
教学大纲(参照资格考试大纲)

a) Fourier级数: Dini判别法,Jordan判别法,Drichlet核,Fejer核, Poisson核
Fourier变换(i) L1函数的Fourier变换,卷积1.6
(ii) Schwartz函数与缓增分布,Schwartz函数的Fourier变换,缓增分布的Fourier变换1.7
(iii) L2函数的Fourier变换,Plancherel公式,Lp函数的Fourier变换,Riesz-Thorin插值定
理,Hausdorff-Young不等式,卷积Young不等式1.8
(iv) 收敛与求和,Poisson核、Gauss核1.9

b) Hardy-Littlewood极大函数(i)恒等逼近,Poisson积分, Lp,∞空间,
弱(p, q) 型与a.e.收敛 (ii)Marcinkiewicz插值定理 (iii)极大函数Mf ,
Mdf , 弱(1,1)有界性, 覆盖引理,Calderon-Zygmund分解

c) 奇异积分3-5
(i)Hilbert变换(3):共轭Poisson核,主值积分,弱(1, 1)与强(p, p)有界性,极大Hilbert变换
H∗f与几乎处处收敛,Lp乘子,与平移可交换的算子
(ii)卷积型奇异积分算子, −n次齐次积分核(4),
旋转方法,Riesz变换,积分核的Fourier变换,分数次积分的算子,带变量核的Calderon-
Zygmund奇异积分
(iii)卷积型奇异积分算子,Hormander条件,Benedek-Calderon-Panzone
原理(5.1,5.2) (iv)一般(非卷积型)Calderon-Zygmund算子,标准核条件, 极大奇异积分
算子的有界性,向量值奇异积分算子(5.3,5.4)

d) Hardy空间与BMO空间(i) 原子Hardy空间, P ∗f , M∗
φf 6.1

(ii)BMO空间,Sharp极大函数M#f 6.2, Sharp极大定理,Lp与BMO之间的插值定理6.3,
John-Nirenberg不等式6.4

e) Littewood-Paley理论与乘子
(i) 向量值不等式8.1,Littewood-Paley平方函数理论8.2
(ii)Hörmander乘子定理8.3, Marcinkiewicz乘子定理8.4
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函数空间: Lp, Σ, Σ′, Lp,∞, Hardy空间, BMO空间.
极大函数: Mf , Mdf , M

#f , P ∗f , M∗
φf . 极大奇异积分算子.

算子: Fourier变换, Hilbert变换, 卷积型奇异积分算子(Riesz变换, Lp乘子, −n次齐次
积分核, Hörmander条件), Calderon-Zygmund算子(标准核条件), 向量值奇异积分算子,
Littewood-Paley算子gφf , Sφf .
插值定理: Marcinkiewicz插值定理, Riesz-Thorin插值定理.
乘子定理: Hörmander乘子定理, Marcinkiewicz乘子定理.
记号说明: φt(x) = t−nφ(x/t); af (λ) = |{|f | > λ}|, λ > 0; A ≈ B 定义为存在常数C > 1使

得C−1A ≤ B ≤ CA.
作业:第1章:1,3,4,6,7,8,10,14,第2章:1,2,3,4,5,9,第3章:1,3,5,6,7,10,

第4章:1,3,4,5,10,12,第5章:1,2,5,6,8,9,第6章:2,4,5,6,7,9,第8章:1,2,3,4,5,6.
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第1章习题

(1) 设f 是T上的有界变差函数, 证明: f̂(k) = O(1/|k|).
(2) 设f 是T上的有界变差函数, 证明若f̂(k) = o(1/|k|), 则f ∈ C(T).
(3) 设f ∈ L1(T), σNf是f的Fourier级数部分和的算术平均, x0是f的Lebesgue点. 证明:

lim
N→∞

σNf(x0) = f(x0).

(4) 设P (x) 是T上的N 次三角多项式, 证明: ∥P ′∥∞ ≤ 4πN∥P∥∞.

(5) 设f ∈ C1(T), f̂(k) = 0, ∀ |k| < N , 证明: ∥f ′∥∞ ≥ 4N∥f∥∞.

(6) 设f ∈ L2(R), f ′ ∈ L2(R), 证明: f̂ ∈ L1(R).
(7) 设f ∈ L1(R), f ′ ∈ L1(R), 证明: f ∈ L2(R).
(8) 设f ∈ L1(Rn), f在原点x = 0连续, 且f̂ ≥ 0, 证明: f̂ ∈ L1(Rn).
(9) 设f ∈ L2(Rn), 若f的平移的有限线性组合在L2(Rn)中稠密, 则称f平移生成L2(Rn).
证明: f平移生成L2(Rn)当且仅当f̂(ξ) ̸= 0 a.e. ξ ∈ Rn.

(10) 设|f(x)| ≤ C(1 + |x|)−1−δ, |f̂(ξ)| ≤ C(1 + |ξ|)−1−δ, f, f̂ ∈ C(R), 其中常数C > 0,

δ > 0. 证明Poisson求和公式:
∑
k∈Z

f(x+ k) =
∑
k∈Z

f̂(k)e2πikx.

(11) 证明: S(Rn)是完备可分度量空间.
(12) 设f ∈ C(Rn)满足∀ g ∈ S(Rn)有fg ∈ S(Rn), 证明: f是慢增C∞函数.
(13) 设f, g ∈ C(R)满足g(x) = f(tanx), ∀ x ∈ (−π/2, π/2); g(x) = 0, ∀ |x| ≥ π/2, 证明:

f ∈ S(R) ⇔ g ∈ C∞(R).
(14) 设1 ≤ p, q ≤ ∞, 证明若存在常数C, 使得∥f̂∥q ≤ C∥f∥p, ∀ f ∈ S(Rn), 则q = p′,

1 ≤ p ≤ 2.

(15) 设2 < p <∞. 给出一个函数f ∈ Lp(Rn), 使得f̂ 不是局部可积函数.

(16) 设F (z)是C上的解析函数, σ > 0. 若∀ ε > 0, ∃ Aε > 0, 使得|F (z)| ≤ Aεe
(σ+ε)|Imz|,

∀ z ∈ C, 则称F是指数型σ的整函数. 证明: 若f ∈ L2(R), 则suppf ⊆ [−σ, σ]当且仅
当f̂可以开拓为C上的指数型2πσ的整函数.

(17) 设f ∈ C(Rn). 若任意点列{xk}和复数列{ξk}, 有
∑

1≤k,j≤N
f(xi − xj)ξkξj ≥ 0, 则称f

是Rn上的正定函数. 证明: f 是Rn上的正定函数, 当且仅当f是非负有界Borel测度
的Fourier变换.

(18) 设0 < α ≤ 1. 若|f(x+ h)− f(x)| ≤ C|h|α, ∀ x, h ∈ R, 则称f ∈ Λα. 若
|f(x+ h) + f(x− h)− 2f(x)| ≤ C|h|, ∀ x, h ∈ R, 则称f ∈ Λ∗. 设σNf是f的Fourier级
数部分和的算术平均. 证明: (i)若f ∈ Λα, 0 < α < 1, 则σNf(x)− f(x) = O(N−α)对
x ∈ T一致成立; (ii)若f ∈ Λ∗, 则σNf(x) − f(x) = O(N−1 lnN)对x ∈ T一致成立;
(iii)若σNf(x)− f(x) = o(N−1)对x ∈ T一致成立, 则f是常数.

第2章习题

(1) 设φ ∈ L1 ∩ C(Rn). ψ(x) = sup
|y|≥|x|

|φ(y)|, 且ψ ∈ L1(Rn). 令

F ∗(x) = sup
t>0

sup
|x−y|<t

|φt ∗ f(y)|. 证明: F ∗(x) ≤ CMf(x).

(2) 设0 < p <∞, 弱型空间Lp,∞定义为{f : ∥f∥p,∞ <∞}, 其中
∥f∥p,∞ = inf{C > 0 : af (λ) ≤ (C/λ)p} = sup{λ > 0 : λ(af (λ))

1/p}. (L∞,∞ = L∞).
若0 < p < r < q ≤ ∞, 证明: (Lp,∞ ∩ Lq,∞) ⊂ Lr.

(3) 设ak > 0. 证明: ∥
∑

k fk∥1,∞ ≤ (1 +
∑

k ak)
∑

k ∥fk∥1,∞ ln(1 + a−1
k ).

(4) 设1 < p ≤ 2. 证明: ∥f̂∥Lp(Rn,|x|−n(2−p)dx) ≤ C∥f∥Lp(Rn,dx).

(5) 设f ∈ L1
loc(Rn). 证明: Mf(x) <∞, a.e. 或Mf(x) = ∞, a.e.
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(6) 设球B ⊂ Rn, suppf ⊂ B, f ∈ L1(B). 证明: Mf(x) ∈ L1(B)当且仅当f ln+ f ∈
L1(B).

(7) 对f ∈ L1(T), 定义M1f(x) = sup
k∈Z+

1

2k

2k−1∑
n=0

|f(x +
n

2k
)|. 证明: ∥M1f∥1,∞ ≤ ∥f∥1;

M1f ∈ L1(T)当且仅当
f ln+ f ∈ L1(T).

(8) 设p, q, r ∈ (1,∞), 1
p +

1
q = 1 + 1

r . 证明: ∥f ∗ g∥r,∞ ≤ C∥f∥p,∞∥g∥q,∞,

∥f ∗ g∥r ≤ C∥f∥p∥g∥q,∞, ∥f ∗ g∥p,∞ ≤ C∥f∥1∥g∥p,∞. 举出反例说明不等式
∥f ∗ g∥p,∞ ≤ C∥f∥1,∞∥g∥p, ∥f ∗ g∥∞ ≤ C∥f∥p′∥g∥p,∞ 不成立.

(9) 设p ∈ (1,∞). 证明: ∥Mf∥p,∞ ≤ C∥f∥p,∞.
(10) 设b ∈ (0,∞), p ∈ [1,∞). 证明下列Hardy不等式:

(
∫∞
0 (
∫ x
0 |f(t)|dt)px−b−1dx)

1
p ≤ p

b (
∫∞
0 |f(t)|ptp−b−1dt)

1
p ,

(
∫∞
0 (
∫∞
x |f(t)|dt)pxb−1dx)

1
p ≤ p

b (
∫∞
0 |f(t)|ptp+b−1dt)

1
p .

(11) 设f(x)是Rn上的可测函数, 其非增重排定义为f∗(t) = inf{λ : af (λ) ≤ t}, t > 0.

令f∗∗(t) = Tf∗(t) = 1
t

∫ t
0 f

∗(s)ds. 证明: (Mf)∗(t) ≈ f∗∗(t).

(12) R上的单边极大函数定义为MLf(x) = sup
r>0

1
r

∫ x
x−r |f(y)|dy. 证明:

|{x ∈ R :MLf(x) > λ}| = 1
λ

∫
{MLf>λ} |f(x)|dx, ∥M

Lf∥p ≤ p
p−1∥f∥p.

第3章习题

(1) 求区间[a, b]的特征函数χ[a,b]的Hilbert变换Hχ[a,b].

(2) 设A = ∪Ni=1[ai, bi], 证明: |{x ∈ R : |HχA(x)| > λ}| = 2|A|/ sinh(πλ).
(3) 设f(x) = (1 + x2)−1, 求Hf(x)和f̂(ξ).

(4) 设f(x) = x(1 + x2)−2, 求Hf(x)和f̂(ξ).

(5) 设f(x) ∈ S(R). 证明: (Ĥf ∗ Ĥf)(ξ) = (f̂ ∗ f̂)(ξ)− 2isgn(ξ)(f̂ ∗ Ĥf)(ξ).

(6) 设φ ∈ S(R), 证明: lim
N→+∞

p.v.
∫
R
e2πiNx

x
φ(x)dx = φ(0)πi.

(7) 设f ∈ S(R), 证明: Hf ∈ L1(R)当且仅当
∫
R f(x)dx = 0.

(8) 设p, q ∈ [1,∞], T是Lp(Rn)到Lq(Rn)的有界线性算子, 且与平移可交换. 证明:
T (f ∗ g) = f ∗ Tg, ∥Tf∥p′ ≤ C∥f∥q′ , ∀ f, g ∈ S(Rn).

(9) 设p ∈ [1,∞], T是Lp(Rn)上的有界线性算子, 且与平移可交换. 证明: 存在有界可测函

数m, 使得T̂ f(ξ) = m(ξ)f̂(ξ), ∀ f ∈ L2 ∩ Lp(Rn).
(10) 设1 ≤ q < p ≤ ∞, T是Lp(Rn)到Lq(Rn)的有界线性算子, 且与平移可交换. 证

明Tf = 0, ∀ f ∈ S(Rn).
(11) 设p ∈ [1,∞], m是Lp(Rn)乘子, ψ ∈ L1(R). 证明: mψ̂, m ∗ ψ是Lp(Rn)乘子,且

∥T
mψ̂

∥Lp→Lp ≤ ∥ψ∥1∥Tm∥Lp→Lp , ∥Tm∗ψ∥Lp→Lp ≤ ∥ψ∥1∥Tm∥Lp→Lp .

(12) 设q ≥ 2, m1 ∈ Lq(Rn), m2 ∈ Lq
′
(Rn). 证明: 若|1/2− 1/p| ≤ 1/q, 则m1 ∗m2是

Lp(Rn)乘子.
(13) 证明: 乘子算子Tm在L

1(Rn)上有界, 当且仅当m是有界Borel测度的Fourier变换.
(14) 设p ∈ [1,∞], λ > 0, m ∈ C(R). 定义T上的乘子算子

T̃m,λf(x) ∼
∑

k∈Zm(λk)f̂(k)e2πikx. 证明: ∥Tm∥Lp→Lp = sup
λ>0

∥T̃m,λ∥Lp→Lp .

(15) 设Rn的径向函数m是Lp(Rn)乘子. 证明: 若1 < p < 2n
n+1 , 则m除原点外处处连续.
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第4章习题

(1) 设Ω ∈ L1(Sn−1), 在Sn−1积分为0. 证明: 若奇异积分Tf = f ∗ p.v.Ω(x′)
|x|n

是Lp(Rn)到Lq(Rn)的有界线性算子, 则p = q或T = 0. 这里x′ = x/|x|.
(2) 设Ω ∈ Lq(Sn−1) (q > 1), 在Sn−1积分为0. 证明: 主值分布p.v.Ω(x′)

|x|n 的

Fourier变换m(ξ)在Sn−1上连续.
(3) 设Ω ∈ L1(Sn−1), 满足

∫
Sn−1 Ω(u)sgn(u · ξ)dσ(u) = 0, ∀ ξ ∈ Rn. 证明: Ω是偶函数.

(4) Rn 上分数次积分的算子Iα, 0 < α < n, 定义为

Iαf(x) = πα−
n
2
Γ(n−α

2
)

Γ(α
2
)

∫
Rn

f(y)
|x−y|n−αdy, Îαf(ξ) = |ξ|−αf̂(ξ), f ∈ S(Rn). 证明:

若1 ≤ p < n/α, 则|Iαf(x)| ≤ C∥f∥
αp
n
p Mf(x)1−

αp
n .

(5) 证明: Iα是强(p, q) (1 < p < n
α ,

1
q = 1

p −
α
n )与弱(1, n

n−α)型算子.

(6) 求Poisson核Pt的Riesz变换Q
(j)
t (x) = Rj(Pt)(x).

(7) 设fj ∈ L2(Rn), uj = Pt ∗ fj , j ∈ [0, n] ∩ Z. 证明: fj = Rjf0, j ∈ [1, n] ∩ Z, 当且仅
当
∑n

j=0
∂uj
∂xj

= 0,
∂uj
∂xk

= ∂uk
∂xj

, j ̸= k, 这里x0 = t.

(8) 设φ ∈ S(Rn), f ∈ L1(Rn), Rjf ∈ L1(Rn). 证明: φ ∗Rjf = Rj(φ ∗ f).
(9) 设u ∈ S ′(Rn)满足∆u = 0, 其中∆是Laplace 算子. 证明: u是多项式.

(10) 求Γ ∈ S ′(Rn)满足∆Γ = δ, 其中∆是Laplace 算子, ⟨δ, f⟩ = f(0).
(11) 设φ ∈ L1(Rn), φ ≥ 0, 且φ(rx) ≤ φ(x), ∀ x ∈ Rn, r > 1. 令Mφf(x) = sup

t>0
|φt ∗ f(x)|.

证明: Mφ在L
p(Rn), 1 < p <∞, 上有界.

(12) 设Pk(x), k ≥ 1, 是Rn上的k次齐次调和多项式. 证明:

(1) (Pk(x)e
−π|x|2)̂(ξ) = i−kPk(ξ)e

−π|ξ|2 . (2)
∫
Sn−1 Pk(x

′)dσ(x′) = 0.

(3) 主值分布p.v. Pk(x)
|x|n+k的Fourier变换m(ξ) = i−k

πn/2Γ( k
2
)

Γ(n+k
2

)

Pk(ξ)
|ξ|k .

(13) 设Ω ∈ L lnL(Sn−1)是偶函数, 在Sn−1积分为0. 证明: 奇异积分算子Tf = f ∗ p.v.Ω(x′)
|x|n

和极大奇异积分算子T ∗f(x) = sup
0<a<b

|
∫
a<|y|<b

Ω(y′)
|y|n f(x − y)dy|在Lp(Rn), p ∈ (1,∞),

上有界.
(14) 设L ∈ L1(Rn), 当|x| > 2时, L(x) = 0,

∫
Rn L(x)dx = 0, 且∫

Rn |L(x− y)− L(x)|dx ≤ C|y|. 任意正整数对i, j, 令

Li,j(x) =
j∑

k=−i
2nkL(2kx), Ti,jf(x) = Li,j ∗ f(x), T ∗f(x) = sup

i,j
|Ti,j(x)|. 证明: T ∗是

弱(1, 1)与强(p, p) (1 < p <∞)型算子.

第5章习题

(1) 设T是卷积算子, 在L2(Rn)上有界, f ∈ L1(Rn) ∩ L2(Rn), 且积分为0. 证明: 若Tf可
积, 则Tf的积分为0.

(2) 设DN = {φ ∈ C∞
0 (Rn) : suppφ ⊂ B, ∥Dαφ∥∞ ≤ 1, 0 ≤ |α| ≤ N}, B是Rn中的单位

球, N > n/2. 设K ∈ S ′(Rn)且在Rn \{0}上局部可积, |K(x)|+ |x||∇K(x)| ≤ A1|x|−n,
x ̸= 0. 证明: K̂ ∈ L∞当且仅当 sup

φ∈DN ,R>0
|K(φR)| ≤ A, 其中φR(x) = φ(x/R).

(3) 设K ∈ L1
loc(Rn \ {0}), 满足: sup

0<a<b
|
∫
a<|x|<bK(x)dx| ≤ A <∞,

sup
a>0

∫
a<|x|<2a |K(x)|dx ≤ B < ∞,

∫
|x|>2|y| |K(x − y) − K(x)|dx ≤ C < ∞. 定义极
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大奇异积分算子T ∗f(x) = sup
0<a<b

|
∫
a<|y|<bK(y)f(x − y)dy|. 证明: K ∈ L1,∞(Rn);

T ∗在Lp(Rn), 1 < p <∞, 上有界.

(4) 设p, r ∈ (1,∞), 证明: ∥(
∑

j |Mfj |r)1/r∥p ≤ C∥(
∑

j |fj |r)1/r∥p,
∥(
∑

j |Mfj |r)1/r∥1,∞ ≤ C∥(
∑

j |fj |r)1/r∥1.
(5) 设K(x, y)满足标准核条件, 光滑径向函数φ满足: 当|x| ≤ 1/2时, φ(x) = 0, |x| ≥ 1时,

φ(x) = 1, 令Kε(x, y) = K(x, y)φ(x−yε ). 证明: Kε(x, y)关于ε一致满足标准核条件.

(6) 设T1, T2是Calderón-Zygmund算子, 并且具有相同的标准核. 证明: 存在a ∈ L∞, 使
得(T1 − T2)f(x) = a(x)f(x).

(7) 设K ∈ S ′(Rn) ∩ L1
loc(Rn \ {0}), N > n/2, K̂(ξ) = m(ξ), 满足: |∂αξm(ξ)|

≤ A <∞, ∀ 0 ≤ |α| ≤ N . 证明:
∫
|x|>2|y| |K(x− y)−K(x)|dx ≤ CA.

(8) 设T是Rn上具有标准核K(x, y)的Calderón-Zygmund算子. 令Iε,N (x) =∫
ε<|x−y|<N K(x, y)dy. 证明:

∫
|x−x′|<N |Iε,N (x)|2dx ≤ CNn 关于ε,N, x′一致成立.

(9) 设K ∈ S ′(Rn)且在Rn \ {0}上局部可积, sup
a>0

∫
a<|x|<2a |K(x)|dx < ∞. 若算子Tf =

K ∗ f 在L2(Rn)上有界, 证明: sup
0<a<b

|
∫
a<|x|<bK(x)dx| <∞.

(10) 设1 ≤ p < ∞, s > 0. 定义Lps(Rn) = {f : ∥f∥Lp
s
= ∥(1 − ∆)

s
2 f∥p < ∞}, 其

中(1−∆)
s
2 f由((1−∆)

s
2 f )̂(ξ) = (1 + |2πξ|2)

s
2 f̂(ξ)定义. 证明:

(1) 若1 < p < q <∞, 1
p −

1
q = s

n , 则Lps(Rn) ⊂ Lq(Rn).
(2) 若1 < p <∞, f ∈ Lps(Rn), 0 ≤ |α| ≤ [s], 则Dαf ∈ Lp(Rn).
(3) 若1 ≤ p < ∞, sp > n, 则Lps(Rn) ⊂ L∞(Rn), 且任意f ∈ Lps(Rn), 存在f̃ ∈ C(Rn),
使得f(x) = f̃(x), a.e. x ∈ Rn.

(11) 设Tj是L
2(Rn)上的一族有界线性算子, 且 ∥T ∗

j Tk∥+ ∥TjT ∗
k ∥ ≤ γ(j − k),

A =
∑
j∈Z

√
γ(j) <∞. 令TN =

∑
|j|≤N

Tj . 证明: (1) ∥TNf∥2 ≤ A∥f∥2.

(2) {TNf}∞N=1是L
2(Rn)中的柯西列. 这里f ∈ L2(Rn).

第6章习题

(1) 证明H1
at是Banach空间.

(2) 设φ ∈ S(Rn), φ̂(0) ̸= 0. 定义极大函数M∗
φf(x) = sup

t>0
sup

|x−y|<t
|φt ∗ f(y)|. 证明:

∥M∗
φf∥1 ≤ C∥f∥H1

at
.

(3) 设1 < p <∞, f ∈ Lp(Rn), g ∈ Lp
′
(Rn), φ ∈ S(Rn), φ̂(0) ̸= 0. 证明:

∥M∗
φ(fRjg + gRjf)∥1 ≤ C∥f∥p∥g∥p′ .

(4) 证明: 分数次积分算子Iα, 0 < α < n, 满足∥Iαf∥ n
n−α

≤ C∥f∥H1
at(Rn).

(5) 设f ∈ H1
at(Rn). 证明:

∫
Rn

|f̂(y)|
|y|n dy ≤ C∥f∥H1

at(Rn).

(6) 设|f(x)| ≤ C
1+|x|n+ε , ε > 0, 且

∫
Rn f(x)dx = 0. 证明: f ∈ H1

at(Rn).

(7) 设f ∈ BMO(Rn). 证明:
∫
Rn

|f(x)|
1+|x|n+εdx <∞, ε > 0.

(8) 设f ∈ BMO(Rn). 证明: Mf ∈ BMO(Rn), 或Mf(x) = ∞.
(9) 证明: 分数次积分算子Iα, 0 < α < n, 满足∥Iαf∥∗ ≤ C∥f∥n/α.

(10) 设p ∈ [1,∞), f, g ∈ BMO(Rn) ∩ Lp(Rn). 证明: ∥fg∥p ≤ C(∥f∥p∥g∥∗ + ∥f∥∗∥g∥p).
(11) 设1 < q ≤ ∞, 函数a支在一个方体Q上, 满足

∫
Q a(x)dx = 0与∥a∥q ≤ |Q|

1
q
−1

(则称a是一个(1, q)原子). 证明: a ∈ H1
at(Rn), ∥a∥H1

at(Rn) ≤ C.
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(12) 设f, g是可测函数. 若存在α > 1, 使得任意β > 0, 存在εα,β 满足 lim
β→0

εα,β = 0, 且|{x :

|f(x)| > αλ, |g(x)| ≤ βλ}| ≤ εα,β|{x : |f(x)| > λ}| (则称(f, g)满足好λ不等式). 证明:
若(f, g)满足好λ不等式, 则∥f∥p ≤ C∥g∥p, 1 ≤ p <∞.

(13) 任意方体Q ⊂ Rn, 令Q̂ = {(x, t) ∈ Rn+1
+ : 0 < t < l(Q)}. 其中l(Q)是Q的边长.

若Rn+1
+ 上的非负Borel测度µ满足µ(Q̂) ≤ C|Q|, 任意方体Q ⊂ Rn, 称µ是Carleson测

度. 设f/(1 + |x|N ) ∈ L1(Rn), 径向函数φ( ̸= 0) ∈ S(Rn), φ̂(0) = 0. 证明: f ∈ BMO,
当且仅当dµ = |f ∗ φt(x)|2 dxdtt 是Carleson测度.

第8章习题

(1) 设ψ ∈ S(Rn), ψ(0) = 0. 定义算子Sj : Ŝjf(ξ) = f̂(ξ)ψ(2−jξ). 证明:∥∥∥( ∑
j∈Z

|Sjf |2
) 1

2
∥∥∥
1
≤ C∥f∥H1

at
.

(2) 设h ∈ S(Rn)满足suppĥ ⊆ [−1
8 ,

1
8 ]. 给定数列{aj}, 令

f(x) =
∞∑
j=1

aje
2πi2jxh(x). 证明: ∥f∥p ≤ C

( ∞∑
j=1

|aj |2
) 1

2 ∥h∥p, 1 < p <∞.

(3) 证明: eiξj/|ξ|是Lp(Rn)乘子, 1 < p <∞.

(4) 设ζ ∈ C∞
0 (Rn), 0 ̸∈ suppζ. 令G(f)(x) = sup

N>0

∣∣∣ ∑
j<N

∆ζ
jf(x)

∣∣∣, 其中
∆̂ζ
jf(ξ) = f̂(ξ)ζ(2−jξ). 证明: ∥G(f)∥p ≤ C∥f∥p, 1 < p <∞.

(5) 设ζ ∈ C∞
0 (Rn), 0 ̸∈ suppζ, {aj}是有界数列. 证明:

m(ξ) =
∑
j∈Z

ajζ(2
−jξ)是Lp(Rn)乘子, 1 < p <∞.

(6) 设1 < p <∞, f ∈ S(Rn), L1 = ∂1 − ∂22 + ∂43 , L2 = ∂1 + ∂22 + ∂23 . 证明:
∥∂2∂23f∥p ≤ C∥L1f∥p, ∥∂1f∥p ≤ C∥L2f∥p.

(7) 设Kj ∈ S ′(Rn)且在Rn \ {0}上局部可积, 满足

sup
y∈Rn\{0}

∫
|x|>2|y|(

∑
j∈Z

|Kj(x− y)−Kj(x)|2)
1
2dx ≤ A <∞, 且∑

j∈Z
|K̂j(ξ)|2 ≤ B2 <∞. 证明: ∥(

∑
j∈Z

|Kj ∗ f |2)
1
2 ∥p ≤ C∥f∥p.

(8) 设mk ∈ L∞(Rn), 满足sup
R>0

R−n+2|α| ∑
k∈Z

∫
R<|ξ|<2R |∂αξmk(ξ)|2dξ ≤ A2 <∞,

|α| ≤ [n/2] + 1, Kj ∈ S ′(Rn), K̂j = mj . 证明: Kj在Rn \ {0}上局部可积, 且

sup
y∈Rn\{0}

∫
|x|>2|y|(

∑
j∈Z

|Kj(x− y)−Kj(x)|2)
1
2dx ≤ C <∞.

(9) 设径向函数φ(̸= 0) ∈ S(Rn), φ̂(0) = 0. 定义算子gφ(f)(x) = (
∫∞
0 |f ∗ φt(x)|2 dtt )

1
2 ,

Sφ(f)(x) = (
∫∞
0

∫
|y|<t |f ∗ φt(x− y)|2 dydt

tn+1 )
1
2 . 证明: ∥gφ(f)∥p ≈ ∥f∥p,

∥Sφ(f)∥p ≈ ∥f∥p, 1 < p <∞; ∥gφ(f)∥1,∞ + ∥Sφ(f)∥1,∞ ≤ C∥f∥1;
∥gφ(f)∥1 + ∥Sφ(f)∥1 ≤ C∥f∥H1

at
; ∥gφ(f)∥∗ + ∥Sφ(f)∥∗ ≤ C∥f∥∞.

(10) 设1 < p < ∞, m ∈ L∞(Rn). 令Ij表示二进区间, Rj,k = Ij × Ik是二进矩形,
mj,k(ξ) = m(ξ)χRj,k

(ξ). 证明: m是Lp(Rn)乘子, 当且仅当对所有的fj,k ∈ Lp(R2),

∥(
∑
j,k∈Z

|Tmj,k
fj,k|2)

1
2 ∥p ≤ C∥(

∑
j,k∈Z

|fj,k|2)
1
2 ∥p.

(11) 设线性算子T在Lp(Rn)上有界, 0 < p ≤ ∞, 证明:

∥(
∑

j |Tfj |2)1/2∥p ≤ ∥T∥∥(
∑

j |fj |2)1/2∥p.
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(12) 设0 < p <∞, 线性算子T满足∥Tf∥p,∞ ≤ ∥f∥p, 证明:

∥(
∑

j |Tfj |2)1/2∥p,∞ ≤ C∥(
∑

j |fj |2)1/2∥p.

综合练习题

(1) 设f ∈ L2(T), 证明 lim
N→+∞

N
∑

N<|k|<2N

|f̂(k)|2 = 0 的充要条件是

lim
t→0

1
t

∫ 1
0 |f(x+ t)− f(x)|2dx = 0.

(2) 证明
∞∑
k=2

sin(2πkx)

ln k
处处收敛, 但不是任何L1函数的Fourier级数.

(3) 设P (x) 是T上的N 次三角多项式, 证明: P ′(x) =
∑
k∈Z

8N(−1)k

π(2k + 1)2
P (x+

2k + 1

4N
).

(4) 设N ∈ Z+, 证明存在g ∈ span{sin(2πjx) : j ∈ Z ∩ (0, N)}使得
g( j

2N ) = N−j
2N , ∀ j ∈ Z ∩ (0, 2N). 且此时

(i) (−1)j(g(t) + t− 1/2) > 0, ∀ t ∈ ( j−1
2N ,

j
2N ), j ∈ Z ∩ (0, 2N ];

(ii)
∫ 1
0 |g(t) + t− 1/2|dt = 1

4N ;

(iii) 若f ∈ C1(T), f̂(k) = 0, ∀ |k| < N , 则f(x) =
∫ 1
0 f

′(x+ t)(g(t) + t− 1/2)dt.

(5) 设θ(z) =
∑

n∈Z e
−πn2z, 证明: θ(1/z) =

√
zθ(z), ∀ z > 0.

(6) 设A ⊂ L2(Rn). (1) 证明A在L2(Rn)中列紧的充要条件是以下2条同时成立：

(i)sup
f∈A

∥f∥2 < +∞; (ii) lim
R→+∞

sup
f∈A

∫
|x|>R(|f |

2 + |f̂ |2)dx = 0.

(2) 证明条件(ii)可以推出条件(i).

注:条件(ii)可以推出∃ R > 0使得sup
f∈A

∫
|x|>R(|f |

2 + |f̂ |2)dx < +∞.

(7) 设B ⊂ Rn是有界开集, 0 ∈ B, BR = {Rx : x ∈ B} (R > 0), p ∈ [1,∞]. 定义

ŜRf(x) =
∫
BR

f̂(ξ)e2πix·ξdξ, ∀ f ∈ S(Rn); φ1(x) =
∫
B e

2πix·ξdξ. 证明若

φ1 ̸∈ Lp(Rn)则存在f ∈ S(Rn)使得{R > 0|SRf ̸∈ Lp(Rn)}无界.证明若φ1 ∈ Lp(Rn)则
lim
R→∞

∥SRf − f∥p = 0, ∀ f ∈ S(Rn).

(8) (Hausdorff-Young不等式的最佳常数) 设f ∈ S(R), p ∈ (1, 2), p′ = p/(p− 1).

F (t, x, y) = f(
√
tx+

√
1− ty)e−π(

√
1−tx−

√
ty)2 , G = FyF, i.e.

