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1 Lecture?2

5. HTiHHE E(Xq -+ Xp), AFFRKHBHLEFREL M (1) FEJ AR B, ...t BB SR F 4L
IFM(t)
81‘1 atz atk ’t:O.

AT AR X ~ N(O,L) TiE, M(t) = exp(5tTXt) BRI, FFA R R I BAER S
Taylor EHH ¢ -t TUREW 1111 =1 5.
H e* feJi fify Taylor g, 155

k

M(t) = i ;' ( Z al]tlt]) .
k=0 "

l]_

RIRIEIFA A A BRI, LA k 2 E(Xy - Xg) = 0.
k AT, - b — TR AR PR § o

15
1
(i)

i<j

SUFA by, e, b REBTBRIRI AR TE, BT £ - b JX— TR ATAE ph 30 I oty (i % ) P22k, T LA A
F BRI R T AT —F (1,2, 0, k) (508 (i1, i), Ui, gy oo, Kk, i), XERE T —FR A5
BRI AT (B j RS0 £, by D), ST R a8, B & AT = e
B )RR RIIGHER 7 2, BRI REON (1o, - i PISRRUR 209 RO

(k/Z)' Z Wz)'ﬂ Z n“if'

pairing pairing

MRS B p e, E(XX)) = oy, UEW]5E5E.

2 Lecture 3

2. 4, S? Ry =4S a4k .
S2 = {(x,y,2) € R3: x2 +y2 +2z2 =1}
Hx, IR 2 R B AN B9 7 35 A KRN 5] 20 AT

BY 6 ~ U(0, ), ¢ ~ UL(0,27r), M (sin O cos ¢, sin O sin ¢, cos 0) ~ LL(S?).

1
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R LAB A B S A s A P B O SR, RO IRDAERIAT_E£BJ A 6 FRARKI &) 040 BRTAT LRI T
JLEET sin 0d6dg, fItLA 6 50 A 5 LR ZUE HE T sin 6, 515 cos 6 251 90 (IRrlad I “Bkoe
TR IE H T g B A S ) IR, 2 R FHER AR R 7 3B K, ZE 0K 0 BT 3R

u~ur-1,1j,

6 ~ arccos(U).

4 SRR 2. 3 BINERBRTE U < pfcie; IFHEE, FTEARISEH: 2.6 S50 (TERLH: 2.6 1,
1L () $ei Mg,y (%), A il M), J2 IE BRI R RE B,

WERIIAAET, 88 2 BN %L g (x) B % 8 3, fr LU — ERER I8 f (o) 1REL
T i B A

1A gl<x) 1
A é‘ = = —
MWﬁﬁ#ﬂm)‘hMﬂM%uﬂx — [gindx.

3 Lecture4

1. FRATTUERA XA B MG R %L f, g, #A Cov(f(X)g (X)) = 0.
Cov(f(X)g(X)) = E(f(X)g(X)) — Ef(X)Eg(X)

17,1 1 1 1 1
= 5“0 (f (g (x) + f(y)g(y))dx — fO f(x)dx fo gdy — fo g(x)dx fo f(y)dy]

1
=35 Joar L8 +f(g(y) — fF(0)gy) — f(1)g(x)1dxdy

1
=3 Jorp L) = f)1lg(x) — g(y)1dxdy.

T f, g BIPEAE R, 75 NAEAE T, B AR EEE . SRR ST EE.
3. ANg e logx < x —1,Vx > 0. frlA

B g(x) g§(x) _ -
D(fli) ——ff(x)logf( sdr> - [fo >(m—1)dx—f[f<x>—g<x>]dx—o.

