg(r1(x)) < deg(r(x))§

r1(x) = f(x)− [q(x) + ct • b
′
mx

t−m] • g(x)] ∈ S′.

ù�r(x)´S′¥gê�$�õ�ªgñ§¤±7kdeg(r(x)) < deg(g(x))"

e¡y²q(x)Úr(x)´���"b�q1(x), r1(x)9q2(x), r2(x)þ÷vµ

f(x) = q1(x) • g(x) + r1(x),

f(x) = q2(x) • g(x) + r2(x),

¿�r1(x)§r2(x)�gêþ�ug(x)�gê(=m)"òþ¡üª�~§��

(q1(x)− q2(x)) • g(x) = r2(x)− r1(x).

XJq1(x) − q2(x)Ø´"õ�ª§@oþª�>õ�ª�gê�u�um§

m>õ�ª�gê�um§gñ"�7kq1(x) = q2(x)§ddq��

Ñr1(x) = r2(x)"y."

½n7.12`²�þ�õ�ª�±�Ø{§ûÚ{ª´��(½�"X

Jf(x) = q(x) • g(x)§K¡g(x)´f(x)�Ïª"AO/§�g(x) = x − a§

f(x)Ø±x− a�{¼´�F���§=

f(x) = q(x) • (x− a) + r0, r0 ∈ F.
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-x = a§Kr0 = f(a)"dd��§3F [x]¥§õ�ªx− a´f(x)�Ïª�

�=�f(a) = 0F§ù�¡a´õ�ªf(x)��"

½n 7.13. �Fþ�õ�ª�F [x]´Ìn��"

yyy²²²µµµ �I´F [x]���n�"eI¥vk�"õ�ª§KI = {0F }§
§´d0F)¤�n�"eI¥k�"õ�ª§Ù¥gê�$��"õ�ªP

�g(x)"�âg(x)�gê�±©�ü«�¹µ

(1) deg(g(x)) = 0"=g(x) = a ∈ F�a 6= 0F"a3F¥k¦{_�a′§

a′ ∈ F [x]"a′ • a = 1F ∈ I§�½n7.10 �y²aq§��I = F [x]"I´

d1F)¤�n�"

(2) deg(g(x)) 6= 0"?�f(x) ∈ I§d½n7.12�§�3q(x), r(x) ∈
F [x]¦f(x) = q(x)•g(x)+r(x)"Ï�g(x) ∈ I�I´F [x]�n�§¤±r(x) =

f(x)−q(x) •g(x) ∈ I"dug(x)´I¥gê�$�õ�ª§�7kr(x) = 0F§

=f(x) = q(x) • g(x) ∈ (g(x))"df(x)�?¿5�I ⊆ (g(x))"��§g(x) ∈
I§é?Ûq(x) ∈ F [x]§q(x)•g(x) ∈ I§¤±(g(x)) ⊆ I"nþ§I = (g(x))"

¤±�Fþ�õ�ª�F [x]´Ìn��"y."

7.5.3 ���þþþ���õõõ���ªªªûûû���

�F�õ�ª�F [x]´Ìn��"F [x]�n�Ñ´P = (p(x))/ª§Ù

¥p(x) = a0 + a1x+ · · ·+ anx
n§an 6= 0F§K

F [x]/P = {f(x) + P |f(x) ∈ F [x]}.

f(x) = q(x) • p(x) + r(x)§f(x)− r(x) ∈ (p(x))§=f(x) + P = r(x) + P"

¤±

F [x]/P = {b0 + b1x+ · · ·+ bn−1x
n−1 + P |b0, b1, · · · , bn−1 ∈ F}.

~ 7.19. �ÑZ2[x]/(x2 + x+ 1)�\{LÚ¦{L"

)))µµµ Z2 = {[0], [1]}§{P�Z2 = {0, 1}"(x2 +x+ 1)´Z2[x]�Ìn�"

-P = (x2 + x+ 1)§Kk

Z2[x]/P = {(ax+ b) + P |a, b ∈ Z2}

= {P, 1 + P, x+ P, 1 + x+ P}.
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L 7.1: Z2[x]/(x2 + x+ 1)�\{LÚ¦{L

+ P 1 + P x+ P 1 + x+ P

P P 1 + P x+ P 1 + x+ P

1 + P 1 + P P 1 + x+ P x+ P

x+ P x+ P 1 + x+ P P 1 + P

1 + x+ P 1 + x+ P x+ P 1 + P P

• P 1 + P x+ P 1 + x+ P

P P P P P

1 + P P 1 + P x+ P 1 + x+ P

x+ P P x+ P 1 + x+ P 1 + P

1 + x+ P P 1 + x+ P 1 + P x+ P

§�\{LÚ¦{LXL7.1¤«"

7.6 ���ÓÓÓ���½½½nnn

½Â 7.11. �ϕ´l�R1��R2�Ó�N�"0R2´R2�"�"Kerϕ =

{r|r ∈ R1, ϕ(r) = 0R2}¡�ϕ�ÓÓÓ���ØØØ"

½n 7.14. �ϕ´l�R1��R2�Ó�N�§KKerϕ´R1�n�"

yyy²²²µµµ ϕ´lR1�R2��Ó�N�§¤±�´l��+〈R1,+〉�〈R2,+〉�
+Ó�N�"d½n6.6�§Kerϕ´〈R1,+〉��5f+"?�x1, x2 ∈ Kerϕ§

x1 − x2 ∈ Kerϕ"qex ∈ Kerϕ§r ∈ R1§

ϕ(x • r) = ϕ(x) • ϕ(r) = 0R2
• ϕ(r) = 0R2 ,

�x • r ∈ Kerϕ"Ón�yr • x ∈ Kerϕ"¤±§Kerϕ´R1�n�"y."
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½n 7.15. £�Ó�Ä�½n¤ �R1�?¿û�Ñ´�R1�Ó��"

eϕ´l�R1��R2�÷Ó�N�§K

R1/Kerϕ ∼= R2.

yyy²²²µµµ �I1´�R1�n�"-ϕ̃ : R1 → R1/I1§ϕ̃ = r + I1"w,§

ϕ̃´÷�"é?¿r1, r2 ∈ R1§

ϕ̃(r1 + r2) = (r1 + r2) + I = (r1 + I) + (r2 + I) = ϕ̃(r1) + ϕ̃(r2),

ϕ̃(r1 • r2) = (r1 • r2) + I = (r1 + I) • (r2 + I) = ϕ̃(r1) • ϕ̃(r2),

ϕ̃(1R1) = 1R1 + I,

Ïd§ϕ̃´÷Ó�N�§ϕ̃(R1) = R1/I1"Ïd§�R1�?¿û�Ñ´

�R1�Ó��"

eϕ´l�R1��R2�÷Ó�N�§@oϕ�´l〈R1,+〉�〈R2,+〉�
+Ó�N�"d+Ó�Ä�½n�ϕ̃ : R1/Kerϕ → R2§ϕ̃(r + Kerϕ) =

ϕ(r)´+Ó�N�",k

ϕ̃((r1 + Kerϕ) • (r2 + Kerϕ)) = ϕ̃(r1 • r2 + Kerϕ) = ϕ(r1 • r2)

= ϕ(r1) • ϕ(r2) = ϕ̃((r1 + Kerϕ)) • ϕ̃((r2 + Kerϕ)),

ϕ̃((1R1 + Kerϕ)) = ϕ(1R1) = 1R2 ,

�ϕ̃´�Ó�N�§lR1/Kerϕ ∼= R2"y."

~ 7.20. Q[x]´knê�Qþ�õ�ª8Ü"-Q(
√

2) = {a+b
√

2|a, b ∈
Q}"y²

Q[x]/(x2 − 2) ∼= Q(
√

2).

yyy²²²µµµ-ψ : Q[x]→ Q(
√

2)§ψ(f(x)) = f(
√

2)"´y§ψ´lQ[x]�Q(
√

2)�

�Ó�N�"?�a + b
√

2 ∈ Q(
√

2)§�3a + bx ∈ Q[x]§¦ψ(a + bx) =

a+ b
√

2§¤±ψ´÷Ó�N�"

e¡¦Kerψ"ep(x) ∈ Kerψ§=p(
√

2) = 0"�g(x) = x2 − 2§d½

n7.12�§

p(x) = q(x)(x2 − 2) + a0 + a1x, a0, a1 ∈ Q.
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dp(
√

2) = 0��a0 + a1
√

2 = 0§Ïda0 = a1 = 0"dd��p(−
√

2) =

a0 − a1
√

2 = 0"�§x2 − 2´p(x)�Ïª"u´§Kerψ = {p(x)|x2 −
2´p(x)�Ïª} = (x2 − 2)§´x2 − 2)¤�n�"�â�Ó�Ä�½n

�§Q[x]/(x2 − 2) ∼= Q(
√

2)"y."

~ 7.21. y²R[x]/(x2 + 1) ∼= C"

yyy²²²µµµ -ψ : R[x] → C§ψ(f(x)) = f(i)§Ù¥i =
√
−1"´y§ψ´

lR[x]�C ��Ó�N�"?�a+ bi ∈ C§�3a+ bx ∈ R[x]§¦�ψ(a+

bx) = a+ bi§¤±ψ´÷Ó�N�"

e¡¦Kerψ"?�p(x) ∈ Kerψ§=p(i) = 0"�g(x) = x2 + 1§d½

n7.12�§

p(x) = q(x)(x2 + 1) + a0 + a1x, a0, a1 ∈ R.

dp(i) = 0��a0 + a1i = 0§Ïda0 = a1 = 0"dd��p(−i) = a0 − a1i =

0"�§x2 + 1´p(x)�Ïª"u´§Kerψ = {p(x)|x2 + 1´p(x)�Ïª} =

(x2 +1)§´x2 +1)¤�n�"�â�Ó�Ä�½n�§R[x]/(x2 +1) ∼= C"
y."

½n 7.16. f´l�R1��R2�Ó�N�§K

(1) eS1´R1�f�§Kf(S1)´R2�f�"AO/§f(R1)´R2�f�"

(2) eS1´R1�n�§Kf(S1)´f(R1)�n�"

(3) eS2´f(R1)�f�§Kf−1(S2)´R1�f�"

(4) eS2´f(R1)�n�§Kf−1(S2)´R1�n�§�R1/f
−1(S2) ∼= f(R1)/S2"

yyy²²²µµµ ùp�y²(1)Ú(4)§(2)Ú(3)�y²�{aq§3�SK"

(1) f´lR1�R2��Ó�N�§@of´l〈R1,+〉�〈R2,+〉�+Ó�
N�"S1´R1�f�§�〈S1,+〉�〈R1,+〉�f+"d½n6.7�〈f(S1),+〉
´〈R2,+〉�f+"?�x2, y2 ∈ f(S1)§�3x1, y1 ∈ S1§¦�f(x1) = x2§

f(y1) = y2"Ï�x1 • y1 ∈ S1§¤±

x2 • y2 = f(x1) • f(y1) = f(x1 • y1) ∈ f(S1).
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f(S1)é¦{•´µ4�"1R1 ∈ S1§f(1R1) = 1R2§=1R2 ∈ f(S1)"dd�

�§〈f(S1),+, •〉´〈R2,+, •〉�f�"AO/§�S1 = R1§��f(R1)´R2�

f�"

(4)Ï�S2´f(R1)�n�§¤±f(R1)/S2´�"-ψ : f(R1)→ f(R1)/S2§

ψ(f(r1)) = f(r1) + S2"w,§ψ´÷�"qÏ�f´lR1 �f(R1)�÷�§

¤±ψ ◦ f´lR1�f(R1)/S2�÷�"éur1, r2 ∈ R1§

(ψ ◦ f)(r1 + r2) = ψ(f(r1 + r2)) = f(r1 + r2) + S2 = (f(r1) + f(r2)) + S2

= (f(r1) + S2) + (f(r2) + S2) = (ψ ◦ f)(r1) + (ψ ◦ f)(r2),

(ψ ◦ f)(r1 • r2) = ψ(f(r1 • r2)) = f(r1 • r2) + S2 = (f(r1) • f(r2)) + S2

= (f(r1) + S2) • (f(r2) + S2) = (ψ ◦ f)(r1) • (ψ ◦ f)(r2),

(ψ ◦ f)(1R1) = ψ(f(1R1)) = f(1R1) + S2 = 1R2 + S2,

Ïd§ψ ◦ f´l�R1��f(R1)/S2�÷Ó�N�"

Ker(ψ ◦ f) = {r|r ∈ R1, (ψ ◦ f)(r) = S2}

= {r|r ∈ R1, f(r) ∈ S2} = f−1(S2).

d�Ó�Ä�½n��§R1/f
−1(S2) ∼= f(R1)/S2"y."