G(t, x, η) =
∫
R F (t, x, y)e

−2πiyηdy, t ∈ [0, 1], x, y, η ∈ R.
(1)证明t ∈ (0, 1), x, η ∈ R时

∂G

∂η
+ 2πηG+ i

√
1− t

t

(
∂G

∂x
+ 2πxG

)
= 0,

2
√
t(1− t)

∂G

∂t
= 2πixηG+

1

2πi

∂2G

∂x∂η
,

4π
∂|G|2

∂t
= −1

t

∂

∂x

(
∂|G|2

∂x
+ 4πx|G|2

)
− 2√

t(1− t)
Im

(
∂G

∂η

∂G

∂x

)
=

1

1− t

∂

∂η

(
∂|G|2

∂η
+ 4πη|G|2

)
+

2√
t(1− t)

Im

(
∂G

∂η

∂G

∂x

)
,

Im

(
∂G

∂η

∂G

∂x

)
=−

√
1− t

t

∂|G|
∂x

(
∂|G|
∂x

+ 2πx|G|
)
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−
√

t

1− t

∂|G|
∂η

(
∂|G|
∂η

+ 2πη|G|
)
,

4πp
∂|G|p′

∂t
=− 1

t

∂

∂x

(
∂|G|p′

∂x
+ 2πpx|G|p′

)
+
p(p′ − p)

t

∣∣∣∣∂|G|∂x

∣∣∣∣2 |G|p′−2

− 2π
p′ − p

t
|G|p′ + p− 1

1− t

∂

∂η

(
∂|G|p′

∂η
+ 2πp′η|G|p′

)
.

(2)设I(t, x) =
∫
R |G(t, x, η)|p′dη, (t, x) ∈ [0, 1]× R. 证明t ∈ (0, 1)时

4πpt
∂I

∂t
≥− ∂2I

∂x2
− 2πpx

∂I

∂x
+

(p− 1)(2− p)

I

∣∣∣∣∂I∂x
∣∣∣∣2 − 2πp′I.

(3)设J(t) =
∫
R |I(t, x)|p−1dx, t ∈ [0, 1]. 证明J ∈ C([0, 1]) ∩ C1(0, 1); t ∈ (0, 1)时

J ′(t) ≥ 0; J(0) = p−
1
2 ∥f̂∥pp′ , J(1) = p′−

p−1
2 ∥f∥pp.

(4) 证明∥f̂∥p′ ≤ p
1
2p p′

− 1
2p′ ∥f∥p. f(x) = ae−bx

2+cx, b > 0时等号成立.

(9) (卷积Young不等式的最佳常数) 设α, β, γ ∈ (0, 1), α + β + γ = 2, f, g, h ∈ L1(Rn),

f, g, h ≥ 0, (et∆ϕ(x) = (4πt)−
n
2

∫
Rn ϕ(y)e

− |x−y|2
4t dy)

I(t) =
∫
Rn×Rn |eα(1−α)t∆f(x)|α|eβ(1−β)t∆g(y − x)|β|eγ(1−γ)t∆h(−y)|γdxdy. 证明

lim
t→∞

I(t) = | (1−α)
1−α(1−β)1−β(1−γ)1−γ

ααββγγ
|
n
2 ∥f∥α1 ∥g∥

β
1∥h∥

γ
1 ; I

′(t) ≥ 0,

∀ t > 0; lim
t→0+

I(t) =
∫
Rn×Rn |f(x)|α|g(y − x)|β|h(−y)|γdxdy.

(10) 设an =
∑+∞

k=1 n2
−k(1− 2−k)n, g(x) = xe−x, f(x) =

∑
k∈Z g(2

kx). 证明:

lim
n→+∞

(an − f(n)) = 0, |(ln 2)f(x)− 1| < 10−5, ∀ x > 0.

(11) 设V : R → C连续, ImV (x) ≥ 0, |V (x)− V (y)| ≥ |x− y|, ∀ x, y ∈ R. f ∈ L1 ∩ L2(R),
g(t) =

∫
R f(x)e

i|t|V (x)dt. 证明:∥g∥2 ≤ C∥f∥2.
∫∞
0 |g(t)|2dt ≤ C

∫
R |f(x)|2dx.

(12) 证明: 若f, g, h ∈ S(R2)则

|
∫
R2(

∂f
∂x1

∂g
∂x2

− ∂f
∂x2

∂g
∂x1

)hdx1dx2| ≤ C∥Df∥2∥Dg∥2∥Dh∥2.
(13) 设φ ∈ L1(Rn), ψ(x) = sup

|y|≥|x|
|φ(y)|, 且ψ ∈ L1(Rn); f ∈ L1

loc(Rn), Mf(x) < +∞. 证

明: t 7→ φt ∗ f(x) (t > 0) 连续.
(14) 证明: 若p > 1则∥

∑
k fk∥p,∞ ≤ p

p−1

∑
k ∥fk∥p,∞; 若0 < p < 1则

∥
∑

k fk∥
p
p,∞ ≤ 1

1−p
∑

k ∥fk∥
p
p,∞.

(15) 设ck > 0, 满足
∑

k ck = 1,
∑

k ck| ln ck| = N <∞. ∥fk∥1,∞ ≤ 1. 证明:
∥
∑

k fk∥1,∞ ≤ 2N + 2. ∥
∑∞

k=1 fk∥1,∞ ≤ C
∑∞

k=1 ∥fk∥1,∞(1 + ln k).

(16) 设B = {(x1, x2)|0 ≤ x1 ≤ 1/2, 0 ≤ x2 ≤ x21}, f(x) = x−3
1 | lnx1|−αχB, x = (x1, x2),

α ∈ (1, 2]. 证明: Mf(x) ≤ Cf(x), ∀ x ∈ B\{(0, 0)};Mf ∈ L1(B),但f ln+ f ̸∈ L1(B).
(17) 设RN = (0, 1)n−1 × (0, N), RN = {hARN + b|h > 0, A ∈ O(n), b ∈ Rn}. 定义

KNf(x) = sup
x∈R∈RN

1
|R|
∫
R |f |. 下设n = 2, f ∈ C∞

c (R2), f ≥ 0.

(1) 定义Amf(x) = sup
a>0

∣∣∣∫∞
0 F (ln r

a)
∫ 2π
0 f(x− r(cos θ, sin θ))eimθdθ drr

∣∣∣, 其中
F (t) = 1

1+t2
, m ∈ Z. 证明KNf(x) ≤ C

∑
|m|≤N Amf(x). (N ∈ Z+).

(2) 定义Bm,λf(x) =
∫∞
0 riλ[

∫ 2π
0 f(x− r(cos θ, sin θ))eimθdθ]drr . 证明

Amf(x) ≤
∫
R |Bm,λf(x)|e−|λ|dλ, ∀ m ∈ Z \ {0}, x ∈ R2.
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(3) 证明B̂m,λf(ξ) =
π1−iλΓ(

|m|+iλ
2

)

Γ(1+
|m|−iλ

2
)
|ξ|−iλi−|m|( ξ1+iξ2|ξ| )mf̂(ξ), ∀ m ∈ Z \ {0}, λ ∈ R,

ξ = (ξ1, ξ2) ∈ R2; ∥Bm,λf∥2 = π|m+ iλ|−1∥f∥2.
(4) 证明∥Amf∥2 ≤ 2π|m|−1∥f∥2, ∀ m ∈ Z \ {0}; A0f(x) ≤ CMf(x);
∥KNf∥2 ≤ C lnN∥f∥2, ∀ N > 2.

(18) 设f ∈ C∞
c (R2), g(x, v) =

∫
R f(x+ vt, t)dt. 证明ĝ ∈ L1(R2)且∫

R2 |ĝ(ξ, η)|2|η|dξdη =
∫
R2 |f(x, t)|2|t|dxdt. 设h(x, δ) = sup

a∈(−1,1)

1
δ

∫ a+δ
a−δ |g(x, v)|dv,

证明
∫
R |h(x, δ)|2dx ≤ C

∫
R(
∫ 1
−1 |g(x, v)|dv)dx+ C| ln δ|

∫
R2 |ĝ(ξ, η)|2|η|dξdη

≤ C| ln δ|
∫
R2 |f(x, t)|2(1 + |t|2)dxdt, ∀ δ ∈ (0, 1/2).

(19) 设RN,h = {hARN + b|A ∈ O(n), b ∈ Rn}, n = 2. 定义KN,hf(x) = sup
x∈R∈RN,h

1
|R|
∫
R |f |.

证明∥KN,hf∥2 ≤ C
√
lnN∥f∥2, ∀ N > 2, h > 0.

(20) 设f(x) =
∑N

k=1 ake
2πi2kx, 证明∥f∥24 ≤

√
2∥f∥22, ∥f∥2 ≤

√
2∥f∥1,

|{x ∈ (0, 1) : |f(x)| < θ∥f∥2}| ≤ [(1− θ2)2 + 1]−1, ∀ θ ∈ (0, 1).

(21) 设f ∈ L1(T), {k ∈ Z|f̂(k) ̸= 0} ⊆ {2k|k ∈ Z+}, 证明f ∈ L2(T).
(22) 设1 ≤ p ≤ ∞, 证明若存在常数C, 使得∥f̂∥L1(0,1) ≤ C∥f∥p, ∀ f ∈ S(Rn), 则1 ≤ p ≤ 2.

(考虑fN (x) =
∑N

k=1 e
−π|x+2k|2)

(23) 设F (x) =
∑∞

k=1 k
−1/22−ke2πi2

kx, E是F的可微点集.

(1)证明22m
∫ 1
0 |F (x)− F (x+ 2−m)|2dx ≥ 16 lnm, ∀ m ∈ Z+.

(2)设Ak,m = {x : 2m|F (x)− F (x+ 2−m)| < k}, Bk = ∩∞
m=1Ak,m,

证明E ⊆ ∪∞
k=1Bk, |Bk ∩ (0, 1)| ≤ 1/2, |E ∩ (0, 1)| ≤ 1/2.

(3)证明E = E + k/2m, ∀ k ∈ Z, m ∈ Z+; |E| = 0; 1/9 ∈ E(⇒ E ̸= ∅).
(24) 设f(x) =

∑∞
k=1 k

−1/2e−2π|x+2k|, 证明f ∈ L2,∞(R), f ∈ Lp(R), ∀ p > 2.

证明4π2i(1 + ξ2)f̂(ξ) = F ′(ξ) in S ′(R). (F定义同上题) 以上说明

f̂ ̸∈ L1
loc(R), f̂ ̸∈ L1(I), ∀ I = (a, b) ⊂ R. (否则F在I上几乎处处可微)

(25) 设p ̸= 2, 证明m(ξ) = (−1)[ξ
2]不是Lp(R)乘子.

(26) 设1 < p ≤ 2, Fp(u) = apRe(u+ i)p − Cppup + 1 (u > 0), Cp = tan π
2p ,

ap = (sin π
2p)

p−1/ cos π
2p . 证明Fp(C

−1
p ) = F ′

p(C
−1
p ) = 0;

u2(
F ′
p(u)

pup−1 )
′ = ap(p− 1)Im(1 + i

u)
p−2 ≤ 0, Fp(u) ≤ 0, ∀ u > 0.

(27) 设f ∈ Lp(Rn), 1 ≤ p <∞, Ω ∈ L1(Sn−1), ϵ > 0. 证明∫
{|y|>ϵ}

|Ω(y′)|
|y|n |f(x− y)|dy <∞, a.e. x ∈ Rn. 其中y′ = y/|y|.

(28) 证明
∫∞
0

cos s
sα ds =

π1/2Γ( 1−α
2

)

2αΓ(α/2) = Γ(1− α) sin πα
2 , ∀ α ∈ (0, 1).∫ 1

0
cos s−1

s ds+
∫∞
1

cos s
s ds = −γ.

∫∞
0

cos s−e−s

s ds = 0. 注注注: γ是欧拉常数. Γ′(1) = −γ.
(29) 设φ ∈ Lqc(Rn), 在Rn积分为0, 1 < q <∞. 证明: 奇异积分算子

T [φ]f(x) =
∫∞
0 f ∗ φt(x)dtt 和T [φ, a]f(x) =

∫ a
0 f ∗ φt(x)dtt 在L

p(Rn), p ∈ (1,∞), 上有

界. 设φ,ψ ∈ Lqc(Rn), 在Rn积分为0, 证明T [φ]T [ψ] = T [h], 其中
h = T [φ, 1]ψ + T [ψ, 1]φ, h ∈ Lqc(Rn), 在Rn积分为0.

(30) 设1 < q <∞, Aq = {T : Tf = af+f ∗p.v.Ω(x′)
|x|n , a ∈ C, Ω ∈ Lq(Sn−1),

∫
Sn−1 Ω = 0}.

证明Aq = {T [φ] : φ ∈ Lqc(Rn),
∫
Rn φ = 0}.

(31) 设t ∈ R \ {0} 定义Iitf(x) = π−
n
2
Γ(n−it

2
)

Γ( it
2
)

[∫
{|y|<1}

f(x−y)−f(x)
|y|n−it dy + |Sn−1|

it f(0)

+
∫
{|y|>1}

f(x−y)
|y|n−it dy

]
, Îitf(ξ) = |πξ|−itf̂(ξ), f ∈ S(Rn). 证明
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∥Iitf∥1,∞ ≤ C(1 + |t|)
n
2 ln(2 + |t|)∥f∥1, ∥Iitf∥p ≤ C(1 + |t|)

n
p
−n

2 ln(2 + |t|)∥f∥p,
1 < p < 2. 注注注: C是只与n, p有关的常数. ln(2 + |t|)可以去掉.

(32) 设f ∈ C1
c ([0,∞)), g(t) =

∫ 1
0
f(y)−f(0)
y1−it dy + f(0)

it +
∫∞
1

f(y)
y1−itdy, t ∈ R \ {0}. 证明

|f(x)− f(y)| ≤ 1
π

∫
Rmin(1, |t|)|g(t)|dt, ∀ 0 < x < y < 2x.

(33) 定义Mf(x) = sup
t>0

1
|Sn−1|

∫
Sn−1 |f(x− ty)|dσ(y). 设n ≥ 2, f ∈ C∞

c (Rn), f ≥ 0, 证明

Mf(x) ≤ Mf(x)
1−2−n + π

n
2 −1

|Sn−1|
∫
Rmin(1, |t|)

∣∣∣∣ Γ( it
2
)

Γ(n−it
2

)

∣∣∣∣ |Iitf(x)|dt;
Mf(x) ≤ 2Mf(x) + C

∫
R(1 + |t|)−

n
2 |Iitf(x)|dt.

若n ≥ 3, n
n−1 < p < 2, 证明∥Mf∥p ≤ C∥f∥p. 注注注: C是只与n, p有关的常数.

(34) 定义Muf(x) = sup
t>0

1
|Sn−2|

∫
Sn−1∩u⊥ |f(x− ty)|dHn−2(y), u ∈ Sn−1,

u⊥ = {x ∈ Rn|x · u = 0}, f ∈ C(Rn). 证明Mf(x)≤ 1
|Sn−1|

∫
Sn−1Muf(x)dσ(u).

(35) 设An,p = sup{∥Mf∥p : f ∈ Cc(Rn), ∥f∥p ≤ 1}, 则An,p < ∞, ∀ n ≥ 3, n
n−1 < p < 2.

证明若n > p′ + 1, p ∈ (1, 2), u ∈ Sn−1, f ∈ Cc(Rn), 则∥Muf∥p ≤ An−1,p∥f∥p,
∥Mf∥p ≤ An−1,p∥f∥p, An,p ≤ An−1,p.

(36) 证明Mf(x) ≤ Mf(x), ∀ f ∈ Cc(Rn). 设Bn,p = sup{∥Mf∥p : f ∈ Cc(Rn), ∥f∥p ≤ 1},
n ≥ 1, 1 < p < 2, 则Bn,p <∞. 证明Bn,p ≤ An,p; Bn,p ≤ Cp,
Cp = max({Bk,p|1 ≤ k ≤ m} ∪ {Am+1,p}) <∞, m = [p′].

(37) 定义M′f(x) = sup
0<r<R

1
|BR\Br|

∫
BR\Br

|f(x− ty)|dy. 证明若f ∈ C(Rn)则

M′f(x) = Mf(x). 设f(x) = |x|1−n| ln |x||−1χB(0,1/2), 证明f ∈ Lp(Rn),
∀ p ∈ [1, n

n−1 ]; M
′f(x) = ∞, ∀ x ∈ Rn; An,p = ∞, ∀ p ∈ [1, n

n−1 ], n ≥ 2.

(38) 设Ω ∈ Lq(Sn−1), 在Sn−1积分为0, q > 1, Tf = f ∗ p.v.Ω(x′)
|x|n . 证明若

TχB(0,1) ∈ L∞(Rn)则Ω是偶函数.

(39) 证明若f ∈ H1
at(Rn), g ∈ L1(Rn)则f ∗ g ∈ H1

at(Rn), 且∥f ∗ g∥H1
at

≤ ∥f∥H1
at
∥g∥1.
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记号说明:

(1) x ∈ Rn, r > 0, B(x, r) = {y ∈ Rn : |x− y| < r}.
(2) dx = Ln⌞Rn: Rn Lebesgue 测度.
(3) dσ = Hn−1⌞Sn−1: 球面测度. Sn−1 = {x ∈ Rn : |x| = 1}.

(4) E ⊂ Rn, |E| = Ln(E), χE(x) =

{
1, x ∈ E,
0, x ̸∈ E.

(5) a.e., a.e. x: 几乎处处成立; 在一个零测集外成立.

(6) a = (a1, · · · , an) ∈ Nn, f : Rn → C, Daf = ∂|a|f
∂
a1
x1

···∂anxn
, |a| =

∑n
j=1 aj , x

a = xa11 · · ·xann .

x = (x1, · · · , xn), N = Z ∩ [0,+∞).

(7) (X,µ) 测度空间. ∥f∥p = (
∫
X |f |pdµ)

1
p , 0 < p < +∞, Lp(X) = Lp(X,µ) = {f |f :

X → C µ-可测, ∥f∥p < +∞}.
L∞(X) = L∞(X,µ) = {f |f : X → C µ-可测, ∃ C > 0 s.t.
µ{|f | > C} = 0}, ∥f∥∞ = inf{C > 0|µ{|f | > C} = 0}.
Lp = Lp(Rn,Ln), Lp(w) = Lp(Rn, wdx), p′ = p/(p− 1), p ∈ [1,+∞].

(8) 卷积: f ∗ g(x) =
∫
Rn f(y)g(x− y)dy =

∫
Rn f(x− y)g(y)dy.

(9) Minkowski不等式(1 ≤ p ≤ +∞)

(
∫
X |
∫
Y f(x, y)dν(y)|

pdµ(x))
1
p ≤

∫
Y (
∫
X |f(x, y)|pdµ(x))

1
pdν(y).

(10) C∞
c (Rn) = D(Rn); S(Rn): Schwartz函数. D′,S ′: D,S的对偶空间. T ∈ D′, f ∈ D or

T ∈ S ′, f ∈ S, T ∗ f(x) = ⟨T, τxf̃⟩, τxf̃(y) = f(x− y).
(11) µ: 有限Borel测度⇔ µ ∈ D′, |⟨µ, f⟩| ≤ C∥f∥∞, ∀ f ∈ D.

µ: 非负Borel(Radon)测度⇔ µ ∈ D′, ⟨µ, f⟩ ≥ 0, ∀ f ∈ D, f ≥ 0.
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1. Fourier级数和Fourier变换

1.1 Fourier级级级数数数. f(x) =
∑∞

k=0(ak cos(2πkx) + bk sin(2πkx)).

e2πikx = cos(2πkx) + i sin(2πkx). f(x) =
∑∞

k=−∞ cke
2πikx.

c0 = a0, ck =
ak−ibk

2 , c−k =
ak+ibk

2 , ∀ k > 0. 若级数一致收敛, 由∫ 1
0 e

2πikxe−2πimxdx =

{
1, k = m,
0, k ̸= m,

得 cm =
∫ 1
0 f(x)e

−2πimxdx.

定定定义义义: ∀ f ∈ L1(T)(⇔ f ∈ L1([0, 1])周期为1), f̂(k) =
∫ 1
0 f(x)e

−2πikxdx. 称
∑∞

k=−∞ f̂(k)e2πikx

为f的Fourier级数. T = R/Z, T上的函数⇔ R上周期为1的函数.

收敛性, 求和法: SNf(x) =
∑N

k=−N f̂(k)e
2πikx, σNf(x) =

1
N+1

∑N
k=0 Skf(x).

Question: 1. 逐点收敛(1.2,1.3) 2. Lp收敛(1.4) 3. a.e.收敛(1.5, σNf)

1.2: lim
N→∞

SNf(x)存在的充分条件(Dini判别法,Jordan判别法).

1.3: x0 ∈ T, ∃ f ∈ C(T), s.t. lim
N→∞

SNf(x0)不存在. (共鸣定理)

1.4: lim
N→∞

∥SNf − f∥p = 0 ∀ f ∈ Lp(T)的充要条件: ∥SNf∥p ≤ Cp∥f∥p (⇔ 1 < p < ∞ , see

Corollary 3.4).
*a.e.收敛: lim

N→∞
SNf(x) = f(x) a.e. x, ∀ f ∈ Lp(T), p > 1 (Carleson-Hunt).

1.5: lim
N→∞

∥σNf − f∥p = 0 ∀ f ∈ Lp(T), 1 ≤ p <∞ or f ∈ C(T), p = ∞.

lim
N→∞

σNf(x) = f(x) a.e. x, ∀ f ∈ Lp(T), p ≥ 1 (see section 2.4).

Similar for Poisson-Abel 求和Pr ∗ f .

1.2

Theorem 1.1 (Dini判别法). If
∫ 1/2
−1/2 |

f(x−t)−f(x)
t |dt <∞, then lim

N→∞
SNf(x) = f(x).

Theorem 1.2 (Jordan判别法). If ∃ δ > 0 s.t. f ∈ BV (x− δ, x+ δ), then

lim
N→∞

SNf(x) =
f(x+)+f(x−)

2 .

举例说明互不包含: f1 = | ln t|−αχ(0,1/2), f2 = tα sin 1
tχ(0,1/2), α ∈ (0, 1).

Lemma 1.3 (Riemann-Lebesgue). If f ∈ L1(T), then lim
k→∞

f̂(k) = 0.

Proof. f̂(k) =
∫ 1
0 f(x)e

−2πikxdx = −
∫ 1
0 f(x)e

−2πik(x+ 1
2k

)dx = −
∫ 1
0 f(x− 1

2k )e
−2πikxdx,

f̂(k) = 1
2

∫ 1
0 (f(x)− f(x− 1

2k ))e
−2πikxdx, |f̂(k)| ≤ 1

2

∫ 1
0 |f(x)− f(x− 1

2k )|dx→ 0. □

SNf(x) =
∑N

k=−N
∫ 1
0 f(t)e

−2πiktdte2πikx =
∫ 1
0 f(t)DN (x − t)dt =

∫ 1
0 f(x − t)DN (t)dt.

DN (t) =
∑N

k=−N e
−2πikt = sin(π(2N+1)t)

sin(πt) , Drichlet核.∫ 1
0 DN (t)dt = 1, |DN (t)| ≤ 1

sin(πδ) ∀ 0 < δ < |t| ≤ 1/2.

Proof of Theorem 1.1. SNf(x)− f(x) =
∫ 1/2
−1/2(f(x− t)− f(x)) sin(π(2N+1)t)

sin(πt) dt =

ĝ(N)− ĝ(−N − 1), g(t) = f(x−t)−f(x)
2i sin(πt) eiπt ∀ |t| < 1/2.

As | sin(πt)| ≥ 2|t| ∀ |t| < 1/2, then |g(t)| ≤ |f(x−t)−f(x)|
4|t| ∀ |t| < 1/2.

Thus g ∈ L1(T), by Lemma 1.3, lim
N→∞

SNf(x) = 0. □



13

Proof of Theorem 1.2. SNf(x) =
∫ 1/2
−1/2 f(x− t)DN (t)dt =

∫ 1/2
0 g(t)DN (t)dt,

g(t) = f(x− t) + f(x+ t). f ∈ BV (x− δ, x+ δ) ⇒ g ∈ BV (0, δ).

因此只需证若g ∈ L1(0, 1/2) ∩ BV (0, δ)则 lim
N→∞

∫ 1/2
0 g(t)DN (t)dt = 1

2g(0+). 不妨设g实值.

则g = g1 − g2, gi在(0, δ)单调增. 不妨设g在(0, δ)单调增.

不妨设g(0+) = 0. 否则考虑g − g(0+). (
∫ 1/2
0 DN (t)dt = 1

2

∫ 1/2
−1/2DN (t)dt = 1

2) ∀ ϵ > 0,

∃ δ′ ∈ (0, δ) s.t. g(t) < ϵ ∀ 0 < t < δ′.
∫ 1/2
δ′ g(t)DN (t)dt = ĥ(N) − ĥ(−N − 1) → 0,

h(t) = g(t)eiπt

2i sin(πt)χδ′≤t≤1/2 ∈ L1(T).

由积分第二中值定理∃ ν ∈ (0, δ′) s.t.
∫ δ′
0 g(t)DN (t)dt = g(δ′−)

∫ δ′
ν DN (t)dt.

I :=
∫ δ′
ν DN (t)dt = I1 + I2, I1 :=

∫ δ′
ν sin(π(2N + 1)t)( 1

sin(πt) −
1
πt)dt,

I2 :=
∫ δ′
ν

sin(π(2N+1)t)
πt dt =

∫ (2N+1)δ′

(2N+1)ν
sin(πt)
πt dt. |I1| ≤

∫ δ′
ν | 1

sin(πt) −
1
πt |dt ≤ C,

|I2| ≤ 2 sup
M>0

|
∫M
0

sin(πt)
πt dt| ≤ C, |I| ≤ C, |

∫ δ′
0 g(t)DN (t)dt| = g(δ′−)|I| ≤ Cϵ. Thus

A := lim sup
N→∞

|
∫ 1/2
0 g(t)DN (t)dt| ≤ Cϵ, ∀ ϵ > 0. Then A = 0. □

1.3 若f ∈ Cα(T) (α ∈ (0, 1)) i.e. |f(x + t) − f(x)| ≤ C|t|α, 则可用Dini判别法. 下面的结
论说明Cα不能减弱为C0.

Theorem 1.4. ∃ f ∈ C(T) s.t. SNf(0)不收敛.

Lemma 1.5 (共鸣定理). X,Y Banach 空间. {Ta}a∈A ⊂ L(X,Y ). 则(i) supa ∥Ta∥ < ∞
或(ii) ∃ x ∈ X s.t. supa ∥Tax∥ = ∞.

L(X,Y ) = {X → Y有界线性算子}. ∥Ta∥ = sup{∥Tax∥Y : ∥x∥X ≤ 1}.
设X = C(T), ∥f∥X = ∥f∥∞, Y = C, TN : X → Y , TNf = SNf(0) =

∫ 1/2
−1/2 f(t)DN (t)dt

(DN是偶函数), LN =
∫ 1/2
−1/2 |DN (t)|dt. For fixed N ,

(i) |TNf | ≤ LN∥f∥∞; (ii) fn(t) =
nDN (t)

1+n|DN (t)| then ∥fn∥∞ ≤ 1, TNfn → LN .

Thus ∥TN∥ = LN . 若能证明 lim
N→∞

LN = +∞(Lemma 1.6)则由Lemma 1.5得

∃ f ∈ C(T) s.t. supN |SNf(0)| = +∞ (i.e. Theorem 1.4).

Lemma 1.6. LN = 4
π2 lnN +O(1).

Proof. LN = 2
∫ 1/2
0 | sin(π(2N+1)t)

πt |dt+O1(1) = 2
∫ N+1/2
0 | sin(πt)πt |dt+O1(1) =

2
∑N

k=1

∫ k+1/2
k−1/2 | sin(πt)πt |dt+O2(1) =

2
π

∑N
k=1

∫ 1/2
−1/2

| sin(πt)|
t+k dt+O2(1) =

2
π

∫ 1/2
−1/2 | sin(πt)|

∑N
k=1

1
t+kdt+O2(1)=

4
π2 lnN +O3(1).

(i) |O1(1)| ≤ 2
∫ 1/2
0 | 1

sin(πt) −
1
πt |dt, O2(1) = O1(1) + 2

∫ 1/2
0 | sin(πt)πt |dt.

(ii)
∫ 1/2
−1/2 | sin(πt)|dt =

2
π , sup

|t|≤1/2
|
N∑
k=1

1
t+k − lnN | ≤ C ⇒ |O3(1)−O2(1)| ≤ C. □

举例: 若f(t) =
∑∞

n=1 an sin(2πbnt)
∑cn

k=1
sin(2π(2k+1)t)

2k+1 ,
∑∞

n=1 |an| < ∞, |an ln cn| → +∞,

bn − bn−1 > 2(cn + cn−1 + 1), bn, cn ∈ Z+, 则f ∈ C(T), |Sbnf(0)| → +∞. 满足条件

的(an, bn, cn): an = n−2, cn = 2n
3
, bn = 4cn.

1.4 考虑以下问题:

lim
N→∞

∥SNf − f∥p = 0, ∀ f ∈ Lp(T),(1.1)
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lim
N→∞

SNf(x) = f(x), a.e. x, ∀ f ∈ Lp(T).(1.2)

Lemma 1.7. 若1 ≤ p <∞则(1.1)成立 ⇔ ∃ Cp > 0(只与p有关)使得

∥SNf∥p ≤ Cp∥f∥p, ∀ f ∈ Lp(T).(1.3)

(1.3)对1 < p <∞成立(see Corollary 3.4).
若p = 1则∥SN∥L1→L1 = LN → ∞ ⇒(1.1)不成立.
(fn = nχ(0,1/n), ∥SNfn∥1 → LN as n→ ∞, ∥fn∥1 = 1)

{e2πikx}是L2(T)的标准正交基且完备(Corollary 1.1)⇒
∥f∥22 =

∑∞
k=−∞ |f̂(k)|2, ∥SNf∥2 ≤ ∥f∥2.

1.5 σNf(x) = 1
N+1

∑N
k=0 Skf(x) =

∫ 1
0 f(t)

1
N+1

∑N
k=0Dk(x − t)dt =

∫ 1
0 f(t)FN (x − t)dt =∫ 1/2

−1/2 f(x− t)FN (t)dt.

FN (t) =
1

N+1

∑N
k=0Dk(t) =

1
N+1 |

sin(π(N+1)t)
sin(πt) |2.

FN (t): Fejer核. FN (t) ≥ 0, ∥FN∥1 =
∫ 1
0 FN (t)dt = 1, FN (t) ≤ 1

(N+1)| sin(πt)|2 ,∫
{δ≤|t|≤1/2} FN (t)dt ≤

1
(N+1)| sin(πδ)|2 → 0, as N → ∞, ∀ δ ∈ (0, 1/2).

Theorem 1.8. If f ∈ Lp(T), 1 ≤ p <∞ or f ∈ C(T), p = ∞, then lim
N→∞

∥σNf − f∥p = 0.

Proof. Key point: limt→0 ∥f(· − t)− f(·)∥p = 0.
∫ 1/2
−1/2 FN (t)dt = 0 ⇒

σNf(x)− f(x) =
∫ 1/2
−1/2(f(x− t)− f(x))FN (t)dt. 由Minkowski不等式得

∥σNf − f∥p ≤
∫ 1/2
−1/2 ∥f(· − t)− f(·)∥pFN (t)dt ≤

∫ δ
−δ ∥f(· − t)− f(·)∥pFN (t)dt+

2∥f∥p
∫
{δ≤|t|≤1/2} FN (t)dt ≤ sup

|t|<δ
∥f(· − t)− f(·)∥p + ∥f∥p

(N+1)| sin(πδ)|2 . Thus

A := lim sup
N→∞

∥σNf − f∥p ≤ sup
|t|<δ

∥f(· − t)− f(·)∥p. ∀ δ ∈ (0, 1/2). δ → 0+ ⇒ A = 0. □

Corollary 1.1. (i)三角多项式P1 := {
∑N

k=−N cke
2πikx

∣∣ck ∈ C, N ∈ Z+}在
Lp(T)中稠密(1 ≤ p <∞). (ii)若f ∈ L1(T), f̂(k) = 0, ∀ k ∈ Z则f = 0 a.e.

Key point: as σNf(x) =
∑N

k=−N
N+1−|k|
N+1 f̂(k)e2πikx then (i) σNf ∈ P1;

(ii) f̂(k) = 0, ∀ k ∈ Z ⇒ σNf = 0; (iii) SNσNf = σNf .