SR ELCY S = 1AL, B f = ¢



4 Lecture5

2. (a) FEE

Hh Z, 25 Z, MOTR A RN b 38 Z,, BORFERRECY £, MIARSERHAE SR HE BT,

baw=ﬁ(ﬁ)-

fm=ﬂ(%)

n 72"
fo=fezn| .
K% f € C2, FFEMEISAUAL A B Taylor JEJF (4&fF EX,, = 0= f/(0) = 0)

& n — oo, LML f — f, FirEA

&I

(b) HridfE AT A

fx)=1+ %f”(O)x2 + o(x?).
Fir LA
1 2z
fih=[1+ Ef"(0>2—"t2 +0(27M)

4 n — oo, HIf5
Fity = H"OP,

e Gauss R RFIE R AL

(c) —fie, kM por -
mZ,, +nz,

e =

Fran® =i (2= (21,

MERE s, te Ry, & mn—co JFH T - 7, A5

N}

fls+bt =fE)f .

H1If) < 1 DA ESENE, Hi4 Cauchy JRERIIERT, B f(H) = e Xt >0, (k > 0). [{FEt < 0 IHA
f(t) = ekt (k' > 0).

EINEXIFREERRIR £ (1) = f (=), WA k =K', FrLAf(t) = e Mk = 0 I, 002 B 0 A ORI o
£ k > 0 I, JX /& Cauchy 7341 YHFIE R AL

(d) H (c) HAg 2RI ] IS 20T £ () 3 2 1) eR A0 75

f) =fp*Hf (1 —-p)*t), YteR,pe (0,1).
>0}, #IC t =s%,9(s) = f (), W15

g(s) = g(ps)g((1 —p)s),



LA Cauchy 5 FERIVEST, g(s) = 7%, Vs > 0. [AFEA X £ < 0 1138, T HIAFRIE £ (1) = f(—t) 15
f(t) = exp(—kiti™"), vt € R.

i Durrett {147 3.3.23 (Durrett, R. Probability: Theory and Examples, 5th ed., pp. 138-139) 1§
M7 A

1
O<zx‘1§2@o¢2§.

4. (H134 Laplace 5[H) EE A h(0) = 0, BN h(x) — h(0). HRIFHE, h(x) /£ x =0 4k
AT, LT e > 0, fF7E 6 > 0 fif3 0 < x < & A,

lh(x) —h'(0)x] < ex.
FAAR 534 (0,8) 1 (8, o) BB

o S
I(t) = (fo + L )e—”’(x)dx =0 + 1,

Hk,
1 — e—0(=H (O)+e)t 6 5 1 — =8I (O)—o)t
(' (0)—e)x t(h' (0)+e)x _
S ETST Joe dr<h< e == —or
AW e < I (0)], B4 EXIURIR t — oo AITG
1 . , 1
9R, i}
I, < et=Dn L e"™dx = O(e),
Hrpy=sup,_sh(x) <0. FN el « =1, LAt — oo WP AN AT 15
1 o . 1
H e BRI RITS 4518,
5 Lecture 6
3. % QiIAE (H AR Q = ((9,))), WA
= E[E(f (Xpsa0)1Xar); Xo = 1]
= pi(Abhh). CHRAB ST G k)
J
i LA
hi(t+ AH) — () pu(Ah) —1 pij (Ab)
At = A it ]; —ar H®

J#



B ()Y BAE A R, ABAE M LR TR
W' (t) = Qh(t),

PR G TR TR B S RE b JoE At RYISTRAEFE ¢ YIRS, BN RIS U2 S Y. 55—
FRERE T ON: MRS AEFE P(1) T

P(t) = eQ = P’ = QP = PQ,

Fir LA
h(t) = Pf = k' (t) = QPf = Qh.

5. (1) HHAGHAR M) ARFEL, 0 p, (8) 29 t BZIEG 5340, M Poisson i 225 1F (4),

Pt +h) =p,, ()1 —At)h) + p_1 (DAE)R + o(h).

W T B M 21
Pin(t) = =A®)py (1) + ADPpr_1(B),

AN AMESR

7 m - 4
pm(o) = 5m0 =
0, m=>1.