½n 7.17. I1, I2´�R�ü�n�§I2 ⊆ I1§KI1/I2´R/I2�n�§

�
R/I2
I2/I1

∼= R/I1.

yyy²²²µµµ I1, I2´�R�n�§¤±R/I2ÚR/I1´ü�û�"Ï�I2 ⊆
I1 ⊆ R§û8I1/I2 = {i + I2|i ∈ I1} ⊆ R/I2"½Âf : R/I2 → R/I1§

f(r + I2) = r + I1"�r1 + I2 = r2 + I2�§r1 − r2 ∈ I2§I2 ⊆ I1§¤

±r1 − r2 ∈ I1§lr1 + I1 = r2 + I1"¤±N�f��L�À�Ã'"w

,§f´÷�"éur1, r2 ∈ R§

f((r1 + I2) + (r2 + I2)) = f((r1 + r2) + I2) = (r1 + r2) + I1

= (r1 + I1) + (r2 + I1) = f((r1 + I2)) + f((r2 + I2)),

f((r1 + I2) • (r2 + I2)) = f((r1 • r2) + I2) = (r1 • r2) + I1

= (r1 + I1) • (r2 + I1) = f((r1 + I2)) • f((r2 + I2)),

f(1R1 + I2) = 1R1 + I1,
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¤±§f´l�R/I2��R/I1�÷Ó�N�"

Kerf = {r + I2|r + I1 = I1} = {r + I2|r ∈ I1} = I1/I2.

d�Ó�Ä�½n�§R/I2
I1/I2

∼= R/I1"y."

7.7 ���nnn���ÚÚÚ444���nnn���

I´�R�n�§KR/I´�"@o�o��n�U¦R/I���½ö�

�Qº±�ê�〈Z,+, •〉�~"�ê�Z�¤kn�Ñ´Ìn�"�p��ê§
(p) = {k • p|k ∈ Z}´Z�n�"

Z/(p) = {(p), 1 + (p), · · · , p− 1 + (p)} ∼= Zp.

XJ(i+(p)) • (j+(p)) = (p)§=i • j ∈ (p)§p|i • j§d�ê�5��p|i½p|j"
Ïd§i+ (p) = (p)½j + (p) = (p)"¤±§Z/(p) ´��"ddÚÑ�n�
�Vg"

½Â 7.12. I´�²����R�n�§I 6= R"éuR�?¿��a, b§

XJa • b ∈ I§7ka ∈ I ½b ∈ I§@o¡I��R����nnn���"

½n 7.18. I´�²����R�n�"R/I´����=�I´�n

�"

yyy²²²µµµ b�R/I´��"éR¥�?¿��a, b§XJa • b ∈ I§K(a+

I) • (b + I) = a • b + I = I"duR/I¥vk"Ïf§¤±7ka + I = I½

öb+ I = I (I´R/I�"�)"u´§a ∈ I ½öb ∈ I"¤±I´�n�"
��§XJI´�R��n�"3�R/I¥§e(a+I) •(b+I) = a •b+I =

I§K7ka • b ∈ I"Ï�I´�n�§¤±a ∈ I½öb ∈ I§=a + I = I ½

öb+ I = I"ù`²R/I¥vk"Ïf"¤±R/I´��"y."

~ 7.22. y²Ìn��F [x]�?¿n�(x)Ñ´�n�§Ù¥F´�"

yyy²²²µµµ �(x)´F [x]���n�§û�

F [x]/(x) = {f(x) + (x)|f(x) ∈ F [x]} = {a+ (x)|a ∈ F [x]}.
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½Âϕ : F [x]/(x) → F§ϕ(a + (x)) = a§´yϕ´�Ó�N�"Ïd§

F [x]/(x) ∼= F§F [x]/(x)´��§d½n7.18�§(x)´�n�"y."

½Â 7.13. I´�R�n�§I 6= R"eI ⊂ M§M´R�n�§K7

kM = R"¡ù��n�I´R�444���nnn���"

~ 7.23. �ê�Z¥§p´�ê§(p)´Z��n�§�´Z�4�n
�"ù´Ï�§eM´Z�n�¿�(p) ⊂ M§KM¥7k��m /∈ (p)§

=m = kp+ l§0 < l < p"Ï�m, p ∈ M§¤±l = m− kp ∈ M"el 6= p§

Kl�pp�§�3a, b ∈ Z¦la+ pb = 1§Ïd1 ∈ M§�½n7.10�y²a

q§��M = Z"

~ 7.24. �Fþ�õ�ª�F [x]¥§(x)´F [x]��n�§�´F [x]�

4�n�"ù´Ï�XJM´F [x]�n��(x) ⊂ M§KM¥�3f(x) /∈
(x)§=f(x) = anx

n + · · · + a1x + a0 ∈ M§a0 6= 0 (Ï�f(x) /∈ (x))"

-f(x) = f1(x) + a0§f1(x) ∈ (x) ⊂ M§dd��a0 ∈ M"a0´�F�
�"��§¤±´F��_�§�´F [x]��_�"�Ò´`§F [x]�n

�M�¹�_�a0§d½n7.10�§M = F [x]"

½n 7.19. I´�²����R�n�"R/I´���=�I´4�n

�"

yyy²²²µµµ ®�R/I´�§I 6= R"eI ⊂ M§M´R�n�§@o�

3a ∈M�a /∈ I"w,§a+ I´�R/I��"��§§�¦{_�´x+ I§

=(a + I) • (x + I) = 1R + I"Ï�a ∈ M§x ∈ R§M´R�n�§¤

±a • x ∈ M"qI ⊂ M§�1R + I = (a + I) • (x + I) = a • x + I ⊆ M§�

k1R ∈M§lM = R"=I´4�n�"

��§I´4�n�§?�a /∈ I§a + I´R/I��"��"XJx +

I´a+ I�¦{_�§@oxAT÷v

(a+ I) • (x+ I) = a • x+ I = 1R + I,

=a • x− 1R ∈ I"�Ä8Ü

A = {−i+ a • x|i ∈ I, x ∈ R}.
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w,§I ⊂ A§A´R���f8"?�−i1+a •x1,−i2+a •x2 ∈ A§y ∈ R§

(−i1 + a • x1)− (−i2 + a • x2) = −(i1 − i2) + a(x1 − x2) ∈ A,

(−i1 + a • x1) • y = −i1 • y + a • (x1 • y) ∈ A,

Ïd§A´R�n�§�I ⊂ A"duI´4�n�§¤±A = R§u´R�

¦{ü �1R ∈ A"Ïd�3i0 ∈ I, x0 ∈ R¦�1R = −i0 + a • x0§=a •

x0 − 1R = i0 ∈ I"Ïd§x0 + I´a+ I�¦{_�"ka+ I�?¿5��§

R/I´�"y."

XJI´�²����R�4�n�§@oR/I´�¶�q´��§

¤±R/I´��§?�ÑI´R��n�"�ke¡�íØµ

íØ 7.1. �²�����4�n��½´�n�"

díØ�_·KØ�½¤á"~X�ê�Zþ�õ�ª�Z[x]§(x)´Z[x]�

�n�"Z[x]/(x) ∼= Z§ZØ´�§�(x)Ø´Z[x]�4�n�"

SSSKKK

1. e��êXÚ=
´�º

(1) 〈Z× Z,+, •〉§Ù¥+�•þ´é©þ�$�¶

(2) 〈2Z× Z,+, •〉§Ù¥+�•Óþ¶

(3) 〈R,+, ∗〉§Ù¥+´¢ê\{§a ∗ b = |a| • b"
2. �Ñe�����Ü�_�"

(1) 〈Z,+, •〉¶ (2) 〈Z,+, •〉¶
(3) 〈Z4,+, •〉¶ (4) 〈Z6,+, •〉"
3. 3�〈R,+, •〉¥§XJ〈R,+〉´Ì�+§K〈R,+, •〉´���"
4. 3�R¥§XJéu?¿a ∈ Rþka2 = a§K¡T�´Ù��"y

²µ

(1) ∀a ∈ R§2a = 0R¶

(2) R´���"

5. e��¥=
´��§=
´�º`²nd"
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(1) 〈Z× Z,+, •〉¶
(2) 〈{a+ b

√
2|a, b ∈ Z},+, •〉¶

(3) 〈{a+ b
√

3|a, b ∈ Q},+, •〉"
6. ea´�R��_�§K

(1) −a�´�_�¶
(2) aØ´"Ïf"

7. 3���¥§ea • b´"Ïf§Ka´"Ïf½b´"Ïf"

8. E\+〈G,+〉�gÓ��§XJH´G�f+§@o

EH = {f |f ∈ E, f(H) ⊆ H}

´E�f�"

9. ����?¿ü�f���E´f�"

10. -f : Z × Z → Z§f(a, b) = a"y²f´l�〈Z × Z,+, •〉�
�〈Z,+, •〉�Ó�N�§¿¦Kerf"

11. ¦Ñ�Z6�¤kn�"

12. eI1ÚI2´�R�n�§KI1 ∩ I2§I1 • I2§I1 + I2Ñ´R�n�§¿

�I1 • I2 ⊆ I1 ∩ I2"

13. y²I =

{(
0 2x

0 0

)∣∣∣∣∣x ∈ Z

}
´R =

{(
a b

0 c

)∣∣∣∣∣a, b, c ∈ Z

}
�n

�"û�R/I´d=
���¤�º

14. 3pd�ê�Z[i] = {a+ bi|a, b ∈ Z}¥§I = (2 + i)¹k=
��º

Z[i]/(2 + i)¹k=
��º

15. -R =

{(
a b

c d

)∣∣∣∣∣a, b, c, d ∈ Z

}
§I =

{(
2m 2n

2k 2l

)∣∣∣∣∣m,n, k, l ∈ Z

}
"

(1) y²I´R�n�¶

(2) R/I´d=
��|¤�º

16. Q[x]´knê�Qþ�õ�ª�§y²(2, x)´Q[x]�Ìn�"

17. F [x]´ê�Fþ�õ�ª�"3F [x]þ½Â$�f(x) • g(x) =

f(g(x))"K〈F [x],+, •〉´Ä´�º��oº
18. 〈Z7,+, •〉þ�õ�ªf(x) = −4 + 5x+ 3x3§g(x) = 3− x+ 4x3§Á

O�f(x) + g(x)§f(x) • g(x)"
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19. �〈Z2,+, •〉þ�õ�ª1 +x+x2 + · · ·+xnkÏª1 +x��=�n�

Ûê"

20. éÑlZ�Z�¤kÓ�N�§¿�ÑÙÓ�Ø"
21. éÑlZ�Z2�¤kÓ�N�"

22. y²µ(3)/(6)´Z/(6)�n�§¿�

Z/(6)

(3)/(6)
∼= Z/(3).