Proof of Lemma 1.7. 必要性: 共鸣定理. 充分性: SNσNf = σNf ⇒
∥SNf − f∥p = ∥SN (f − σNf) + (σNf − f)∥p ≤ (Cp + 1)∥σNf − f∥p → 0 as N → ∞. □

Poisson核核核: u(z) =
∑∞

k=0 f̂(k)z
k +

∑∞
k=1 f̂(−k)zk, z = re2πiθ. |f̂(k)| ≤ ∥f∥1 ⇒在

{|z| < 1}一致收敛. u(re2πiθ) =
∑∞

k=−∞ f̂(k)r|k|e2πikθ =
∫ 1/2
−1/2 f(t)Pr(θ − t)dt = Pr ∗ f(θ).

Pr(t) =
∑∞

k=−∞ r|k|e2πikt = 1−r2
1−2r cos(2πt)+r2

.

(Pr(t) =
∑∞

k=0 z
k +

∑∞
k=1 z

k = 1
1−z +

z
1−z = 1−|z|2

|1−z|2 , z = re2πit)

Pr(t) ≥ 0,
∫ 1
0 Pr(t)dt = 1, lim

r→1−

∫
{δ≤|t|≤1/2} Pr(t)dt = 0, ∀ δ ∈ (0, 1/2).

Theorem 1.9. If f ∈ Lp(T), 1 ≤ p <∞ or f ∈ C(T), p = ∞, then

lim
r→1−

∥Pr ∗ f − f∥p = 0.(1.4)
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Key point: ∥Pr ∗ f − f∥p ≤
∫ 1/2
−1/2 h(t)Pr(t)dt, h(t) = ∥f(· − t)− f(·)∥p.

∆u = 0 if |z| < 1; u = f if |z| = 1 in the sense of (1.4).
(If f ∈ C(T) then u ∈ C(D), u = f on ∂D.)
T ∼= ∂D = S1: t↔ e2πit; D = {z ∈ C : |z| < 1}.
Proof of lim

N→∞
σNf(x) = f(x), lim

r→1−
Pr ∗ f(x) = f(x), a.e.x, in Lemma 2.8.

1.6 L1函函函数数数的的的Fourier变变变换换换. f ∈ L1(Rn), 定义f̂(ξ) =
∫
Rn f(x)e

−2πix·ξdx = (Ff)(ξ), 其
中x · ξ =

∑n
j=1 xjξj . 基本性质:

F(αf + βg) = αf̂ + βĝ,(1.5)

∥f̂∥∞ ≤ ∥f∥1, f̂ ∈ C(Rn) (由控制收敛定理),(1.6)

lim
|ξ|→∞

f̂(ξ) = 0, (Riemann-Lebesgue, 由(1.7)

f̂(ξ) =
1

2

∫
Rn

(f(x)− f(x− ξ

2|ξ|2
))e−2πix·ξdx,平均连续性),

F(f ∗ g) = f̂ ĝ (Fubini),(1.8)

F(τhf)(ξ) = f̂(ξ)e2πih·ξ, F(fe2πih·x)(ξ) = f̂(ξ − h),(1.9)

F(f(ρ·))(ξ) = f̂(ρξ), (ρ ∈ On, i.e. ρ
Tρ = In, τhf(x) = f(x+ h)),(1.10)

if g(x) = λ−nf(λ−1x), then ĝ(ξ) = f̂(λξ), (λ > 0, (1.9)–(1.11) :换元),(1.11)

F(∂jf)(ξ) = 2πiξj f̂(ξ), (∂jf ∈ L1, (τhejf − f)/h→ ∂jf in L1),(1.12)

F(−2πixjf)(ξ) = ∂j f̂(ξ), (xjf ∈ L1), ((1.12), (1.13) : (1.9)取极限).(1.13)

F : L1 → L∞, F : S → S, F : S ′ → S ′, Lp ⊂ S ⇒ F : Lp → S ′. Plancherel公式F : L2 → L2,

∥f∥2 = ∥f̂∥2 ⇒ F : Lp → L∞ + L2, (由Riesz-Thorin插值定理,Hausdorff-Young不等式)

⇒ F : Lp → Lp
′
(p ∈ (1, 2)).

1.7 Schwartz函函函数数数与与与缓缓缓增增增分分分布布布 f ∈ S(Rn) ⇔ f ∈ C∞(Rn)且
pα,β(f) = supx |xαDβf | <∞, ∀ α, β ∈ Nn. C∞

c (Rn) ⊂ S(Rn), e−|x|2 ∈ S(Rn);
f ∈ S ⇒ xjf,

∂f
∂xj

∈ S; S ⊂ Lp, S在Lp中稠密(1 ≤ p <∞).

定定定义义义: fk → 0 in S ⇔ lim
k→∞

pα,β(fk) = 0, ∀ α, β ∈ Nn; fk → f in S ⇔ fk − f → 0 in S.
∥f∥(k) = sup{pα,β(f) : α, β ∈ Nn, |α|+ |β| ≤ k}.
∥f∥(∗) =

∑∞
k=0min(∥f∥(k), 2−k). fk → 0 in S ⇔ ∥fk∥(m) → 0, ∀ m ∈ Z+ ⇔ ∥fk∥(∗) → 0.

d(f, g) = ∥f − g∥(∗), (S, d)度量空间.

Schwartz函函函数数数S的的的Fourier变变变换换换: (i)Ff ∈ S, ∀ f ∈ S. F : S → S连续.

Keypoint: ∥ξαDβ f̂∥∞ ≤ C∥Dα(xβf)∥1 ≤ C∥(1 + |x|n+1)Dα(xβf)∥∞ ≤ C∥f∥(|α|+|β|+n+1).

∥f̂∥(k) ≤ C∥f∥(|α|+|β|+n+1).

(ii)
∫
Rn f̂gdx =

∫
Rn fĝdx =

∫
Rn×Rn f(x)e

−2πix·ξg(ξ)dξdx, ∀ f, g ∈ L1. (Fubini)

Lemma 1.10. 若f(x) = e−π|x|
2
则f̂(ξ) = e−π|ξ|

2
.

Proof. 由Fubini定理, 只需证明n = 1时成立. 由f ′ + 2πxf = 0和(1.12), (1.13)得

2πiξf̂ + i∂f̂∂ξ = 0, 解得f̂(ξ) = e−π|ξ|
2
f̂(0). 而f̂(0) =

∫
R f(x)dx = 1, 因此f̂(ξ) = e−π|ξ|

2
. □
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注注注: 结合(1.11)得若f(x) = e−πλ
2|x|2则f̂(ξ) = λ−ne−π|ξ|

2/λ2 , ∀λ > 0.
可推广到λ ∈ C, |Im(λ)| < Re(λ).

(iii) 若f ∈ S则f(x) =
∫
Rn f̂(ξ)e

2πix·ξdξ. (反演公式)

设g(x) = e−π|x|
2
, gλ(x) = g(λx)(λ > 0)则ĝλ(x) = λ−nĝ(x/λ), ĝ = g. 由(ii)得∫

Rn f̂(x)g(λx)dx =
∫
Rn f(x)ĝ(x/λ)

dx
λn =

∫
Rn f(λx)ĝ(x)dx.令λ→ 0+

得g(0)
∫
Rn f̂(x)dx = f(0)

∫
Rn ĝ(x)dx. 结合g(0) = 1,

∫
Rn ĝ(x)dx = 1, (1.9)得∫

Rn f̂(x)dx = f(0), f(x) = τxf(0) =
∫
Rn τ̂xf(ξ)dξ =

∫
Rn f̂(ξ)e

2πix·ξdξ.

定定定义义义: (Ff)(ξ) =
∫
Rn f(x)e

2πix·ξdx, σf(x) = f̃(x) = f(−x), Cf(x) = f(x). 则

F = CFC = σF = Fσ, (iii)⇔ FF = id, σ2 = id, C2 = id;
σF2 = FF = id, F2 = σ, F4 = id, F = F3 = F−1.

(iv)
∫
Rn f̂ ĝdx =

∫
Rn fgdx,∀ f, g ∈ S. 由(ii)只需证F(ĝ) = g, i.e. FCF = C.

事实上CFCF = FF = id, FCF = C−1 = C.

取f = g得∥f̂∥22 = ∥f∥22, ∀ f ∈ S(Plancherel公式).

缓增分布S ′: S上的连续线性函数. 对于线性函数T : S → C有[T ∈ S ′] ⇔
[若fk → 0 in S则Tfk → 0] ⇔ [∃ m ∈ Z+ s.t. |Tf | ≤ C∥f∥(m), ∀ f ∈ S].
记记记号号号说说说明明明: Tf = T (f) = ⟨T, f⟩, ∀ T ∈ S ′, f ∈ S.
∀ f ∈ Lp(Rn), 1 ≤ p ≤ ∞, 定义Tfϕ =

∫
Rn fϕdx. 则

[|Tfϕ| ≤ ∥f∥p∥ϕ∥p′ ≤ C∥(1 + |x|n+1)ϕ∥∞ ≤ C∥ϕ∥(n+1), ∀ ϕ ∈ S], Tf ∈ S ′.

记记记号号号说说说明明明: 此时可以写Tf ∈ Lp, Tf = f.
注注注: 若f ∈ Lp(Rn), g ∈ Lq(Rn), p, q ∈ [1,+∞]则Tf = Tg ⇔ f = g a.e.
注注注: 若T ∈ S ′, 1 < p ≤ ∞则[|Tϕ| ≤ A∥ϕ∥p′ , ∀ ϕ ∈ S] ⇔
[∃ f ∈ Lp, ∥f∥p ≤ A s.t. T = Tf ].

Definition 1.11 (S ′的Fourier变换). T̂ (f) = T (f̂), ∀ T ∈ S ′, f ∈ S.

由[F : S → S连续]得T̂ ∈ S ′. 由(ii)得T ∈ L1时定义一致. i.e. T̂f = T
f̂
, ∀ f ∈ L1.

记记记号号号说说说明明明: 若f ∈ Lp, g ∈ Lq, p, q ∈ [1,+∞]则f̂ = g ⇔ T̂f = Tg.

定定定义义义: [Tk → T in S ′] ⇔ [Tkf → Tf, ∀ f ∈ S]. (若Tk, T ∈ S ′)

[Tk → T in S ′] ⇒ [T̂k(f) = Tk(f̂) → T (f̂) = T̂ (f), ∀ f ∈ S] ⇒
[T̂k → T̂ in S ′], i.e. F : S ′ → S ′连续.

定定定义义义: σT (f) = T̃ (f) = T (f̃). 则F2T = σT, F4T = σ2T = T.

若T ∈ S ′, T̂ ∈ L1则T (f) = T (FFf) = T̂ (Ff) =∫
Rn T̂ (ξ)(Ff)(ξ)dξ =

∫
Rn

∫
Rn T̂ (ξ)f(x)e

2πix·ξdxdξ =
∫
Rn g(x)f(x)dx, (∀ f ∈ S)

g(x) =
∫
Rn T̂ (ξ)e

2πix·ξdξ, i.e. T = Tg, T (x) = g(x) =
∫
Rn T̂ (ξ)e

2πix·ξdξ.

以上内容可以说明若f ∈ L1, f̂ ∈ L1 则
∫
Rn f̂(ξ)e

2πix·ξdξ = f(x) a.e. x; 若

f ∈ L1, f̂ = 0则f = 0 a.e. F : L1 → L∞是单射(类似于Corollary 1.1 (ii)).

1.8 Lp函函函数数数的的的Fourier变变变换换换.

Theorem 1.12. 若f ∈ L2(Rn)则f̂ ∈ L2(Rn), ∥f̂∥2 = ∥f∥2.

Proof. ∀ ϕ ∈ S有|⟨f̂ , ϕ⟩| = |⟨f, ϕ̂⟩| ≤ ∥f∥2∥ϕ̂∥2 = ∥f∥2∥ϕ∥2, 这说明
f̂ ∈ L2(Rn), ∥f̂∥2 ≤ ∥f∥2. 同理∀ ϕ ∈ S有
|⟨f, ϕ⟩| = |⟨f,FFϕ⟩| = |⟨f̂ ,Fϕ⟩| ≤ ∥f̂∥2∥Fϕ∥2 = ∥f̂∥2∥ϕ∥2, 这说明∥f∥2 ≤ ∥f̂∥2. □
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∀ f ∈ Lp, p ∈ (1, 2), f = f1 + f2, f1 ∈ L1, f2 ∈ L2, f1 = fχ{|f |≥1}, f2 = fχ{|f |<1},

则f̂ = f̂1 + f̂2 ∈ L∞ + L2.

Theorem 1.13 (Riesz-Thorin插值定理). 若p0, p1, q0, q1 ∈ [1,∞], θ ∈ (0, 1), 1
p = 1−θ

p0
+ θ

p1
,

1
q = 1−θ

q0
+ θ

q1
, T : Lp0 + Lp1 → Lq0 + Lq1是线性算子,

∥Tf∥q0 ≤M0∥f∥p0 ∀ f ∈ Lp0, ∥Tf∥q1 ≤M1∥f∥p1 ∀ f ∈ Lp1则

∥Tf∥q ≤M1−θ
0 M θ

1 ∥f∥p ∀ f ∈ Lp.

Corollary 1.2 (Hausdorff-Young不等式). 若f ∈ Lp(Rn), p ∈ [1, 2], 则

f̂ ∈ Lp
′
(Rn), ∥f̂∥p′ ≤ ∥f∥p. (最佳常数

∣∣∣∣∣ p1/pp′1/p′

∣∣∣∣∣
n/2

)

Proof. 只需证明若f, g是简单可测函数则|
∫
Rn f̂gdx| ≤ ∥f∥p∥g∥p. Normalize ∥f∥p = ∥g∥p = 1.

F (z) =
∫
Rn |̂f |zf |g|zgdx解析(约定0z = 0).

Re z = p/2− 1时|F (z)| ≤ ∥|̂f |zf∥2∥|g|zg∥2 = ∥|f |zf∥2∥|g|zg∥2 =
∥|f |p/2∥2∥|g|p/2∥2 = ∥f∥p/2p ∥g∥p/2p = 1.

Re z = p− 1时|F (z)| ≤ ∥|̂f |zf∥∞∥|g|zg∥1 ≤ ∥|f |zf∥1∥|g|zg∥1 = ∥|f |p∥1∥|g|p∥1
= ∥f∥pp∥g∥pp = 1.

p/2− 1 ≤ Re z ≤ p− 1时|F (z)| ≤ ∥|f |zf∥2∥|g|zg∥2 ≤ ∥f∥p/2p ∥f∥α∞∥g∥p/2p ∥g∥α∞
≤ C(f, g) < +∞. α = Re z − p/2 + 1 ∈ [0, p/2].
由Lemma 1.14得p/2− 1 ≤ Re z ≤ p− 1时|F (z)| ≤ 1. 而p/2− 1 ≤ 0 ≤ p− 1, 因此|F (0)| ≤ 1,

即|
∫
Rn f̂gdx| ≤ 1. □

Lemma 1.14. 若F在D = {a < Re z < b}解析, 在D有界连续,
则sup
z∈D

|F (z)| ≤ sup
Re z∈{a,b}

|F (z)|.

Corollary 1.3 (卷积Young不等式). 若f ∈ Lp(Rn), g ∈ Lq(Rn), p, q, r ∈ [1,∞],

1 + 1
r = 1

p +
1
q则∥f ∗ g∥r ≤ ∥f∥p∥g∥q. (最佳常数

∣∣∣∣∣ p1/pq1/qr′1/r
′

p′1/p′q′1/q′r1/r

∣∣∣∣∣
n/2

)

Proof. f ∗ g(x) =
∫
Rn f(y)g(x− y)dy. Normalize ∥f∥p = ∥g∥q = 1.

Case 1: r = ∞. Then q = p′, (by Hölder)|f ∗ g(x)| ≤ ∥f∥p∥στxg∥q = 1,
(στxg(y) = g(x− y), ∥στxg∥q = ∥g∥q = 1), ∥f ∗ g∥∞ ≤ 1.
Case 2: r <∞. Then p <∞, q <∞, 1/p = 1/r + 1/q′,
1/q = 1/r + 1/p′, 1/r + 1/p′ + 1/q′ = 1; (by Hölder)

|f ∗ g(x)| ≤ (
∫
Rn |f(y)|p|g(x− y)|qdy)

1
r (
∫
Rn |f(y)|p)

1
q′ (
∫
Rn |g(x− y)|qdy)

1
p′ =

(
∫
Rn |f(y)|p|g(x− y)|qdy)

1
r ; (then by Fubini)

∫
Rn |f ∗ g(x)|rdx ≤∫

Rn

∫
Rn |f(y)|p|g(x− y)|qdydx = ∥f∥pp∥g∥qq = 1, i.e.∥f ∗ g∥r ≤ 1. □

1.9 收收收敛敛敛与与与求求求和和和, Poisson核核核、、、Gauss核核核. B ⊂ Rn是有界开凸集, 0 ∈ B,
BR = {Rx : x ∈ B}. 设φR = FχBR

, i.e. φ̂R = χBR
则φR ∈ L2 ∩ L∞.

定定定义义义: SRf = φR ∗ f . 此定义适用于f ∈ Lp, p ∈ Λ(B). 其中Λ(B) = {p ∈ [1,∞), φ1 ∈ Lp
′}

(由(1.11)得φR(x) = Rnφ1(Rx), φR ∈ Lp
′ ⇔ φ1 ∈ Lp

′
). 此时ŜRf = χBR

f̂ , ∀ f ∈ Lp,
p ∈ [1, 2]. 设1 ≤ p <∞, R > 0.
1.若χB ̸∈ Mp(Rn)则∃ f ∈ Lpc(i.e. 紧支集Lp函数) s.t. sup

R>0
∥χBSRf∥p = +∞.
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2.若χB ∈ Mp(Rn)则p ∈ Λ(B). 下证 lim
R→∞

∥SRf − f∥p = 0, ∀ f ∈ Lp.

Key point: (i) ∃ Cp > 0 s.t. ∥S1f∥p ≤ Cp∥f∥p, ∥SRf∥p ≤ Cp∥f∥p, ∀ f ∈ Lp.
(ii) ∃ η ∈ C∞

c (Rn), s.t. η(0) = 1, supp η ⊂ B.

(iii) 设ψ = Fη, ψR(x) = Rnψ(Rx), 则ψ ∈ S,
∫
ψ = 1, ψ̂R(ξ) = η(ξ/R).

(iv) 定义S̃Rf = ψR ∗ f , 则 [a]SRS̃Rf = S̃Rf , [b] lim
R→∞

∥S̃Rf − f∥p = 0, ∀ f ∈ Lp.

(v) 结合(i)得∥SRf − f∥p = ∥SR(f − S̃Rf) + (S̃Rf − f)∥p ≤ (Cp + 1)∥S̃Rf − f∥p → 0 as
R→ ∞. (∀ f ∈ Lp). (注注注: (iv)用到Theorem 2.1)
注注注: 若B是凸多面体则Λ(B) = [1,∞), χB ∈ Mp(Rn) ⇔ p ∈ (1,∞).
若B = B(0, 1), n > 1则Λ(B) = [1, 2n

n−1), χB ∈ Mp ⇔ p = 2. (Fefferman).

注注注:[ lim
R→∞

∥SRf − f∥p = 0, ∀ f ∈ S] ⇔ φ1 ∈ Lp.

若n = 1, B = (−1, 1)则SRf = DR ∗ f , DR(x) = φR(x) =
∫ R
−R e

2πixξdξ = sin(2πRx)
πx , DR ̸∈ L1,

DR ∈ Lq, ∀ q > 1.
*a.e.收敛:∥ supR |SRf |∥p ≤ Cp∥f∥p, ∀ f ∈ Lp, 1 < p <∞ (Carleson-Hunt).

σRf(x) =
1
R

∫ R
0 Stf(x)dt = FR ∗ f, FR(x) = 1

R

∫ R
0 Dt(x)dt =

sin2(πRx)
R(πx)2

.

FR ∈ L1, FR ≥ 0,
∫
R FR(x)dx = 1. lim

R→∞
∥σRf − f∥p = 0 (Theorem 2.1), lim

R→∞
σRf(x) = f(x)

a.e. x (Corollary 2.3), ∀ f ∈ Lp, 1 ≤ p <∞.

Poisson核核核. u(x, t) =
∫
Rn e

−2πt|ξ|f̂(ξ)e2πix·ξdξ = Pt ∗ f(x),
Pt(x) =

∫
Rn e

−2πt|ξ|e2πix·ξdξ =
Γ(n+1

2
)

π
n+1
2

t

(t2+|x|2)
n+1
2

.

Proof. (i) n = 1. f(ξ) = e−2πt|ξ|, g = Ff , g(x) =
∫
R e

−2πt|ξ|e2πix·ξdξ = 1
π(1+x2)

⇒ f = ĝ, i.e. e−2πt|ξ| =
∫
R
e−2πix·ξ

π(1+x2)
dx. Then

e−2π|ξ| =
∫
R
e−2πix·ξ

π(1+x2)
dx =

∫
R e

−2πix·ξ ∫∞
0 e−sπ(1+x

2)dsdx = 2
∫∞
0 e−sπ−

π|ξ|2
s

ds√
s
.

(as
∫
R e

−2πix·ξe−sπx
2
dx = 1√

s
e−

π|ξ|2
s , i.e. F(e−sπx

2
) = 1√

s
e−

π|ξ|2
s , ∀ s > 0.)

(ii) n ≥ 1. e−2π|ξ| =
∫∞
0 e−sπ−

π|ξ|2
s

ds√
s
is still true for ξ ∈ Rn. Then

e−2πt|ξ| =
∫∞
0 e−sπ−

πt2|ξ|2
s

ds√
s

s=t2λ
= t

∫∞
0 e−t

2λπ−π|ξ|2
λ

dλ√
λ
.∫

Rn e
−2πt|ξ|e2πix·ξdξ = t

∫
Rn

∫∞
0 e−t

2λπ−π|ξ|2
λ e2πix·ξ dλ√

λ
dx = t

∫∞
0 e−t

2λπ−λπ|x|2λ
n
2
dλ√
λ
=

Γ(n+1
2

)t

[π(t2+|x|2)]
n+1
2
. (as F(e−

π|ξ|2
λ ) = λ

n
2 e−πλ|x|

2
;
∫∞
0 e−aλλ

n−1
2 dλ = Γ(n+1

2 )/a
n+1
2 , ∀ a > 0.) □

∆t,xPt(x) = 0 ⇒ ∆u = 0 in Rn+1
+ = Rn × R+. lim

t→0+
u(x, t) = f(x) a.e. x ∈ Rn,

∀ f ∈ Lp(Rn), 1 ≤ p ≤ ∞. (Corollary 2.3)
注注注: If ∆u = 0 in Rn+1

+ , sup
t>0

∫
Rn |u(x, t)|pdx < +∞, 1 < p < ∞ (or u ∈ L∞(Rn+1

+ ), p = ∞),

then ∃ f ∈ Lp(Rn) s.t. u(x, t) = Pt ∗ f(x).

Gauss核核核. w(x, t) =
∫
Rn e

−πt2|ξ|2 f̂(ξ)e2πix·ξdξ =Wt ∗ f(x), Wt = F(e−πt
2|ξ|2)

= t−ne−π|x|
2/t2 . w̃(x, t) = w(x,

√
4πt) = et∆f(x), ∂w̃∂t = ∆w̃ in Rn+1

+ .
lim
t→0+

w̃(x, t) = lim
t→0+

w(x, t) = f(x) a.e. x ∈ Rn, ∀ f ∈ Lp(Rn), 1 ≤ p ≤ ∞.
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2. Hardy-Littlewood极大函数

2.1恒恒恒等等等逼逼逼近近近 ϕ ∈ L1(Rn),
∫
ϕ = 1, t > 0, ϕt(x) = t−nϕ(x/t).

ϕt → δ in S ′ as t→ 0+, 定定定义义义: ⟨δ, g⟩ = g(0), ∀ g ∈ S.

Proof. 若g ∈ S则⟨ϕt, g⟩ =
∫
Rn t

−nϕ(x/t)g(x)dx =
∫
Rn ϕ(x)g(tx)dx, 由控制收敛定理,

lim
t→0+

⟨ϕt, g⟩ =
∫
Rn ϕ(x)g(0)dx = g(0) = ⟨δ, g⟩. □

因此称{ϕt : t > 0}为恒等逼近. 同理ϕt ∗ g(x) =
∫
Rn ϕ(y)g(x− ty)dy;∫

ϕ = A⇒ ϕt → Aδ in S ′ as t→ 0 + .(2.1)

举举举例例例: Cesaro核σRf : ϕ = F1 =
sin2(πx)
(πx)2

, FR(x) = ϕ1/R;

Poisson核: ϕ = P1 =
Cn

(1+|x|2)
n+1
2

, Cn =
Γ(n+1

2
)

π
n+1
2

; Gauss核: ϕ =W1 = e−π|x|
2
.

Theorem 2.1. 若ϕ ∈ L1(Rn),
∫
ϕ = A, 则 lim

t→0+
∥ϕt∗f−Af∥p = 0, ∀ f ∈ Lp(Rn), 1 ≤ p <∞

or f ∈ C0(Rn) (i.e. f ∈ C(Rn), lim
|x|→∞

f(x) = 0), p = ∞.

Proof. ϕt∗f(x)−Af(x) =
∫
Rn ϕ(y)(f(x−ty)−f(x))dy. 由Minkowski不等式得∥ϕt∗f−Af∥p ≤∫

Rn |ϕ(y)|∥f(·−ty)−f(·)∥pdt =
∫
Rn |ϕ(y)|h(ty)dt, h(a) = ∥f(·−a)−f(·)∥p. 0 ≤ h(a) ≤ 2∥f∥p,

lim
a→0+

h(a) = 0. 由控制收敛定理得 lim
t→0+

∥ϕt ∗ f −Af∥p = 0. □

此时存在子列{tk} s.t. tk → 0, lim
k→∞

ϕtk ∗ f(x) = Af(x) a.e. 这说明

lim inf
t→0+

|ϕt ∗ f(x)−Af(x)| = 0 a.e.

Corollary 2.1. 若ϕ ∈ L1(Rn),
∫
ϕ = A > 0, f ∈ Lp(Rn), 1 ≤ p <∞, |ϕt ∗ f(x)| ≤ B <∞,

∀ t > 0, x ∈ Rn. 则f ∈ L∞(Rn), ∥f∥∞ ≤ B/A.

2.2 Lp,∞, 弱(p, q)型, 强(p, q)型; a.e.收敛判别法.
2.3 Marcinkiewicz插值定理.
2.4 Mf, M ′f, M ′′f ; Mf弱(1, 1); |φt ∗ f(x)| ≤ ∥φ∥1Mf(x), ∀ φ ∈ V0 i.e. φ非负径向递减可
积; Cesaro核,Poisson核,Gauss核a.e.收敛的结论.
2.5 Mdf弱(1, 1); Calderon-Zygmund分解.
2.6 Mf弱(1, 1); Lebesgue微分定理, Lebesgue点; Mf : L lnL→ L1

loc.
2.7 Mf加权弱(1, 1), 加权强(p, q).
2.8 Vitali覆盖引理, Bescovitch覆盖引理.

2.2 (X,µ) 测度空间. 定定定义义义: af (λ) = µ({|f | > λ}), λ > 0; ∀ 0 < p <∞,

∥f∥p,∞ = inf{C > 0 : af (λ) ≤ (C/λ)p} = sup{λ > 0 : λ(af (λ))
1/p}.

弱型空间Lp,∞定义为{f ∈ m(X,µ) : ∥f∥p,∞ < ∞}, (L∞,∞ = L∞). 其中m(X,µ)是X →
C的µ可测函数的集合. 考虑算子T : Lp(X,µ) → m(Y, ν).
(i) T是弱(p, q)型⇔ ∃ C > 0 s.t. ∥Tf∥q,∞ ≤ C∥f∥p, ∀ f ∈ Lp.
(ii) T是强(p, q)型⇔ ∃ C > 0 s.t. ∥Tf∥q ≤ C∥f∥p, ∀ f ∈ Lp.
(iii) T是次线性的⇔ |T (f + g)| ≤ |Tf |+ |Tg|, |T (λf)| = |λ||Tf |, ∀ λ ∈ C.
注注注: 由∥f∥p,∞ ≤ ∥f∥p得[强(p, q)型⇒弱(p, q)型]. 线性⇒次线性.

Theorem 2.2. 若T是弱(p, q)型次线性算子, 则
{f ∈ Lp(X,µ)|Tf(x) = 0 a.e.}是Lp(X,µ)中的闭集.
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Proof. 若fn ∈ Lp(X,µ), Tfn(x) = 0 a.e., fn → f in Lp, 则|Tf(x)| ≤
|T (f−fn)(x)|+ |Tfn(x)| = |T (f−fn)(x)| a.e., ∥Tf∥q,∞ ≤ ∥T (f−fn)∥q,∞ ≤ C∥f−fn∥p → 0
as n→ ∞. i.e. ∥Tf∥q,∞ = 0, T f(x) = 0 a.e. □

2.3 Marcinkiewicz插插插值值值定定定理理理

Proposition 2.3. 若ϕ : [0,∞) → [0,∞)是C1单调递增函数, 则∫
X ϕ(|f(x)|)dµ =

∫∞
0 ϕ′(λ)af (λ)dλ.

Proof. ϕ(a) =
∫ a
0 ϕ

′(λ)dλ, 结合Fubini定理得
∫
X ϕ(|f(x)|)dµ =∫

X

∫ |f(x)|
0 ϕ′(λ)dλdµ =

∫∞
0 ϕ′(λ)(

∫
{|f |>λ} dµ)dλ =

∫∞
0 ϕ′(λ)af (λ)dλ. □

取ϕ(λ) = λp得∥f∥pp =
∫∞
0 pλp−1af (λ)dλ.

设V是m(X,µ)的线性子空间, s.t.若f ∈ m(X,µ), g ∈ V , |f | ≤ |g|, 则f ∈ V .
(例如V = Lp + Lq, V = Lp ∩ Lq, V = L∞

c 等).

Theorem 2.4. [Marcinkiewicz插值定理]若1 ≤ p0 < p < p1 ≤ ∞,
T : V → m(X,µ)是次线性算子, ∥Tf∥p0,∞ ≤ A0∥f∥p0, ∀ f ∈ Lp0 ∩ V, ∥Tf∥p1,∞ ≤ A1∥f∥p1,
∀ f ∈ Lp1 ∩ V, 则∥Tf∥p ≤ A∥f∥p, ∀ f ∈ Lp ∩ V .

注注注: 若θ ∈ (0, 1), 1
p = 1−θ

p0
+ θ

p1
, 则可取A = 2( p

p−p0 + p
p1−p)

1/pAθ1A
1−θ
0 .

Proof. ∀ f ∈ Lp ∩ V, λ, c > 0, 有f = f0 + f1, 其中f0 = fχ{|f |>cλ}, f1 = fχ{|f |≤cλ}. 则
f0 ∈ Lp0 ∩V, f1 ∈ Lp1 ∩V , |Tf | ≤ |Tf0|+ |Tf1|, {|Tf | > λ} ⊂ {|Tf0| > λ/2}∪{|Tf1| > λ/2},
aTf (λ) ≤ aTf0(λ/2) + aTf1(λ/2).

Case 1 p1 = ∞. 取c = 1
2A1
得∥Tf1∥∞ ≤ A1∥f1∥∞ ≤ A1 · cλ ≤ λ/2,

aTf1(λ/2) = 0, aTf (λ) ≤ aTf0(λ/2) ≤ ( 2λA0∥f∥p0)p0 = (2A0
λ )p0

∫
{|f |>cλ} |f |

pdµ.

∥Tf∥pp =
∫∞
0 pλp−1aTf (λ)dλ ≤

∫∞
0 pλp−1−p0(2A0)

p0
∫
{|f |>cλ} |f |

pdµdλ
Fubini
=

p(2A0)
p0
∫∞
0

∫
X |f(x)|p

∫ |f(x)|/c
0 λp−1−p0dλdµ = p(2A0)

p0
∫∞
0

∫
X |f(x)|p|f(x)c |p−p0 1

p−p0dµ

= p
p−p0

(2A0)p0

cp−p0
∥Tf∥pp = p

p−p0 (2A0)
p0(2A1)

p−p0∥Tf∥pp = Ap∥Tf∥pp.
Case 2 p1 <∞. aTfi(λ/2) ≤ ( 2λAi∥f∥pi)

pi , i = 0, 1.

aTf (λ) ≤ aTf0(λ/2) + aTf1(λ/2) ≤ ( 2λA0∥f∥p0)p0 + ( 2λA1∥f∥p1)p1 ≤
(2A0
λ )p0

∫
{|f |>cλ} |f |

pdµ+ (2A1
λ )p1

∫
{|f |≤cλ} |f |

pdµ.