T A = fy As)ds, W Zid 254, 7175
[eABp, (0] = At)erDp,, (1),

FirLA t
P (1) = e~ D fo A(s)er®p, 1(s)ds, m>1.
m =0 BAfE (p_1 (1) =0)

po(t) = e A,

NGRS
(A" A"

t
Dy (1) = e~ MO fo A== ds =

B X, ~ DCA). WATHEIE A £ TSR s = A FAERE

(2) J2 Ty Sy FTsRAGEE R Hh ST REPE, A ¢ I 20T ARG B IOBAE (X, o —Xo) om0 HILLA(H+S)
NIRRT REME. T, > s BRI (X — X)) M2 R 0BATE O BRI, 11
/NI py (0), BB TS

, Vm,

P(T; >s) =exp (— J:)L(t + s)ds) .

6 Lecture?7

2. ]2 Qo = ') = Qo — o), ITLAK T B b a3 T 4544, At
T(0)A(0 - 0") = n(c"HA(c' - 0),

T A RE— MR o, 0.



11% M Metropolis 8%, /eji5F T
FXSFRIE, 470 AR EE T X ME, FrASE R o7
ik M Glauber B3k, /iih T

1 —pH 1 _1 1
1 4 eBH(e)=H(0)) — Z eBH(0) 4 oBH(0")’

FOFRNE, A0 AR S5 T M, Bt AZE S AL

7 Lecture9

f R I FRAT T 7 2255 FE 2] V (x) /N SR AT BEAFAE R R BT L. 10 V(x) 2Rt/ NS
A M. iiE M ARE Vx) 6#, BAGK minV(x) = 0, IFaEHET—R x; € M [z V(x) |1
Taylor B4 0EH
V@R (x))
(2k)!
X2 R IME AL AR 9 — D HER SECRTTRE A AT B, 76 LA x; i9— 4Bk, o] LAf RE
Laplace it /2 = HYIEAIER

Vi(x) = (x — x)%F + O((x — x;)?k+1),

J.xi+€ e_'BV(x)dx — [Ck + O(].)](,BV(Zk)(Xi))_l/Zk, 'B - oo,

Horpr G /2 i k BRIERY AL

%58 M I T € ABIsR, Horp e BT S/ MERF E TR BIARAS, ) e PV ) R4t 2 I L
SRBBASHEECT W A5 x; 158, BIECH ki, BB A [ (o) 7PV BRI ECH O(B~28), AT LAFR e
K kg B A AR LA T T 0. JEIX SR AUV ER &8 M C M, k™ = max; k;, FIE et~ =]
PABEIX L S I [ Y E PG R, 1500 — L2

Hﬁ( U Bs(x)) -1,

xeM*
[V(Zk*) (xi)]—l/Zk"
Yrem- [V )] 712

Hﬁ(Be(xz)) -

1 e MUFEREME, T1g HOARAR N
Y e [V (07126,
Y- [V (0)]712k

8 Lecture 10

4. Arcsine Law WAL, 0008 THa — N ERFIRT 0 IHS. LR WA 2 BE >k B Dur-
rett () Thm. 4.9.5 fil Thm. 4.9.6 (pp. 261-267), 1% 2% I8 FEAKBGIEH o
Theorem (T )5—ME SN IEZAR). & {S,,} & Z Loystfrfapuig £, 4

Ly, =sup{m <2n:S,, =0},

)

. LZn ) b 1 2 . .
IimP|la< —=—<b|=| ————dx = —(arcsin \/E — arcsin va).
nme ( 2n L Tyx(1 — x) T



Theorem (55T KT 0 BHCAY R 5. & {(S,) & Z L&yt AREAMLIF A, 4 715, A [0,2n] L x %4
L Fe R (k—1,5_1) - (k,S) 8% B, B4 u, = P(S,, =0), 1

P (71p, = 2k) = uptin,_ok,

M
Ty ) b 1 2 . .
Iim P |a< <b|= ——dx = —(arcsin Vb — arcsin va).
e 2n L Tyx(1 —x) T

9 Lecture 12
1. iRYE E— SN E S, AT IR BEVLE 2 Brownian motion, H 7 -
(i) ¥ Gauss ifFE.

(ii) HME mt) =0, 5% K(s,t) =s A t.

(i) ¥ as. 4L
T AU =R, 5T AR R S B ER), (HIR 2 R T SRS — 1.
X = tWy 18 t = 0 eI BEE L AT 4F LI, 75 2t A
Wi
lim — =0, as
tooco f

M ER T HUE SR R A2 L.