23. �½��êmÚr§�r|m"^aL«Zm¥a¤3�Ó{a§[a]L

«Zr¥a¤3�Ó{a"-f : Zm → Zr§f(a) = [a]"

(1) y²f´�Ó�N�¶

(2) ¦Kerf§¿éÑ�Zm/KerfÓ���"

24. -ϕ : R[x]→ R§ϕ(f(x)) = ϕ(a0 + a1x+ · · ·+ anx
n) = a0"

(1) y²ϕ´l�R[x]��R�÷Ó�N�¶
(2) ¦Kerϕ§¿éÑ�R[x]/KerϕÓ���"

25. eϕ´l�R1��R2�÷Ó�N�§I1´R1�n�"y²µ

(1) ϕ−1(ϕ(I)) = I + Kerϕ¶

(2) ϕ(I) = R2 ��=�I + Kerϕ = R1"

26. �ê�Z¥§(n)´Z��n���=�|n| = 0½p§Ù¥p´�ê"

27. y²µ3�Z[x]¥§(x, n)´4�n���=�n��ê"
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8.1 ������½½½ÂÂÂ���555���

½Â 8.1. 3Ü©S8〈A,�〉¥§XJé?¿a, b ∈ A§{a, b}Ñk��
��e.Ú��þ.§K¡〈A,�〉´���"

Ï~{a, b}���e.¡�a�b�È§P�a ∗ b¶{a, b}���þ.¡
�a�b�Ú§P�a⊕ b"

A�?¿f8§XJk��e.Ú��þ.§K§�´���"3½

Â8.1¥�±wÑ∗�⊕´Aþ���$�"�〈A,�〉k��L«�〈A, ∗,⊕〉"
Ø´¤k� S8Ñ´�"~X§ã8.1¥�z� S8Ñ´�"

(5) (6) (7)

(1) (2) (3) (4)

ã 8.1: ��«~

ã8.2�Ñ
Ê� S8§Ù¥(1)¥{x, y}vkþ.Úe."(2)¥{x, y}k
��þ.§Ãe."(3)¥{x, y}Ãþ.§k��e."(4)¥{x, y}Ãþ.§
ke.�Ã��e."(5)¥{x, y}k��þ.§ke.�Ã��e."¤±
l(1)�(5)ÑØ´�"

161
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x

y

(4)

x y

(5)

x y

(1)

x

y

(2)

x y

(3)

ã 8.2: Ø´�� S8«~

~ 8.1. �A´8Ü" 〈P(A),⊆〉´�"�¥�$�∗Ú⊕©O´∩Ú∪§
�ÏXe"?�A1, A2 ∈ P(A)"Ï�A1 ∩ A2 ⊆ A1§A1 ∩ A2 ⊆ A2§

�A1 ∩A2´{A1, A2}�e."�C´{A1, A2} �?¿��e.§=C ⊆ A1§

C ⊆ A2§�C ⊆ A1∩A2"¤±A1∩A2´{A1, A2}���e.§=A1 ∗A2 =

A1 ∩A2"

Ï�A1 ⊆ A1 ∪ A2§A2 ⊆ A1 ∪ A2§�A1 ∪ A2´{A1, A2}�þ."b
�B´{A1, A2}�?¿��þ.§=A1 ⊆ B§A2 ⊆ B§�A1 ∪A2 ⊆ B"¤
±A1 ∪A2´{A1, A2}���þ.§=A1 ⊕A2 = A1 ∪A2"

AO/§�|A| = 2�§〈P(A),⊆〉�Hasseã´ã8.1(2)¶�|A| = 3�§

〈P(A),⊆〉�Hasseã´ã8.1(6)"

~ 8.2. Z´�ê8Ü"〈Z, |〉´�"�¥�$�∗Ú⊕©O´¦ü��ê
���ú�êÚ��ú�ê$�§�ÏXe"?�a, b ∈ Z§a�b ���ú
�ê(a, b)÷v(a, b)|a, (a, b)|b§�(a, b)´{a, b}�e."ec´{a, b}���e
.§=c|a§c|b§�c|(a, b)"¤±(a, b)´{a, b}���e.§=a∗ b = (a, b)"

a�b���ú�ê[a, b]÷va|[a, b], b|[a, b]§�[a, b]´{a, b}�þ."ec
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´{a, b}���þ.§=a|c§b|c§�[a, b]|c"¤±[a, b] ´{a, b}���þ.§
=a⊕ b = [a, b]"

AO/§ã8.1(2)´�〈{1, 2, 3, 6}, |〉�Hasseã¶ã8.1(6)´�〈{1, 2, 3, 5, 6,
10, 15, 30}, |〉�Hasse ã¶ã8.1(7)´�〈{1, 2, 3, 4, 6, 8, 12, 24}, |〉�Hasseã"

~ 8.3. �G´+§L(G) = {H|H´G�f+}§´�〈L(G),⊆〉´ S
8"?�A,B ∈ L(G)§A�Bþ´G�f+§�A ∩ B �´G�f+"�
~8.1aq§A ∩B´{A,B}���e.§=A ∗B = A ∩B"
duA�BÑ´G�f+§w,A = 〈A〉 ⊆ 〈A ∪ B〉 = 〈A,B〉§B =

〈B〉 ⊆ 〈A ∪ B〉 = 〈A,B〉" 〈A,B〉´dA ∪ B)¤�+§〈A,B〉 ⊆ G§¤

±〈A,B〉´G�f+§=〈A,B〉 ∈ L(G)"l〈A,B〉´{A,B}�þ."b
�C´{A,B}�?�þ.§=C ´G�f+§�A ⊆ C§B ⊆ C§@o§

A ∪ B ⊆ C"〈A,B〉´�¹A ∪ B����+§Ïd〈A,B〉 ⊆ C"¤±§

〈A,B〉´{A,B}���þ.§=A⊕B = 〈A,B〉"
nþ��〈L(G),⊆〉´�§�¡�f+�"

~ 8.4. �G´+§N(G) = {H|H / G}§´�〈N(G),⊆〉´ S8"?
�A,B ∈ N(G)§A�Bþ´G��5f+§�A ∩B�´G ��5f+"�
~8.1aq§A ∩B´{A,B}���e.§=A ∗B = A ∩B"
duA�BÑ´G��5f+§ØJy²AB�´G��5f+§¿

�〈A,B〉 = AB"�~8.3aq§〈A,B〉´{A,B} ���þ.§=A ⊕ B =

AB"

nþ��〈N(G),⊆〉´�§�¡��5f+�"

e¡ïÄ��5�"

½n 8.1. �〈A,�〉´�§8ÜA¥�?¿��a, b, c÷vµ
(1) ��Æµa ∗ a = a§a⊕ a = a¶

(2) ��Æµa ∗ b = b ∗ a§a⊕ b = b⊕ a¶
(3) (ÜÆµa ∗ (b ∗ c) = (a ∗ b) ∗ c§a⊕ (b⊕ c) = (a⊕ b)⊕ c¶
(4) áÂÆµa ∗ (a⊕ b) = a§a⊕ (a ∗ b) = a"
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yyy²²²µµµ ùp�y²(1)Ú(3)§(2)Ú(4)�y²�{aq§3�SK"

(1) 〈A,�〉´�§�´Aþ� S'X"d��g�5�§é?¿a ∈ Aþ
ka � a§¤±a´{a, a}�e."�x´{a, a} �?�e.§=x � a§¤

±a´{a, a}���e.§¤±a ∗ a = a"Ón�ya⊕ a = a"

(3) -d = a ∗ (b ∗ c)§d′ = (a ∗ b) ∗ c"¤±d´{a, b ∗ c}���e
.§�d � a§d � b ∗ c"�ö`²d´{b, c}�e.§�d � b§d � c"

dd � aÚd � b �§d � a ∗ b"2dd � a ∗ bÚd � c�§d � (a ∗ b) ∗ c = d′"

Ón�yd′ � d"d S'X��é¡5��d = d′§=a∗(b∗c) = (a∗b)∗c"
Ón�ya⊕ (b⊕ c) = (a⊕ b)⊕ c"y."

½n 8.2. �〈A,�〉´�"éu8ÜA¥�?¿��a, b§±en�·K
´�d�µ

(1) a � b¶
(2) a ∗ b = a¶

(3) a⊕ b = b"

yyy²²²µµµ (1)⇒ (2) ®�a � b§qd��g�5�a � a§¤±a´{a, b}�
e."a ∗ b´{a, b}���e.§¤±a � a ∗ b",��¡§da ∗ b �½Â
�a ∗ b � a"d S'X���é¡5�a ∗ b = a"

(2)⇒ (3) ®�a ∗ b = a"d½n8.1�§b = b⊕ (b ∗ a) = b⊕ (a ∗ b) =

b⊕ a = a⊕ b§=a⊕ b = b"

(3)⇒ (1) ®�a⊕ b = b"da⊕ b�½Â�§b´{a, b}���þ.§¤
±a � b"
±þy²
n�·K��d5"y."

½n 8.3. �〈A,�〉´�"éu8ÜA¥�?¿��a, b, c§XJb � c§

Ka ∗ b � a ∗ c§a⊕ b � a⊕ c"ù�5�¡��S5"

yyy²²²µµµ d½n8.2�b � c�dub ∗ c = b",	§�¥∗$�÷v��
Æ!(ÜÆÚ��Æ§�k

(a ∗ b) ∗ (a ∗ c) = (a ∗ a) ∗ (b ∗ c) = a ∗ (b ∗ c) = a ∗ b.

d½n8.2�§a ∗ b � a ∗ c"
Ón�ya⊕ b � a⊕ c"y."
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½n 8.4. �〈A,�〉´�"8ÜA¥�?¿��a, b, c÷ve¡�©�Ø
�ªµ

a⊕ (b ∗ c) � (a⊕ b) ∗ (a⊕ c),

a ∗ (b⊕ c) � (a ∗ b)⊕ (a ∗ c).

yyy²²²µµµ d⊕�½Â�a � a ⊕ b§a � a ⊕ c"2d∗�½Â��a �
(a⊕ b) ∗ (a⊕ c)"qÏ�

b ∗ c � b � a⊕ b,

b ∗ c � c � a⊕ c,

Ú∗�½Â��§b∗ c � (a⊕ b)∗ (a⊕ c)"ù`²(a⊕ b)∗ (a⊕ c)´{a, b∗ c}�
þ.§a⊕ (b ∗ c)´{a, b ∗ c}���þ.§Ïd

a⊕ (b ∗ c) � (a⊕ b) ∗ (a⊕ c).

Ón�ya ∗ (b⊕ c) � (a ∗ b)⊕ (a ∗ c)"y."

½n 8.5. �〈A,�〉´�"éu8ÜA¥�?¿��a, b, c§

a � b⇔ a⊕ (b ∗ c) � b ∗ (a⊕ c).

yyy²²²µµµ ®�a � b"3½n8.4�1��©�Ø�ªa⊕ (b ∗ c) � (a⊕ b) ∗
(a⊕ c)¥�\�a � b�d�a⊕ b = b§��a⊕ (b ∗ c) � b ∗ (a⊕ c)"

��§®�a⊕ (b ∗ c) � b ∗ (a⊕ c)§d

a � a⊕ (b ∗ c),

b ∗ (a⊕ c) � b,

±9 S'X��D45�a � b"y."

½n 8.6. �〈A,�〉´�"8ÜA�?¿k�f8Sþk��e.Ú�
�þ."

yyy²²²µµµ éA�k�f8S¥����ê�8By²"

(1) �|S| = 2�§Ï�〈A,�〉´�§¤±?¿��f8{a, b}þk��e
.Ú��þ.§·K¤á"
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(2)b�|S| = n−1�·K¤á"�|S| = n�§Ø�b�S = {a1, a2, · · · ,
an−1, an}"-S′ = {a1, a2, · · · , an−1}§|S′| = n − 1"d8Bb�§S′ k

��þ.b′"Ï�〈A,�〉´�§{b′, an}k��þ.b§=b′ � b§an � b"

ai � b′§i = 1, 2, · · · , n − 1§¤±b ´S �þ."ec �´S�þ.§

ai � c§1 ≤ i ≤ n§¤±c�´S′�þ.¶b′´S′���þ.§�b′ � c"

qan � c§b´{b′, an}���þ.§�b � c§=b ´S���þ."

Ón�ySk��e."y."