∥Tf∥pp =
∫∞
0 pλp−1aTf (λ)dλ ≤

∫∞
0 pλp−1−p0(2A0)

p0
∫
{|f |>cλ} |f |

pdµdλ+∫∞
0 pλp−1−p1(2A1)

p1
∫
{|f |≤cλ} |f |

pdµdλ
Fubini
=

p(2A0)
p0
∫∞
0

∫
X |f(x)|p

∫ |f(x)|/c
0 λp−1−p0dλdµ+p(2A1)

p1
∫∞
0

∫
X |f(x)|p

∫∞
|f(x)|/c λ

p−1−p1dλdµ =

p(2A0)
p0
∫∞
0

∫
X |f(x)|p|f(x)c |p−p0 1

p−p0dµ+ p(2A1)
p1
∫∞
0

∫
X |f(x)|p|f(x)c |p−p1 1

p1−pdµ =

( p
p−p0

(2A0)p0

cp−p0
+ p

p1−p
(2A1)p1

cp−p1
)∥Tf∥pp = ( p

p−p0 + p
p1−p)(2A0)

p0(p1−p)
p1−p0 (2A1)

p1(p−p0)
p1−p0 ∥Tf∥pp =

Ap∥Tf∥pp. 其中取c > 0使得 (2A0)p0

cp−p0
= (2A1)p1

cp−p1
, i.e. c = (2A0)

p0
p1−p0 (2A1)

− p1
p1−p0 . □

推推推广广广: 若1 ≤ p0 < p < p1 ≤ ∞, T, T0, T1 : V → m(X,µ)满足
|T (f + g)| ≤ |T0f |+ |T1g|, ∀ f, g ∈ V ; ∥T0f∥p0,∞ ≤ A0∥f∥p0 , ∀ f ∈ Lp0 ∩ V ;
(*)∥T1f∥p1,∞ ≤ A1∥f∥p1 , ∀ f ∈ Lp1 ∩ V ; 则∥Tf∥p ≤ A∥f∥p, ∀ f ∈ Lp ∩ V .

注注注: 其中(*)可以减弱为aT1f (λ) ≤ (A1∥f∥p1/λ)p1 ,
∀ λ ≥ C0∥f∥∞, f ∈ Lp1 ∩ L∞ ∩ V . (可能需要更大的A)
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2.4极极极大大大函函函数数数 Br = {x ∈ Rn : |x| < r}. ∀ f ∈ L1
loc(Rn)定义Mf(x) = sup

r>0

1
|Br|

∫
Br

|f(x−y)|dy.

若ϕ = |B1|−1χB1则Mf(x) = sup
t>0

ϕt ∗ |f |(x).

记Qr = [−r, r]n, 则|Qr| = (2r)n. 定义 M ′f(x) = sup
r>0

1
(2r)n

∫
Qr

|f(x − y)|dy. 由Br ⊂ Qr ⊂

B√
nr得cnM

′f(x) ≤Mf(x) ≤ CnM
′f(x), 其中

Cn = |Qr|
|Br| =

2n

α(n) , cn = |Qr|
|B√

nr|
= 2n

nn/2α(n)
, α(n) = |B1|, Br = B(0, r).

注注注: Mf =M |f |, M ′f =M ′|f |; 若n = 1则Mf =M ′f.
定义 M ′′f(x) = sup

Q∋x

1
|Q|
∫
Q |f |, 其中Q取方体: Q =

∏n
i=1[ai, ai + a].

则M ′f(x) ≤M ′′f(x) ≤ 2nM ′f(x).

Lemma 2.5. 若F = {Bj = B(xj , rj)}Nj=1是度量空间(X, d)中的开球, mBj
= B(xj ,mrj), (B(x, r) = {y ∈ X : d(x, y) < r}). 则∃ {B′

i}li=1 ⊆ F s.t. B′
i ∩B′

j = ∅, ∀ i ̸= j,

∪Nj=1Bj ⊆ ∪li=13B
′
i.

Proof. 不妨设r1 ≥ r2 ≥ · · · ≥ rN > 0. 归纳定义BN+1 = ∅, j1 = 1,
jk+1 = min{j : Bj ∩Bjm = ∅, ∀ 1 ≤ m ≤ k}, l = sup{k : jk ≤ N}. 则B′

m = Bjm满足要求.
验验验证证证: (a)Bjk+1

∩ Bjm = ∅, ∀ 1 ≤ m ≤ k ⇒ B′
i ∩ B′

m = ∅, ∀ i > m. (b) ∀ 1 ≤ j ≤ n,

∃ 1 ≤ k ≤ l s.t. jk ≤ j < jk+1. (i)若j = jk则Bj = Bjk = B′
k ⊆ 3B′

k. (ii)若j > jk则
∃ 1 ≤ m ≤ k s.t. Bj ∩Bjm ̸= ∅. 此时Bj ⊆ B(xjm , d(xjm , xj) + rj) ⊆ B(xjm , 3rjm) = 3B′

m.
(as 1 ≤ j1 < · · · < jl ≤ N, rj ≤ rjm , d(xjm , xj) ≤ rj + rjm ≤ 2rjm .) □

Theorem 2.6. 若f ∈ L1(Rn), 则∥Mf∥1,∞ ≤ 3n∥f∥1.

M换成M ′,M ′′, M̃仍成立, 其中M̃f(x) = sup
r>0,|y−x|<r

1
|Br|

∫
Br

|f(y − z)|dz. 结合

Marcinkiewicz插值定理和∥Mf∥∞ ≤ ∥f∥∞得Mf强(p, p)(1 < p ≤ ∞).

Proof. ∀ λ > 0设Eλ = {x ∈ Rn : M̃f(x) > λ},
F = {B(x, r) :

∫
B(x,r) |f |dy > λ|B(x, r)|}, 则Eλ = ∪B∈FB.

∀紧集K ⊆ Eλ, ∃ B1, · · · , BN ∈ F s.t. K ⊆ ∪Ni=1Bi. 结合Lemma 2.5得∃ B′
1, · · · , B′

l ∈ F s.t.

K ⊆ ∪li=13B
′
i, B

′
i ∩B′

j = ∅, ∀ i ̸= j. 由B′
i ∈ F得∫

B′
i
|f |dy > λ|B′

i|. |K| ≤
l∑

i=1
|3B′

i| = 3n
l∑

i=1
|B′

i| ≤ 3n

λ

l∑
i=1

∫
B′

i
|f |dy ≤ 3n

λ ∥f∥1. 结合|Eλ| =

sup{|K| : K ⊆ Eλ,K紧}得|Eλ| ≤ 3n

λ ∥f∥1, ∀ λ > 0, i.e. ∥M̃f∥1,∞ ≤ 3n∥f∥1. 把Rn的度量换
成d(x, y) = max

1≤i≤n
|xi − yi|得∥M ′′f∥1,∞ ≤ 3n∥f∥1. 由0 ≤Mf(x) ≤ M̃f(x),

0 ≤M ′f(x) ≤M ′′f(x)得∥Mf∥1,∞ ≤ 3n∥f∥1, ∥M ′f∥1,∞ ≤ 3n∥f∥1. □

Proposition 2.7. 若ϕ∈V0(Rn), f ∈L1
loc(Rn)则sup

t>0
|ϕt ∗ f(x)| ≤ ∥ϕ∥1Mf(x).

V0 = V0(Rn) := {ϕ(x) = ϕ0(|x|)|ϕ0 : (0,+∞) → [0,+∞)递减,ϕ ∈ L1(Rn)}.

Proof. [ϕt(x) = t−nϕ(x/t), ϕ ∈ V0] ⇒ [ϕt ∈ V0, ∥ϕt∥1 = ∥ϕ∥1; |ϕt ∗ f(x)| ≤ ϕt ∗ |f |(x)]
(∀ t > 0). 只需证若f ≥ 0, ϕ ∈ V0则ϕ ∗ f(x) ≤ ∥ϕ∥1Mf(x).

(i)若ϕ是简单可测函数则ϕ =
∑N

j=1 ajχBrj
a.e., aj > 0;

0 ≤ ϕ ∗ f(x) ≤
∑N

j=1 aj
∫
Brj

|f(x− y)|dy ≤
∑N

j=1 aj |Brj |Mf(x) = ∥ϕ∥1Mf(x).

(ii)一般情形. 设ϕk(x) = min(2−k[2kϕ(x)], 2k), 则ϕk ↑ ϕ, ϕk ∈ V0简单可测;
ϕ ∗ f(x) = lim

k→∞
ϕk ∗ f(x) ≤ lim

k→∞
∥ϕk∥1Mf(x) = ∥ϕ∥1Mf(x). □
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Corollary 2.2. 若ϕ ∈ V1(Rn)则f 7→ sup
t>0

|ϕt ∗ f(x)|弱(1, 1) (且强(p, p), ∀ 1 < p ≤ ∞).

V1 = V1(Rn) := {ϕ ∈ L1(Rn)|∃ ψ ∈ V0(Rn) s.t. |ϕ(x)| ≤ ψ(x) a.e.}
Keypoint: |ϕt ∗ f(x)| ≤ ψt ∗ |f |(x) ≤ ∥ψ∥1Mf(x); Mf弱(1, 1),强(p, p).

Corollary 2.3. 若1 ≤ p ≤ ∞, f ∈ Lp(Rn), ϕ ∈ V1(Rn)则 lim
t→0+

ϕt ∗ f(x) = (
∫
ϕ)f(x) a.e.

Proof. 设
∫
ϕ = A. (i)1 ≤ p <∞设Ωf(x) = lim sup

t→0+
|ϕt ∗ f(x)−Af(x)|, 则Ω次线性,

|Ωf(x)| ≤ sup
t>0

|ϕt∗f(x)|+|A||f(x)|,由Corollary 2.2得Ωf弱(p, p). 由Theorem 2.1得Ωf(x) = 0,

∀ f ∈ C0(Rn). 结合[Theorem 2.2][C0(Rn)在Lp(Rn)中稠密]
[Ωf弱(p, p)]得[Ωf(x) = 0 a.e. x, ∀ f ∈ L1(Rn)]. 此时结论成立.
(ii)p = ∞. fR = fχB(0,2R) ∈ L1(Rn). Claim: (其中(i)⇒(2.2))

lim
t→0+

ϕt ∗ fR(x) = AfR(x) = Af(x), a.e. x ∈ B(0, R),(2.2)

|ϕt ∗ (f − fR)|(x) ≤ ∥(1− χBR
)ϕt∥1∥f∥∞, ∀ x ∈ B(0, R),(2.3)

lim
t→0+

∥(1− χBR
)ϕt∥1 = 0, ∀ q ∈ [1,∞].(2.4)

Proof of (2.3). ∀ x ∈ B(0, R)有|ϕt ∗ (f − fR)|(x) ≤ |ϕt| ∗ |f − fR|(x) =∫
{|y|≥2R} |ϕt(x− y)||f(y)|dy ≤

∫
{|y−x|≥R} |ϕt(x− y)||f(y)|dy, 结合Hölder. □

Proof of (2.4). ∥(1− χBR
)ϕt∥1 = ∥(1− χBR/t

)ϕ∥1 → 0 as t→ 0+ (单调收敛定理). □

由(2.2), (2.3), (2.4)得 lim
t→0+

ϕt ∗ f(x) = Af(x), a.e. x ∈ B(0, R). 由R的任意性得

lim
t→0+

ϕt ∗ f(x) = Af(x), a.e. x ∈ Rn. □

注注注: Cesaro核F1(x) =
sin2(πx)
(πx)2

, Poisson核P1(x) =
Cn

(1+|x|2)
n+1
2

, Gauss核W1(x) = e−π|x|
2
都满

足条件F1, P1,W1 ∈ V1(Rn). 事实上P1,W1 ∈ V0(Rn), 0 ≤ F1(x) ≤ ψ(x),
ψ(x) = min(1, |πx|−2) ∈ V0(R).
Lemma 2.8. 若f ∈ L1(T)则 lim

N→∞
σNf(x) = f(x), lim

r→1−
Pr∗f(x) = f(x), a.e.x. 其中∗表

示T中的卷积, ∗表示R中的卷积.

Proof. 记Ω1f(x) = lim
N→∞

|σNf(x)− f(x)|, Ω2f(x) = lim
r→1−

|Pr∗f(x)− f(x)|, 则只需证

Ω1f(x) = Ω2f(x) = 0 a.e. x. 在Theorem 1.8, Theorem 1.9中取p = ∞得
(a) Ω1f(x) = Ω2f(x) = 0, ∀ f ∈ C(T). 由0 ≤ FN (t) =

1
N+1 |

sin(π(N+1)t)
sin(πt) |2 ≤

min(N + 1, 1
| sinπt|2(N+1)

) ≤ min(N + 1, 1
|2t|2(N+1)

) =: ψN+1(t), ∀ |t| ≤ 1/2; ψN+1 ∈ V0(R),
Proposition 2.7 得|σNf(x)| = |FN∗f(x)| ≤ ψN+1 ∗ |f |(x) ≤ ∥ψN+1∥1Mf(x) = 2Mf(x).

同理Pr(t) =
1−r2

1−2r cos(2πt)+r2
, P̃r(t) = Pr(t)χ(−1/2,1/2)(t) ∈ V0(R),

|Pr∗f(x)| = |P̃r∗f(x)| ≤ ∥P̃r∥1Mf(x) =Mf(x).
以上说明Ω1f(x) ≤ 2Mf(x) + |f(x)|, Ω2f(x) ≤Mf(x) + |f(x)|.
另一方面, 与Theorem 2.6同理得∥Mf∥L1,∞(T) ≤ 3∥f∥L1(T), ∀ f ∈ L1(T).
因此Ω1, Ω2弱(1, 1), 结合[Ω1, Ω2 次线性], [C(T)在L1(T)中稠密], (a),
Theorem 2.2 得[Ω1f(x) = Ω2f(x) = 0 a.e. x, ∀ f ∈ L1(T)]. □

Corollary 2.4. 若f ∈ L1
loc(Rn), 则 lim

r→0+

1
|Br|

∫
Br
f(x− y)dy = f(x),

lim
r→0+

1
|Br|

∫
Br

|f(x− y)− f(x)|dy = 0, a.e. x ∈ Rn.
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Proof. 设Ωf(x) = lim sup
r→0+

1
|Br|

∫
Br

|f(x − y) − f(x)|dy, 则只需证Ωf(x) = 0 a.e. x ∈ Rn.

Ωf(x) ≤Mf(x) + |f(x)|, Ωf弱(1, 1), 次线性; Ωf(x) = 0, ∀ f ∈ C0(Rn).
结合Theorem 2.2得[Ωf(x) = 0 a.e. x, ∀ f ∈ L1(Rn)].
若f ∈ L1

loc(Rn), 则fχBR
∈ L1(Rn), Ω(fχBR

)(x) = 0 a.e. x. 结合Ω(fχBR
)(x) = Ωf(x),

∀ x ∈ BR得|{Ωf = 0} ∩BR| = 0, ∀ f ∈ L1
loc(Rn), R > 0.

因此|{Ωf = 0}| ≤
∑∞

k=1 |{Ωf = 0} ∩Bk| = 0, ∀ f ∈ L1
loc(Rn). □

推推推论论论: |f(x)| ≤Mf(x) a.e. x ∈ Rn.
定定定义义义: x是f的Lebesgue点⇔ Ωf(x) = 0.
注注注: 若Ωf(x) = 0, Bj = B(xj , rj), rj → 0, {x} = ∩∞

j=1Bj , 则 lim
j→∞

1
|Bj |

∫
Bj
f = f(x).

Key point: Bj ⊂ B(x, 2rj) =: B′
j , |B′

j | = 2n|Bj |,
1

|Bj |
∫
Bj

|f(x− y)− f(x)|dy ≤ 2n

|B′
j |
∫
B′

j
|f(x− y)− f(x)|dy → 0, as j → ∞.

Lemma 2.9. 若f ∈ L1
loc(Rn), |{f ̸= 0}| > 0, 则Mf ̸∈ L1(Rn).

Proof. ∃ R > 0 s.t.
∫
BR

|f | =: a > 0. ∀ x ∈ Rn, Mf(x) ≥ 1
|BR+|x||

∫
BR+|x|

|f(x − y)|dy =
1

(R+|x|)nα(n)
∫
B(x,R+|x|) |f(y)|dy ≥ 1

(R+|x|)nα(n)
∫
B(0,R) |f(y)|dy = a

(R+|x|)nα(n) .

结合 1
(R+|x|)n ̸∈ L1(Rn), a > 0得Mf ̸∈ L1(Rn). □

Theorem 2.10. 若B是Rn中的有界集, 则
∫
BMf ≤ 2|B|+ C

∫
Rn |f | ln+ |f |, 其中

ln+ t = max(ln t, 0).

Proof. (i)
∫
BMf = 2

∫∞
0 |{x ∈ B :Mf(x) > 2λ}|dλ ≤

2|B|+ 2
∫∞
1 |{x ∈ B :Mf(x) > 2λ}|dλ.

Claim: |{x ∈ B :Mf(x) > 2λ}| ≤ C
λ

∫
{x:|f(x)|>λ} |f(x)|dx.

Proof. 设f1 = fχ{x:|f(x)|>λ}, f2 = f − f1. 则Mf ≤ Mf1 + Mf2, ∥f2∥∞ ≤ λ, Mf2 ≤ λ,

{x ∈ B :Mf(x) > 2λ} ⊆ {x ∈ B :Mf1(x) > 2λ}. 结合M弱(1, 1)得
|{x ∈ B :Mf(x) > 2λ}| ≤ |{x ∈ B :Mf1(x) > 2λ}| ≤ C

λ

∫
Rn |f1(x)|dx ≤

C
λ

∫
{x:|f(x)|>λ} |f(x)|dx. □

(ii)
∫∞
1 |{x ∈ B :Mf(x) > 2λ}|dλ ≤

∫∞
1

C
λ

∫
{x:|f(x)|>λ} |f(x)|dxdλ ≤

C
∫
Rn |f(x)|

∫ max(|f(x)|,1)
1

dλ
λ dx = C

∫
Rn |f | ln+ |f |. 结合(i)得结论成立. □

Theorem 2.11. 若w ≥ 0, w ∈ L1
loc(Rn), 则(i)

∫
Rn |Mf |pw ≤ Cp

∫
Rn |f |pMw,

(ii)
∫
{x:Mf(x)>λ}w(x)dx ≤ C1

λ

∫
Rn |f(x)|Mw(x)dx, 其中λ > 0, 1 < p <∞.

Proof. 不妨设w ∈ L∞
c (Rn), 否则可取wk ∈ L∞

c (Rn) s.t. wk ↑ w.
若w = 0 a.e. 则显然成立, 不妨设|{w > 0}| > 0.
则∥w∥∞ ≥Mw(x) ≥ c/(1 + |x|)n, ∥f∥∞ = ∥f∥L∞(Mw).

结合Mf(x) ≤ ∥f∥∞, ∀ x ∈ Rn得∥Mf∥L∞(w) ≤ ∥f∥∞ = ∥f∥L∞(Mw).

结合Marcinkiewicz插值定理只需证(ii), i.e. 弱(1, 1).
设Eλ = {x ∈ Rn :Mf(x) > λ}, ∀紧集K ⊆ Eλ, ∃ 不交的球B1, · · · , Bl ∈ F s.t.

K ⊆ ∪li=13Bi,
∫
Bi

|f | > λ|Bi|. 则
∫
K w(x)dx ≤

∑l
i=1

∫
3Bi

w(x)dx.

Claim:
∫
3Bi

w(x)dx ≤ 4n

λ

∫
Bi

|f(x)|Mw(x)dx.

Proof. 由
∫
Bi

|f | > λ|Bi|, 4n

λ

∫
Bi

|f(x)|Mw(x)dx ≥ 4n

λ

∫
Bi

|f(x)|dx infBi Mw

≥ 4n|Bi| infBi Mw, 只需证(a):4n|Bi| infBi Mw ≥
∫
3Bi

w(x)dx.
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设Bi = B(xi, ri), y ∈ Bi, 则3Bi = B(xi, 3ri) ⊂ B(y, 4ri), Mf(y) ≥
1

|B(y,4ri)|
∫
B(y,4ri)

w(x)dx ≥ 1
4n|Bi|

∫
3Bi

w(x)dx. 对y取下确界得(a)成立. □

结合Bi不交得
∫
K w(x)dx ≤ C1

λ

∫
Rn |f(x)|Mw(x)dx. 结合

∫
Eλ
w(x)dx =

sup{
∫
K w(x)dx : K ⊆ Eλ,K紧}得

∫
Eλ
w(x)dx ≤ C1

λ

∫
Rn |f(x)|Mw(x)dx. □

2.5 Calderon-Zygmund分分分解解解 Qk = {
∏n
i=1[

ai
2k
, ai+1

2k
)|a1, · · · , an ∈ Z},

Ekf(x) =
∑

Q∈Qk

χQ

|Q|
∫
Q f, Mdf(x) = sup

k∈Z
|Ekf(x)|. (a) ∥Mdf∥1,∞ ≤ ∥f∥1.

(b) lim
k→+∞

Ekf(x) = f(x) a.e., ∀ f ∈ L1
loc(Rn). 推推推论论论: |f(x)| ≤Mdf(x) a.e.

注注注: Q = ∪k∈ZQk为二进方体的集合. (i) ∀ x ∈ Rn, ∃| Q ∈ Qk s.t. x ∈ Q.
(ii) ∀ A,B ∈ Q, 有A ∩B = ∅或A ⊆ B或B ⊆ A.
(iii) ∀ A ∈ Qk, j < k, ∃| B ∈ Qj s.t. A ⊂ B. ∃ Ai ∈ Qk+1, 1 ≤ i ≤ 2n, s.t. A = ∪2n

i=1Ai.
(iv) σk := {∪∞

j=1Aj : Aj ∈ Qk ∪ {∅}}为Qk生成的σ代数, σk ⊃ σj , ∀ k > j.

Ekf为σk可测函数, ∀ Ω ∈ σk若f ∈ L1(Ω)则
∫
ΩEkf =

∫
Ω f . Ekf = E[f |σk].

Proof of (a). 由|Mdf | ≤Md|f |不妨设f ≥ 0. 设Eλ = {x ∈ Rn :Mdf(x) > λ}, 则
Eλ = ∪k∈ZΩk, Ωk = {x ∈ Rn : Ekf(x) > λ, Ejf(x) ≤ λ, ∀ j < k}.
其中用到0 ≤ Ekf(x) ≤ supQ∈Qk

1
|Q|
∫
Q f ≤ supQ∈Qk

1
|Q|∥f∥1 = 2nk∥f∥1,

lim
k→−∞

Ekf(x) = 0. 且Ωk ∩ Ωj ̸= 0, ∀ k ̸= j. 下证Ωk ∈ σk. Ωk = Ω′
k \ ∪k=1

j=−∞Ω′
j ,

Ω′
k = {x ∈ Rn : Ekf(x) > λ} = ∪Q∈Qk,

1
|Q|

∫
Q f>λQ ∈ σk, Ω

′
j ∈ σj ⊂ σk.

结合σ代数的性质得Ωk = Ω′
k \ ∪k=1

j=−∞Ω′
j ∈ σk. 记Q̃k = {Q ∈ Qk : Q ∩ Ωk ̸= ∅}, 则

Ωk = ∪
Q∈Q̃k

Q. 因此λ|Ωk| ≤
∫
Ωk
Ekf =

∫
Ωk
f ,

|Eλ| =
∑

k |Ωk| ≤
∑

k
1
λ

∫
Ωk
f = 1

λ

∫
Eλ
f ≤ 1

λ∥f∥1, ∀ λ > 0, i.e. ∥Mdf∥1,∞ ≤ ∥f∥1. □

Proof of (b). 设Ωf(x) = lim sup
k→+∞

|Ekf(x)− f(x)|, 则只需证Ωf(x) = 0 a.e. x ∈ Rn.

Ωf(x) ≤Mdf(x) + |f(x)|, Ωf弱(1, 1), 次线性; Ωf(x) = 0,
∀ f ∈ C(Rn). 结合Theorem 2.2得[Ωf(x) = 0 a.e. x, ∀ f ∈ L1(Rn)].
∀ f ∈ L1

loc(Rn), Q ∈ Q0有χQf ∈ L1(Rn), Ω(χQf)(x) = 0 a.e. x.
结合Ek(χQf) = χQEkf, ∀ k ≥ 0, Ω(χQf) = χQΩf, 得χQΩf(x) = 0 a.e. x,
Ωf(x) =

∑
Q∈Q0

χQΩf(x) = 0 a.e. x. □

Theorem 2.12. 若f ∈ L1(Rn), f ≥ 0, λ > 0, 则∃不交的二进方体{Qj} s.t.
(i)
∑

j |Qj | ≤
1
λ∥f∥1, (ii) λ <

1
|Qj |

∫
Qj

|f | ≤ 2nλ, (iii) |f | ≤ λ a.e. x ∈ Rn \ Ω, Ω := ∪kQk.

Proof. 由Ωk = ∪
Q∈Q̃k

Q为不交并, Eλ = ∪k∈ZΩk为不交并. 记集合∪k∈ZQ̃k为

{Qj}, 则Eλ = ∪jQj = Ω为不交并, Qj ∈ Q(用到Q̃k ⊂ Qk ⊂ Q).∑
j |Qj | = |Eλ| ≤ 1

λ∥f∥1, i.e. (i). 若x ∈ Rn \ Ω = Rn \ Eλ, Ωf(x) = 0 则

Ekf(x) ≤ λ, f(x) = lim
k→+∞

Ekf(x) ≤ λ, 结合Ωf(x) = 0 a.e. x 得(iii)成立.

∀ Q ∈ Q̃k, ∃ x ∈ Q ∩ Ωk s.t. 1
|Q|
∫
Q |f | = Ekf(x) > λ; ∃ Q̃ ∈ Qk−1 s.t. Q ⊂ Q̃, |Q̃| = 2n|Q|,

1

|Q̃|

∫
Q̃
|f | = Ek−1f(x) ≤ λ, 1

|Q|
∫
Q |f | ≤ 1

|Q|
∫
Q̃
|f | = 2n

|Q̃|

∫
Q̃
|f | ≤ 2nλ. 结合∪k∈ZQ̃k = {Qj}

得(ii)成立. □

注注注: Eλ = ∪Q∈Aλ
Q = ∪Q∈A∗

λ
Q, Aλ = {Q ∈ Q : 1

|Q|
∫
Q f > λ}, A∗

λ是Aλ的极大元构成的集

合, |Eλ| ≤ 1
λ

∫
Eλ
f , 反向弱(1, 1): |Eλ| ≥ 1

2nλ

∫
Eλ
f .
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注注注: 若f非负可积, 支集在二进方体Q中, 则Mdf ∈ L1(Q) ⇔ f ln+ f ∈ L1(Q).

一方面若f ln+ f ∈ L1(Q)则
∫
QMdf = 2

∫∞
0 |E2λ ∩Q|dλ ≤ 2|Q|+

∫∞
1 |E2λ|dλ

≤ 2|Q|+ 2
∫∞
1

1
λ

∫
{f>λ} f(x)dxdλ = 2|Q|+ 2

∫
Q f ln

+ f < +∞, Mdf ∈ L1(Q).

另一方面若Mdf ∈ L1(Q), 不妨设∥f∥1 > 0, Q ∈ Qm. ∀ x ∈ Rn \Q有
Ekf(x) = 0, ∀ k ≥ m; 0 ≤ Ekf(x) ≤ 2nk∥f∥1 ≤ 2n(m−1)∥f∥1 =: λ0 > 0,
∀ k ≤ m− 1. 这说明∀ x ∈ Rn \Q有0 ≤Mdf(x) ≤ λ0; Eλ ⊆ Q, ∀ λ > λ0.∫
QMdf =

∫∞
0 |Eλ ∩ Q|dλ ≥

∫∞
λ0

|Eλ|dλ ≥
∫∞
λ0

1
2nλ

∫
{Mdf>λ} f(x)dxdλ = 1

2n

∫
Q f ln

+ Mdf
λ0

≥
1
2n

∫
Q f ln

+ f
λ0
< +∞. f ln+ f ∈ L1(Q).

Lemma 2.13. 若f非负可积, λ > 0, 则|{M ′f > 4nλ}| ≤ 2n|{Mdf > λ}|.

注注注: 4−n∥M ′f∥1,∞ ≤ 2n∥Mdf∥1,∞ ≤ 2n∥f∥1, ∥M ′f∥1,∞ ≤ 8n∥f∥1.
Vitali覆覆覆盖盖盖引引引理理理: B是Rn中的开球族, 则∃可数不交子族{Bj} ⊆ B s.t.
∪B∈BB ⊆ ∪j5Bj . 推论: ∥Mf∥1,∞ ≤ 5n∥f∥1.
Bescovitch覆覆覆盖盖盖引引引理理理: A ⊂ Rn有界, F = {Bx}x∈A, Bx = B(x, rx), 则∃可数子族{Bj} ⊆ F
s.t. A ⊆ ∪jBj ,

∑
j χBj (x) ≤ Cn.
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3. Hilbert变换

3.1 共共共轭轭轭Poisson核核核 ∀ f ∈ S(R), 定义(∀ t > 0, x ∈ R)
u(x+ it) = u(x, t) = Pt ∗ f(x) =

∫
R e

−2πt|ξ|f̂(ξ)e2πix·ξdξ, Pt(x) =
1
π

t
t2+x2

. 则

u(z) =
∫∞
0 f̂(ξ)e2πizξdξ +

∫ 0
−∞ f̂(ξ)e2πizξdξ. 定义

iv(z) =
∫∞
0 f̂(ξ)e2πizξdξ −

∫ 0
−∞ f̂(ξ)e2πizξdξ. 则u, v是R2

+的调和函数.

若f是实值函数则u, v是R2
+上的实值函数(as f̂(ξ) = f̂(−ξ)).

u+ iv在H = {x+ it|x, t ∈ R, t > 0}解析, v称为u的共轭调和函数.

此时v(z) =
∫
R−isgn(ξ)f̂(ξ)e−2πt|ξ|e2πixξdξ, z = x+ it⇔

v(x, t) = v(x+ it) = Qt ∗ f(x). 其中Q̂t(ξ) = −isgn(ξ)e−2πt|ξ|,

Qt(x) =
∫
R−isgn(ξ)e−2πt|ξ|e2πixξdξ = 1

π
x

t2+x2
. 设Q(x, t) = Qt(x)则

∆Q(x, t) = 0. Qt为Pt的共轭调和函数: Pt(x) + iQt(x) =
1
π
t+ix
t2+x2

= i
πz .

Pt恒等逼近. Qt ̸∈ L1(R). lim
t→0+

Qt(x) =
1
πx ̸∈ L1

loc(R).

3.2 主主主值值值积积积分分分 定定定义义义 ⟨p.v. 1x , ϕ⟩ = lim
ϵ→0+

∫
{|x|>ϵ}

ϕ(x)
x dx, ∀ ϕ ∈ S. 则p.v. 1x ∈ S ′.

Proof. ⟨p.v. 1x , ϕ⟩ =
∫
{|x|<1}

ϕ(x)−ϕ(0)
x dx+

∫
{|x|>1}

ϕ(x)
x dx, (as

∫
{ϵ<|x|<1}

1
xdx = 0).

|⟨p.v. 1x , ϕ⟩| ≤
∫
{|x|<1} ∥ϕ

′∥∞dx+ ∥xϕ∥∞
∫
{|x|>1}

1
x2
dx ≤ 2(∥ϕ′∥∞ + ∥xϕ∥∞). □

Proposition 3.1. lim
t→0+

Qt =
1
πp.v.

1
x (in S ′(R)).

Proof. ∀ ϵ > 0, ψϵ(x) = x−1χ{|x|>ϵ} ∈ L∞(R) ⇒ ψϵ ∈ S ′(R).
⟨p.v. 1x , ϕ⟩ = lim

ϵ→0+

∫
{|x|>ϵ}

ϕ(x)
x dx = lim

ϵ→0+
⟨ψϵ, ϕ⟩, ∀ ϕ ∈ S i.e. lim

ϵ→0+
ψϵ =

1
πp.v.

1
x in S ′(R).

因此只需证 lim
t→0+

(Qt − 1
πψt) = 0 in S ′(R). 而Qt − 1

πψt = ht, ht(x) = t−1h(x/t),

h(x) = 1
π

x
1+x2

(|x| ≤ 1), h(x) = 1
π (

x
1+x2

− 1
x) = − 1

πx(1+x2)
(|x| > 1).

h ∈ L1(R),
∫
h = 0 (as h(x) = −h(x)). 由(2.1)得 lim

t→0+
ht = 0 in S ′(R). □

同理 lim
t→0+

Qt ∗ f(x) = 1
π lim
ϵ→0+

∫
{|y|>ϵ}

f(x−y)
y dy, ∀ f ∈ S(R). 而

Q̂t(ξ) = −isgn(ξ)e−2πt|ξ| ⇒ lim
t→0+

Q̂t(ξ) = −isgn(ξ) in S ′(R), 结合

[F : S ′ → S ′连续]得F( 1πp.v.
1
x) = −isgn(ξ).