P (r[%aﬁ(wt > a) =P(r, <t)=2P(W; >a), Va>0.
FHIXAN B 5 _E LR W/t P HUE.
Wt'

]P’( sup |—2£) 5]P< max |Wt|>25T>
te[T,2T] t te[0,2T]

< 4P (Wyp > 2¢T)
e
il
EEOR T, = 2"T SRF1JEUEL, i Borel-Cantelli 5] #E, a.s. HHHELAFRIK, ArLL a.s. 07
lim u <e
t

t—o0

Rl Wi/t — 0, as.. L BAHEALES (Law of the Iterated Logarithm):

=C

limsup ———— =1, as.

toco” 2tloglogt
2. FA Y, (f w) A2 o FRAIRSE A, DA Y, HORT 2" BOFER E Y, 12 [F 0
{HIR AT LAl i Borel-Cantelli 5 FEIEH]H: a.s. itk

2
P(Y,(t,w) —t| > &) < e 2Var(Y,(t,w)) = LT
=) PV, (w) —tl2e) <o,
= P ({IY,(t,w) —t| > e}io.) =0,

=Y, w) > tas.



Y, WP AN, B2 (@ + b)* < 6% + b2 FEARENER a,b € R 07

10 Lecture 13
1. A5 RN T BB R M B . Fho R 2B 2

N-1
Zo (Wtf+l/2 N Wt/‘)

j=

2

FRI, W] AR R kA 225 T2 BARIEDT S HAR RO T /4.
2. (a) BEEHS (x,u) = p(x — 1) = exp (5(x — )2, TRFB TR 12 (x,0) £ u

47 Taylor Jgt, 152
00 un anf
flxu) = Z ! ou”

n=0

(x,0)

73— J3 T, AR f (e u) = ¢(x — ) BT,

Iy LA e L
o R Sl e B G e FR 1)

P e /2 ALt
1 1
a>0/, SR u «au,x < a 2x, B ANRAZLEEAN. a - 08, H, (x,a) - H,(x,0),

Jir AR PR T LA 200 a = 0 o (sl BiERIIE).
(b) (a) A TR x SREFr FAL 152

0 Mn 12142
Z FBJ%Hn (x,a) = u2e"* 7.
n=0 """
Xt a sR—Br- S5, 152
& u”a Cou? e
HZ‘:OE H, (x,a) = —5e 2.
GiEpEEE
o ut (1.,
Zm Eax‘}‘aa Hn(x,a) =0.

n=0
HI T AR w A7, BT A B B f— TR BB 2 O, RIS — 12518 1.
XF x SR 4L 155

o 1 2 © N
ux_au u

E ﬁaan(x,a) = ue Z =1 E mHn(x,a).
! = n!

n=0

X H 6T B IR A, RIS 56 458,
(c) X n 1Y n =11}, by (x) = x, fIT2A

t 1 1
Wt = J‘O thl = th

=

t

4

NI =

t

S5 NOT.
BUEXS n — 1 sz, WA IR

1 £
—H, (W, ) = jo G- (Ws AW,



1 Ito AFCHIET /MR R E5IE,
1
dH,(W;,t) = 0, H,(W,, t)dW, + §a§Hn(Wt,t)dt + d,H,,(W,, t)dt
(b) &1
= aan(Wt, t)th = an_l(Wt, t)th

4. 14 ODE [#HIZEIE, (M) = Ae'd = e A., FTLMRIRE 1to AL,
d(e *X,) = —e MAX,dt 4+ e *AdX, = e A (—AX,dt + dX,),
Fp AR T X, ZelEpr LB S A% AT RE AT 15
d(e *X,) = e ModW,,

FirLAE i i T LA il t
X, =X, + f el=94gdW,.