½n8.6�y²¢Sþ�Ñ
�«¦8ÜA�k�f8��e.Ú��

þ.��{"ù«y²���E5y²"

�〈A,�〉´ S8"38ÜAþ½��#�'X�1§éua, b ∈ A§

a �1 b⇔ b � a.

w,§〈A,�1〉�´ S8"〈A,�1〉�HasseãTÐ´r〈A,�〉�Hasseãþ

e6�L5"A���f8{a, b}3〈A,�1〉¥���e.Ú��þ.©O
´§3〈A,�〉¥���þ.Ú��e."XJ〈A,�〉´�§@o〈A,�1〉 �
´�"cö���$�©OP�∗Ú⊕§�ö���$�©OP�∗′Ú⊕′"
3〈A,�〉 ¥�·K

a � b⇔ a⊕ b = b,

3〈A,�1〉¥L«¤

a �1 b⇔ a⊕′ b = b.

r§�È¤〈A,�〉¥��ó§K´

a � b⇔ a ∗ b = b.

lù�~f§�±wÑXe�éó�nµ��3¤k�¥Ñ¤á�·K§ò

Ù¥��,�, ∗,⊕©O�¤�,�,⊕, ∗§K��T·K�éó·K§éó·K
3¤k�¥�Ñ¤á"~X§©�Ø�ªa⊕ (b ∗ c) � (a⊕ b) ∗ (a⊕ c)�é
ó·K´©�Ø�ªa ∗ (b⊕ c) � (a ∗ b)⊕ (a ∗ c)§üöÓ�¤á"
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8.2 AAA«««AAAÏÏÏ������

8.2.1 ���������ÚÚÚkkk...���

½Â 8.2. XJ3�〈A,�〉¥§éu8ÜA�?¿f8Ñk��e.Ú
��þ.§K¡T�´���������"

w,§�A´k�8Ü�§½n8.6�y
�〈A,�〉����"

½Â 8.3. 3�〈A,�〉¥§e�3���Ú���§©OP�1Ú0§

=A¥�?¿��aÑ÷v0 ≤ a ≤ 1§K¡T�´kkk...���§P�〈A,�
, 0, 1〉"

w,§���7´k.�"

3k.�〈A,�, 0, 1〉¥§éuA�?¿��a§

a⊕ 0 = a, a ∗ 0 = 0,

a⊕ 1 = 1, a ∗ 1 = a.

3k.�¥§�±Ú?��Ö��Vg"

½Â 8.4. 3k.�〈A,�, 0, 1〉¥§éuA¥���a, b§XJa ∗ b = 0§

a⊕ b = 1§K¡a´b�ÖÖÖ��� (b�´a�Ö�)"

��/§3k.�¥§�����UvkÖ�§��Ukõ�Ö�"

~Xã8.3¥§�ãp�a1, a2, a3ÑvkÖ�¶mãp�a1, a2, a3p�Ö�§

a1kü�Ö�a2, a3"

3k.�¥§���1´���0���Ö�§���0´���1��

�Ö�"ù´Ï�1´k.�〈A,�, 0, 1〉����§éuA¥�?¿��a§
a⊕ 1 = 1§a ∗ 1 = a"AO/§�a = 0§0⊕ 1 = 1§0 ∗ 1 = 0§¤±0�1p

�Ö�"qeb ∈ A�´0�Ö�§=0 ⊕ b = 1¶0´���§�k0 � b§

0⊕ b = b"Ïdb = 1§¤±1´0���Ö�"

8.2.2 kkkÖÖÖ���

½Â 8.5. 3k.�〈A,�, 0, 1〉¥§XJA¥z���Ñ��k��Ö
�§K¡T�´kkkÖÖÖ���"
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0

1

a1 a3

a2

0

1

a1 a2 a3

ã 8.3: k.�«~

~ 8.5. -L = {0, 1}"38ÜL3þ½Â'X�3§é?¿a1, a2, a3, b1, b2, b3 ∈
L§

(a1, a2, a3) �3 (b1, b2, b3)⇔ a1 � b1, a2 � b2, a3 � b3.

〈L3,�3〉´kSê|�§Ù���Ú���©O�(0, 0, 0)Ú(1, 1, 1)"L3¥

��(a1, a2, a3)�Ö��(b1, b2, b3)§Ù¥

bi =

1 ai = 0,

0 ai = 1,
1 ≤ i ≤ 3.

Ïd§〈L3,�3〉´kÖ�§§�HasseãXã8.4¤«"

(1,0,0)

(1,1,0)

(1,1,1)

(0,1,0)

(1,0,1)

(0,0,0)

(0,0,1)

(0,1,1)

ã 8.4: kSê|�〈L3,�3〉
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~ 8.6. �A´8Ü§〈P(A),⊆〉´k.�§Ù���Ú���©O
´∅ÚA§P(A)�?¿��B�Ö�´A−B"¤±〈P(A),⊆〉´kÖ�"

8.2.3 ©©©������

½Â 8.6. 3�〈A,�〉¥§XJA¥?¿��a, b, ck

a ∗ (b⊕ c) = (a ∗ b)⊕ (a ∗ c),

a⊕ (b ∗ c) = (a⊕ b) ∗ (a⊕ c),

K¡〈A,�〉´©©©������"

~ 8.7. �A´8Ü§〈P(A),⊆〉���$�∗Ú⊕©O´8Ü��∩Ú
¿∪$�"8Ü��Ú¿$�÷v©�Æ§�〈P(A),⊆〉´©��"

~ 8.8. Z+´��ê8Ü§〈Z+, |〉���$�∗Ú⊕©O´¦��úÏ
fÚ��ú�ê$�§§�÷v©�Æ§�〈Z+, |〉´©��"

~ 8.9. ã8.5¥§�ã´kÖ�§�Ø´©��"ù´Ï�

a1 ∗ (a2 ⊕ a3) = a1 ∗ 1 = a1,

(a1 ∗ a2)⊕ (a1 ∗ a3) = 0⊕ 0 = 0,

Ø÷v©�Æ�ªa1 ∗ (a2 ⊕ a3) = (a1 ∗ a2)⊕ (a1 ∗ a3)"
ã8.5�mã´k.©��§�Ø´kÖ�§Ï�a1vkÖ�"

¤±§kÖ�Ø�½´©��§©���Ø�½´kÖ�"

½n 8.7. ?¿�5S8Ñ´©��"

yyy²²²µµµ �〈A,�〉´�5S8§A¥�?¿ü���a, b§½öa � b§½

öb � a"�

a ∗ b =

a XJa � b,

b XJb � a;
a⊕ b =

b XJa � b,

a XJb � a.

Ïd§〈A,�〉´�"
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a1 a2 a3

0

1

0

1

a1

ã 8.5: kÖ��©��«~

éuA�?¿��a, b, c§§��m�'X�Uk±eü«�¹µ

(1) a � b�a � c"=a´{b, c}�þ.§¤±b⊕c � a"u´§a∗(b⊕c) =

b⊕c"qda � bÚa � c�§a∗b = b§a∗c = c§¤±(a∗b)⊕ (a∗c) = b⊕c"
Ïd§a ∗ (b⊕ c) = (a ∗ b)⊕ (a ∗ c)"

(2) a � b½a � c"=a´{b, c}�e.§¤±a � b ∗ c � b ⊕ c"u

´§a ∗ (b ⊕ c) = a"qda � bÚa � c�§a ∗ b = a§a ∗ c = a§¤

±(a ∗ b)⊕ (a ∗ c) = a"Ïd§a ∗ (b⊕ c) = (a ∗ b)⊕ (a ∗ c)"
Ón�ya⊕ (b ∗ c) = (a⊕ b) ∗ (a⊕ c)"y."

½n 8.8. �〈A,�〉´©��"éuA�?¿��a, b, c§XJa ∗ c =

b ∗ c§a⊕ c = b⊕ c§Ka = b"

yyy²²²µµµ 〈A,�〉´©��"�â∗Ú⊕$��áÂÆ§©�ÆÚ��Æ§
k

a = a ∗ (a⊕ c) = a ∗ (b⊕ c) = (a ∗ b)⊕ (a ∗ c)

= (a ∗ b)⊕ (b ∗ c) = b ∗ (a⊕ c) = b ∗ (b⊕ c) = b.

¤±a = b"y."

íØ 8.1. 3k.©��〈A,�, 0, 1〉¥§XJA���akÖ�§K§�
Ö�´���"

yyy²²²µµµ b�a′Úa′′Ñ´��a�Ö�§K

a⊕ a′ = 1, a ∗ a′ = 0,

a⊕ a′′ = 1, a ∗ a′′ = 0.
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¤±§a⊕ a′ = a⊕ a′′§a ∗ a′ = a ∗ a′′"d½n8.8�§a′ = a′′§=a�Ö�

´���"y."

½n 8.9. £������ÆÆÆ¤�〈A,�〉´k.©��§e8ÜA¥���a, b�
Ö�©O�a′, b′§K

(a ∗ b)′ = a′ ⊕ b′,

(a⊕ b)′ = a′ ∗ b′.

yyy²²²µµµ Ï�

(a ∗ b)⊕ (a′ ⊕ b′) = ((a ∗ b)⊕ a′)⊕ b′ = (a′ ⊕ b)⊕ b′ = 1,

(a ∗ b) ∗ (a′ ⊕ b′) = a ∗ (b ∗ (a′ ⊕ b′) = a ∗ (b ∗ a′) = 0.

¤±a′ ⊕ b′´a ∗ b�Ö�§2díØ8.1�a ∗ b�Ö�´���§�(a ∗ b)′ =

a′ ⊕ b′"Ón�y§(a⊕ b)′ = a′ ∗ b′"y."

½Â 8.7. kÖ©��¡�ÙÙÙ������"

8.2.4 ������

½Â 8.8. 3�〈A,�〉¥§éuA�?¿��a, b, c§XJa � bþ¦a ⊕
(b ∗ c) = b ∗ (a⊕ c)§K¡〈A,�〉´������"

AO/§3©��〈A,�〉¥§ea � b§Ka⊕ b = b§�k

a⊕ (b ∗ c) = (a⊕ b) ∗ (a⊕ c) = b ∗ (a⊕ c).

¤±z�©��Ñ´��"

½n 8.10. 〈A,�〉´���¿�^�´éuA�?¿��a, b, c§X
Ja � b�a ∗ c = b ∗ c§a⊕ c = b⊕ c§K7ka = b"

yyy²²²µµµ®�〈A,�〉´��§éuA�?¿��a, b, c§XJa � b�a∗c =

b ∗ c§a⊕ c = b⊕ c§@o7k

a = a⊕ (a ∗ c) = a⊕ (b ∗ c) = b ∗ (a⊕ c) = b ∗ (b⊕ c) = b.
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��§-x = a⊕ (b ∗ c)§y = b ∗ (a⊕ c)"Ï�a � b§d½n8.5�§x � y"
e¡y²x⊕ c = y ⊕ c§x ∗ c = y ∗ c"

x⊕ c = (a⊕ (b ∗ c))⊕ c = a⊕ ((b ∗ c)⊕ c) = a⊕ c,

y ⊕ c = (b ∗ (a⊕ c))⊕ c.

dua � bÚa � a⊕ c§¤±a � b ∗ (a⊕ c) � a⊕ c§lk

a⊕ c � (b ∗ (a⊕ c))⊕ c � (a⊕ c)⊕ c,

=

a⊕ c � y ⊕ c � a⊕ c.

d S'X���é¡5�§y ⊕ c = a⊕ c§Ïdx⊕ c = y ⊕ c"
·�®²y²
3�¥§�a � b�§

(a⊕ (b ∗ c))⊕ c = (b ∗ (a⊕ c))⊕ c.

§�éó·K´µ�a � b�§

(a ∗ (b⊕ c)) ∗ c = (b⊕ (a ∗ c)) ∗ c.

r�ö�a�bp� �§=�§�b � a�§

(b ∗ (a⊕ c)) ∗ c = (a⊕ (b ∗ c)) ∗ c.

ùÒ´`§�a � b§x ∗ c = y ∗ c"
y3k
x � y§x⊕ c = y ⊕ c§x ∗ c = y ∗ c§d®�^��x = y"�

Ò´`§�a � b�§a⊕ (b ∗ c) = b ∗ (a⊕ c)§¤±〈A,�〉 ´��"y."

8.3 ���))))))))))))���êêêXXXÚÚÚ

8Ü±98Üþ���½õ�$�¤|¤�XÚ���êXÚ§cA

Ù0�
+!�!���êXÚ§�Ù0���´�§�ØÓ���#�

�êXÚ"
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8.3.1 ÄÄÄ���½½½ÂÂÂ

½Â 8.9. ∗Ú⊕´8ÜAþ�ü���$�"XJ8ÜA�?¿�
�a, b, c÷veã^�§K¡�êXÚ〈A, ∗,⊕〉´���µ

(1) (ÜÆµa ∗ (b ∗ c) = (a ∗ b) ∗ c§a⊕ (b⊕ c) = (a⊕ b)⊕ c¶
(2) ��Æµa ∗ b = b ∗ a§a⊕ b = b⊕ a¶
(3) áÂÆµa ∗ (a⊕ b) = a§a⊕ (a ∗ b) = a"

½n 8.11. ½Â8.1Ú½Â8.9¥½Â��´�d�"

yyy²²²µµµ �〈A,�〉´½Â8.1¥½Â��§=é8ÜA¥�?¿��f

8{a, b}k�����e.Ú��þ.§©OP�a ∗ bÚa ⊕ b"∗Ú⊕´Aþ
�ü���$�"½n8.1y²
ùü�$�÷v(ÜÆ!��ÆÚáÂÆ§

¤±〈A, ∗,⊕〉�´½Â8.9¥½Â��"

e〈A, ∗,⊕〉´½Â8.9¥½Â��§·�38ÜAþ½Â'X�µ

a � b⇔ a ∗ b = a.