∀ f ∈ S(R), 定义f的Hilbert变换Hf为: (3个定义等价)

(i)Hf = lim
t→0+

Qt ∗ f ; (ii)Hf = 1
πp.v.

1
x ∗ f ; (iii)Ĥf(ξ) = −isgn(ξ)f̂(ξ).

由定义(iii), H可延拓为L2上的有界线性算子, 且
∥Hf∥2 = ∥f∥2, H(Hf) = −f ,

∫
Hf · g = −

∫
f ·Hg, ∀ f, g ∈ L2(R).

3.4 ∀ ϵ > 0, 1 < q ≤ ∞, y−1χ{|y|>ϵ} ∈ Lq(R), 因此Hϵf(x) =
1
π

∫
{|y|>ϵ}

f(x−y)
y dy对f ∈ Lp(R),

1 ≤ p <∞良定义.同理∀ t > 0, 1 < q ≤ ∞, Qt ∈ Lq(R),因此Qt∗f对f ∈ Lp(R), 1 ≤ p <∞良
定义. H(Pt ∗ f) = Qt ∗ f = Pt ∗Hf , ∀ f ∈ L2(R), t > 0;
Qt+s ∗ f = Ps ∗Qt ∗ f, ∀ f ∈ Lp(R), t > 0, s > 0, 1 ≤ p <∞.
定义H∗f(x) = supϵ>0 |Hϵf(x)|, Q∗f(x) = supt>0 |Qt ∗ f(x)|, ∀ f ∈ Lp(R), 1 ≤ p <∞, 则H∗,
Q∗次线性. (i)H∗f(x) ≤ Q∗f(x) +Mf(x).

Key point: Qtf(x) − Htf(x) = ht ∗ f(x), ht(x) = t−1h(x/t), h(x) = 1
π

x
1+x2

(|x| ≤ 1),

h(x) = − 1
πx(1+x2)

(|x| > 1). |h(x)| ≤ h∗(x), h∗(x) =
1
2π (|x| ≤ 1), h∗(x) =

1
πx(1+x2)

(|x| > 1),
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h∗ ∈ V0(R), ∥h∗∥1 = 1+ln 2
π < 1.

|Qtf(x)−Htf(x)| = |ht ∗ f(x)| ≤ h∗t ∗ |f |(x) ≤ ∥h∗∥1M |f |(x) ≤Mf(x).

(ii) ∥Q∗f∥2 ≤ C∥f∥2, ∀ f ∈ L2(R). Key point: 由Proposition 2.7得Q∗f(x)
= supt>0 |Qt ∗ f(x)| = supt>0 |Pt ∗Hf(x)| ≤MHf(x); ∥Hf∥2 = ∥f∥2.
(iii) ∥Q∗f∥1,∞ ≤ C∥f∥1, ∀ f ∈ L1(R).
(iv) ∥Q∗f∥p ≤ Cp∥f∥p, ∀ f ∈ Lp(R), 1 < p < 2. (Marcinkiewicz插值定理)
(v) ∥Qt ∗ f∥p ≤ Cp∥f∥p, ∀ t > 0, f ∈ Lp(R), 1 < p <∞.

Key point: 若1 < p ≤ 2由(ii)(iv)和|Qt ∗ f(x)| ≤ Q∗f(x). 若2 < p <∞由对偶方法.
∥Qt ∗ f∥p = sup{|

∫
R(Qt ∗ f)g| : g ∈ L∞

c (R), ∥g∥p′ ≤ 1}. 若f ∈ Lp(R), g ∈ L∞
c (R)则∫

R(Qt ∗ f)g = −
∫
R(Qt ∗ g)f , |

∫
R(Qt ∗ f)g| = ∥Qt ∗ g∥p′∥f∥p ≤ Cp′∥g∥p′∥f∥p. 这说明

∥Qt ∗ f∥p ≤ Cp′∥f∥p, ∀, f ∈ Lp(R), 2 < p <∞.

(vi) ∥Q∗f∥p ≤ Cp∥f∥p, ∀ f ∈ Lp(R), 1 < p <∞.
Key point: 设Q∗

kf(x) = supt>1/k |Qt ∗ f(x)|, 则Q∗
kf(x) ↑ Q∗f(x). 若t > 1/k

则|Qt ∗ f(x)| = |Pt−1/k ∗ Q1/k ∗ f(x)| ≤ M(Q1/k ∗ f)(x). 这说明Q∗
kf(x) ≤ M(Q1/k ∗ f)(x),

∥Q∗
kf∥p ≤ ∥M(Q1/k ∗ f)∥p ≤ Cp∥Q1/k ∗ f∥p ≤ C ′

p∥f∥p.
结合单调收敛定理得∥Q∗f∥p ≤ C ′

p∥f∥p.

(vii) 由(i)(iii)(vi)得H∗, Q∗弱(1, 1), 强(p, p), ∀ 1 < p <∞.
(viii) ∥Hf∥1,∞ ≤ C∥f∥1, ∀ f ∈ L1 ∩L2(R); ∥Hf∥p ≤ Cp∥f∥p, ∀ f ∈ Lp ∩L2(R), 1 < p <∞.

Key point: 由Corollary 2.3得lim
t→0

Pt ∗Hf(x) = Hf(x) a.e. x, ∀ f ∈ L2(R);
结合Q∗f(x) = supt>0 |Pt ∗Hf(x)|得|Hf(x)| ≤ Q∗f(x) a.e.; 再结合(vii).

H可以唯一延拓为Lp(R)上的有界线性算子s.t. 若f ∈ Lp(R), fk ∈ S(R),
fk → f in Lp, 则Hfk → Hf in Lp. (∀ 1 < p <∞).
f ∈ L1(R), fk ∈ S(R), fk → f in L1, 则Hfk → Hf in L1,∞.
若f = χ[0,1],则f ∈ L1∩L∞, Hf(x) = 1

π ln |
x
x−1 |, Hf ̸∈ L1∪L∞,这说明若p = 1或p = ∞则H

不是强(p, p)型的.

Proof of (iii). ∀ λ > 0,对|f |作Calderon-Zygmund分解, ∃不交区间{Ik} s.t.
∑

k |Ik| ≤
1
λ∥f∥1,

λ < 1
|Ik|
∫
Ik
|f | ≤ 2λ, |f | ≤ λ a.e. x ∈ R \ Ω, Ω := ∪kIk. f = g + b, 其中

g = 1
|Ik|
∫
Ik
f := ak in Ik, g = f in R\Ω, b =

∑
j bj , bj = (f−aj)χQj .则supp bj ⊆ Ij ,

∫
bj = 0,

|aj | ≤ 2λ, ∥g∥∞ ≤ 2λ,
∫
R |g| =

∫
R\Ω |g| +

∑
j |Ij ||aj | =

∫
R\Ω |g| +

∑
j

∣∣∣∫Ij f ∣∣∣ ≤ ∫
R\Ω |g| +∑

j

∫
Ij
|f | =

∫
R |f |. ∥g∥22 ≤ ∥g∥∞∥g∥1 ≤ 2λ∥f∥1.

∑
j ∥bj∥1 = ∥b∥1 ≤ ∥f∥1 + ∥g∥1 ≤ 2∥f∥1.

由Qt ∗ f = Qt ∗ g +Qt ∗ b, Qt ∗ b =
∑

j Qt ∗ bj , ∀ t > 0得Q∗f ≤ Q∗g +Q∗b, Q∗b ≤
∑

j Q
∗bj .

则aQ∗f (λ) ≤ aQ∗g(λ/2) + aQ∗b(λ/2), 其中用到
{x ∈ R : Q∗f(x) > λ} ⊆ {x ∈ R : Q∗g(x) > λ/2} ∪ {x ∈ R : Q∗b(x) > λ/2}.
由(ii)得aQ∗g(λ/2) ≤ 1

(λ/2)2
∥Q∗g∥22 ≤ C

λ2
∥g∥22 ≤ C

λ2
(2λ)∥f∥1 = C

λ ∥f∥1.
设Ij = B(xj , rj), 2Ij = B(xj , 2rj), Ω∗ = ∪j2Ij则|Ω∗| ≤

∑
j |2Ij | = 2

∑
j |Ij | ≤ 2

λ∥f∥1.
aQ∗b(λ/2) = |{x ∈ R : Q∗b(x) > λ/2}| ≤ |Ω∗|+ |{x ∈ R \ Ω∗ : Q∗b(x) > λ/2}| ≤
2
λ∥f∥1 +

2
λ

∫
R\Ω∗ Q

∗b, Claim :
∫
R\2Ij Q

∗bj ≤ ∥bj∥1/2.

Proof. 由supp bj ⊆ Ij ,
∫
bj = 0, 得若x ∈ R \ 2Ij , t > 0则

Qt ∗ bj(x) =
∫
Ij
bj(y)Qt(x− y)dy =

∫
Ij
bj(y) (Qt(x− y)−Qt(x− xj)) dy,
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|Qt ∗ bj(x)| ≤ 1
π

∫
Ij
|bj(y)| |y−xj |

|x−y||x−xj |dy, 其中用到(取a = x− y, b = x− xj)

|Qt(a)−Qt(b)| ≤
|a− b|
π|ab|

, ∀ t > 0, a, b ∈ R \ {0}.

事实上Qt(a)−Qt(b) =
1
πRe( 1

a+it −
1

b+it) =
1
πRe b−a

(a+it)(b+it) ,

|Qt(a)−Qt(b)| ≤ 1
π |

b−a
(a+it)(b+it) | ≤

1
π
|b−a|
|ab| .

因此|Qt ∗ bj(x)| ≤ 1
π

∫
Ij
|bj(y)| |y−xj |

|x−y||x−xj |dy, ∀ t > 0,

Q∗bj(x) = sup
t>0

|Qt ∗ bj(x)| ≤ 1
π

∫
Ij

|bj(y)||y−xj |
|x−y||x−xj | dy.

∫
R\2Ij

1
π

∫
Ij

|bj(y)||y−xj |
|x−y||x−xj | dydx =

1
π

∫
Ij
|bj(y)|ln 2rj+|y−xj |

2rj−|y−xj |dy ≤ ln 3
π

∫
Ij
|bj(y)|dy ≤ 1

2

∫
Ij
|bj(y)|dy, 其中用到

Ij = B(xj , rj), 2Ij = B(xj , 2rj),
∫
R\2Ij

|y−xj |
|x−y||x−xj |dy = |

∫
R\2Ij (

1
x−y −

1
x−xj )dy|

=
∣∣∣ln x−y

x−xj

∣∣x=+∞
x=xj+2rj

+ ln x−y
x−xj

∣∣x=xj−2rj
x=−∞

∣∣∣ = ∣∣ ln 2rj−(y−xj)
2rj

− ln
2rj+(y−xj)

2rj

∣∣ =∣∣ ln 2rj−(y−xj)
2rj+(y−xj)

∣∣ = ln
2rj+|y−xj |
2rj−|y−xj | ≤ ln

2rj+rj
2rj−rj = ln 3 ≤ π/2, ∀ x ∈ Ij . □

因此
∫
R\Ω∗ Q

∗b ≤
∑

j

∫
R\Ω∗ Q

∗bj ≤
∑

j

∫
R\2Ij Q

∗bj ≤
∑

j ∥bj∥1/2 ≤ ∥f∥1,
aQ∗b(λ/2) ≤ 2

λ∥f∥1 +
2
λ

∫
R\Ω∗ Q

∗b ≤ 2
λ∥f∥1 +

2
λ∥f∥1 =

4
λ∥f∥1,

aQ∗f (λ) ≤ aQ∗g(λ/2) + aQ∗b(λ/2) ≤ C
λ ∥f∥1 +

4
λ∥f∥1 =

C
λ ∥f∥1, ∀λ > 0. i.e.(iii). □

依依依范范范数数数收收收敛敛敛: lim
ϵ→0

∥Hϵf −Hf∥p = 0, ∀ f ∈ Lp(R), 1 < p <∞,

lim
ϵ→0

∥Hϵf −Hf∥1,∞ = 0, ∀ f ∈ L1(R). 只需证

φp(f) = 0, ∀ f ∈ Lp, 1 ≤ p <∞,其中φp(f) = lim sup
ϵ→0

∥Hϵf−Hf∥p, ∀ f ∈ Lp(R), 1 < p <∞,

φ1(f) = lim sup
ϵ→0

∥Hϵf −Hf∥1,∞, ∀ f ∈ L1(R).

由sup
ϵ>0

|Hϵf −Hf | ≤ H∗f + |Hf |,(vii)(viii)得φp(f) ≤ Cp∥f∥p, 由

∥f1 + f2∥1,∞ ≤ 2(∥f1∥1,∞ + ∥f2∥1,∞), ∥f1 + f2∥p ≤ ∥f1∥p + ∥f2∥p得
φp(f) ≤ 2(φp(f−g)+φp(g)),其中f, g ∈ Lp(R), 1 ≤ p <∞. 因此若fn → f in Lp, φp(fn) = 0,
则φp(f) = 0, (其中用到φp(f) ≤ 2φp(f − fn) ≤ C∥f − fn∥) i.e.
(a) {f ∈ Lp : φp(f) = 0} 在Lp闭, 1 ≤ p <∞.

若f ∈ C∞
c (R) 则∃ R > 0 s.t. supp f ⊆ [−R,R] 且

Hϵf(x)−Hf(x) = − 1
πp.v.

∫
{|y|<ϵ}

f(x−y)
y dy = − 1

π

∫
{|y|<ϵ}

f(x−y)−f(x)
y dy,

|Hϵf(x)−Hf(x)| ≤ 2ϵ
π ∥f

′∥∞, Hϵf(x)−Hf(x) = 0, ∀ |x| > R+ ϵ,

∥Hϵf −Hf∥p ≤ 2ϵ
π ∥f

′∥∞(2(R+ ϵ))
1
p → 0 as ϵ→ 0.因此

(b) φp(f) = 0, ∀ f ∈ C∞
c (R). (其中p = 1时用到∥h∥1,∞ ≤ ∥h∥1.)

结合C∞
c (R)在Lp(R)中稠密得φp(f) = 0, ∀ f ∈ Lp, 1 ≤ p <∞.

a.e.收收收敛敛敛: lim
ϵ→0

Hϵf(x) = Hf(x), a.e. x, ∀ f ∈ Lp(R), 1 ≤ p <∞.

Proof. 设Ωf(x) = lim sup
ϵ→0

|Hϵf(x)−Hf(x)|则只需证Ωf(x) = 0, a.e. x,

∀ f ∈ Lp(R), 1 ≤ p <∞. Ω次线性, 0 ≤ Ωf(x) ≤ H∗f(x) + |Hf(x)|,
结合(vii)(viii)得Ω弱(1, 1), 强(p, p), ∀ 1 < p <∞. 由|Hϵf(x)−Hf(x)| ≤ 2ϵ

π ∥f
′∥∞,
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∀ f ∈ C∞
c (R)得Ωf(x) = 0, ∀ f ∈ C∞

c (R). 结合[Theorem 2.2]
[C∞
c (R)在Lp(Rn)中稠密]得[Ωf(x) = 0 a.e. x, ∀ f ∈ Lp(R), 1 ≤ p <∞. □

注注注: Q∗f(x) ≤MHf(x), H∗f(x) ≤MHf(x) +Mf(x) (Cotlar 不等式).
注注注: f,Hf ∈ L1(R) ⇔ f ∈ H1(R)(Hardy空间); H : L∞(R) → BMO(R).
注注注: 若ϕ ∈ S(R)则Hϕ ∈ L1(R) ⇔

∫
R ϕ = 0. (

∫
R ϕ = 0 ⇒ H(xϕ) = xHϕ)

注注注: 若f,Hf, g ∈ L1(R), 则Hf ∗ g = H(f ∗ g), (Hτhf = τhHf)
Keypoint: (a)定义T = span{τh|h ∈ R}, 则X ◦H = H ◦X, ∀ X ∈ T .
(b) ∀ g ∈ L1(R), ∃ Tk ∈ T s.t. 若φ ∈ Lr(R), r ∈ [1,∞), 则

lim
k→∞

∥Tkφ− φ ∗ g∥p = 0. 例如Tk =
1
k

∑
i∈Z,|i|<k2

(
∫ 1
0 g(

i+x
k )dx)τ−i/k.

(c) 若f ∈ L1(R), 则Tkf → f ∗ g in L1, TkHf → Hf ∗ g in L1, TkHf = HTkg → H(f ∗ g) in
L1,∞. 结合依测度极限的唯一性得Hf ∗ g = H(f ∗ g).
注注注: 若f,Hf ∈ L1(R), 则Pt ∗Hf = H(Pt ∗ f) = Qt ∗ f, Ĥf(ξ) = −isgn(ξ)f̂(ξ).
|Pt ∗ f(x)|1/2 ≤ CM(|f |1/2 + |Hf |1/2)(x), P ∗f ∈ L1.

3.5 乘乘乘子子子 设m ∈ L∞(Rn), 定义Tm : L2(Rn) → L2(Rn)为T̂mf(ξ) = m(ξ)f̂(ξ). 由Plancherel公

式得Tm良定义且∥Tmf∥2 = ∥mf̂∥2 ≤ ∥m∥∞∥f∥2. Tm是L2(Rn)上的有界线性算子,
∥Tm∥ := ∥Tm∥L2→L2 ≤ ∥m∥∞. 下证∥m∥∞ ≤ ∥Tm∥(⇒等号成立:∥Tm∥ = ∥m∥∞). ∀ 球A,
取f̂ = χA得∥Tmf∥22 = ∥mf̂∥22 =

∫
A |m|2dx, ∥f∥22 = ∥f̂∥22 = |A| ⇒∫

A |m|2dx ≤ ∥Tm∥2∥f∥22 = ∥Tm∥2∥f̂∥22 = ∥Tm∥2|A|.
由Lebesgue微分定理得|m|2 ≤ ∥Tm∥2 a.e., |m| ≤ ∥Tm∥ a.e., ∥m∥∞ ≤ ∥Tm∥.
若Tm可以延拓为L

p(Rn)上的有界线性算子则称m为Lp乘子(i.e.m ∈ Mp).

m ∈ Mp ⇔ ∥Tmf∥p ≤ Cp∥f∥p, ∀ f ∈ L2 ∩ Lp, (∃ Cp > 0) ⇔

∥Tmf∥p ≤Cp∥f∥p, ∀ f ∈ S ⇔
∣∣∣∣∫ Tmf · σg

∣∣∣∣ ≤ Cp∥f∥p∥g∥p′ , ∀ f, g ∈ S

⇔
∣∣∣∣∫ mf̂ĝ

∣∣∣∣ ≤ Cp, ∀ f, g ∈ S, ∥f∥p ≤ 1, ∥g∥p′ ≤ 1.(3.1)

其中用到(σg(x) = g(−x); keypoint of (3.2):
∫
T̂mfĝ =

∫
Tmf ̂̂g, ̂̂g = σg)∫

mf̂ĝ =

∫
Tmf · σg =

∫
Tmg · σf, ∀ f, g ∈ L2.(3.2)

由(3.1)(关于f, g对称) 得Mp = Mp′ , 结合Riesz-Thorin插值定理得Mp ⊆ Mq, ∀ p ≤ q ≤ p′.

若1 ≤ p <∞且m ∈ Mp, 由S在Lp中稠密得Tm的延拓唯一.
p = ∞时时时的的的标标标准准准延延延拓拓拓: 若m ∈ M∞, 则m ∈ M1, Tm可以唯一延拓为L

1(Rn)上的有界线性算
子, 此时可以定义其对偶算子T ∗

m : L∞(Rn) → L∞(Rn).
Claim: σTmf = T ∗

mσf , ∀ f ∈ L1 ∩ L∞ (只需证[
∫
σTmf · g =

∫
Tmg · σf , ∀ f, g ∈ L1 ∩ L∞],

由[
∫
σTmf · g =

∫
Tmf · σg]和(3.2)得结论成立).

此时可以定义Tmf = σT ∗
mσf , ∀ f ∈ L∞. (f ∈ L1 ∩ L∞时定义一致).

注注注: 若1 ≤ p ≤ 2则m ∈ Mp ⇔ [F(mf̂) ∈ Lp, ∀ f ∈ Lp]. (闭图像定理)

若m(ξ) = −isgn(ξ)则Tmf = Hf , m ∈ Mp(R) (∀ 1 < p <∞).

Lemma 3.2. ∀ a, b ∈ R, a < b, 定义ma,b(ξ) = χ(a,b)(ξ), Sa,b =
i
2(MaHM−a −MbHM−b),

Maf(x) = e2πiaxf(x), 则Ŝa,bf(ξ) = ma,b(ξ)f̂(ξ).
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Proof. M̂af(ξ) = f̂(ξ − a),

F(MaHM−af)(ξ) = F(HM−af)(ξ − a) = −isgn(ξ − a)M̂−af(ξ − a) = −isgn(ξ − a)f̂(ξ),

Ŝa,bf(ξ) =
i
2(−isgn(ξ− a) + isgn(ξ− b))f̂(ξ) = 1

2(sgn(ξ− a)− sgn(ξ− b))f̂(ξ) = ma,b(ξ)f̂(ξ).
(∀ ξ ∈ R \ {a, b}) □

由∥Maf∥p = ∥f∥p得∥Sa,b∥Lp→Lp ≤ ∥H∥Lp→Lp , ma,b ∈ Mp, ∀ 1 < p <∞. 若允许

a = −∞或b = +∞则有Sa,b = 1
2(S

∗
a − S∗

b ) ⇒ Ŝa,bf(ξ) = χ(a,b)(ξ)f̂(ξ), 其中
S∗
t = iMtHM−t, ∀ t ∈ R, S∗

−∞ = 1, S∗
+∞ = −1.

Proposition 3.3. ∀ 1 < p <∞, ∃ Cp > 0, s.t. ∀ −∞ ≤ a < b ≤ +∞有
∥Sa,bf∥p ≤ Cp∥f∥p, ∀ f ∈ Lp(R).

设SR = S−R,R, 则SRf = DR ∗ f , ∥SRf∥p ≤ Cp∥f∥p, ∀ 1 < p <∞.

Corollary 3.1. 若1 < p <∞, f ∈ Lp(R), 则 lim
R→∞

∥SRf − f∥p = 0.

注注注: 若f ∈ L1(R), 则 lim
R→∞

∥SRf − f∥1,∞ = 0, SRf
m→f (依测度收敛).

注注注: 若1 ≤ p <∞, f ∈ Lp(R), 则∃ Rk → ∞ s.t. SRk
f → f a.e.

Corollary 3.2. 若m是R上的有界变差函数, 则m ∈ Mp(R).

(m是R上的有界变差函数⇔ V∞
−∞(m) := sup

a0<···<ak

k∑
j=1

|m(aj)−m(aj−1)| <∞)

Lemma 3.4. 若h ∈ L1(R), m 是R上的有界变差函数, lim
t→−∞

m(t) = 0, 则

|
∫
Rm(ξ)h(ξ)dξ| ≤ V∞

−∞(m) sup
a∈R

|
∫∞
a h(ξ)dξ|.

Lemma 3.5. 若1 < p <∞, f, g ∈ S(R), a ∈ R, 则|
∫∞
a f̂ ĝ| ≤ Cp∥f∥p∥g∥p′.

Proof. |
∫∞
a f̂ ĝ| = |

∫
R Sa,∞f · σg| ≤ ∥Sa,∞f∥p∥σg∥p′ ≤ Cp∥f∥p∥g∥p′ . □

Proof of Corollary 3.2. 此时A := lim
t→−∞

m(t)存在, 不妨设A = 0, 否则考虑m−A.

由Lemma 3.4, Lemma 3.5得|
∫
Rmf̂ĝ| ≤ V∞

−∞(m)Cp∥f∥p∥g∥p′ , ∀ f, g ∈ S(R). i.e. m满足(3.1),

这说明m ∈ Mp(R). □

Proposition 3.6. 若m ∈ Mp(Rn), 则m(ξ + a), m(λξ), m(ρξ)∈ Mp(Rn) (a ∈ Rn, λ > 0,
ρ ∈ O(n)), 且算子范数相等. (平移旋转不变性; 由(1.9)–(1.11))

由(3.1)得若mk ∈ Mp(Rn), mk → m in S ′, ∥Tmk
f∥p ≤ C∥f∥p, ∀ f ∈ S, 则m ∈ Mp(Rn)

(弱闭性). [Tm1·m2 = Tm1Tm2 , Tm1+m2 = Tm1 + Tm2 ] ⇒
[若m1,m2 ∈ Mp(Rn), 则m1 ·m2,m1 +m2 ∈ Mp(Rn)]. (加法乘法封闭性)
Claim: 若m ∈ Mp(R), 则m̃(ξ) = m(ξ1) ∈ Mp(Rn).
Step 1 定义T̃mf(x) = Tmf(·, x2, · · · , xn)(x1). 若∥Tmf∥p ≤ Cp∥f∥p, ∀ f ∈ Lp(R), 则
∥T̃mf∥p ≤ Cp∥f∥p, ∀ f ∈ Lp(Rn). (p = 2时可取Cp = ∥m∥∞.)

Step 2 只需再证T̃mf = Tm̃f, ∀ f ∈ L2(Rn). ((i)(ii)(iii)⇒ V = L2(Rn))
分成以下3步: (i) V := {f ∈ L2(Rn) : T̃mf = Tm̃f}是L2(Rn)中的闭集.

(ii) V0 = {e−π|x|2+2πix·ξ|ξ ∈ Rn} ⊆ V. (iii) spanV0 = L2(Rn).
Keypoint of Step 1: ∥T̃mf∥pp =

∫
Rn |T̃mf(x)|pdx =∫

Rn−1(
∫
R |Tmf(·, x2, · · · , xn)(x1)|pdx1)dx2 · · · dxn ≤

Cpp
∫
Rn−1(

∫
R |f(x1, · · · , xn)|pdx1)dx2 · · · dxn = Cpp∥f∥pp.
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Keypoint of (i): T̃m, Tm̃是L
2(Rn)上的有界线性算子(Step 1 中取p = 2). Keypoint of (iii):

若f ∈ V ⊥
0 = spanV0

⊥
, 则

∫
Rn fg = 0, ∀ g ∈ V0, i.e.

∫
Rn f(x)e

−π|x|2−2πix·ξ = 0, ∀ ξ ∈ Rn. 以上
说明F(e−π|x|

2
f) = 0; e−π|x|

2
f = 0, f = 0, a.e.; spanV0

⊥
= {0}, spanV0 = L2(Rn).

Keypoint of (ii): 若f(x) = e−π|x|
2+2πix·a, a ∈ Rn, 则f(x) = f1(x1)f2(x

′),

f̂(ξ) = f̂1(ξ1)f̂2(ξ
′) ∈ L1(Rn), T̃mf(x) = Tmf(·, x′)(x1) = Tmf1(x1)f2(x

′),

T̂m̃f(ξ) = m̃(ξ)f̂(ξ) = m(ξ1)f̂1(ξ1)f̂2(ξ
′) = T̂mf1(ξ1)f̂2(ξ

′) =
̂̃
Tmf(ξ).

其中f1(x1) = e−π|x1|
2+2πix1a1 , f2(x

′) = e−π|x
′|2+2πix′·a′ ,

x′ = (x2, · · · , xn), ξ′ = (ξ2, · · · , ξn), a′ = (a2, · · · , an),
x = (x1, · · · , xn), ξ = (ξ1, · · · , ξn), a = (a1, · · · , an).

取m = χ(0,∞)则m ∈ Mp(R), χRn
+
∈ Mp(Rn), ∀ 1 < p <∞. 其中

Rn+ = {ξ ∈ Rn|ξ1 > 0}. 若P是凸多面体则χP =
∏k
j=1 χ{ξ·aj−bj>0} ∈ Mp(Rn),

(∃ a1, · · · , ak ∈ Rn, b1, · · · , bk ∈ R; 由平移旋转不变性和乘法封闭性.)

Corollary 3.3. 若P ⊂ Rn是(开)凸多面体, 0 ∈ P, 1 < p <∞, f ∈ Lp(Rn), 则
lim
λ→∞

∥SλP f − f∥p = 0. 其中λP = {λx|x ∈ P}, [SλP = Tm, m = χλP ].

3.6 T上的Hilbert变换(共轭函数).设r ∈ [0, 1), Pr(t) =
1−r2

1−2r cos(2πt)+r2
=
∑∞

k=−∞ r|k|e2πikt,

Qr(t) =
2r sin(2πt)

1−2r cos(2πt)+r2
=
∑∞

k=−∞−ir|k|sgn(k)e2πikt.
∀ f ∈ L2(T) 定义S̃[f ](x) =

∑
k∈Z−isgn(k)f̂(k)e2πikx. 则∥S̃[f ]∥2 ≤ ∥f∥2, Qr ∗ f = Pr ∗ S̃[f ].

这里用T上的卷积: f1 ∗ f2(x) =
∫
T f1(x− y)f2(y)dy, 则

f̂1 ∗ f2(k) = f̂1(k)f̂2(k) =
∫
T
∫
T f1(x− y)f2(y)e

−2πikxdxdy.

Lemma 3.7. ∥S̃[f ]∥p ≤ Cp∥f∥p, ∀ f ∈ Lp ∩ L2(T), 1 < p <∞ (∃ Cp > 0).

Corollary 3.4. ∥SNf∥p ≤ (Cp + 1)∥f∥p, ∀ f ∈ Lp(T), 1 < p <∞.

Keypoint: 设S̃±[f ](x) = S̃[f ](x)± if̂(0), 则∥S̃±[f ]∥p ≤ (Cp + 1)∥f∥p,
S̃±[f ](x) =

∑
k∈Z−isgn(k ∓ 1/2)f̂(k)e2πikx.

SNf(x) =
∑N

k=−N f̂(k)e
2πikx = 1

2

∑
k∈Z(sgn(k +N + 1/2)− sgn(k −N − 1/2))f̂(k)e2πikx,

SN = i
2(M−N S̃−MN −M−N S̃+MN ), Mkf(x) = e2πikxf(x), ∥Mkf∥p = ∥f∥p.

设u(r, t) = Pr ∗ f(t), v(r, t) = Qr ∗ f(t) = Pr ∗ S̃[f ](t), F (re2πit) = (u+ iv)(r, t), 则

F (z) = f̂(0) + 2
∑∞

k=1 f̂(k)z
k在D = {z ∈ C : |z| < 1}解析.

Proof of Lemma 3.7 for p = 2k, k ∈ Z+.
不妨设f是实值函数则u, v是[0, 1)× T上的实值函数. F 2k在D解析,

F (0)2k = 1
2πi

∫
|z|=r

F (z)2k

z dz = 1
2π

∫ 2π
0 F 2k(reit)dt =

∫ 1
0 (u+ iv)2k(r, t)dt,

∀ 0 < r < 1. (i)若F (0) = 0, 取实部得∫ 1
0 |v(r, t)|2kdr ≤

∑k−1
j=0

(
2k
2j

) ∫ 1
0 |v(r, t)|2j |u(r, t)|2k−2jdr;

∥v(r)∥2k2k ≤
∑k−1

j=0

(
2k
2j

)
∥v(r)∥2j2k∥u(r)∥

2k−2j
2k ; ∥v(r)∥2k ≤ Ck∥u(r)∥2k (∃ Ck > 0).

i.e. ∥Pr ∗ S̃[f ]∥2k ≤ Ck∥Pr ∗ f∥2k, ∀ 0 < r < 1. 而这说明

∥Pr∥1 = 1, ∥Pr ∗ f∥2k ≤ ∥f∥2k ⇒ ∥Pr ∗ S̃[f ]∥2k ≤ Ck∥f∥2k, ∀ 0 < r < 1.

而S̃[f ] ∈ L2(T), lim
r→1−

Pr ∗ S̃[f ](t) = S̃[f ](t) a.e. t ∈ T, 由Fatou引理得∥S̃[f ]∥2k ≤ Ck∥f∥2k.

(ii)若F (0) = f̂(0) ̸= 0, 考虑f − f̂(0), 则

∥S̃[f ]∥2k = ∥S̃[f − f̂(0)]∥2k ≤ Ck∥f − f̂(0)∥2k ≤ 2Ck∥f∥2k. □
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Lemma 3.8. 若1 < p ≤ 2, u > 0, v ∈ R, ap = (sin π
2p)

p−1/ cos π
2p , Cp = tan π

2p , 则

apRe(u+ iv)p ≤ Cppup − |v|p.