ik A(A) <0, IE 2 _EIHIF S ATAE t — oo IPARIR, Lt @FaA0 . BRMTT
jo eAgdW,.
PHE RN, Vs 2 M 1to S5tk 5.
E, (XXT) = fm(etAa)(etAU)Tdt
_f etAgoTetA’ dt.
5. TATE A HHA v il 1 PR EUE 5 Bk
T (Xpoant + B8 = (X, 1) + 00X, + AL
JEFFAi3 4 SDE. KRR It 2434, 18 dW, 7 (d6)?, BAZHTE 2 MLl LI
dX, = b(X,, Hdt + [0 (X, t) + 0, dX,1dW,.
PRI 2 i dX,dW, v, U o (X, AW, AW, ERSAEZ, BT DU RN JLITN

dX; = [b(X;, t) + 00, (X;, H]AE + 0 (X, £)AW,.

11 Lecture 14

1. {#1F§ Einstein’s summation. B 45CiEHE_E—2=TE R EIFEk Ito [ SDE.
dX; = bdt + cdW, + %(th -dX;)dW,.
SHARFYR.
dX] = bdt + o/*dW§ + 5 a o*dXidWE.
KT B JE—0, BABERIAETF dX], I AR (dW,{‘)2 HIR, 7521
0;07* dXIdWE = 9,07 (bidt + oldW!)dWF

= 9;07% ok dt.



SRIGIATHAGR) T Itd T3 SDE, 7] LA 5 H i e 16 557
dg:Wa+%¢w%mﬂ+mef
Lu =bou+ %aiafkoimfu + %(T”‘(ﬂkalju
=bou+ %aikaiwfkajm
Lrp =—-0;(t'p) + %a].[afka,(o—fkp)]
5 R, 15 Fokker-Planck J5 7.
pi =L*p=-V-(pb) + %V (V- (paT)),

HrPJERERY B A TR, A s 0 RO HE SR SR PR

12 Lecture 15

FEA BB S() RE AT RTINS R HIT, WA
1. L 2RET-

2. LLD(L) MR RO R, B-HERYPUE S)x Bl fy, i E e

dS(t)x
dt

= LS(t)x = S(t)Lx.

(@) IS < THNIPI < 1, 2407 PR S(HS(H) = S(2). &t — oo, ] S() YK
St I, 7o TR AT AR IR, 15 P2 = P, FTLUE.

(b) HISEAEMENL S(s + 1) = S()S(H) = S(H)S(s). & s —» 0o 135 P = S(H)P = PS(#).

HIMAFE] P AL L Al scfe. EIXAER x € D(L), 0 = PLx = LPx. X2 A

d d
0= a[S(t)Px] = $[P5(t)x] = PLx,

MImAEHES Px € D(L) H LPx = 0.

(c) Y x € N(L) i}, Lx = 0, FrLMRIAE ST, S (S(hx) = S(HLx = 0, fifLL S(hx =
x,Vt > 0.4t - oo H[{F Px = x, it x € R(P).

x e R(P) I, f1 L BEM, Fly € D) @ik x, Nl Py —» Px = x. g (b) &SN L,
LPy = 0. # L AR A x € D(L) H Lx =0, Rl x € N(L).

(d) ¥ x e RL) B}, 8% x = Ly,y € D(L), A4 (b) IFISMEETE, Px = PLy = 0, it x € N(P).

M x € N(P) i}, 1% x & R(L), My Hahn-Banach &8, 718 7 06 f € B*, (fif
fles = 0 f %) # 0. B5 M x B, W S(Hx - Px = 0, LA (f, S(Hx) - 0. fEHLy € D(L),

d d
3 (- Sty) = 5 (F,LS(Dy) = 0.

BB (f, S(hy) = (£, SO)y) = (f.y), Xty € D). BEH LFE, BrLh S*(Hf = f, *MTE ¢ > 0, i
(f,S(hx) = (f,x) #0, 75!

10



13 Lecture 16

1. We notice that the variables are jointly Gaussian, so we only need to compute their mean

and covariance. W.lLo.g., we let t, = 0, and then the three variables become
At At At
AW, = Wy, = fo dWw,, AZ; = fo dW,, AZ, = fo W.dr.
We also recall that by the Ito integral
t
W, = fo W,ds + sdW,,

the three quantities are correlated, i.e. AZ, = AtAW,, — AZ,. We only need to generate (AW,,,AZ;).