�a ∗ b = a�§a ⊕ b = (a ∗ b) ⊕ b = b(�â½Â8.9¥�áÂÆ)§

�a⊕ b = b�§a ∗ b = a ∗ (a⊕ b) = a"�a ∗ b = a⇔ a⊕ b = b§Ïdk

a � b⇔ a ∗ b = a⇔ a⊕ b = b.

´yXd½Â�'X�´8ÜAþ� S'X"
?�A¥���a, b§dua ∗ (a⊕ b) = aÚb ∗ (a⊕ b) = b�§a � a⊕ b§

b � a⊕ b"Ïd§a⊕ b´{a, b}�þ."XJA¥���c �´{a, b}�þ.§
=a � c§b � c§@oa⊕ c = c§b⊕ c = c"

(a⊕ b)⊕ c = (a⊕ c)⊕ (b⊕ c) = c⊕ c = c.

ù¿�Xa⊕b � c§la⊕b´{a, b}���þ."Ón�y§a∗b´{a, b}�
��e."Ïd§〈A,�〉´½Â8.1¥½Â��"nþ¤ã§½Â8.1Ú½

Â8.9´�d�"y."
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8.3.2 fff���ÚÚÚ���������ÈÈÈ

½Â 8.10. �〈A, ∗,⊕〉´�§B´A���f8"XJ8ÜBé∗Ú⊕$
�´µ4�§K¡〈B, ∗,⊕〉´〈A, ∗,⊕〉 �fff���"

´y§f����´�"

~ 8.10. �Z+´��ê8Ü"3Z+þ½Â��$�µ

a ∗ b = (a, b) a⊕ b = [a, b].

〈Z+, ∗,⊕〉´�"-T´�óê8Ü"ü�óê���úÏfE´óê§ü
�óê���ú�ê�´óê§¤±〈T, ∗,⊕〉 ´〈Z+, ∗,⊕〉�f�"

~ 8.11. �〈A, ∗,⊕〉´�"éA¥�ü���a, b§a � b"-

I[b, a] = {x|x ∈ A, a � x � b}.

?�x1, x2 ∈ I[b, a]§=a � x1, x2 � b§�k

a ∗ xi = a, xi ∗ b = xi,

a⊕ xi = xi, xi ⊕ b = b, 1 ≤ i ≤ 2.

¤±§

a ∗ (x1 ∗ x2) = (a ∗ x1) ∗ x2 = a ∗ x2 = a,

(x1 ∗ x2) ∗ b = x1 ∗ (x2 ∗ b) = x1 ∗ x2,

=a � x1 ∗ x2 � b§Ïdx1 ∗ x2 ∈ I[b, a]"

Ón�ya � x1⊕x2 � b§Ïdx1⊕x2 ∈ I[b, a]"¤±§〈I[b, a], ∗,⊕〉´〈A, ∗,⊕〉�
f�"

~ 8.12. 〈P({1, 2, 3}),∩,∪〉´�"-

A1 = {{2}, {1, 2}, {2, 3}, {1, 2, 3}},

A2 = {∅, {1}, {3}, {1, 3}},

A3 = {∅, {1, 2}, {2, 3}, {1, 2, 3}},

〈A1,∩,∪〉Ú〈A2,∩,∪〉´〈P({1, 2, 3}),∩,∪〉�f�"A3¥{1, 2} ∩ {2, 3} =

{2} /∈ A3§¤±A3Ø´P({1, 2, 3})�f�"dd��§¿�A�z�f8
Ñ´〈A, ∗,⊕〉�f�"
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½Â 8.11. �〈A1, ∗,⊕〉Ú〈A2,∧,∨〉´ü��"�E��#��êX
Ú〈A1 ×A2, •,+〉§Ù¥•Ú+$��½Â´µ(a1, a2), (b1, b2) ∈ A1 ×A2§

(a1, a2) • (b1, b2) = (a1 ∗ b1, a2 ∧ b2),

(a1, a2) + (b1, b2) = (a1 ⊕ b1, a2 ∨ b2).

¡〈A1 ×A2, •,+〉´〈A1, ∗,⊕〉Ú〈A2,∧,∨〉����ÈÈÈ"

3d½Â¥§A1 × A2¥�•Ú+$�´d1�©þUA1¥�∗Ú⊕$
�§1�©þUA2¥�∧Ú∨$�5¢y�"〈A1, ∗,⊕〉Ú〈A2,∧,∨〉´�§¤
±A1 × A2¥�•Ú+$��÷v(ÜÆ!��ÆÚáÂÆ"Ïdü����

È�´�§¿�´^�5����E¤��5��"

~ 8.13. �A = {0, 1}"3Aþ½Â'X�1§a, b ∈ A§

a �1 b⇔ a � b.

〈A,�1〉´�"3A2þ½Â'X�2§(a, b), (c, d) ∈ A2§

(a, b) �2 (c, d)⇔ a �1 c, b �1 d.

〈A2,�2〉´ü��〈A,�1〉�〈A,�1〉��È"aq/3A3þ½Â'X�3§

(a, b, c), (d, e, f) ∈ A3§

(a, b, c) �3 (d, e, f)⇔ a �1 d, b �1 e, c �1 f.

〈A3,�2〉´ü��〈A,�1〉�〈A2,�2〉 ��È"§��HasseãXã8.6¤«"

8.3.3 ������ÓÓÓ������ÓÓÓ���

½Â 8.12. �〈A1, ∗,⊕〉Ú〈A2,∧,∨〉´ü��"XJ�3lA1�A2�

N�f : A1 → A2§éuA1¥�?¿��a, b§

f(a ∗ b) = f(a) ∧ f(b),

f(a⊕ b) = f(a) ∨ f(b),

K¡f´lA1�A2����ÓÓÓ���NNN���"

ef´lA1�A2��Ó�N�§¿��V�§K¡f´lA1�A2��Ó

�N�"XJü���m�3�Ó�N�§K¡ùü��´Ó��"
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0

1

(0,1) (1,0)

(0,0)

(1,1)

(1,0,0)

(1,1,0)

(1,1,1)

(0,1,0)

(1,0,1)

(0,0,0)

(0,0,1)

(0,1,1)

ã 8.6: ���È«~

�f´l〈A1, ∗,⊕〉�〈A2,∧,∨〉��Ó�N�§éua, b ∈ A1§a �1 b§

dua �1 b⇔ a ∗ b = a§�

f(a) = f(a ∗ b) = f(a) ∧ f(b).

¤±f(a) �2 f(b)§=��Ó�N�´�«�SN�"��KØ�½¤

á"~X§-A1 = A2 = {1, 2, 3, 4, 6, 12}§〈A1, |〉Ú〈A2,�〉 ´�§§�
�HasseãXã8.7¤«"-f : A1 → A2§f(x) = x´�SN�§�Ø´�

Ó�N�"ù´Ï�

f(3 ∗ 4) = f(1) = 1,

f(3) ∧ f(4) = 3 ∧ 4 = 3,

=f(3 ∗ 4) 6= f(3) ∧ f(4)"

½n 8.12. f´l8ÜA1�8ÜA2�V�"f´l�〈A1,�1〉��〈A2,�2

〉�Ó�N���=�éuA1���a, b§

a �1 b⇔ f(a) �2 f(b).

yyy²²²µµµ ®�f´l〈A1,�1〉�〈A2,�2〉��Ó�N�"3�〈A1,�1〉¥§
éa, b ∈ A1§a �1 b⇔ a ∗ b = a"

�a ∗ b = a�§f(a ∗ b) = f(a) • f(b) = f(a)§�f(a) �2 f(b)"

�f(a) �2 f(b) �§f(a) = f(a) • f(b) = f(a ∗ b)"Ï�f´ü�§¤±a =
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3 2

1

6 4

12

(1)(1)

1

2

3

4

6

12

(2)

ã 8.7: {1, 2, 3, 4, 6, 12}þ�ü��

a ∗ b"l
a ∗ b = a⇔ f(a) �2 f(b).

�§a �1 b⇔ f(a) �2 f(b)"

��§®�f : A1 → A2´V�"?�a, b ∈ A1§a ∗ b �1 a§a ∗ b �1 b"

df��S5��§f(a ∗ b) �2 f(a)§f(a ∗ b) �2 f(b)"lf(a ∗ b) �2

f(a) • f(b)"?�x, y ∈ A2§duf´÷�§�3a, b ∈ A1§¦�f(a) = x§

f(b) = y"A2´�§x • y = f(a) • f(b) ∈ A2§Ïd�3c ∈ A1¦f(c) =

x • y = f(a) • f(b)"u´kf(c) �2 f(a)§f(c) �2 f(b)§duf´�S�§¤

±c �1 a§c �1 b§lc �1 a ∗ b"2df��S5��f(a) • f(b) = f(c) �2

f(a ∗ b)"nþ��§f(a) • f(b) = f(a ∗ b)"Ón�yf(a) + f(b) = f(a⊕ b)"
¤±f´�Ó�N�"y."

Ún 8.1. �〈A, ∗,⊕〉´����=�A�z�I[b, a] = {x|x ∈ A, a �
x � b}¥§XJkü����'��kú�Ö�§@oùü���7��"

yyy²²²µµµ XJ3�〈A, ∗,⊕〉¥§u � v§I[v, u]¥kü��'��Ø��

���a0, b0§Ø�b�a0 ≺ b0§§�k��ú�Ö�c§=

a0 ∗ c = b0 ∗ c = u,

a0 ⊕ c = b0 ⊕ c = v,

@o

a0 ⊕ (b0 ∗ c) = a0 ⊕ u = a0 ≺ b0 = b0 ∗ v = b0 ∗ (a0 ⊕ c),
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�Ò´`a0 ≺ b0§�´a0 ⊕ (b0 ∗ c) 6= b0 ∗ (a0 ⊕ c)§¤±〈A, ∗,⊕〉Ø´��"
ù¿�X§XJ�〈A, ∗,⊕〉 ´��§KA�z�I[b, a]¥§ekü����

'�¿�kú�Ö�§Kùü���7��"

XJ�〈A, ∗,⊕〉Ø´��§@o7�3a0, b0 ∈ A§�a0 ≺ b0§¦�a0⊕
(b0∗c) ≺ b0∗(a0⊕c)"-x = a0⊕(b0∗c)§y = b0∗(a0⊕c)§w,a0 � x, y � b0§
b0 ∗ c � x ≺ y � a0 ⊕ c§b0 ∗ c � c � a0 ⊕ c§

c ∗ y = c ∗ (b0 ∗ (a0 ⊕ c)) = c ∗ b0.

duy � a0 ⊕ c§a0 ≺ y§

c⊕ y � c⊕ (a0 ⊕ c) = a0 ⊕ c � y0 ⊕ c,

��

c⊕ y = a0 ⊕ c.