Proof of Lemma 3.7 for 1 < p ≤ 2. 不妨设f ≥ 0, 则F (0) = f̂(0) =
∫
T f > 0

(否则∥S̃[f ]∥p = ∥f∥p = 0), u(r, t) > 0, ∀ r ∈ [0, 1), ReF > 0 in D, F p在D解析.

F (0)p = 1
2πi

∫
|z|=r

F (z)p

z dz = 1
2π

∫ 2π
0 F p(reit)dt =

∫ 1
0 (u+ iv)p(r, t)dt,

∀ 0 < r < 1. 结合Lemma 3.8, 取实部得

0 < apF (0)
p = apRe

∫ 1
0 (u+ iv)p(r, t)dt ≤

∫ 1
0 (C

p
pu(r, t)p − |v(r, t)|p)dt,∫ 1

0 |v(r, t)|pdt ≤ Cpp
∫ 1
0 u(r, t)

pdt, ∥Pr ∗ S̃[f ]∥p ≤ Cp∥Pr ∗ f∥p, ∀ 0 < r < 1.

令r → 1−(结合∥Pr ∗ f∥p ≤ ∥f∥p; Fatou引理)得∥S̃[f ]∥p ≤ Cp∥f∥p. □

注注注:
∫
T(S̃[f ]g + S̃[g]f) = 0, ∀ f, g ∈ L2(T). 结合对偶方法得p ≥ 2时Lemma 3.7成立.

注注注: 若1 < p ≤ 2, 则φp(u+ iv) = Re(|u|+ iv)p是C上的次调和函数,
apφp(u+ iv) ≤ Cpp |u|p − |v|p, φp(u) ≥ 0, ∀ u, v ∈ R. 若f是实值函数, 则

φp ◦ F是D上的次调和函数, 0 ≤ φp(F (0)) ≤ 1
2π

∫ 2π
0 φp(F (re

it))dt, 同理可得∫ 1
0 |v(r, t)|pdt ≤ Cpp

∫ 1
0 |u(r, t)|pdt, ∥S̃[f ]∥p ≤ Cp∥f∥p, (r ∈ (0, 1)).

注注注: 对复值函数仍有∥S̃[f ]∥p ≤ Cp∥f∥p, (Cp = tan π
2p , 1 < p ≤ 2).

Key point: (i)S̃[Ref ] = ReS̃[f ]; (ii)设αp =
∫ 2π
0 | cos θ|pdθ则αp|z|p =

∫ 2π
0 |Re(eiθz)|pdθ.

αp
∫ 1
0 |S̃[f ](t)|pdt=

∫ 2π
0

∫ 1
0 |Re(e

iθS̃[f ])(t)|pdtdθ=
∫ 2π
0

∫ 1
0 |S̃[Re(e

iθf)](t)|pdtdθ
≤
∫ 2π
0 Cpp

∫ 1
0 |Re(e

iθf)(t)|pdtdθ = Cppαp
∫ 1
0 |f(t)|pdt.

注注注: 考虑f是实值函数, F (z) = (1+z1−z )
q, 令q → 1

p−, 知Cp = tan π
2p是最佳常数(1 < p ≤ 2). 结

合对偶方法得p ≥ 2时最佳常数是Cp = Cp′ = cot π
2p .

与平移可交换的算子 τhf(x) = f(x+ h), τ̂hf(ξ) = e2πix·ξ f̂(ξ), τh是乘子.
由Tm1Tm2 = Tm1m2 = Tm2Tm1得∀乘子Tm(包括Hilbert变换)都与平移可交换,
i.e. τh ◦ Tm = Tm ◦ τh (∀ h ∈ Rn).
下设p, q ∈ [1,∞], T是Lp(Rn)到Lq(Rn)的有界线性算子, 且与平移可交换.
(i)若1 ≤ q < p <∞则T = 0.
(ii)若1 ≤ q < p = ∞则Tf = 0, ∀ f ∈ L∞

0 (Rn).
(iii)T与卷积可交换: T (f ∗ g) = f ∗ Tg, ∀ f, g ∈ S(Rn).
(iv)

∫
Tf · σg =

∫
Tg · σf , ∀ f, g ∈ S(Rn). (σg(x) = g(−x)).

(v) ∥Tf∥p′ ≤ C∥f∥q′ , ∀ f ∈ S(Rn).
注注注: L∞

0 (Rn) = {f ∈ L∞(Rn)| lim
|x|→∞

f(x) = 0}, S(Rn) ⊂ C0(Rn) ⊂ L∞
0 (Rn).

Keypoint of (i): lim
|h|→∞

∥τhf + f∥p = 21/p∥f∥p, ∀ f ∈ Lp(Rn)

(同理 lim
|h|→∞

∥τhg + g∥q = 21/q∥g∥q, ∀ g ∈ Lq(Rn)).

∥T∥p,q := sup{∥Tf∥q : f ∈ Lp(Rn), ∥f∥p ≤ 1} <∞,
∥τhTf + Tf∥q = ∥T (τhf + f)∥q ≤ ∥T∥p,q∥τhf + f∥p, ∀ f ∈ Lp(Rn), h ∈ Rn. 令|h| → ∞得
21/q∥Tf∥q ≤ 21/p∥T∥p,q∥f∥p, ∥Tf∥q ≤ 21/p−1/q∥T∥p,q∥f∥p, ∀ f ∈ Lp(Rn);
∥T∥p,q ≤ 21/p−1/q∥T∥p,q; 而p < q, 21/p−1/q < 1, 因此∥T∥p,q = 0, T = 0.
Keypoint of (ii): (i)的证明中Lp(Rn)换成L∞

0 (Rn). (特别是∥T∥p,q的定义中)

Keypoint of (iii): (a)定义T = span{τh|h ∈ Rn}, 则X ◦ T = T ◦X, ∀ X ∈ T .
(b) ∀ f ∈ S(Rn), ∃ Tk ∈ T s.t. 若φ ∈ Lr(Rn), r ∈ [1,∞], lim

h→0
∥τhφ− φ∥r = 0
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(⇔ r <∞或r = ∞, φ一致连续)则 lim
k→∞

∥Tkφ−f ∗φ∥p = 0.例如Tk =
1
kn

∑
i∈Zn,|i|<k2

f( ik )τ−i/k.

(c) 若g ∈ S(Rn), 则 lim
h→0

∥τhg − g∥p = 0, ∥τhTg − Tg∥q = ∥T (τhg − g)∥q ≤ C∥τhg − g∥p → 0

as h→ 0. 结合(b)得Tkg → f ∗ g in Lp, TkTg → f ∗ Tg in Lq,
TkTg = TTkg → T (f ∗ g) in Lq(由(a) 得TkTg = TTkg), T (f ∗ g) = f ∗ Tg(极限相等).

Keypoint of (iv): Tf ∗ g = T (f ∗ g) = f ∗ Tg ∈ C(Rn); 考虑在0处取值.
Keypoint of (v):由(iv)得|

∫
Tf · σg| = |

∫
Tg · σf |≤∥Tg∥q∥f∥q′ ≤C∥g∥p∥f∥q′ ,

∀ f, g ∈ S(Rn); ∥Tf∥p′ = sup{|
∫
Tf · σg| : g ∈ S(Rn), ∥g∥p ≤ 1} ≤ C∥f∥q′ .

下设p = q, i.e. T是Lp(Rn)上的有界线性算子, 且与平移可交换. 此时

Tf ∈ Lp ∩ Lp′ ⊆ L2, ∀ f ∈ S(Rn). 下面证明

T̂ f ∗ h = T̂ f · ĥ = f̂ · T̂ h, ∀ f, h ∈ S(Rn),(3.3) ∣∣∣∣∫ f̂ ĝT̂ h

∣∣∣∣ ≤ C∥f∥p∥g∥p′∥h∥1, ∀ f, g, h ∈ S(Rn),(3.4) ∣∣∣∣∫
Rn

t−ne−2π|ξ−a|2/t2 T̂ h(ξ)dξ

∣∣∣∣ ≤ C∥h∥1, ∀ h ∈ S(Rn), t > 0, a ∈ Rn,(3.5)

∥T̂ h∥∞ ≤ C ′∥h∥1, ∀ h ∈ S(Rn),(3.6)

∃ m ∈ L∞(Rn), s.t. T̂ f = mf̂, ∀ f ∈ S(Rn).(3.7)

Proof of (3.3). Tf ∗ h = T (f ∗ h) = f ∗ Th, 两边作Fourier变换即得. □

Proof of (3.4). 由|
∫
(Tf ∗ h) · σg| ≤ ∥Tf ∗ h∥p∥σg∥p′ ≤ ∥Tf∥p∥h∥1∥g∥p′ ≤ C∥f∥p∥g∥p′∥h∥1

和
∫
(Tf ∗ h) · σg =

∫
T̂ f ∗ hĝ =

∫
f̂ T̂ hĝ得结论成立. □

Proof of (3.5). 取f(x) = g(x) = e−πt
2|x|2+2πix·a, 则∥f∥p = (pt2)

− n
2p ≤ t

−n
p ,

∥g∥p′ = (p′t2)
− n

2p′ ≤ t
− n

p′ , ∥f∥p∥g∥p′ ≤ t−n, f̂(ξ) = ĝ(ξ) = t−ne−π|ξ−a|
2/t2 .

代入(3.4)得结论成立. □

Proof of (3.6). 在Corollary 2.1中取ϕ(x) = e−2π|x|2 , f = T̂ h, p = 2, 并结合(3.5)得结论成立.

(C ′ = 2n/2C) □

Proof of (3.7). 设h1(x) = e−π|x|
2
则h1 ∈ S(Rn), Th1 ∈ L2, T̂ h1 ∈ L2, ĥ1 = h1 > 0. 设

m = T̂ h1/ĥ1则m ∈ L2
loc(Rn). 取h = h1代入(3.3)得T̂ f = mf̂ , ∀ f ∈ S(Rn). 下证

m ∈ L∞(Rn). ∀ t > 0 取h(x) = t−ne−π|x|
2/t2则∥h∥1 = 1, ĥ(ξ) = e−πt

2|ξ|2 ,

T̂ h(ξ) = m(ξ)ĥ(ξ) = e−πt
2|ξ|2m(ξ). 代入(3.6)得e−πt

2|ξ|2 |m(ξ)| ≤ C ′, a.e. ξ, ∀ t > 0.
令t→ 0+得|m(ξ)| ≤ C ′, a.e. ξ. i.e. m ∈ L∞, ∥m∥∞ ≤ C ′. □
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4. 奇异积分算子I

4.1 若Ω ∈ L1(Sn−1),
∫
Sn−1 Ωdσ = 0则p.v.Ω(x′)

|x|n (ϕ) = lim
ϵ→0+

∫
{|x|>ϵ}

Ω(x′)
|x|n ϕ(x)dx

=
∫
{|x|<1}

Ω(x′)
|x|n (ϕ(x)− ϕ(0))dx+

∫
{|x|>1}

Ω(x′)
|x|n ϕ(x)dx, 其中x

′ = x
|x| , ϕ ∈ S(Rn).

下面说明
∫
Sn−1 Ωdσ = 0的必要性: 考虑算子Tf(x) = lim

ϵ→0+

∫
{|y|>ϵ}

Ω(y′)
|y|n f(x− y)dy, 其中

Ω ∈ L1(Sn−1), y′ = y
|y| , ϕ ∈ S(Rn).

Proposition 4.1. 若∀ f ∈ S(Rn), 极限对a.e. x存在, 则
∫
Sn−1 Ωdσ = 0.

Proof. 取f ∈ S(Rn) s.t. f(x) = 1, ∀ |x| < 2. 则∀ |x| < 1有

Tf(x) =
∫
{|y|>1}

Ω(y′)
|y|n f(x− y)dy + lim

ϵ→0+

∫
{ϵ<|y|<1}

Ω(y′)
|y|n dy. 而

∫
{ϵ<|y|<1}

Ω(y′)
|y|n dy = I ln 1

ϵ ,

其中I =
∫
Sn−1 Ωdσ. 因此若极限存在, 则 lim

ϵ→0+
I ln 1

ϵ存在, 这说明I = 0. □

举举举例例例 1. 若n = 1则Sn−1 = {±1}, Ω(y′) = ay′, Tf(x) = πaHf(x).

2. 若n = 2, u(x1, x2, x3) =
∫
R2

f(y1,y2)dy1dy2
[(x1−y1)2+(x2−y2)2+x23]1/2

, 则∆u = 0 in R3
+,

∂u
∂x3

|x3=0 = −2πf .

lim
x3→0+

∂u
∂x1

= −p.v.
∫
R2

f(y1,y2)(x1−y1)dy1dy2
[(x1−y1)2+(x2−y2)2]3/2

, i.e. Ω(x′) = − x1
|x| = − cos θ.

3. 若n = 2, u(x1, x2) =
∫
R2 f(y1, y2) ln[(x1 − y1)

2 + (x2 − y2)
2], 则∆u = 4πf ,

∂2u(x)
∂x1∂x2

= p.v.
∫
R2 f(x− y)Ω(y′)

|y|2 dy, Ω(x
′) = −4x1x2

|x|2 .

4.2 定定定义义义: f是a次齐次函数⇔ ∀ x ∈ Rn, λ > 0, f(λx) = λaf(x).
若f是a次齐次函数, f ∈ L1

loc(Rn), ϕ ∈ S(Rn), ϕλ(x) = λ−nϕ(λ−1x), λ > 0, 则∫
Rn f(x)ϕλ(x)dx =

∫
Rn f(λx)ϕ(x)dx = λa

∫
Rn f(x)ϕ(x)dx.

这个方法可以定义a次齐次广义函数(i.e. f ∈ S ′(Rn)).

Definition 4.2. 若T ∈ S ′, T : a次齐次⇔ T (ϕλ) = λaT (ϕ), ∀ ϕ ∈ S, λ > 0.

则p.v.Ω(x′)
|x|n : −n次齐次(Ω ∈ L1(Sn−1),

∫
Sn−1 Ωdσ = 0).

Proposition 4.3. 若T ∈ S ′, T : a次齐次, 则T̂ : −n− a次齐次.

Proof. ∀ ϕ ∈ S(Rn), λ > 0有(用到(1.11))

⟨T̂ , ϕλ⟩ = ⟨T, ϕ̂λ⟩ = ⟨T, ϕ̂(λ·)⟩ = λ−n⟨T, ϕ̂λ−1⟩ = λ−n−a⟨T, ϕ̂⟩ = λ−n−a⟨T̂ , ϕ⟩. □

若0 < a < n, 则|x|−a ∈ L1 + L∞ ⊂ S ′. 下面求Fourier变换F(|x|−a).
Claim:

∫
Rn f̂(x)e

−πt|x|2dx = t−
n
2

∫
Rn f(x)e

−π|x|2/tdx, ∀ f ∈ S(Rn), t > 0.

Keypoint: (i)
∫
Rn f̂g =

∫
Rn fĝ, ∀ f, g ∈ S(Rn).

(ii) 若g(x) = e−πt|x|
2
, 则ĝ(ξ) = t−

n
2 e−π|ξ|

2/t, ∀ t > 0.

结合|x|−a = πa/2

Γ(a/2)

∫∞
0 t

a
2
−1e−πt|x|

2
dt得∀ϕ ∈ S有

⟨F(|x|−a), ϕ⟩ =
∫
Rn |x|−aϕ̂(x)dx = πa/2

Γ(a/2)

∫∞
0

∫
Rn t

a
2
−1e−πt|x|

2
ϕ̂(x)dxdt =

πa/2

Γ(a/2)

∫∞
0

∫
Rn t

a
2
−1−n

2 e−π|x|
2/tϕ(x)dxdt

s=1/t
=

πa/2

Γ(a/2)

∫
Rn

∫∞
0 s

n−a
2

−1e−πs|x|
2
ϕ(x)dsdx = π

a
2

Γ(a
2
)

Γ(n−a
2

)

π
n−a
2

∫
Rn |x|a−nϕ(x)dx.

以上说明F(|x|−a) = πa−n/2Γ(n−a
2

)

Γ(a/2) |x|a−n.
注注注: 可以用于定义分数次积分算子. 可以推广到a ∈ C, 0 < Re a < n. 可以解析延拓到a ∈ C.
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Theorem 4.4. 若Ω ∈ L1(Sn−1),
∫
Sn−1 Ωdσ = 0,

m(ξ) =
∫
Sn−1 Ω(u)[ln

1
|u·ξ′| − iπ2 sgn(u · ξ′)]dσ(u) (ξ′ = ξ/|ξ|), 则F(p.v.Ω(x′)

|x|n ) = m. i.e.

lim
ϵ→0+

∫
{|x|>ϵ}

Ω(x′)

|x|n
ϕ̂(x)dx =

∫
Rn

m(ξ)ϕ(ξ)dξ, ∀ ϕ ∈ S(Rn).(4.1)

Proof. 设mϵ(ξ) =
∫
{ϵ<|y|<1/ϵ}

Ω(y′)
|y|n e

−2πiy·ξdy, 则
∫
{ϵ<|x|<1/ϵ}

Ω(x′)
|x|n ϕ̂(x)dx =

∫
Rn mϵ(ξ)ϕ(ξ)dξ,

∀ ϵ ∈ (0, 1). 则mϵ(ξ) =
∫
Sn−1 Ω(u)

∫ 1/ϵ
ϵ e−2πiru·ξ dr

r dσ(u) =
∫
Sn−1 Ω(u)Fϵ(u · ξ)dσ(u) =∫

Sn−1 Ω(u)F
∗
ϵ (u · ξ)dσ(u) (用到

∫
Sn−1 Ωdσ = 0). 其中

Fϵ(a) :=
∫ 1/ϵ
ϵ e−2πiar dr

r , F
∗
ϵ (a) := Fϵ(a) + ln ϵ. 因此

lim
ϵ→0+

∫
{|x|>ϵ}

Ω(x′)

|x|n
ϕ̂(x)dx = lim

ϵ→0+

∫
{ϵ<|x|<1/ϵ}

Ω(x′)

|x|n
ϕ̂(x)dx(4.2)

= lim
ϵ→0+

∫
Rn

mϵ(ξ)ϕ(ξ)dξ = lim
ϵ→0+

∫
Rn

∫
Sn−1

Ω(u)F ∗
ϵ (u · ξ)ϕ(ξ)dσ(u)dξ.

Lemma 4.5. ∃ C > 0, C0 ∈ R, s.t. (i) sup
0<ϵ<1

|F ∗
ϵ (a)| ≤ C(| ln |a||+ 1),

(ii) lim
ϵ→0+

F ∗
ϵ (a) = ln 1

|a| − iπ2 sgn(a) + C0, ∀ a ∈ R \ {0}.

Proof. F ∗
ϵ (a) = F 1

ϵ (a)− iF 2
ϵ (a), 其中F

1
ϵ (a) =

∫ 1/ϵ
ϵ

cos(2πar)
r dr + ln ϵ,

F 2
ϵ (a) =

∫ 1/ϵ
ϵ

sin(2πar)
r dr

s=2π|a|r
= sgn(a)

∫ 2π|a|/ϵ
2π|a|ϵ

sin s
s ds.

|F 2
ϵ (a)| ≤ 2 sup

b>0

∣∣∣∣∫ b

0

sin s

s
ds

∣∣∣∣ ≤ C < +∞,(4.3)

lim
ϵ→0+

F 2
ϵ (a) = sgn(a)

∫ ∞

0

sin s

s
ds =

π

2
sgn(a).(4.4)

F 1
ϵ (a)

s=2π|a|r
=

∫ 2π|a|/ϵ
2π|a|ϵ

cos s
s ds+ ln ϵ. 设0 < ϵ < 1.

Case 1: 2π|a| ≤ ϵ or 2π|a|ϵ ≥ 1, (i.e. ϵ ≥ min{2π|a|, 1
2π|a|}). 此时0 < ϵ < 1,

| ln ϵ| ≤ | ln(2π|a|)| ≤ C + | ln |a||,

|F 1
ϵ (a)| ≤

∫ 2π|a|/ϵ

2π|a|ϵ

1

s
ds+ | ln ϵ| = 3| ln ϵ| ≤ C(1 + | ln |a||) (in Case 1).(4.5)

Case 2: 2π|a|ϵ ≤ 1 ≤ 2π|a|/ϵ, (i.e. ϵ ≤ min{2π|a|, 1
2π|a|}). 此时

F 1
ϵ (a) =

∫ 1

2π|a|ϵ

cos s− 1

s
ds− ln(2π|a|ϵ) +

∫ 2π|a|/ϵ

1

cos s

s
ds+ ln ϵ(4.6)

= F 1,1
ϵ (a) + F 1,2

ϵ (a)− ln(2π|a|).

其中F 1,1
ϵ (a) =

∫ 1
2π|a|ϵ

cos s−1
s ds, F 1,2

ϵ (a) =
∫ 2π|a|/ϵ
1

cos s
s ds.

|F 1,1
ϵ (a)| ≤

∫ 1

0

1− cos s

s
ds ≤ 1, |F 1,2

ϵ (a)| ≤ 3 (∗),(4.7)

lim
ϵ→0+

F 1,1
ϵ (a) =

∫ 1

0

cos s− 1

s
ds := A1, lim

ϵ→0+
F 1,2
ϵ (a) =

∫ ∞

1

cos s

s
ds := A2.(4.8)
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其中(*)用到
∫ A
1

cos s
s ds = sin s

s |A1 +
∫ A
1

sin s
s2
ds, ∀ A ≥ 1. 由(4.6), (4.7), (4.8)得

|F 1
ϵ (a)| ≤ 4 + | ln(2π|a|)| ≤ C(1 + | ln |a||) (in Case 2),(4.9)

lim
ϵ→0+

F 1
ϵ (a) = A1 +A2 − ln(2π|a|) = C0 − ln |a|.(4.10)

其中C0 = A1 +A2 − ln(2π). 由(4.3), (4.5), (4.9)得(i); 由(4.4), (4.10)得(ii). □

由Lemma 4.5 (i)得(C是只与n, ϕ有关的常数, |ϕ(ξ)|(1 + |ξ|2)
n+1
2 ≤ C)∫

Rn

∫
Sn−1

sup
0<ϵ<1

|Ω(u)F ∗
ϵ (u · ξ)ϕ(ξ)|dσ(u)dξ(4.11)

≤C
∫
Rn

∫
Sn−1

|Ω(u)|(| ln |u · ξ||+ 1)|ϕ(ξ)|dσ(u)dξ

≤C
∫
Sn−1

|Ω(u)|
∫
Rn

| ln |u · ξ||+ 1

(1 + |ξ|2)
n+1
2

dξdσ(u) = CC1

∫
Sn−1

|Ω(u)|dσ(u) <∞.

其中C1 :=
∫
Rn

| ln |u·ξ||+1

(1+|ξ|2)
n+1
2
dξ

(a)
=
∫
Rn

| ln |ξ1||+1

(1+|ξ|2)
n+1
2
dξ

(b)
=C2

∫
R

| ln |ξ1||+1
1+|ξ1|2 dξ1 <∞.

注注注: (a)由旋转对称性, 这一步说明C1与u无关; (b)由换元法, C2 :=
∫
Rn−1

1

(1+|z|2)
n+1
2
dz <∞.

由Lemma 4.5 (ii)得∫
Rn

∫
Sn−1

lim
ϵ→0+

Ω(u)F ∗
ϵ (u · ξ)ϕ(ξ)dσ(u)dξ(4.12)

=

∫
Rn

∫
Sn−1

Ω(u)[ln
1

|u · ξ|
− i

π

2
sgn(u · ξ) + C0]ϕ(ξ)dσ(u)dξ

=

∫
Rn

m(ξ)ϕ(ξ)dξ.

其中用到

m(ξ) =

∫
Sn−1

Ω(u) [ln
1

|u · ξ|
− i

π

2
sgn(u · ξ) + C0]︸ ︷︷ ︸

I1=I1(u,ξ)

dσ(u), (ξ ̸= 0).(4.13)

Proof of (4.13). 由定义m(ξ) =
∫
Sn−1 Ω(u) [ln

1

|u · ξ′|
− i

π

2
sgn(u · ξ′)]︸ ︷︷ ︸

I2=I2(u,ξ)

dσ(u), 因此结论等价

于
∫
Sn−1 Ω(u)[I1(u, ξ)−I2(u, ξ)]dσ(u) = 0.由ξ′ = ξ/|ξ|得sgn(u·ξ) = sgn(u·ξ′), |u·ξ| = |u·ξ′||ξ|,

I1 − I2 = C0 − ln |ξ| (与u无关). 结合
∫
Sn−1 Ωdσ = 0得结论成立. □

由(4.2), (4.11), (4.12), 控制收敛定理(和Fubini定理)得(4.1)成立. □

注注注: ∀ f ∈ S(Rn), a ∈ Rn, 取ϕ(ξ) = f̂(ξ)e2πia·ξ, 则ϕ̂(x) = f(a− x), 代入(4.1)得

Tf(a) =
∫
Rn m(ξ)f̂(ξ)e2πia·ξdξ, i.e. T̂ f = mf̂ .

注注注: 设Ωe(u) = (Ω(u) + Ω(−u))/2, Ωo(u) = (Ω(u)− Ω(−u))/2则Ω = Ωe +Ωo,

F(p.v.Ωe(x′)
|x|n )(ξ) =

∫
Sn−1 Ω(u) ln

1
|u·ξ′|dσ(u) =

∫
Sn−1 Ωe(u) ln

1
|u·ξ′|dσ(u),

F(p.v.Ωo(x′)
|x|n )(ξ) = −iπ2

∫
Sn−1 Ω(u)sgn(u · ξ′)dσ(u) = −iπ2

∫
Sn−1 Ωo(u)sgn(u · ξ′)dσ(u).

Corollary 4.1. 若
∫
Sn−1 Ω(u)sgn(u · ξ′)dσ(u) = 0, ∀ ξ′ ∈ Sn−1, 则Ωo = 0.
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Corollary 4.2. 若
∫
Sn−1 Ω = 0, Ωo ∈ L1(Sn−1), Ωe ∈ Lq(Sn−1), q > 1, 则

F(p.v.Ωo(x′)
|x|n ) ∈ L∞(Rn).

Keypoint: (i) |sgn(u · ξ′)| = 1; (ii)
∫
Sn−1 | ln |u · ξ||q′dσ(u) = Cq <∞.

注注注: Ωe ∈ Lq改为
∫
Sn−1 |Ωe| ln+ |Ωe| <∞结论仍成立. (ln+ t = max(0, ln t)).

Keypoint: (i) AB ≤ A lnA+ eB, ∀ A ≥ 1, B ≥ 0 (⇔ ln eB

A ≤ eB

A ).

(ii) 设D = {u ∈ Sn−1 : |Ωe(u)| ≥ 1}, 则|
∫
D Ωe(u) ln

1
|u·ξ′|dσ(u)| ≤∫

D(2|Ωe(u)| ln(2|Ωe(u)|) + |u · ξ′|−
1
2 )dσ(u) ≤ C. (A = 2|Ωe(u)|, B = 1

2 ln
1

|u·ξ′|)

(iii) |
∫
Sn−1\D Ωe(u) ln

1
|u·ξ′|dσ(u)| ≤

∫
Sn−1 ln

1
|u·ξ′|dσ(u) ≤ C.

由Corollary 4.2, (4.1)得若
∫
Sn−1 Ω = 0, Ωo ∈ L1(Sn−1), Ωe ∈ Lq(Sn−1), q > 1, 则

T : L2 → L2有界. 下证T : Lp → Lp有界(1 < p <∞)(Theorem 4.7).
4.3: Ω是奇函数, i.e. Ω = Ωo, Ω(−u) = −Ω(u). 重要例子: Riesz变换Rj .
4.4: Ω是偶函数, i.e. Ω = Ωe, Ω(−u) = Ω(u). Keypoint: RjT :Lp → Lp有界.

4.3 设T : Lp(R) → Lp(R)是有界(次线性)算子, u ∈ Sn−1, Lu = {λu|λ ∈ R},
L⊥
u = {v ∈ Rn|u · v = 0}. 则∀ x ∈ Rn, ∃| x1 ∈ R, x ∈ L⊥

u , s.t. x = x1u+ x.
定定定义义义 Tuf(x) = Tf(·u+ x)(x1). 若∥Tf∥p ≤ Cp∥f∥p, ∀ f ∈ Lp(R). 则∫
Rn |Tuf(x)|pdx =

∫
L⊥
u

∫
R |Tf(·u+ x)(x1)|pdx1dHn−1(x) ≤∫

L⊥
u
Cpp
∫
R |f(·u+ x)(x1)|pdx1dHn−1(x) = Cpp

∫
Rn |f(x)|pdx, i.e.

∥Tuf∥p ≤ Cp∥f∥p, ∀ f ∈ Lp(Rn). 结合Minkowski不等式得

Proposition 4.6. 若∥Tf∥p ≤ Cp∥f∥p, ∀ f ∈ Lp(R); Ω ∈ L1(Sn−1). 定义
TΩf(x) =

∫
Sn−1 Ω(u)Tuf(x)σ(u). 则∥TΩf∥p ≤ Cp∥Ω∥1∥f∥p, ∀ f ∈ Lp(Rn).

注注注: ∥Ω∥1 = ∥Ω∥L1(Sn−1) =
∫
Sn−1 |Ω| =

∫
Sn−1 |Ω(u)|dσ(u). 举举举例例例:

Muf(x) = sup
h>0

1
2h

∫ h
−h |f(x− tu)|dt, Huf(x) =

1
π lim
ϵ→0+

∫
{|t|>ϵ} f(x− tu)dtt .

注注注: Mu, Hu可对u ∈ Rn \ {0}定义, 则Mλu =Mu, Hλu = Hu, ∀ λ > 0.
注注注: 若m ∈ Mp(R), m̃(ξ) = m(ξ1), u = e1, 则Tm̃ = (Tm)u. 若m ∈ Mp(R), u ∈ Sn−1,
m̃(ξ) = m(ξ · u), 则Tm̃ = (Tm)u.

∀ Ω ∈ L1, 定义M ′′
Ωf(x) = sup

R>0

1
|B(0,R)|

∫
B(0,R) |Ω(y

′)||f(x− y)|dy,

M ′
Ωf(x) = sup

R>0

1
|B(0,R)|

∫
B(0,R)

|Ω(y′)|
|y/R|n−1 |f(x− y)|dy = sup

R>0

1
|B(0,1)|R

∫
B(0,R)

|Ω(y′)|
|y|n−1 |f(x− y)|dy.

∀ R > 0有 1
R

∫
B(0,R)

|Ω(y′)|
|y|n−1 |f(x− y)|dy = 1

R

∫
Sn−1 |Ω(u)|

∫ R
0

|f(x−ru)|
rn−1 rn−1drdσ(u)

= 1
R

∫
Sn−1 |Ω(u)|

∫ R
0 |f(x− ru)|drdσ(u)Ω=Ωe=

∫
Sn−1

|Ω(u)|
2R

∫ R
−R |f(x− ru)|drdσ(u)

≤
∫
Sn−1 |Ω(u)|Muf(x)dσ(u). 以上说明若Ω是偶函数, 则

0 ≤M ′′
Ωf(x) ≤M ′

Ωf(x) ≤
1

|B(0,1)|M|Ω|f(x). (一般情形0 ≤M ′′
Ωf ≤M ′

Ωf ≤ 2
|B(0,1)|M|Ω|f)

Corollary 4.3. 若Ω ∈ L1(Sn−1), 则M ′′
Ω, M

′
Ω, MΩ在L

p(Rn)有界(∀ p > 1).

取Ω = 1则M ′′
Ωf(x) =Mf(x), |Sn−1| = ∥Ω∥L1(Sn−1),

∥Mf∥p = ∥M ′′
Ωf∥p ≤

1
|B(0,1)|∥M|Ω|f∥p ≤

Cp|Sn−1|
|B(0,1)| ∥f∥p = Cpn∥f∥p, ∀ p > 1.

若Ω ∈ L1(Sn−1)是奇函数, 则
∫
Sn−1 Ω = 0. ∀ f ∈ S(Rn)有Tf(x) = π

2

∫
Sn−1 Ω(u)Huf(x)dσ(u).

Tf(x) = lim
ϵ→0+

∫
Sn−1 Ω(u)

∫∞
ϵ f(x− ru)drr dσ(u) = lim

ϵ→0+

1
2

∫
Sn−1 Ω(u)

∫
{|r|>ϵ} f(x− ru)drr dσ(u)

= 1
2 lim
ϵ→0+

∫
Sn−1 Ω(u)[

∫
{ϵ<|r|<1}

f(x−ru)−f(x)
r dr +

∫
{|r|>1} f(x− ru)drr ]dσ(u) =
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π
2

∫
Sn−1 Ω(u)Huf(x)dσ(u). 其中用到

∫
{ϵ<|r|<1}

dr
r = 0和控制收敛定理.