Obviously, their means are both zero. Their variances and covariances equal
E(AW,)? = At,

2 Af 2 1 3
E(AZ;) :fo 2dt = z(AD?,

At 1
E(AW,AZ;) = jo Tdt = 5 (A1,

Therefore, we only need to generate the two-dimensional Gaussian variable subject to mean 0 and

covariance matrix
oAt J@n?

B [%wﬂ %<At>3l '
2. Consider the diffusion process

dXt = b(Xt)dt + th,

i.e. the process with constant additive noise. Use {X,’j} to denote the numerical solution, and {X,} the

exact one. We are going to prove that the Euler-Maruyama scheme
Xt = X0+ b(XIh + AW

is actually of order 1 strong convergence. Here the assumption on b must be very strong, and we
will show them during our proof. The goal is to prove that the L? error of the n-th step with nh < T
is of order O(h?), which requires the truncation error at each step to be owh3).

As is usually done in numerical ODEs, we separate the error of each step into propagation and
accumulation.

XZ+1 o X(n+1)h = (XZ+1 - Xn+1) + (Xn+1 - X(n+1)h)/

where X,,, 1 denotes the solution obtained by taking one forward time step from the exact solution
Xon-

Suppose b is Lipschitz with constant L, and then we have

IXh = Xl = (X = Xo) + h(OXE) — b(Xy))I < (1 + L)IXE = X,

This is because we use the same Wiener trajectory no matter what our precision is. Next, the propa-

gation error at the n-th step caused by discretization.

_ (n+1)h
X1 — Xnsyh = Lh [b(X;) — b(X,,,)1dt
(n+1)h t
= dtj b (X,)[b(X,)ds + dW,] + b"(X,)ds
nh nh
£Y, +7Z,,

11



where we used Itd’s formula, and denoted by
(n+1)h t
Y, = fnh dt Lh(bb +b")lx ds,
zo= ("4 [ rocyaw
e -[nh fnh ( s) 5

By estimating their orders we find that E (Y2) = O(h*), and that EZ2 = O(h3).
Take the conditional expectation with respect to the n-th step.

E[(XE,1 = Xua1)? | X X,] = B| (X

n+1 n+l —

— 2 h
Xn+1 + Yn + Zn) | Xn/th]

_ 2
< E[(1+8)(Xh Rpo1 +Zn) +(1+s‘1)Y%|Xﬁ,th]

n+l

n+l —

i, 2
< ]E[(l +e)(xh Xpp1+2Z,) | XZ,th] + (1 + e HCyht.
Now comes the critical part. Notice that

Xh X1 = [BXE) = b(X,) 1h

n+l

is determined by X/ and X,,;,, which is considered constant in the conditional expectation. Mean-
while, Z,, is an It6 integral over W, on (nh, (n + 1)h], so it has conditional expectation 0 given
X,n, X! because of the Markovian proeprty. Therefore, we can break down the first quadratic term
X

il ™ X,+1+Z,)? and eliminate the crossing term in between. The overall estimate then becomes

E[(Xpy1 = Xonanyn)* | X5, X ]
A+ X! | =X, )2+ A+ E[Z2 | X!, X] + (1 + e HCyh?

n+l

(1 +e)(1+ L)X — X2+ 1 +e)Cohd + (1 4+ &)~1C 1.

propagation truncation

IA

IA

Choosing € = h makes the propagation factor
(1+h@A+Lh) =1+0h) =0(),

and truncation error

h

so the final estimate of E|X,,;, — XZI2 is O(h?) as desired.

1
Co(1+h)h3 4+ C; (1 + —) h* = O(h®),

14 Lecture 18

1. Discretizing the problem into finite case, we get

1
Eexp(iz §(tj)AWtj) = exp(i Z(tj - tj_1)§2(t]'))
]

J

since W, has independent increments and E (AWt]_ )2 = t;—t;_,. Taking the formal limit max; Af; — 0

gives us the desired result.

12