Ón�yx ∗ c = b0 ∗ c§x ⊕ c = a0 ⊕ c"ù`²3I[a0 ⊕ c, b0 ∗ c]¥x ≺ y§

x�ykú�Ö�c§�K�gñ§¤±b�Ø¤á§=〈A, ∗,⊕〉´��"y
."

|^Ún8.1�±y²e¡�½n"

½n 8.13. �´����=�§Ø�¹���ã8.8(1)Ó��Ê�f

�"

�d½naq��kXe½n§Ùy²Ñ�"

½n 8.14. �´©����=�§´���Ø�¹���ã8.8(2)Ó

��Ê�f�"

8.4 ÙÙÙ������êêê

8.4.1 ÙÙÙ������êêê

3�¥�±½Âü�∗Ú⊕��$�"3kÖ©��¥§z���kÖ
��Ö���§ù�Ò�±3kÖ©��¥½Â¦Ö��$�",	§kÖ
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(1) (2)

ã 8.8: ü�Ê��

©��k���1Ú���0"¤±Ù���±w��êXÚ〈A, ∗,⊕,′ , 0, 1〉§
¿¡�dÙ��〈A,�〉 p�Ñ5��êXÚ"

½Â 8.13. �A´��kü����8Ü§∗Ú⊕´8ÜAþ���$
�"XJ8ÜA�?¿��a, b, c÷veã^�µ

(1) a ∗ b = b ∗ a§a⊕ b = b⊕ a¶
(2) a ∗ (b⊕ c) = (a ∗ b)⊕ (a ∗ c)§a⊕ (b ∗ c) = (a⊕ b) ∗ (a⊕ c)¶
(3) 0, 1 ∈ A§éA¥?¿��a§a ∗ 1 = a§a⊕ 0 = a¶

(4) éA¥?¿��a§�3a′ ∈ A§¦�a ∗ a′ = 0§a ∗ a′ = 1"

K¡〈A, ∗,⊕,′ , 0, 1〉�ÙÙÙ������êêê"

w,§dÙ��p�Ñ5��êXÚ�Ù��ê"

½n 8.15. �Ù��ê〈A, ∗,⊕,′ , 0, 1〉�A�〈A, ∗,⊕〉´Ù��"

yyy²²²µµµ dÙ��ê½Â�wÑ§�y²〈A, ∗,⊕〉´Ù��§�Iy
²〈A, ∗,⊕〉´�§¿�0Ú1©O´T�����Ú���"

®�〈A, ∗,⊕,′ , 0, 1〉´Ù��ê§3�êXÚ〈A, ∗,⊕〉¥§��$�∗Ú⊕÷
v��Æ"?�a, b ∈ A§

a ∗ (a⊕ b) = (a⊕ 0) ∗ (a⊕ b) = a⊕ (0 ∗ b) = a⊕ ((0 ∗ b)⊕ (b′ ∗ b))

= a⊕ ((0⊕ b′) ∗ b)) = a⊕ (b′ ∗ b) = a⊕ 0 = a.

Ón�ya⊕ (a ∗ b) = a"¤±��$�∗Ú⊕÷váÂÆ"
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-x = a ∗ (b ∗ c)§y = (a ∗ b) ∗ c§w,

x = x⊕ 0 = x⊕ (a ∗ a′) = (x⊕ a) ∗ (x⊕ a′),

y = y ⊕ 0 = y ⊕ (a ∗ a′) = (y ⊕ a) ∗ (y ⊕ a′),

Ù¥

x⊕ a = (a ∗ (b ∗ c))⊕ a = a,

y ⊕ a = ((a ∗ b) ∗ c)⊕ a = ((a ∗ b)⊕ a) ∗ (c⊕ a) = a ∗ (a⊕ c) = a,

x⊕ a′ = (a ∗ (b ∗ c))⊕ a′ = (b ∗ c)⊕ a′,

y ⊕ a′ = ((a ∗ b) ∗ c)⊕ a′ = ((a ∗ b)⊕ a′) ∗ (c⊕ a′) = (b⊕ a′) ∗ (c⊕ a′) = (b ∗ c)⊕ a′.

u´§dx⊕ a = y ⊕ aÚx⊕ a′ = y ⊕ a′íÑx = y§=

a ∗ (b ∗ c) = (a ∗ b) ∗ c.

Ón�y§a ⊕ (b ⊕ c) = (a ⊕ b) ⊕ c"¤±��$�∗Ú⊕÷v(ÜÆ"l
〈A, ∗,⊕〉´�"
3Ù��ê〈A, ∗,⊕,′ , 0, 1〉¥§é?¿��a ∈ Aþk

a ∗ 1 = a, a⊕ 0 = a.

3〈A, ∗,⊕〉¥� S'X´§éa, b ∈ A§

a � b⇔ a⊕ b = b⇔ a ∗ b = a.

u´3�〈A, ∗,⊕〉¥§0 � a � 1§=0Ú1©O´T�����Ú���"

nþ©Û�§〈A, ∗,⊕〉´Ù��"y."
lù�½n�±wÑ3kÖ©��¥§�3���Ú���§z��

�kÖ�§��$�÷v��ÆÚ(ÜÆ´Ù�Ø%�5�"

8.4.2 ÙÙÙ������êêê���fff���êêê

½Â 8.14. �A1´Ù��ê〈A, ∗,⊕,′ , 0, 1〉¥8ÜA�f8"XJ0, 1 ∈
A1§¿�A1éu∗,⊕,′$�´µ4�§@o¡〈A1, ∗,⊕,′ , 0, 1〉´〈A, ∗,⊕,′ , 0, 1〉�
fff���êêê"
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~ 8.14. A = {1, 2, 3}§〈P(A),⊆〉´kÖ©��§Ùþ�∗,⊕,′$�©
O�∩,∪,−$�§���Ú���©O�∅ÚA§�〈P(A),∩,∪,− , ∅, A〉´Ù
��ê"-A1 = {∅, {1}, {2, 3}, A}§KA1´A�f�ê"

~ 8.15. 〈A, ∗,⊕,′ , 0, 1〉´Ù��ê"a, b ∈ A�a � b§½ÂA�f

8I[b, a] = {x|x ∈ A, a � x � b}"´y§I[b, a]é$�∗Ú⊕´µ4�"d
u〈A, ∗,⊕〉´©��§¤±〈I[b, a], ∗,⊕〉�´©��"�´I[b, a]����

´b§���´a§�Ù��êA����Ú���ØÓ",	§I[b, a]é¦

Ö�$�Ø�½µ4§¤±I[b, a]Ø´A�f�ê"

éI[b, a]¥�?¿��x§½Âx = (a⊕ x′) ∗ b"w,x � b"

x ∗ a = (a⊕ x′) ∗ b ∗ a = a,

�a � x"
x⊕ x = ((a⊕ x′) ∗ b)⊕ x = x⊕ b = b,

x ∗ x = ((a⊕ x′) ∗ b) ∗ x = a ∗ x ∗ b = a,

¤±x´x3I[b, a]¥�Ö�§Ïd〈I[b, a], ∗,⊕,− , a, b〉´Ù��ê§�Ø´〈A, ∗,⊕,′ , 0, 1〉�
f�ê"

8.4.3 ÙÙÙ������êêê���ÓÓÓ������ÓÓÓ���

½Â 8.15. 〈A1, ∗,⊕,′ , 0, 1〉�〈A2,∧,∨,− , 0̃, 1̃〉´Ù��ê"éuN
�f : A1 → A2§XJéuA1¥�?¿��a, b§

f(a ∗ b) = f(a) ∧ f(b),

f(a⊕ b) = f(a) ∨ f(b),

f(a′) = f(a)

K¡f´lÙ��êA1�Ù��êA2�ÓÓÓ���NNN���"AO/§�f´V��§

¡f´Ó�N�§¿¡Ù��êA1�A2Ó�"

½n 8.16. 〈A1, ∗,⊕,′ , 0, 1〉´Ù��ê§éuA�?¿��a§Ù��
êI[a′, 0]�Ù��êI[1, a]´Ó��"
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yyy²²²µµµ ?�a ∈ A§ka′ ∈ A�0 � a′ � 1"

I[a′, 0] = {x|x ∈ A, 0 � x � a′},

I[1, a] = {x|x ∈ A, a � x � 1}.

�x ∈ I[a′, 0]�§0 � x � a′§du⊕$�´�S�§0⊕ a � x⊕ a � a′ ⊕ a§
�a � x⊕a � 1§¤±x⊕a ∈ I[1, a]"-f : I[a′, 0]→ I[1, a]§f(x) = x⊕a"
?�y ∈ I[1, a]§-x = y ∗ a′§Ï�a � y � 1¿�∗´�S�§�a ∗ a′ �
x = y ∗ a′ � 1 ∗ a′§=0 � x � a′"f(x) = x⊕ a = (y ∗ a′)⊕ a = y ⊕ a = y§

ùL²x´y���§¤±f´÷�"qex1, x2 ∈ I[a′, 0]Ñ´y ∈ I[1, a]��

�§=f(x1) = x1 ⊕ a = x2 ⊕ a = f(x2)"

x1 = x1 ∗ a′ = (x1 ⊕ a) ∗ a′ = (x2 ⊕ a) ∗ a′ = x2 ∗ a′ = x2,

¤±f´ü�"l§f´lI[a′, 0] �I[1, a]�V�"

?�x1, x2 ∈ I[a′, 0]§

f(x1 ∗ x2) = (x1 ∗ x2)⊕ a = (x1 ⊕ a) ∗ (x2 ⊕ a) = f(x1) ∗ f(x2),

f(x1 ⊕ x2) = (x1 ⊕ x2)⊕ a = (x1 ⊕ a)⊕ (x2 ⊕ a) = f(x1)⊕ f(x2),

f(x1) = f((0⊕ x′1) ∗ a′) = (x′1 ∗ a′)⊕ a = x′1 ⊕ a,

f(x1) = x1 ⊕ a = (a⊕ (x1 ⊕ a)′) ∗ 1 = a⊕ (x′1 ∗ a′) = x′1 ⊕ a.

¤±§f´Ù��êI[a′, 0]�Ù��êI[1, a]�Ó�N�§�I[a′, 0] ∼= I[1, a]"

y."

½Â 8.16. 〈A1, ∗,⊕,′ , 0, 1〉�〈A2,∧,∨,− , 0̃, 1̃〉´Ù��ê"3A1 ×
A2þ½Â∗̃, ⊕̃,◦$�§é(a1, a2), (b1, b2) ∈ A1 ×A2§

(a1, a2)∗̃(b1, b2) = (a1 ∗ b1, a2 ∧ b2),

(a1, a2)⊕̃(b1, b2) = (a1 ⊕ b1, a2 ∨ b2),

(a1, a2)
◦ = (a′1, a2),

¡〈A1 ×A2, ∗̃, ⊕̃,◦ , (0, 0̃), (1, 1̃)〉´Ù��êA1ÚA2����ÈÈÈ"

N´y²§ü�Ù��ê��ÈE´Ù��ê"y²3�SK"
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½n 8.17. 〈A, ∗,⊕,′ , 0, 1〉´Ù��ê§a ∈ A§KA��È(̃A) =

I[a, 0]× I[1, a]Ó�"

yyy²²²µµµ ?�x ∈ A§=0 � x � 1"du∗Ú⊕$�´�S�§�0 =

0 ∗ a � x ∗ a � 1 ∗ a = a§a = 0 ⊕ a � x ⊕ a � 1 ⊕ a = 1"½Âf : A →
I[a, 0]× I[1, a]§f(x) = (x ∗ a, x⊕ a)"?�x1, x2 ∈ A§

f(x1 ⊕ x2) = ((x1 ⊕ x2) ∗ a, (x1 ⊕ x2)⊕ a)

= ((x1 ∗ a)⊕ (x2 ∗ a), (x1 ⊕ a)⊕ (x2 ⊕ a))

= (x1 ∗ a, x1 ⊕ a)⊕ (x2 ∗ a, x2 ⊕ a) = f(x1)⊕ f(x2),

f(x1 ∗ x2) = ((x1 ∗ x2) ∗ a, (x1 ∗ x2)⊕ a)

= ((x1 ∗ a) ∗ (x2 ∗ a), (x1 ⊕ a) ∗ (x2 ⊕ a))

= (x1 ∗ a, x1 ⊕ a) ∗ (x2 ∗ a, x2 ⊕ a) = f(x1) ∗ f(x2),

f(x1) = (x1 ∗ a, x1 ∗ a) = ((0⊕ (x1 ∗ a)′) ∗ a, (a⊕ (x1 ⊕ a)′) ∗ 1)

= ((x′1 ⊕ a′) ∗ a, a⊕ (x′1 ∗ a′))

= (x′1 ∗ a, x′1 ⊕ a) = (f(x1))
′,

¤±f´Ó�N�"

?�(y, z) ∈ I[a, 0]×I[1, a]§0 � y � a§a � z � 1§-x = y⊕(z∗a′) ∈
A§

f(x) = f(y ⊕ (z ∗ a′)) = ((y ⊕ (z ∗ a′)) ∗ a, (y ⊕ (z ∗ a′))⊕ a)