结合∥Hf∥p ≤ Cp∥f∥p, ∀ f ∈ Lp(R), 1 < p <∞得

Corollary 4.4. 若Ω ∈ L1(Sn−1)是奇函数, 1 < p <∞, 则∃ Cp > 0 s.t.
∥Tf∥p ≤ Cp∥Ω∥1∥f∥p, ∀ f ∈ S(Rn).

注注注: T与平移可交换, T可以唯一延拓为Lp(Rn)上的有界线性算子s.t.
若f ∈ Lp(Rn), fk ∈ S(Rn), fk → f in Lp, 则Tfk → Tf in Lp. (∀ 1 < p <∞).
T与卷积可交换, Tf ∗ g = f ∗ Tg, ∀ f, g ∈ S(Rn). 可以推广到f ∈ Lp(Rn),
g ∈ Lq(Rn), p, q ∈ (1,∞), 1/p+ 1/q ≥ 1.

注注注: 由∥Hf∥p ≤ C
p−1∥f∥p, ∀ f ∈ Lp(R), 1 < p ≤ 2得∥Huf∥p ≤ C

p−1∥f∥p, ∥Tf∥p ≤
C∥Ω∥1
p−1 ∥f∥p,

∀ f ∈ Lp(Rn), 1 < p ≤ 2.

设极大奇异积分算子T ∗f(x) = sup
ϵ>0

|
∫
{|y|>ϵ}

Ω(y′)
|y|n f(x− y)dy|, 则

0 ≤ T ∗f(x) ≤ π
2

∫
Sn−1 |Ω(u)|H∗

uf(x)dσ(u), 其中H
∗
uf(x) = sup

ϵ>0
| 1π
∫
{|t|>ϵ} f(x− tu)dtt |. 结合

∥H∗f∥p ≤ C∗
p∥f∥p (f ∈ Lp(R), 1 < p <∞), Proposition 4.6, Theorem 2.2得

Corollary 4.5. 若Ω ∈ L1(Sn−1)是奇函数, f ∈ Lp(Rn), 1 < p <∞, 则

∥T ∗f∥p ≤ Cp∥Ω∥1∥f∥p, Tf(x) = lim
ϵ→0+

∫
{|y|>ϵ}

Ω(y′)
|y|n f(x− y)dy, a.e. x.

Riesz变变变换换换 Rjf(x) = cnp.v.
∫
Rn

yj
|y|n+1 f(x− y)dy, 1 ≤ j ≤ n, cn = Γ(n+1

2 )π−
n+1
2 . 则

R̂jf(ξ) = −i ξj|ξ| f̂(ξ), ∀ f ∈ S(Rn),
∑n

j=1R
2
j = −I.

Keypoint: ∂
∂xj

|x|1−n = (1− n)p.v.
xj

|x|n+1 , (n > 1; in S ′). F(p.v.
xj

|x|n+1 )(ξ) =

1
1−nF( ∂

∂xj
|x|1−n)(ξ) = 2πiξj

1−n F(|x|1−n)(ξ) = 2πiξj
1−n

π
n
2 −1Γ( 1

2
)

Γ(n−1
2

)|ξ| = −i ξj|ξ|π
n+1
2 /Γ(n+1

2 ).

Rj可以唯一延拓为L
p(Rn)上的有界线性算子, ∥Rjf∥p ≤ Cp∥f∥p,

Rjf(x) = cn lim
ϵ→0+

∫
{|y|>ϵ}

yj
|y|n+1 f(x− y)dy, a.e. x, (∀ f ∈ Lp(Rn), 1 < p <∞).

∥Rjf∥p ≤ C
p−1∥f∥p, (∀ f ∈ Lp(Rn), 1 < p ≤ 2). f ∗ g = −

∑n
j=1Rjf ∗ Rjg, ∀ f, g ∈ S(Rn).

可推广到f ∈ Lp(Rn), g ∈ Lq(Rn), p, q ∈ (1,∞), p ≤ q′.

4.4 设Ω ∈ Lq(Sn−1)是偶函数, q > 1,
∫
Sn−1 Ωdσ = 0, K1(x) = Ω(x′)

|x|n χ{1<|x|<2}, x
′ = x

|x| ,

Kt(x) = t−nK1(
x
t ) =

Ω(x′)
|x|n χ{t<|x|<2t}, t > 0. 则Kt ∈ Lq(Rn)是偶函数,

∫
Rn Kt(y)dy = 0. 下

面证明

Tf(x) =
1

ln 2

∫ ∞

0
Kt ∗ f(x)

dt

t
, ∀ f ∈ S(Rn),(4.14)

RjKt(x) = t−nRjK1(x/t), RjK1(−x) = −RjK1(x), RjK1 ∈ L1(Rn),(4.15)

|T ∗
1 f(x)| ≤

π

2

n∑
j=1

∫
Rn

|RjK1(y)|H∗
yRjf(x)dy, ∀ f ∈ Lp(Rn).(4.16)

其中T ∗
1 f(x) = sup

ϵ>0

∣∣∫∞
ϵ Kt ∗ f(x)dtt

∣∣, H∗
yf(x) = sup

ϵ>0
| 1π
∫
{|t|>ϵ} f(x − ty)dtt |. 则H

∗
yf = H∗

y′f,

y′ = y/|y|. 由(4.14)得|Tf(x)| ≤ 1
ln 2T

∗
1 f(x), ∀ f ∈ S(Rn).

Proof of (4.14). (i) 由Kt(x) =
Ω(x′)
|x|n χ{t<|x|<2t}得

∫∞
0 Kt(x)

dt
t = (ln 2)Ω(x′)

|x|n .

(ii) 由
∫
Sn−1 Ωdσ = 0得

∫
{|y|<1}Kt(y)dy = 0,
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Kt ∗ f(x) =
∫
{|y|<1}Kt(y)(f(x− y)− f(x))dy +

∫
{|y|>1}Kt(y)f(x− y)dy.

(iii) Tf(x) =
∫
{|y|<1}

Ω(y′)
|y|n (f(x− y)− f(x))dy +

∫
{|y|>1}

Ω(y′)
|y|n f(x− y)dy.

由(i)(ii)(iii)(和Fubini定理)得(4.14)成立. □

Proof of (4.15). (i) ∀ t > 0, 有tnKt(ty) = K1(y), 且对a.e. x有

RjKt(tx) = cn lim
δ→0+

∫
{|tx−y|>δ}

txj−yj
|tx−y|n+1Kt(y)dy = cn lim

δ→0+

∫
{|x−y|>δ/t}

txj−tyj
|tx−ty|n+1 t

nKt(ty)dy

= cn lim
δ→0+

∫
{|x−y|>δ}

xj−yj
tn|x−y|n+1K1(y)dy = t−nRjK1(x). 这说明RjKt(x) = t−nRjK1(x/t), a.e.

x ∈ Rn. (ii) 同理由K1是偶函数得RjK1是奇函数.
(iii) 由K1 ∈ Lq(Rn), Rj : Lq → Lq有界得RjK1 ∈ Lq(Rn) ⊂ L1(B(0, 3)).

(iv) 由suppK1 ⊆ B(0, 2),
∫
Rn K1(y)dy = 0得若|x| ≥ 3则

RjK1(x) = cn
∫
B(0,2)

xj−yj
|x−y|n+1K1(y)dy = cn

∫
B(0,2)(

xj−yj
|x−y|n+1 − xj

|x|n+1 )K1(y)dy; 结合

[| xj−yj
|x−y|n+1 − xj

|x|n+1 | ≤ C
|x|n+1 , ∀ |x| ≥ 3, |y| ≤ 2]得|RjK1(x)| ≤ Ccn

|x|n+1 ∥K1∥1,∀ |x| ≥ 3.

这说明RjK1 ∈ L1(Rn \B(0, 3)). 结合(iii)得RjK1 ∈ L1(Rn). □

注注注: 更一般的, 若φ ∈ Lq(Rn), 1 < q <∞, suppφ ⊆ B(0, 2),
∫
Rn φ = 0, 则

∥Rjφ∥1 ≤ Cn(∥Rjφ∥q + ∥φ∥1).

Proof of (4.16). 设ϵ > 0. (i) Kt ∗ f = −
∑n

j=1RjKt ∗Rjf .
(ii) 由RjKt(x) = t−nRjK1(x/t)得RjKt ∗Rjf(x) =

∫
Rn RjKt(y)Rjf(x− y)dy =∫

Rn t
−nRjK1(y/t)Rjf(x−y)dy =

∫
Rn RjK1(y)Rjf(x−ty)dy. 结合RjK1(−x) = −RjK1(x)得∫∞

ϵ RjKt ∗Rjf(x)dtt =
∫∞
ϵ

∫
Rn RjK1(y)Rjf(x− ty)dy dtt =

1
2

∫
Rn RjK1(y)

∫
{|t|>ϵ}Rjf(x− ty)dtt dy. 而|

∫
{|t|>ϵ}Rjf(x− ty)dtt | ≤ πH∗

yRjf(x), 这说明

|
∫∞
ϵ RjKt ∗Rjf(x)dtt | ≤

π
2

∫
Rn |RjK1(y)|H∗

yRjf(x)dy.

(iii) 由(i)(ii)得|
∫∞
ϵ Kt ∗ f(x)dtt | ≤

π
2

∑n
j=1

∫
Rn |RjK1(y)|H∗

yRjf(x)dy. □

设1 < p <∞. 由∥H∗f∥p ≤ C∗
p∥f∥p, ∀ f ∈ Lp(R)得

∥H∗
yf∥p ≤ C∗

p∥f∥p, ∀ f ∈ Lp(Rn), y ∈ Rn \ {0}. 结合(4.16), Minkowski不等式和

∥Rjf∥p ≤ Cp∥f∥p得∥T ∗
1 f∥p ≤ π

2

∑n
j=1

∫
Rn |RjK1(y)|∥H∗

yRjf∥pdy ≤
π
2C

∗
p

∑n
j=1

∫
Rn |RjK1(y)|∥Rjf∥pdy ≤ π

2C
∗
pCpC(K1)∥f∥p, ∀ f ∈ Lp(Rn).

其中C(K1) =
∑n

j=1 ∥RjK1∥1 <∞(由(4.15)). 结合|Tf(x)| ≤ 1
ln 2T

∗
1 f(x), ∀ f ∈ S(Rn)得

∥Tf∥p ≤ 1
ln 2∥T

∗
1 f∥p ≤ π

2 ln 2C
∗
pCpC(K1)∥f∥p, ∀ f ∈ S(Rn).

注注注: 更一般的, 若p, q ∈ (1,∞), φ ∈ L1 ∩ Lq(Rn)是偶函数, Rjφ ∈ L1(Rn) (∀ 1 ≤ j ≤ n),

定义T ∗
(φ)f(x) = sup

ϵ>0

∣∣∫∞
ϵ φt ∗ f(x)dtt

∣∣, φt(x) = t−nφ(x/t), 则对f ∈ Lp(Rn)有

|T ∗
(φ)f(x)| ≤

π
2

∑n
j=1

∫
Rn |Rjφ(y)|H∗

yRjf(x)dy,

∥T ∗
(φ)f∥p ≤

π
2C

∗
pCpC(φ)∥f∥p, 其中C(φ) =

∑n
j=1 ∥Rjφ∥1 <∞.

Theorem 4.7. 若
∫
Sn−1 Ω = 0, Ωo ∈ L1(Sn−1), Ωe ∈ Lq(Sn−1), q > 1, 则T : Lp → Lp有

界(1 < p <∞).

极极极大大大奇奇奇异异异积积积分分分算算算子子子 T ∗f(x) = sup
ϵ>0

|
∫
{|y|>ϵ}

Ω(y′)
|y|n f(x− y)dy|. 首先证明

|T ∗f(x)− 1

ln 2
T ∗
1 f(x)| ≤ 2M|Ω|f(x).(4.17)
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Proof of (4.17). 设ϵ > 0. 由Kt(x) =
Ω(x′)
|x|n χ{t<|x|<2t}得

∫∞
ϵ Kt(x)

dt
t =


0, |x| ≤ ϵ,
Ω(x′)
|x|n ln |x|

ϵ , ϵ ≤ |x| ≤ 2ϵ,
Ω(x′)
|x|n ln 2, |x| ≥ 2ϵ.

这说明

∫
{|y|>ϵ}

Ω(y′)

|y|n
f(x− y)dy︸ ︷︷ ︸

Tϵf(x)

− 1

ln 2

∫ ∞

ϵ
Kt ∗ f(x)

dt

t︸ ︷︷ ︸
T1,ϵf(x)

=
∫
{ϵ<|y|<2ϵ}

Ω(y′)
|y|n (1− ln(|y|/ϵ)

ln 2 )f(x− y)dy,

|Tϵf(x)− 1
ln 2T1,ϵf(x)| ≤

∫
{ϵ<|y|<2ϵ}

|Ω(y′)|
|y|n |f(x− y)|dy ≤ 1

ϵ

∫
B(0,2ϵ)

|Ω(y′)|
|y|n−1 |f(x− y)|dy ≤

2|B(0, 1)|M ′
Ωf(x) ≤ 2M|Ω|f(x). 其中用到

M ′
Ωf(x) = sup

R>0

1
|B(0,1)|R

∫
B(0,R)

|Ω(y′)|
|y|n−1 |f(x− y)|dy, M ′

Ωf(x) ≤
1

|B(0,1)|M|Ω|f(x). 结合

T ∗f(x) = sup
ϵ>0

|Tϵf(x)|, T ∗
1 f(x) = sup

ϵ>0
|T1,ϵf(x)|得(4.17)成立. □

由(4.17)得∥T ∗f∥p ≤ 1
ln 2∥T

∗
1 f∥p + 2∥M|Ω|f∥p ≤ π

2 ln 2C
∗
pCpC(K1)∥f∥p + Cp∥Ω∥1∥f∥p =

C(p, n,Ω)∥f∥p, ∀ f ∈ Lp(Rn), 1 < p <∞.
结合Theorem 2.2得Tf(x) = lim

ϵ→0+
Tϵf(x), a.e. x, ∀ f ∈ Lp(Rn), 1 < p <∞.

推推推广广广: |Ω| ln+ |Ω| ∈ L1(Sn−1) (Ω是偶函数,
∫
Sn−1 Ωdσ = 0). 此时

|K1| ln+ |K1| ∈ L1(Rn). K1 =
∑∞

m=1K1,m, K1,1 = K1χ{|K1|≤2}, K1,m = K1χ{2m−1<|K1|≤2m}

(m > 1). 则
∑∞

m=1m∥K1,m∥1 <∞, ∥K1,m∥∞ ≤ 2m, ∥K1,m∥p ≤ ∥K1,m∥1/p1 2m(1−1/p) =

(∥K1,m∥1/p1 2−m(1−1/p))22m(1−1/p) ≤ (∥K1,m∥1 + 2−m)22m(1−1/p).

设K̃1,m = K1,m − c1,mχB(0,1), c1,m = 1
|B(0,1)|

∫
Rn K1,m, 则

∫
Rn K̃1,m = 0,

K1 =
∑∞

m=1 K̃1,m (由
∫
Rn K1 = 0).

∥RjK̃1,m∥1 ≤ Cn(∥RjK̃1,m∥p + ∥K̃1,m∥1) ≤ Cn
p−1∥K̃1,m∥p + Cn∥K̃1,m∥1 ≤

Cn
p−1∥K1,m∥p ≤ Cn

p−1(∥K1,m∥1 + 2−m)22m(1−1/p)
p=1+1/m

≤ Cnm(∥K1,m∥1 + 2−m).

这说明C ′(Ω) :=
∑∞

m=1C(K̃1,m) =
∑∞

m=1

∑n
j=1 ∥RjK̃1,m∥1 <∞.

由K1是偶函数得K1,m, K̃1,m是偶函数, RjK̃1,m是奇函数.
T ∗
1 f(x) = T ∗

(K1)
f(x) ≤

∑∞
m=1 T

∗
(K̃1,m)

f(x), 若f ∈ Lp(Rn), 1 < p <∞,

则∥T ∗
(K̃1,m)

f∥p ≤ π
2C

∗
pCpC(K̃1,m)∥f∥p,

∥T ∗
1 f∥p ≤

∑∞
m=1 ∥T ∗

(K̃1,m)
f∥p ≤ π

2C
∗
pCp

∑∞
m=1C(K̃1,m)∥f∥p = π

2C
∗
pCpC

′(Ω)∥f∥p.
结合(4.17)得∥T ∗f∥p ≤ 1

ln 2∥T
∗
1 f∥p + 2∥M|Ω|f∥p ≤ C(p, n,Ω)∥f∥p.

4.5 P (ξ) =
∑

a baξ
a, P (D)f =

∑
a baD

af , F(P (D)f)(ξ) = P (2πiξ)f̂(ξ).

定义Λ =
√
−∆: Λ̂f(ξ) = 2π|ξ|f̂(ξ). 若P (λξ) = λmP (ξ), ∀ λ ∈ C则

P (D)f = T (Λmf), T̂ f(ξ) = imP (ξ)
|ξ|m f̂(ξ).

Theorem 4.8. 若m ∈ C∞(Rn \ {0})是0次齐次函数, T̂mf = mf̂ , 则 ∃ Ω ∈ C∞(Sn−1),∫
Sn−1 Ω = 0, a ∈ C, s.t. Tmf = af + p.v.Ω(x′)

|x|n , ∀ f ∈ S(Rn).

∃ a ∈ C s.t.
∫
Sn−1(m(ξ′) − a)dσ(ξ′) = 0. 不妨设

∫
Sn−1 m(u)dσ(u) = 0 (否则考虑m − a).

(结合F2 = σ)只需证
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Lemma 4.9. 若m ∈ C∞(Rn \ {0})是0次齐次函数,
∫
Sn−1 m(u)dσ(u) = 0. 则

∃ Ω ∈ C∞(Sn−1),
∫
Sn−1 Ω = 0, s.t. m̂(x) = p.v.Ω(x′)

|x|n .

Proof. 取ϕ0 ∈ C∞
c (R) s.t. suppϕ0 ⊆ [1, 2],

∫∞
0

ϕ0(r)
r dr = 1. 取ϕ1(ξ) = ϕ0(|ξ|),

mt(ξ) = m(ξ)ϕ1(tξ) (t > 0), 则
∫∞
0 mt(ξ)

dt
t = m(ξ). 由m是0次齐次函数得mt(ξ) = m1(tξ).

由m ∈ C∞(Rn \ {0})得mt ∈ C∞
c (Rn), m̂t ∈ S(Rn), m̂t(x) = t−nm̂1(x/t),

m̂t(λx) = λ−nm̂t/λ(x) (t, λ > 0). 若ϕ ∈ S(Rn)则∫
Rn

mϕ̂ =

∫
Rn

∫ ∞

0
mt(ξ)ϕ̂(ξ)

dt

t
dξ =

∫ ∞

0

∫
Rn

m̂t(x)ϕ(x)dx
dt

t
.(4.18)

设Ω∗(x) =
∫∞
0 m̂t(x)

dt
t . (i) Ω∗是−n次齐次函数: (ii) Ω∗ ∈ C∞(Rn \ {0}).

(iii)∃ Ω ∈ C∞(Sn−1) s.t. Ω∗(x) =
Ω(x′)
|x|n . ((i)(ii)⇒(iii), Ω = Ω∗|Sn−1 .)

(iv)若ϕ ∈ S(Rn), ϕ(0) = 0, 则
∫
Rn mϕ̂ =

∫
Rn Ω∗ϕ. (v)

∫
Sn−1 Ω = 0.

(vi)取径向函数ϕ2 ∈ C∞
c (Rn), s.t. (b):ϕ2(0) = 1, 则(c):

∫
Rn mϕ̂2 = 0, (d): p.v.

∫
Rn Ω∗ϕ2 = 0.

(vii)m̂(x) = p.v.Ω∗(x) = p.v.Ω(x′)
|x|n .

Proof of (i). 由m̂t(λx) = λ−nm̂t/λ(x)得Ω∗(λx) = λ−nΩ∗(x). □

Proof of (ii). 由m̂1 ∈ S(Rn)得|m̂1(x)| ≤ C
1+|x|n+1 , 结合m̂t(x) = t−nm̂1(x/t) 得

|m̂t(x)| ≤ Ct
tn+1+|x|n+1 , ∫ ∞

0
|m̂t(x)|

dt

t
≤ C

∫ ∞

0

dt

tn+1 + |x|n+1
≤ C

|x|n
.(4.19)

∀ α ∈ Nn有Dα
x m̂t(x) = t−n−|α|(Dα

x m̂1)(x/t), D
α
x m̂1(x) ≤ C

(1+|x|)n+|α|+1 ,

Dα
x m̂t(x) ≤ Ct

(t+|x|)n+|α|+1 ,
∫∞
0 |Dα

x m̂t(x)|dtt ≤ C
∫∞
0

dt
(t+|x|)n+|α|+1 ≤ C

|x|n+|α| .

(C是只与m1, α有关的常数) 这说明(ii)成立. □

Proof of (iv). 此时 ϕ
|x|n ∈ L1(Rn), 结合(4.18), (4.19)得(iv)成立. □

Proof of (v). (iv)中取ϕ = ϕ1得
∫
Rn mϕ̂1 =

∫
Rn Ω∗ϕ1. 由ϕ1(ξ) = ϕ0(|ξ|)是径向函数得ϕ̂1是径

向函数, 结合(a):m是0次齐次函数,
∫
Sn−1 m(u)dσ(u) = 0得

∫
Rn mϕ̂1 = 0,

∫
Rn Ω∗ϕ1 = 0.

另一方面0 =
∫
Rn Ω∗ϕ1 =

∫
Rn

Ω(x′)
|x|n ϕ0(|x|)dx =

∫∞
0

∫
Sn−1 Ω(u)dσ(u)

ϕ0(r)
rn rn−1dr =∫∞

0
ϕ0(r)
r dr ·

∫
Sn−1 Ω =

∫
Sn−1 Ω. □

Proof of (vi). 此时ϕ̂2是径向函数, 结合(a)得(c), 结合(iii)(v)得(d). □

Proof of (vii). 若ϕ ∈ S(Rn), 设ϕ3 = ϕ− ϕ(0)ϕ2, 则ϕ3 ∈ S(Rn), ϕ3(0) = 0 (由(b)),∫
Rn mϕ̂

(c)
=
∫
Rn mϕ̂3

(iv)
=
∫
Rn Ω∗ϕ3

(d)
=p.v.

∫
Rn Ω∗ϕ. 这说明(vii)成立. □

(iii)(v)(vii)⇒结论成立. □

Theorem 4.10. A = {Tm|m ∈ C∞(Rn \ {0})是0次齐次函数}是交换代数, Tm是A的可逆
元⇔ m ̸= 0 on Sn−1.
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若T̂ f(ξ) = imP (ξ)
|ξ|m f̂(ξ)则T可逆⇔ P (ξ) ̸= 0 on Sn−1

(此时若P是实值函数则m是偶数, Λm = (−∆)m/2).
此时P (D)f = T (Λmf), Λmf = T−1P (D)f, ∥Λmf∥p ≤ Cp∥P (D)f∥p (1 < p <∞).

4.6 变变变系系系数数数推推推广广广 P (x,D) =
∑

|a|=m ba(x)D
a. 若f ∈ S(Rn)则

Daf(x) =
∫
Rn(2πiξ)

af̂(ξ)e2πix·ξdξ, P (x,D)f(x) =
∫
Rn P (x, 2πiξ)f̂(ξ)e

2πix·ξdξ,

T (Λmf) = P (x,D)f , Tf(x) =
∫
Rn σ(x, ξ)f̂(ξ)e

2πix·ξdξ.

σ(x, ξ) = P (x, 2πiξ)/|2πξ|m = P (x, iξ)/|ξ|m. 由σ(x, ·) ∈ C∞(Sn−1),
σ(x, λξ) = σ(x, ξ), ∀ λ > 0, Theorem 4.8得∃ A(x), Ω(x, ·) ∈ C∞(Sn−1) s.t.

Fσ(x, ·) = A(x)δ + p.v.Ω(x,z′)
|z|n , Tf(x) = A(x)f(x) + p.v.

∫
Rn

Ω(x,z′)
|z|n f(x− z)dz.

注注注: 若F [(iξ)a/|ξ|m] = caδ + p.v.Ωa(z′)
|z|n 则A(x) =

∑
|a|=m caba(x),

Ω(x, z′) =
∑

|a|=m ba(x)Ωa(z
′). (以上为引入这类算子的背景)

下面考虑一般的算子Tf(x) = p.v.
∫
Rn

Ω(x,z)
|z|n f(x− z)dz. ( Ω(x, z) = Ω(x, z′))

Theorem 4.11. 若(i)Ω(x, λz) = sgn(λ)Ω(x, z), ∀ z ∈ Rn \ {0}, λ ∈ R \ {0};
(ii)Ω∗(u) = supx |Ω(x, u)| ∈ L1(Sn−1). 则T : Lp → Lp有界, ∀ 1 < p <∞.

Proof. Tf(x) = π
2

∫
Sn−1 Ω(x, u)Huf(x)dσ(u), ∀ f ∈ S(Rn).

|Tf(x)| ≤ π
2

∫
Sn−1 Ω∗(u)|Huf(x)|dσ(u). 结合[∥Hf∥p ≤ Cp∥f∥p, ∀ f ∈ Lp(R), 1 < p < ∞],

Proposition 4.6得∥Tf∥ ≤ π
2Cp∥Ω∗∥1∥f∥p. □

Theorem 4.12. 若Therrem 4.11的条件(ii)换成supx(
∫
Sn−1 |Ω(x, u)|qdσ(u))

1
q = Bq < ∞,

1 < q <∞. 则T : Lp → Lp有界, ∀ q′ ≤ p <∞.

Proof. 由q′ ≤ p得p′ ≤ q. 由Hölder不等式得supx(
∫
Sn−1 |Ω(x, u)|p

′
dσ(u))

1
p′ ≤ Bp′

≤ |Sn−1|
1
p′−

1
qBq <∞; |Tf(x)| ≤ π

2Bp′(
∫
Sn−1 |Huf(x)|pdσ(u))

1
p .

∥Tf∥pp ≤ (π2Bp′)
p
∫
Sn−1 ∥Huf∥ppdσ(u) ≤ (π2Bp′)

p
∫
Sn−1 C

p
p∥f∥ppdσ(u).

∥Tf∥p ≤ π
2Bp′Cp|S

n−1|
1
p ∥f∥p ≤ π

2 |S
n−1|1−

1
qBqCp∥f∥p. □

注注注: 若Ω(x, z)是z的偶函数则Theorem 4.12仍成立. i.e.若
(i)Ω(x, λz) = Ω(x, z), ∀ z ∈ Rn \ {0}, λ ∈ R \ {0},

∫
Sn−1 Ω(x, u)dσ(u) = 0;

(ii)1 < q <∞, supx(
∫
Sn−1 |Ω(x, u)|qdσ(u))

1
q = Bq <∞. 则T : Lp → Lp有界, ∀ q′ ≤ p <∞.

不妨设q = p′. 设K1(x, z) = Ω(x,z)
|z|n χ{1<|z|<2}, Kt(x, z) = Ω(x,z)

|z|n χ{t<|z|<2t} = t−nK1(x,
z
t ),

t > 0. 则Kt(x, ·) ∈ Lq(Rn)是z的偶函数,
∫
Rn Kt(x, z)dz = 0. 设Kj

t (x, ·) = RjKt(x, ·).
与(4.14), (4.15), (4.16)同理可得

Tf(x) =
1

ln 2

∫ ∞

0

[∫
Rn

Kt(x, z)f(x− z)dz

]
dt

t
, ∀ f ∈ S(Rn),(4.20)

Kj
t (x, z) = t−nKj

1(x, z/t), K
j
1(x,−z) = −Kj

1(x, z),(4.21)

(ln 2)|Tf(x)| ≤ π

2

n∑
j=1

∫
Rn

|Kj
1(x, z)|H

∗
zRjf(x)dy, ∀ f ∈ S(Rn).(4.22)
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其中(4.22)用到
∫
Rn Kt(x, z)f(x− z)dz = −

∑n
j=1

∫
Rn K

j
t (x, z)Rjf(x− z)dz.

由(4.22)和Hölder不等式得(q = p′)

|Tf(x)|p ≤ C

n∑
j=1

[∫
Rn

|Kj
1(x, z)|

q(1 + |z|)(n+1)(q−1)dz

]p
q
[∫

Rn

|H∗
zRjf(x)|p

(1 + |z|)n+1
dz

]
.

下面用到(C是只与n, q有关的常数)

sup
x,j

∫
Rn

|Kj
1(x, z)|

q(1 + |z|)(n+1)(q−1)dz ≤ CBq
q .

Key point: (i)
∫
Rn |Kj

1(x, z)|qdz ≤ C
∫
Rn |K1(x, z)|qdz; (ii)

∫
Rn K1(x, z)dz = 0,

suppK1 ⊆ {|z| ≤ 2}, |Kj
1(x, z)| ≤ C(1 + |z|)−(n+1)

∫
Rn |K1(x, z)|dz, ∀ |z| ≥ 3;

(iii)
∫
Rn |K1(x, z)|qdz ≤ CBq

q ,
∫
Rn |K1(x, z)|dz ≤ CBq.

这说明|Tf(x)|p ≤ CBp
q
∑n

j=1

∫
Rn

|H∗
zRjf(x)|p

(1+|z|)n+1 dz. 结合

∥H∗
zRjf∥p ≤ C∗

p∥Rjf∥p ≤ C(p, n)∥f∥p, ∀ f ∈ Lp(Rn), z ∈ Rn \ {0}得
∥Tf∥pp ≤ CBp

q
∑n

j=1

∫
Rn

∥H∗
zRjf∥pp

(1+|z|)n+1dz ≤ CBp
q
∑n

j=1

∫
Rn

∥f∥ppdz
(1+|z|)n+1 ≤ CBp

q∥f∥pp.
i.e. ∥Tf∥p ≤ CBq∥f∥p. (C是只与n, q有关的常数, q = p′ ∈ (1,∞).)

注注注: Theorem 4.11的偶函数推广: 若(i)Ω(x, λz) = Ω(x, z), ∀ z ∈ Rn \ {0}, λ ∈ R \ {0},∫
Sn−1 Ω(x, u)dσ(u) = 0; (ii)Ω∗(z) = supx,j |K

j
1(x, z)| ∈ L1(Rn).

则T : Lp → Lp有界, ∀ 1 < p <∞.
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5. 奇异积分算子II

Theorem 5.1 (Benedek-Calderon-Panzone原理). 设T是次线性算子.
(i)T是弱(p, p)型, 1 < p <∞: ∥Tf∥p,∞ ≤ C1∥f∥p，∀ f ∈ Lp(Rn).
(ii)存在常数C2 > 1, C3 > 0 s.t. 若suppf ⊂ B(x0, r),

∫
f = 0, 则∫

Rn\B(x0,C2r)
|Tf(x)|dx ≤ C3∥f∥1. 则∥Tf∥1,∞ ≤ C4∥f∥1, ∀ f ∈ Lpc(Rn).

注注注: C4 ≤ C(C1C
n−n/p
2 + C3), C是只与n有关的常数.

Proof. ∀ λ > 0, 对|f |作Calderon-Zygmund分解, ∃ 不交方体{Qk} s.t.∑
k |Qk| ≤

1
λ∥f∥1, λ <

1
|Qk|

∫
Qk

|f | ≤ 2nλ, |f | ≤ λ a.e. x ∈ Rn \ Ω, Ω := ∪kQk.
f = g + b, 其中g = 1

|Qk|
∫
Qk
f := ak in Qk, g = f in Rn \ Ω, b =

∑
j bj , bj = (f − aj)χQj .

则supp bj ⊆ Qj ,
∫
bj = 0, ∥g∥∞ ≤ 2nλ, ∥g∥1 ≤ ∥f∥1. ∥g∥pp ≤ ∥g∥p−1

∞ ∥g∥1 ≤ (2nλ)p−1∥f∥1.∑
j ∥bj∥1 = ∥b∥1. |Tb| ≤

∑
j |Tbj | a.e.

|Tf | ≤ |Tg|+ |Tb|, ∀ A > 0有aTf (2Aλ) ≤ aTg(Aλ) + aTb(Aλ).

aTg(Aλ) ≤ 1
(Aλ)p ∥Tg∥

p
p,∞ ≤ Cp

1
(Aλ)p ∥g∥

p
p ≤ Cp

1 (2
nλ)p−1

(Aλ)p ∥f∥1 = (2nC1/A)p

2nλ ∥f∥1.
设Qj = Q(xj , rj), Q

∗
j = B(xj , C2

√
nrj), Q

∗ = ∪jQ∗
j则

|Q∗| ≤
∑

j |Q∗
j | = AnC

n
2

∑
j |Qj | ≤

AnCn
2

λ ∥f∥1. 其中An = (
√
n/2)nα(n), α(n) = |B(0, 1)|.

aTb(Aλ) ≤ |Q∗|+ 1
Aλ∥Tb∥L1(Rn\Q∗) ≤

AnCn
2

λ ∥f∥1 + 1
Aλ

∑
j ∥Tbj∥L1(Rn\Q∗

j )
.