= (y ∗ a, y ⊕ z ⊕ a) = (y, z),

=x´(y, z)���§�f´÷�"

�x1, x2 ∈ AÑ´(y, z) ∈ I[a, 0]× I[1, a]���§=

f(x1) = (x1 ∗ a, x1 ⊕ a) = (x2 ∗ a, x2 ⊕ a) = f(x2),

¤±§

x1 = x1 ∗ (a⊕ a′) = (x1 ∗ a)⊕ (x1 ∗ a′)

= (x1 ∗ a)⊕ ((x1 ⊕ a) ∗ a′) = (x2 ∗ a)⊕ ((x2 ⊕ a) ∗ a′)

= x2 ∗ (a⊕ a′) = x2,

=f´ü�§¤±f´V�§�A�Ã´Ó��"y."
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~ 8.16. �A = {1, 2, · · · , n}§A1 = {1, 2, · · · , k}§A1 = {k + 1, k +

2, · · · , n}§〈P(A),∩,∪,− , ∅, A〉´Ù��ê"

I[A1, ∅] = {x|x ∈P(A), ∅ ⊆ x ⊆ A1} = P(A1),

I[A,A1] = {x|x ∈P(A), A1 ⊆ x ⊆ A} = P(A1).

d½n8.16�§I[A1, ∅] ∼= I[A,A1]"d½n8.17�§P(A) ∼= I[A1, ∅] ×
I[A,A1] = P(A1)×P(A1)"

½n 8.18. �A´k�Ù��ê§|A| = 2n"-B = {1, 2, · · · , n}§K
Ù��êA�〈P(B),∩,∪,− , ∅, B〉 ´Ó��"

yyy²²²µµµ é8ÜA����ê?18By²"

(1)�|A| = 2�§A = {0, 1}§f : A→P({1})§f(0) = ∅§f(1) = {1}"
´y§f´Ó�N�§¤±A ∼= P({1})"

(2) b�|A| < k�·K¤á"y�|A| = k"�a ∈ A§�0 ≺ a ≺ 1"d

½n8.17�§A ∼= I[a, 0] × I[1, a]"2d½n8.16§A ∼= I[a, 0] × I[a′, 0]"5

¿�|I[a, 0]| < k§|I[a′, 0]| < k§k8Bb��§Ù��êI[a, 0]ÚI[a′, 0]©

O�P(B1) ÚP(B2)Ó�§Ù¥|B1| = k1§|B2| = k2"d~8.16�§X

JA ∼= P(B1)×P(B2)§@o�3k1 + k2����8ÜB¦�A ∼= P(B)"

y."

lù�½n�±wÑ§|A| = n§〈P(A),∩,∪,− , ∅, A〉´k2n����

Ù��ê§§¡¦
¤k�k�Ù��ê"

8.4.4 ÙÙÙ������êêê������fffLLL«««

XJ3�〈A,�〉¥k���0§@o��������¡����fff"

3�〈A,�〉�Hasseã(ã8.9)¥a1, a2, · · · , ak´�f"w,§ai ∗ aj =

0(i 6= j)"

Ún 8.2. �〈A,�〉´k��§0´§����"éuA¥?¿�"�

�b§���3���fa¦�a � b"

yyy²²²µµµ éuA¥?¿�"��b§k±eü«�¹µ
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0

a1 a2 · · · ak

ã 8.9: �f«~ã

(1) b´�f"@ow,b � b§�a = b=�"

(2) bØ´�f"0´k��〈A,�〉����§=0 ≺ b§bØ´0����

�§¤±7�3b1 ∈ A¦�0 ≺ b1 ≺ b"b1qkü«�¹µ
(2.1) b1´�f"�a = b1=�"

(2.2) b1Ø´�f"0´〈A,�〉����§=0 ≺ b1§b1Ø´0�����§

@o7�3b2 ∈ A¦�0 ≺ b2 ≺ b1 ≺ b"ùpb2 6= b1, b"b2qkü«�¹§

· · · · · ·"
duA´k�8Ü§ù�L§Ø�UÃ�/?1e�"�Ò´`§3k

�Ú��bi��Ò´�f§�a = bi=�"y."

Ún 8.3. �〈A, ∗,⊕,′ , 0, 1〉´k�Ù��ê"b´A¥��"��§b

�a1, a2, · · · , ak´A¥÷vai � b�¤k�f§Kb = a1 ⊕ a2 ⊕ · · · ⊕ ak"

yyy²²²µµµ a1, a2, · · · , ak´A��f¿�ai � b§1 � i � k"w,§a1 ⊕
a2⊕ · · · ⊕ ak � b"e¡y²b � a1⊕ a2⊕ · · · ⊕ ak"du3kÖ©��¥c �
d⇔ c ∗ d′ = 0 (y²3�SK)§¤±�Iy²b ∗ (a1 ⊕ a2 ⊕ · · · ⊕ ak)′ = 0"

^�y{?1y²"b�b ∗ (a1 ⊕ a2 ⊕ · · · ⊕ ak)′ 6= 0"dÚn8.2�§

�3�fa¦�a � b ∗ (a1 ⊕ a2 ⊕ · · · ⊕ ak)
′"ùpa´�f§�a � b§

a � (a1 ⊕ a2 ⊕ · · · ⊕ ak)
′§a1, a2, · · · , ak´�u�ub��Ü�f§¤

±a ∈ {a1, a2, · · · , ak}"�a � a1 ⊕ a2 ⊕ · · · ⊕ ak"Ïd§a � (a1 ⊕ a2 ⊕
· · · ⊕ ak) ∗ (a1 ⊕ a2 ⊕ · · · ⊕ ak)′ = 0§ù�a´�fgñ§¤±b�Ø¤á§

Ïdb ∗ (a1 ⊕ a2 ⊕ · · · ⊕ ak)′ = 0"
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±þy²L²A�?¿�"��bÑ�±L«¤÷vai � b�¤k�

fa1, a2, · · · , ak�Ú"e¡y²ù«L«/ª´���"b�b1, b2, · · · , bl´
�f¿�b = b1⊕b2⊕· · ·⊕bl"d⊕�½Â�b1, b2, · · · , bl � b�b1, b2, · · · , bl´
�f§a1, a2, · · · , ak´�u�ub��Ü�f§�{b1, b2, · · · , bl} ⊆ {a1, a2,
· · · , ak}"XJl < k§=�3am /∈ {b1, b2, · · · , bl}§

am = am ∗ b = am ∗ (b1 ⊕ b2 ⊕ · · · ⊕ bl)

= (am ∗ b1)⊕ (am ∗ b2)⊕ · · · ⊕ (am ∗ b1),

Ù¥am, biÑ´�f§�am 6= bi§�am ∗ bi = 0§1 ≤ i ≤ l"l�Ñ§

am = 0§ù�am´�fgñ§�b�Ø¤á§¤±l = k§=bL«¤�f�

Ú�/ª´���"y."

Ún 8.4. 3Ù��〈A,�〉¥e?��"��bÚ�fa§Ka � b Úb �
a§üö7k����k��¤á"

yyy²²²µµµ bÚa©O´A��"��Ú�f"w,§0 � a ∗ b � a"d

ua´�f§=a´0�����§Ø�U�3�"��b¦�0 ≺ a ∗ b ≺ a"

¤±a ∗ b = a½0"XJa ∗ b = a§Ka � b"q3Ù��¥a � b′��=

�a ∗ (b′)′ = 0§=a ∗ b = 0"¤±�a ∗ b = 0 �§7ka � b′"a � b

Úa � b′Ø�UÓ�¤á§ÄKa � b ∗ b′ = 0§�a´�fgñ"¤±a � b

Úb � aüö7ØÙ���k��¤á"y."

½n 8.19. �〈A, ∗,⊕,′ , 0, 1〉´k�Ù��ê"eS´A¥¤k�f�
¤�8Ü§@oÙ��ê〈A, ∗,⊕,′ , 0, 1〉�〈P(S),∩,∪,− , ∅, S〉Ó�"

yyy²²²µµµ 3ü�Ù��êA�P(S)�m�EN�f : A → P(S)§é?

¿a ∈ A§

f(a) =

∅ ea = 0,

{a1, a2, · · · , ak|ai ∈ S, ai � a, 1 ≤ i ≤ k} ea 6= 0.

dÚn8.2�§A¥�"��a��f(a)´��(½�"?�{ai1 , ai2 , · · · , aip} ⊆
S§{ai1 , ai2 , · · · , aip} 6= ∅§-b = ai1 ⊕ ai2 ⊕ · · · ⊕ aip"w,§b ∈ A§

�f(b) = {ai1 , ai2 , · · · , aip}§�b´{ai1 , ai2 , · · · , aip}���"¤±§f´÷
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�"b�a, bÑ´{ai1 , ai2 , · · · , aip}���§dÚn8.3�§a = ai1 ⊕ ai2 ⊕
· · · ⊕ aip = b§¤±f´ü�"Ïd§f´V�"e¡y²f�±∗,⊕,′$�"

(1) f(a ∗ b) = f(a)∩ f(b)µ �a = 0½b = 0�§f(a ∗ b) = f(0) = ∅¶,
��¡§a = 0½b = 0¿�Xf(a) = ∅½f(b) = ∅§¤±§f(a) ∩ f(b) = ∅ =

f(a ∗ b)"
�a 6= 0�b 6= 0�§f(a) = {a1, a2, · · · , ak}§f(b) = {b1, b2, · · · , bl}"

�Ò´`§a1, a2, · · · , ak´�u�ua�¤k�f§b1, b2, · · · , bl´�u�
ub�¤k�f"XJa ∗ b = 0§Kkf(a ∗ b) = ∅"bef(a) ∩ f(b) 6= ∅§
K�3x ∈ f(a) ∩ f(b)§=x´�u�ua ��f§Ó��´�u�ub��

f§¤±x � a ∗ b = 0§ù�x´�fgñ§�f(a) ∩ f(b) = ∅ = f(a ∗ b)"
XJa ∗ b 6= 0§-f(a ∗ b) = {c1, c2, · · · , cm}§¤±�fci � a ∗ b � a§

ci � a ∗ b � b§�kci ∈ {a1, a2, · · · , ak}�ci ∈ {b1, b2, · · · , bl}§1 ≤ i ≤ m"

l§

{c1, c2, · · · , cm} ⊆ {a1, a2, · · · , ak} ∩ {b1, b2, · · · , bl}.

��§?�x ∈ {a1, a2, · · · , ak} ∩ {b1, b2, · · · , bl}§x � a�x � b§u´x �
a ∗ b"¤±x ∈ {c1, c2, · · · , cm}"ùL²

{a1, a2, · · · , ak} ∩ {b1, b2, · · · , bl} ⊆ {c1, c2, · · · , cm}.

nþ§{c1, c2, · · · , cm} = {a1, a2, · · · , ak} ∩ {b1, b2, · · · , bl}§=

f(a ∗ b) = f(a) ∩ f(b).

(2) f(a ⊕ b) = f(a) ∪ f(b)µ �a = 0½b = 0�§a ⊕ b = b½a ⊕ b =

a§�f(a ⊕ b) = f(b)½f(a ⊕ b) = f(a)¶,��¡§a = 0½b = 0¿�

Xf(a) = ∅½f(b) = ∅§�f(a) ∪ f(b) = f(b)½f(a) ∪ f(b) = f(a)"u

´f(a⊕ b) = f(a) ∪ f(b) "

�a 6= 0�b 6= 0�§-f(a ⊕ b) = {d1, d2, · · · , dn}§d1, d2, · · · , dn´÷
vdi � a ⊕ b(1 ≤ i ≤ n)��Ü�f"�âÚn8.4§éu�fdiÚ�"�

�a, b§di � aÚdi � a′k��k��¤á¶di � bÚdi � b′k��k�

�¤á"ù�Òko«|Üµ1) di � a �di � b§2) di � a�di � b′§

3) di � a′�di � b§4) di � a′�di � b′"Ù¥1o«|ÜØ�U§Ä
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Kddi � a′ Údi � b′§��di � a′ ∗ b′ = (a ⊕ b)′§di � a ⊕ b§�

kdi � (a ⊕ b)′ ∗ (a ⊕ b) = 0§�di´�fgñ"3Ù¦n«|Ü¥§½

ödi � a¤á½ödi � b¤á§=di ∈ {a1, a2, · · · , ak} ∪ {b1, b2, · · · , bl}§
¤±{d1, d2, · · · , dn} ⊆ {a1, a2, · · · , ak} ∪ {b1, b2, · · · , bl}"��§?�x ∈
{a1, a2, · · · , ak}∪{b1, b2, · · · , bl}§w,x � a � a⊕b§x � b � a⊕b§u´x ∈
{d1, d2, · · · , dn}§l{a1, a2, · · · , ak} ∪ {b1, b2, · · · , bl} ⊆ {d1, d2, · · · , dn}"
Ïd§{d1, d2, · · · , dn} = {a1, a2, · · · , ak} ∪ {b1, b2, · · · , bl}§=

f(a⊕ b) = f(a) ∪ f(b).

(3) f(a′) = f(a)µ �a = 1�§f(a′) = f(0) = ∅¶f(a) = S = ∅§¤
±f(a′) = f(a)"

�a 6= 1�§f(a′) 6= ∅"ù�éu�fx§

x ∈ f(a′)⇔ x � a′ ⇔ x � aØ¤á⇔ x /∈ f(a)⇔ x ∈ f(a),

dd��f(a′) = f(a)"

d±þ?Ø��§f´lÙ��êA�P(S)�Ó�N�§¤±ü�Ù�

�ê〈A, ∗,⊕,′ , 0, 1〉�〈P(S),∩,∪,− , ∅, S〉Ó�"y."
l±þ?Ø��§k�Ù��ê¥8ÜA����ê´2n§Ù¥nÒ´

Ù��êA¥��f�ê"?Ûäk2n����Ù��êÑ´Ó��"

8.4.5 ÙÙÙ������

3Ù��ê〈A, ∗,⊕,′ , 0, 1〉¥§y3©OwÙ¥����$�"〈A, ∗〉¥§
∗÷v��ÆÚ(ÜÆ"éuA¥?¿��aþka ∗ 1 = a§¤±1´∗$�
�ü �"éu��a§XJ�3b ∈ A¦a ∗ b = 1§@oa = a ⊕ (a ∗ b) =

a ⊕ 1 = 1§�Ò´`8ÜA¥�k�a = 1�k'u∗$��_�§¤
±〈A, ∗〉�¤¹N�+"〈A,⊕〉¥§⊕÷v��ÆÚ(ÜÆ"éuA¥?¿�
�aþka ⊕ 0 = a§¤±0´⊕ $��ü �"éu��a§XJ�3b ∈ A
¦a ⊕ b = 0§@oa = a ∗ (a ⊕ b) = a ∗ 0 = 0§�Ò´`8ÜA¥�k

�a = 0�k'u⊕$��_�§¤±〈A,⊕〉�´¹N�+"
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XJÓ�wAþ�ü���$�§�âþã©Û§〈A, ∗,⊕〉´Ù��§
�ØU�¤�"�d3Aþ½Â#���$�+§é?¿�a, b ∈ A§

a+ b = (a ∗ b′)⊕ (a′ ∗ b).

´�§+$�÷v��ÆÚ(ÜÆ"0´"�"dua+a = (a∗a′)⊕(a′∗a) =

0⊕ 0 = 0§¤±a´a�K�"l〈A,+〉´��+"q

(a+ b) ∗ c = ((a ∗ b′)⊕ (a′ ∗ b)) ∗ c = (a ∗ b′ ∗ c)⊕ (a′ ∗ b ∗ c),

(a ∗ c) + (b ∗ c) = ((a ∗ c) ∗ (b ∗ c)′)⊕ ((a ∗ c)′ ∗ (b ∗ c))

= (a ∗ c ∗ (b′ ⊕ c′))⊕ ((a′ ⊕ c′) ∗ b ∗ c)

= (a ∗ b′ ∗ c)⊕ (a′ ∗ b ∗ c),

¤±(a+ b) ∗ c = (a ∗ c) + (b ∗ c)§=∗é+km©�Æ"Ón�yc ∗ (a+ b) =

(c ∗ a) + (c ∗ b)§=∗é+k�©�Æ"

Ïd§〈A,+, ∗〉´�§¡��ÙÙÙ������"3Ù��¥§éA¥?¿��a§
ka2 = a ∗ a = a"

��§®�〈A,+, ∗〉´Ù��§#½Â��$�⊕Ú��$�′§
éa, b ∈ A§

a⊕ b = a+ b+ a ∗ b,

a′ = 1 + a,

@o〈A, ∗,⊕,′ , · · · 〉�¤Ù��ê"TÙ��ê���Ú����¦)3�
SK"

8.4.6 ÙÙÙ���LLL���ªªª

½Â 8.17. Ù��ê〈A, ∗,⊕,′ , 0, 1〉þ�ÙÙÙ���LLL���ªªª½Â�µ
(1) A¥?Û��Ñ´Ù�L�ª¶

(2) ?ÛC�´Ù�L�ª¶

(3) ee1Úe2´Ù�L�ª§Ke′1§(e1 ⊕ e2)§(e1 ∗ e2)´Ù�L�ª"

kn�ØÓC��Ù�L�ª��n�Ù�L�ª§P�E(x1, x2, · · · , xn)§

Ù¥x1, x2, · · · , xn´C�"^A¥���Oxi(1 ≤ i ≤ n)§KE(x1, x2, · · · , xn)Ò
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´A¥�����"¤±E´lAn�A�N�"XJf : An → A§fU^Aþ

�n�Ù�L�ªL«§@ofÒ��n�ÙÙÙ���¼¼¼êêê"

〈{0, 1}, •,+,− , 0, 1〉´��8Üþ�Ù��ê"?Ûn�m'¼êf :

{0, 1}n → {0, 1}§�¼ê�1éA�n�kSê|ÑU�Ñ��L�ª"Ï

d§z�m'¼êÑ´Ù�¼ê"�±y²§���Ù��ê〈A, ∗,⊕,′ , 0, 1〉þ
�?¿Ù�L�ªE(x1, x2, · · · , xn) �±L«¤

E(x1, x2, · · · , xn) = ⊕(a1,a2,··· ,an)E(a1, a2, · · · , an) ∗ xa11 ∗ x
a2
2 ∗ · · · ∗ x

an
n ,

Ù¥ai = 0½1§x0i = x′i§x
1
i = xi§1 ≤ i ≤ n"

e¡Þ~`²¿�¤klAn�A�N�Ñ´Aþ�Ù�¼ê"-A =

{0, 1, 2, 3}§Ù��ê〈A, ∗,⊕,′ , 0, 1〉�HasseãXã8.10§Ù¥2�3p�Ö

�"-N�g : A2 → A½ÂXL8.1¤«"

2 3

0

1

ã 8.10: o�Ù��ê�Hasseã

XJg´Ù�¼ê§ATUke¡���L�ª

g(x1, x2) = (g(1, 1) ∗ x1 ∗ x2)⊕ (g(1, 0) ∗ x1 ∗ x′2)

⊕ (g(0, 1) ∗ x′1 ∗ x2)⊕ (g(0, 0) ∗ x′1 ∗ x′2)

= (x1 ∗ x2)⊕ (x1 ∗ x′2)⊕ (x′1 ∗ x′2).

�x1 = x2 = 3�§k

g(3, 3) = (3 ∗ 3)⊕ (3 ∗ 2)⊕ (2 ∗ 2) = 3⊕ 0⊕ 2 = 1,

�g�½Â¥g(3, 3) = 2(�L8.1)ØÓ§gñ"�gØ´Ù�¼ê"
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L 8.1: lA2�A�N�

i

g(i, j) j
0 1 2 3

0 1 0 0 3

1 1 1 0 3

2 2 0 1 1

3 3 0 2 2

SSSKKK

1. -R1 = {x|x ∈ R, 0 � x � 1}§�´R1þ��u�u'X"y

²〈R1,�〉´�"T��∗Ú⊕$�´�oº
2. 〈A,�〉´�§a, b, c´A¥?¿��§y²µ
(1) a ∗ b = b ∗ a§a⊕ b = b⊕ a¶
(2) a ∗ (a⊕ b) = a§a⊕ (a ∗ b) = a"

3. y²µ3�¥§XJa � b§c � d§Kka ∗ c � b ∗ d"
4. y²µ3�¥§XJa � b � c§Kk
(1) a⊕ b = b ∗ c¶
(2) (a ∗ b)⊕ (b ∗ c) = b = (a⊕ b) ∗ (b⊕ c)"
5. y²µ3�¥§

(a ∗ b)⊕ (c ∗ d) � (a⊕ c) ∗ (b⊕ d),

(a ∗ b)⊕ (b ∗ c)⊕ (c ∗ a) � (a⊕ b) ∗ (b⊕ c) ∗ (c⊕ a).

6. 〈A,�〉´�"�A¥���a, b§a ≺ b"-

B = {x|x ∈ A, a � x � b},

y²µ〈B,�〉´�"
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7. 〈A, ∗,⊕〉´�§A����ê�u1"XJT�k���0Ú���1§

@o§�7,´A�ØÓ��"

8. �S = {1, 3, 5, 15, 25, 75}§〈S, |〉´�"��ÑS¥kÖ����¿�
Ñ§��Ö�"

9. 3äkü�½�õ�����¥§vk��g�´g��Ö�"

10. äkn�½�õ�����5S8Ø´kÖ�"

11. Ê��¥=
´©��º

12. y²µ�A´©����=�é?¿a, b, c ∈ A§(a ∗ b) ⊕ (b ∗ c) ⊕
(c ∗ a) = (a⊕ b) ∗ (b⊕ c) ∗ (c⊕ a)"

13. y²µ3kÖ©��¥§

(1) a � b⇔ a ∗ b′ = 0¶

(2) b′ � a′ ⇔ a′ ⊕ b = 1"

14. f´l8ÜA�8ÜB�N�"-S = {f(c)|c ∈ P(A)}"y²µ
〈S,⊆〉´〈P(B),⊆〉�f�"

15. 〈A,�〉´©��"a, b ∈ A�a ≺ b"-B = {x|x ∈ A, a � x � b}"
y²µf(x) = (x⊕ a) ∗ b´lA�B�Ó�N�"

16. 〈S,�〉´��§a, b ∈ S"-

X = {x|x ∈ S, a ∗ b � x � a},

Y = {y|y ∈ S, b � y � a⊕ b},

f = x⊕ b.

y²µf´lX�Y�Ó�N�"

17. 3Ù��ê〈A, ∗,⊕,′ , 0, 1〉¥§éA¥?¿��a, b§
(1) a⊕ (a′ ∗ b) = a⊕ b¶
(2) a ∗ (a′ ⊕ b) = a ∗ b"
18. y²µ3Ù��ê¥§x � y ⇔ y′ � x′"
19. 〈A1, ∗,⊕,′ , 0, 1〉�〈A2,∧,∨,− , 0̃, 1̃〉´ü�Ù��ê"y²§���

È〈A1 ×A2, ∗̃, ⊕̃,◦ , (0, 0̃), (1, 1̃)〉´Ù��ê"
20. A,B´ü�Ø���8Ü"?�S ⊆ A§T ⊆ B§-f(S ∪ T ) =

(S, T )"y²µf´Ù��ê〈P(A ∪ B),⊆〉 �〈P(A) ×P(B),⊆〉�Ó�N
�"
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21. éÑ8�Ù��ê�¤kf�ê"

22. 〈{1, 2, 3, 4, 6, 12}, |〉Ú〈{1, 2, 3, 4, 6, 8, 12, 24}, |〉´Ù��êíº
23. ea, b1, b2, · · · , br´Ù��ê〈A, ∗,⊕,′ , 0, 1〉��f§y²

a � b1 ⊕ b2 ⊕ · · · ⊕ br ⇔�3i,¦�a = bi, 1 ≤ i ≤ r.

24. eb1, b2, · · · , bn´k�Ù��ê¥�¤k�f§y²µ

y = 0⇔ ∀i, y ∗ bi = 0, 1 ≤ i ≤ n.

25. 〈A,+, ∗〉´Ù��"3Aþ½Â��$�⊕Ú��$�′Xe§éa, b ∈
A§

a⊕ b = a+ b+ a ∗ b,

a′ = 1 + a,

y²µ〈A, ∗,⊕,′ , · · · 〉�¤Ù��ê§¿(½Ù���Ú���"
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