由supp bj ⊆ Qj = Q(xj , rj) ⊂ B(xj ,
√
nrj),

∫
bj = 0, Q∗

j = B(xj , C2
√
nrj)和条件(ii)

(取x0 = xj , r =
√
nrj , f = bj)得∥Tbj∥L1(Rn\Q∗

j )
≤ C3∥bj∥1,∑

j ∥Tbj∥L1(Rn\Q∗
j )

≤ C3
∑

j ∥bj∥1 = C3∥b∥1 ≤ C3(∥f∥1 + ∥g∥1) ≤ 2C3∥f∥1.
aTb(Aλ) ≤

AnCn
2

λ ∥f∥1 + 1
Aλ

∑
j ∥Tbj∥L1(Rn\Q∗

j )
≤ AnCn

2
λ ∥f∥1 + 2C3

Aλ ∥f∥1.
aTf (2Aλ) ≤ aTg(Aλ) + aTb(Aλ) ≤ (2nC1/A)p

2nλ ∥f∥1 +
AnCn

2
λ ∥f∥1 + 2C3

Aλ ∥f∥1.
由λ > 0的任意性得∥Tf∥1,∞ ≤ {(2A)[(2nC1/A)

p2−n +AnC
n
2 ] + 4C3}∥f∥1.

取A = 2nC1A
−1/p
n (2C2)

−n/p, 则C4 := (2A)[(2nC1/A)
p2−n +AnC

n
2 ] + 4C3 =

4AAnC
n
2 + 4C3 = 4C1A

1−1/p
n (2C2)

n−n/p + 4C3, s.t. ∥Tf∥1,∞ ≤ C4∥f∥1. □

Theorem 5.2 (Calderon-Zygmund). 设K ∈ S ′(Rn), K ∈ L1
loc(Rn \{0}). 满足(i)∥K̂∥∞ ≤ A.

(ii)Hörmander条件:
∫
{|x|>2|y|} |K(x − y) − K(x)|dx ≤ B, ∀ y ∈ Rn. 则∥K ∗ f∥p ≤ Cp∥f∥p

(1 < p <∞), ∥K ∗ f∥1,∞ ≤ C1∥f∥1.

注注注: C1 ≤ C(A+B), Cp ≤ Cp2

p−1(A+B), C是只与n有关的常数.

注注注: 若|∇K(x)| ≤ C|x|−n−1, ∀ x ̸= 0, 则Hörmander条件成立i.e. [K]3 <∞.

Proof. 设Tf = K∗f , f ∈ S(Rn). 则T̂ f(ξ) = K̂(ξ)f̂(ξ),由(i)得∥Tf∥2 ≤ A∥f∥2, ∀ f ∈ S(Rn).
T可以唯一延拓为L2(Rn)上的有界线性算子(i.e.T是强(2, 2)型) s.t. 若f ∈ L2

c(Rn), x ̸∈ suppf
则Tf(x) =

∫
Rn f(y)K(x− y)dy;

∫
Tf · σg =

∫
Tg · σf , (σg(x) = g(−x)). 下下下证证证T是是是弱弱弱(1, 1)型型型.

• 由T强(2, 2)得Theorem 5.1 (i)对p = 2成立.
• 若suppf ⊂ B(x0, r),

∫
f = 0, 则Tf(x) =

∫
Rn f(y)K(x− y)dy =∫

B(x0,r)
f(y)(K(x− y)−K(x−x0))dy, ∀ x ∈ Rn \B(x0, 2r). 由(ii)得若y ∈ B(x0, r)则

(z = y−x0)
∫
Rn\B(x0,2r)

|K(x−y)−K(x−x0)|dx =
∫
Rn\B(0,2r) |K(x−z)−K(x)|dx ≤∫

{|x|>2|z|} |K(x− z)−K(x)|dx ≤ B,∫
Rn\B(x0,2r)

|Tf(x)|dx ≤
∫
Rn\B(x0,2r)

∫
B(x0,r)

|f(y)||K(x− y)−K(x− x0)|dydx =
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B(x0,r)

|f(y)|
∫
Rn\B(x0,2r)

|K(x− y)−K(x− x0)|dxdy ≤ B
∫
B(x0,r)

|f(y)|dy = B∥f∥1.
这说明Theorem 5.1 (ii)对C2 = 2成立.

由Theorem 5.1得T是弱(1, 1)型(且T是强(2, 2)型). 结合Marcinkiewicz插值定理得T是强
(p, p)型, ∀ 1 < p < 2.结合

∫
Tf ·σg =

∫
Tg ·σf和对偶方法得T是强(p, p)型, ∀ 2 < p <∞. □

K(x) = Ω(x′)
|x|n 时时时的的的Hörmander条条条件件件: 若

∫ 1
0
ω∞(t)
t dt <∞则Hörmander条件成立. 其中

ω∞(t) = sup{|Ω(u1)− Ω(u2)| : |u1 − u2| ≤ t, u1, u2 ∈ Sn−1}.

Proof. 此时Ω ∈ L∞(Sn−1). |K(x− y)−K(x)| = |Ω((x−y)′)
|x−y|n − Ω(x′)

|x|n | ≤
|Ω((x−y)′)−Ω(x′)|

|x−y|n +|Ω(x′)|| 1
|x−y|n−

1
|x|n |. 若|x| > 2|y|则| 1

|x−y|n−
1

|x|n | ≤
C|y|

|x|n+1 , |(x−y)′−x′| ≤ 2|y|
|x| ,

|K(x− y)−K(x)| ≤ ω∞(2|y|/|x|)
|x−y|n + C|y|

|x|n+1 ≤ C1ω∗
∞(2|y|/|x|)
|x|n ,

ω∗
∞(t) = ω∞(t) + t.

∫
{|x|>2|y|} |K(x− y)−K(x)|dx ≤ C1

∫
{|x|>2|y|}

ω∗
∞(2|y|/|x|)

|x|n dx

= C1|Sn−1|
∫∞
2|y|

ω∗
∞(2|y|/r)

r dr = C1|Sn−1|
∫ 1
0
ω∗
∞(t)
t dt = C2 <∞. □

Corollary 5.1. 若
∫
Sn−1 Ω = 0,

∫ 1
0
ω∞(t)
t dt <∞, 则p.v.Ω(x′)

|x|n ∗ f是弱(1, 1)型.

注注注: 若ω ∈ Cα(Sn−1), α ∈ (0, 1), 则ω∞(t) ≤ Ctα, Hörmander条件成立.
注注注: ∀ ρ ∈ On(正交矩阵), 定义∥ρ∥ = sup{|u− ρu| : u ∈ Sn−1}, ω1(t) =

sup∥ρ∥≤t
∫
Sn−1 |Ω(ρu)− Ω(u)|dσ(u). 则K(x) = Ω(x′)

|x|n 时的Hörmander条件⇔
∫ 1
0
ω1(t)
t dt <∞.

注注注: Hörmander条件⇔ sup
r>0

1
rn

∫
B(0,r)

∫
{|x|>2r} |K(x− y)−K(x)|dxdy <∞

(平均Hörmander条件). K(x) = Ω(x′)
|x|n 时的平均Hörmander条件⇔∫

Sn−1

∫
Sn−1

|Ω(u)−Ω(v)|
|u−v|n−1 dσ(u)dσ(v) <∞.

5.2 K̂ ∈ L∞的的的充充充分分分条条条件件件 设K ∈ L1
loc(Rn \ {0}), ∀ ϵ, R ∈ (0,∞) 定义

Kϵ,R(x) = K(x)χ{ϵ<|x|<R} ∈ L1(Rn). 定义[K]1 = sup
0<a<b

|
∫
{a<|x|<b}K(x)dx|,

[K]2 = sup
a>0

∫
{a<|x|<2a} |K(x)|dx, [K]3 = sup

y∈Rn

∫
{|x|>2|y|} |K(x− y)−K(x)|dx.

注注注: 定义[K]′2 = sup
a>0

1
a

∫
{|x|<a} |x||K(x)|dx. 由∫

{|x|<a} |x||K(x)|dx =
∑∞

k=0

∫
{2−k−1a<|x|<2−ka} |x||K(x)|dx ≤

∑∞
k=0 2

−ka · [K]2得

[K]′2 ≤
∑∞

k=0 2
−k[K]2 = 2[K]2. 另一方面∫

{a<|x|<2a} |K(x)|dx ≤
∫
{a<|x|<2a}

|x|
a |K(x)|dx ≤ 2[K]′2, [K]2 ≤ 2[K]′2.

Proposition 5.3. 若K ∈ L1
loc(Rn \ {0}), [K]1 + [K]2 + [K]3 <∞, 则

|K̂ϵ,R(ξ)| ≤ C, ∀ R > ϵ > 0, ξ ∈ Rn. C与ξ, ϵ, R无关.

Proof. 由K̂ϵ,R ∈ C(Rn), 只需证ξ ̸= 0时成立. 设r =

 ϵ, |ξ|−1 ≤ ϵ,
|ξ|−1, ϵ ≤ |ξ|−1 ≤ R,
R, |ξ|−1 ≥ R.

则

Kϵ,R = Kϵ,r +Kr,R, Kϵ,r = Kϵ,RχB(0,|ξ|−1), |Kϵ,r(x)| ≤ |K(x)|χ{|x|<|ξ|−1}.

|K̂ϵ,r(0)| = |
∫
{ϵ<|x|<r}K(x)dx| ≤ [K]1,

|K̂ϵ,r(ξ)− K̂ϵ,r(0)| = |
∫
Rn Kϵ,r(x)(e

−2πix·ξ − 1)dx| ≤ 2π|ξ|
∫
Rn |x||Kϵ,r(x)|dx ≤

2π|ξ|
∫
{|x|<|ξ|−1} |x||K(x)|dx ≤ 2π[K]′2, |K̂ϵ,r(ξ)| ≤ [K]1 + 2π[K]′2.

若|ξ|−1 ≥ R则r = R, Kr,R = 0, K̂r,R(ξ) = 0, 下设|ξ|−1 < R. 设z = ξ
2|ξ|2 , 则e

2πiz·ξ = −1,
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R > r ≥ |ξ|−1 = 2|z|, K̂r,R(ξ) =
∫
Rn Kr,R(x)e

−2πix·ξdx = −
∫
Rn Kr,R(x − z)e−2πix·ξdx,

2|K̂r,R(ξ)| ≤
∫
Rn |Kr,R(x)−Kr,R(x− z)|dx.

Claim: |Kr,R(x)−Kr,R(x− z)| ≤ |K(x)−K(x− z)|χ{|x|>2|z|} + |Kr,2r(x)|+ |Kr,2r(x− z)|+
|KR/2,R(x)|+ |KR/2,R(x− z)|. 注注注: R > r ≥ 2|z|.

Proof. Case 1 |x| ∈ (r,R), |x− z| ∈ (r,R). 此时|x| > r ≥ 2|z|,
|Kr,R(x)−Kr,R(x− z)| = |K(x)−K(x− z)| = |K(x)−K(x− z)|χ{|x|>2|z|}.

Case 2 |x| ∈ (r,R), |x− z| ≤ r. 此时r < |x| ≤ |x− z|+ |z| ≤ r + r/2 < 2r,
|Kr,R(x)−Kr,R(x− z)| = |K(x)| = |Kr,2r(x)|.
Case 3 |x| ∈ (r,R), |x− z| ≥ R. 此时R > |x| ≥ |x− z| − |z| ≥ R− r/2 > R/2,
|Kr,R(x)−Kr,R(x− z)| = |K(x)| = |KR/2,R(x)|.
Case 4 |x− z| ∈ (r,R), |x| ≤ r. 此时r < |x− z| ≤ |x|+ |z| ≤ r + r/2 < 2r,
|Kr,R(x)−Kr,R(x− z)| = |K(x− z)| = |Kr,2r(x− z)|.
Case 5 |x− z| ∈ (r,R), |x| ≥ R. 此时R > |x− z| ≥ |x| − |z| ≥ R− r/2 > R/2,
|Kr,R(x)−Kr,R(x− z)| = |K(x− z)| = |KR/2,R(x− z)|.
Case 6 |x| ̸∈ (r,R), |x− z| ̸∈ (r,R). 此时|Kr,R(x)−Kr,R(x− z)| = 0. □

结合
∫
Rn |Ka,2a(x− z)|dx =

∫
Rn |Ka,2a(x)|dx =

∫
{a<|x|<2a} |K(x)|dx得2|K̂r,R(ξ)| ≤∫

Rn |Kr,R(x) − Kr,R(x − z)|dx ≤
∫
{|x|>2|z|} |K(x) − K(x − z)|dx + 2

∫
{r<|x|<2r} |K(x)|dx +

2
∫
{R/2<|x|<2R} |K(x)|dx≤ [K]3 + 4[K]2. 综上(结合[K]′2 ≤ 2[K]2)得|K̂ϵ,R(ξ)| ≤

|K̂ϵ,r(ξ)|+ |K̂r,R(ξ)| ≤ [K]1 + 2π[K]′2 +
1
2 [K]3 + 2[K]2 ≤ [K]1 +

1
2 [K]3 + (4π + 2)[K]2. □

证证证明明明重重重点点点 Kϵ,R = Kϵ,r +Kr,R, |K̂ϵ,r(ξ)| ≤ [K]1 + 2π[K]′2. 若|ξ|−1 ≥ R则

K̂r,R(ξ) = 0, 下设|ξ|−1 < R, 则2|K̂r,R(ξ)|≤ [K]3 + 4[K]2.

注注注: [Kϵ,R]1 ≤ [K]1, [Kϵ,R]2 ≤ [K]2, [Kϵ,R]3 ≤ [K]3 + 4[K]2. Key point: 若|x| > 2|y|则
1
2 |x| < |x − y| < 3

2 |x| < 2|x|, |Kϵ,R(x) − Kϵ,R(x − y)| ≤ |K(x) − K(x − y)| + |Kϵ,2ϵ(x)| +
|Kϵ,2ϵ(x− y)|+ |KR/2,R(x)|+ |KR/2,R(x− y)|.

Corollary 5.2. 若K ∈ L1
loc(Rn \ {0}), [K]∗ := [K]1 + [K]2 + [K]3 <∞, 则

∥Kϵ,R ∗ f∥p ≤ Cp∥f∥p (1 < p <∞), ∥Kϵ,R ∗ f∥1,∞ ≤ C1∥f∥1.

注注注: C1 ≤ C[K]∗, Cp ≤ Cp2

p−1 [K]∗, C是只与n有关的常数.

注注注: 若K(x) = Ω(x′)
|x|n 则[K]1 <∞ ⇔ Ω ∈ L1(Sn−1),

∫
Sn−1 Ω = 0.

由Kϵ,R ∈ L1(Rn), Kϵ,R ∗ f可对f ∈ Lp(Rn)定义. 若Tf(x) = lim
ϵ→0+,R→∞

Kϵ,R ∗ f(x)极限存在,

则T是弱(1, 1)强(p, p)型(1 < p <∞)(由Fatou引理).下面讨论极限存在的条件. 设
Kϵ(x) = K(x)χ{|x|>ϵ}.

Lemma 5.4. 若K ∈ L1
loc(Rn \ {0}), [K]∗ <∞, f ∈ Lp(Rn), 1 ≤ p <∞, ϵ > 0. 则∫

Rn |Kϵ(x− y)f(y)|dy <∞ a.e. x ∈ Rn.

Key point: Kϵ,K ∈ L1,∞(Rn), |Kϵ| ∗ χB(0,ϵ) ∈ Lq(Rn), ∀ 1 < q ≤ ∞.

Lemma 5.4说明Kϵ ∗ f可对f ∈ Lp(Rn), 1 ≤ p <∞定义s.t.
Kϵ ∗ f(x) = lim

R→∞
Kϵ,R ∗ f(x) a.e., ∥Kϵ ∗ f∥p ≤ Cp∥f∥p (1 < p <∞), ∥Kϵ ∗ f∥1,∞ ≤ C1∥f∥1.

定义p.v.K(ϕ) = lim
ϵ→0+

∫
{|x|>ϵ}K(x)ϕ(x)dx, ∀ ϕ ∈ S(Rn).

Proposition 5.5. 若K ∈ L1
loc(Rn \ {0}), [K]2 <∞, (a) : p.v.K存在⇔

(b) : lim
ϵ→0+

∫
{ϵ<|x|<1}K(x)dx存在.
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Proof. 一方面若(a) : p.v.K存在, 取ϕ ∈ S(Rn) s.t. χB(0,1) ≤ ϕ ≤ χB(0,2). 则

p.v.K(ϕ) = lim
ϵ→0+

∫
{ϵ<|x|<1}K(x)dx+

∫
{|x|>1}K(x)ϕ(x)dx, 结合∫

{|x|>1} |K(x)ϕ(x)|dx ≤
∫
{1<|x|<2} |K(x)|dx得 lim

ϵ→0+

∫
{ϵ<|x|<1}K(x)dx存在.

另一方面若 lim
ϵ→0+

∫
{ϵ<|x|<1}K(x)dx存在, 设L := lim

ϵ→0+

∫
{ϵ<|x|<1}K(x)dx. 则

p.v.K(ϕ) = ϕ(0)L+
∫
{|x|<1}K(x)(ϕ(x)− ϕ(0))dx+

∫
{|x|>1}K(x)ϕ(x)dx,

∀ ϕ ∈ S(Rn). 其中用到
∫
{|x|>ϵ}K(x)ϕ(x)dx =

ϕ(0)
∫
{ϵ<|x|<1}K(x)dx+

∫
{ϵ<|x|<1}K(x)(ϕ(x)− ϕ(0))dx+

∫
{|x|>1}K(x)ϕ(x)dx,

lim
ϵ→0+

ϕ(0)
∫
{ϵ<|x|<1}K(x)dx = ϕ(0)L,

lim
ϵ→0+

∫
{ϵ<|x|<1}K(x)(ϕ(x)− ϕ(0))dx =

∫
{|x|<1}K(x)(ϕ(x)− ϕ(0))dx, 需要验证可积性.∫

{|x|<1} |K(x)(ϕ(x)− ϕ(0))|dx ≤ ∥Dϕ∥∞
∫
{|x|<1} |x||K(x)|dx ≤ C1[K]′2,∫

{|x|>1} |K(x)ϕ(x)|dx ≤ ∥xϕ∥∞
∑∞

k=1 2
−k ∫

{2k<|x|<2k+1} |K(x)|dx ≤
C2
∑∞

k=1 2
−k[K]2 = 2C2[K]2, 其中C1 = ∥Dϕ∥∞, C2 = ∥xϕ∥∞. 以上说明

p.v.K(ϕ) = lim
ϵ→0+

∫
{|x|>ϵ}K(x)ϕ(x)dx极限存在, i.e. (a) : p.v.K存在. □

Corollary 5.3. 若K ∈ L1
loc(Rn \ {0}), [K]∗ <∞, lim

ϵ→0+

∫
{|x|>ϵ}K(x)dx存在, 则

Tf(x) = lim
ϵ→0+

Kϵ ∗ f(x) (f ∈ S(Rn)) 是弱(1, 1)强(p, p)型(1 < p <∞).

一般情形若K ∈ L1
loc(Rn \ {0}), [K]∗ <∞, 则[K]1 <∞, ∃ ϵk → 0+ s.t.

lim
k→∞

∫
{|x|>ϵk}K(x)dx存在, 此时Tf(x) = lim

k→∞

∫
{|y|>ϵk}K(y)f(x− y)dx极限存在

(∀ f ∈ S(Rn)), 且T是弱(1, 1)强(p, p)型(1 < p <∞).
举举举例例例: K(x) = |x|−n−it ∈ L1

loc(Rn \ {0}), t ∈ R \ {0}, 下面验证[K]j < ∞, j = 1, 2, 3.

|
∫
{a<|x|<b}

dx
|x|n+it | = |Sn−1|| b−it−a−it

−it | ≤ 2
|t| |S

n−1| ⇒ [K]1 <∞,∫
{a<|x|<2a}

dx
|x|n = |Sn−1| ln 2 ⇒ [K]2 < ∞, (|K(x)| = |x|−n), |∇K(x)| = |n+it|

|x|n+1 ⇒ [K]3 < ∞.

因此∥Kϵ,R ∗ f∥p ≤ Cp∥f∥p (1 < p <∞). 由∫
{ϵ<|x|<1}

dx
|x|n+it = |Sn−1|1−ϵ−it

−it , 取ϵk = e−2πk/|t|则ϵ−itk = 1,

lim
k,R→∞

Kϵk,R ∗ f(x) =
∫
{|y|<1}

f(x−y)−f(x)
|y|n+it dy +

∫
{|y|>1}

f(x−y)
|y|n+it dy, 因此可以定义

⟨p.v. 1
|x|n+it , ϕ⟩ =

∫
{|x|<1}

ϕ(x)−ϕ(0)
|x|n+it dx+

∫
{|x|>1}

ϕ(x)
|x|n+itdx. 下面说明这样定义的

p.v. 1
|x|n+it不是−n − it次齐次的. 若z ∈ C, Re z < n则|x|−z ∈ L1

loc(Rn), −z次齐次, i.e.

⟨|x|−z, ϕλ⟩ = λ−z⟨|x|−z, ϕ⟩, ∀ ϕ ∈ S, λ > 0, 其中ϕλ(x) = λ−nϕ(λ−1x). 一方面

⟨|x|−z, ϕ⟩ =
∫
Rn |x|−zϕ(x)dx =

∫
{|x|<1}

ϕ(x)−ϕ(0)
|x|z dx+

∫
{|x|<1}

ϕ(0)
|x|z dx+

∫
{|x|>1}

ϕ(x)
|x|z dx =∫

{|x|<1}
ϕ(x)−ϕ(0)

|x|z dx+
∫
{|x|>1}

ϕ(x)
|x|z dx+ |Sn−1|ϕ(0)

n−z , 其中用到∫
{|x|<1}

dx
|x|z = |Sn−1|

∫ 1
0 r

n−1−zdr = |Sn−1|
n−z , 因此

lim
ϵ→0+

⟨|x|−n−it+ϵ, ϕ⟩ = ⟨p.v. 1
|x|n+it , ϕ⟩+ |Sn−1|ϕ(0)

−it , ∀ ϕ ∈ S, t ∈ R \ {0}.

另一方面⟨|x|−n−it+ϵ, ϕλ⟩ = λ−n−it+ϵ⟨|x|−n−it+ϵ, ϕ⟩, 令ϵ→ 0+得

⟨p.v. 1
|x|n+it , ϕλ⟩+ |Sn−1|ϕλ(0)

−it = λ−n−it(⟨p.v. 1
|x|n+it , ϕ⟩+ |Sn−1|ϕ(0)

−it ), 这说明

p.v. 1
|x|n+it +

|Sn−1|δ
−it 是−n− it次齐次的, p.v. 1

|x|n+it不是−n− it次齐次的.

(ϕλ(0) = λ−nϕ(0) ̸= λ−n−itϕ(0), ∃ λ > 0, ϕ ∈ S).
下面求p.v. 1

|x|n+it的Fourier变换. 由
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Rn |x|−aϕ̂(x)dx =

πa−n/2Γ(n−a
2

)

Γ(a/2)

∫
Rn |x|a−nϕ(x)dx, ∀ ϕ ∈ S(Rn), 0 < a < n, 作解析延拓得

对a ∈ C, 0 < Re a < n也成立. 因此
∫
Rn |x|−n−it+ϵϕ̂(x)dx =

πn/2+it−ϵΓ(−it+ϵ
2

)

Γ(n+it−ϵ
2

)

∫
Rn |x|it−ϵϕ(x)dx,

∀ ϕ ∈ S(Rn), t ∈ R \ {0}, 0 < ϵ < n.

令ϵ→ 0+得⟨p.v. 1
|x|n+it , ϕ̂⟩+ |Sn−1|ϕ̂(0)

−it =
πn/2+itΓ(−it

2
)

Γ(n+it
2

)

∫
Rn |x|itϕ(x)dx, 这说明

F(p.v. 1
|x|n+it ) +

|Sn−1|
−it =

πn/2+itΓ(−it
2

)

Γ(n+it
2

)
|x|it, 其中用到ϕ̂(0) = ⟨1, ϕ⟩.

5.3 非非非卷卷卷积积积型型型Calderon-Zygmund算算算子子子 ∆ = {(x, x)|x ∈ Rn} ⊂ Rn × Rn.

Theorem 5.6. 设T是L2(Rn)上的有界线性算子, K ∈ L1
loc(Rn × Rn \∆). 满足

(i)∀ f ∈ L∞
c (Rn), Tf(x) =

∫
Rn K(x, y)f(y)dy a.e. x ∈ Rn\suppf . (ii)Hörmander条件:∫

{|x−y|>2|y−z|} |K(x, y)−K(x, z)|dx ≤ B, ∀ y, z ∈ Rn;∫
{|x−y|>2|x−w|} |K(x, y)−K(w, y)|dy ≤ B, ∀ x,w ∈ Rn. 则
∥Tf∥p ≤ Cp∥f∥p (1 < p <∞), ∥Tf∥1,∞ ≤ C1∥f∥1, ∀ f ∈ L∞

c .

Proof. Step 1. T是弱(1, 1)型.

• 由T强(2, 2)得Theorem 5.1 (i)对p = 2成立.
• 若suppf ⊂ B(x0, r),

∫
f = 0, 则Tf(x) =

∫
Rn f(y)K(x, y)dy =∫

B(x0,r)
f(y)(K(x, y)−K(x, x0))dy, ∀ x ∈ Rn \B(x0, 2r). 由(ii)得若y ∈ B(x0, r)则∫

Rn\B(x0,2r)
|K(x, y)−K(x, x0)|dx ≤

∫
{|x−y|>2|y−x0|} |K(x, y)−K(x, x0)|dx ≤ B,∫

Rn\B(x0,2r)
|Tf(x)|dx ≤

∫
Rn\B(x0,2r)

∫
B(x0,r)

|f(y)||K(x, y)−K(x, x0)|dydx =∫
B(x0,r)

|f(y)|
∫
Rn\B(x0,2r)

|K(x, y)−K(x, x0)|dxdy ≤ B
∫
B(x0,r)

|f(y)|dy = B∥f∥1.
这说明Theorem 5.1 (ii)对C2 = 2成立.

由Theorem 5.1得T是弱(1, 1)型(且T是强(2, 2)型).
Step 2. 结合Marcinkiewicz插值定理得T是强(p, p)型, ∀ 1 < p ≤ 2.
Step 3. 若2 < p < ∞, 由Theorem 6.4得∥Tf∥∗ ≤ C∥f∥∞, 结合Theorem 6.5(p0 = 2)得T是
强(p, p)型, ∀ 2 < p <∞. □

注注注: 若紧集A,B ⊂ Rn, A ∩ B = ∅, 则ess supy∈B
∫
A |K(x, y)|dx < ∞, 因此若f ∈ L1,

suppf ⊆ B, 则
∫
A

∫
B |K(x, y)f(y)|dydx <∞,

∫
B |K(x, y)f(y)|dy <∞, a.e.x ∈ A,

Tf(x) =
∫
Rn f(y)K(x, y)dy对a.e.x ∈ A良定义, 且Tf ∈ L1(A).

标标标准准准核核核条条条件件件:(⇒Hörmander条件) ∃ δ > 0 s.t. (a) |K(x, y)| ≤ C
|x−y|n ,

(b) 若|x− y| > 2|y − z|则|K(x, y)−K(x, z)| ≤ C|y−z|δ
|x−y|n+δ ,

(c) 若|x− y| > 2|x− w|则|K(x, y)−K(w, y)| ≤ C|x−w|δ
|x−y|n+δ .

Definition 5.7. T是Calderon-Zygmund算子(CZO)若
(i)T是L2(Rn)上的有界线性算子, (ii)∃标准核K s.t.
∀ f ∈ L∞

c (Rn), Tf(x) =
∫
Rn K(x, y)f(y)dy a.e. x ∈ Rn\suppf .

由Theorem 5.6得CZO(唯一延拓)为Lp(Rn)上的有界线性算子(1 < p <∞).
举举举例例例: 柯西积分. A ∈ Lip(R;R), i.e.A′ = a ∈ L∞, Γ = {(t, A(t)) : t ∈ R}. ∀ f ∈ S(R),
CΓf(z) =

1
2πi

∫
R
f(t)(1+ia(t))
t+iA(t)−z dt在Ω+ = {z = x+ iy : y > A(x)}解析,

lim
ϵ→0+

CΓf(x+ i(A(x) + ϵ)) = 1
2f(x) +

i
2π lim

ϵ→0+

∫
{|x−t|>ϵ}

f(t)(1+ia(t))
x−t+i(A(x)−A(t))dt,

(CΓf(z) = − 1
2πi

∫
R f

′(t) ln(t+ iA(t)− z)dt). 定定定义义义
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Tf(x) =
∫
{|x−y|>ϵ}

f(y)
x−y+i(A(x)−A(y))dy, K(x, y) = 1

x−y+i(A(x)−A(y))满足标准核条件(δ = 1).

若∥A′∥∞ < 1, 则|A(x)−A(y)| < |x− y|,
K(x, y) =

∑∞
k=0

i−k(A(x)−A(y))k
(x−y)k+1 , ∀ x ̸= y, Tkf(x) =

∫
{|x−y|>ϵ}

f(y)(A(x)−A(y))k
(x−y)k+1 dy,

Kk(x, y) =
(A(x)−A(y))k

(x−y)k+1 仍满足标准核条件(δ = 1).

5.4 标准核条件(a)⇒ Tϵf(x) =
∫
{|x−y|>ϵ}K(x, y)f(y)dy对f ∈ Lp(Rn), 1 ≤ p < ∞良定义.

但K(x, y) = |x− y|−n−it的例子说明 lim
ϵ→0+

Tϵf(x)不一定存在.

Proposition 5.8. 若K是标准核, 则(a) : lim
ϵ→0+

Tϵf(x)存在a.e. x, ∀ f ∈ S(Rn) ⇔

(b) : lim
ϵ→0+

∫
{ϵ<|x−y|<1}K(x, y)dy存在a.e. x.

Key point: Tϵf(x) = Lϵ(x)f(x) +
∫
{ϵ<|x−y|<1}K(x, y)(f(y)− f(x))dy +∫

{|x−y|>1}K(x, y)f(y)dy, Lϵ(x) =
∫
{ϵ<|x−y|<1}K(x, y)dy.

Proposition 5.9. 若T1, T2是Calderon-Zygmund算子, 有相同的标准核, 则∃ a ∈ L∞, s.t.
T1f(x)− T2f(x) = a(x)f(x) a.e. x.

Lemma 5.10. 若T是L2(Rn)上的有界线性算子, ∀ f ∈ L∞
c (Rn), Tf(x) = 0

a.e. x ∈ Rn\suppf . 则∃ b ∈ L∞, s.t. Tf(x) = b(x)f(x) a.e. x.

注注注. CZO是线性空间, Proposition 5.9⇔Lemma 5.10. 若没有条件
T是L2(Rn)上的有界线性算子, 则Lemma 5.10不成立, 例如Tf = f ′.

Proof of Lemma 5.10. Rn = ∪Q∈Q0Q为不交并, b(x) = ∪Q∈Q0TχQ(x)χQ(x) ∈ L2
loc(Rn).

∀ Q ∈ Qk, k ≥ 0, ∃| Q′ ∈ Q0 s.t. Q ⊂ Q′, 此时T (χQ′ − χQ)(x) = 0 a.e. x ∈ Q,
TχQ(x) = TχQ′(x) a.e. x ∈ Q, TχQ(x) = 0 a.e. x ∈ Rn \Q, 这说明
TχQ(x) = TχQ′(x)χQ(x) = b(x)χQ(x) a.e. 定义
V =span{χQ : Q ∈ Qk, k ≥ 0}, 则V在L2(Rn)中稠密, Tf = bf , ∀ f ∈ V .∫
Q |b|2 = ∥bχQ∥22 = ∥TχQ∥22 ≤ C∥χQ∥22 = C|Q|(T有界), 结合Lebesgue微分定理得|b|2 ≤ C

a.e., i.e. b ∈ L∞. 而Tf = bf , ∀ f ∈ V , 两边都是L2(Rn)上的有界线性算子, V在L2(Rn)中稠
密, 这说明Tf = bf , ∀ f ∈ L2(Rn). □

极极极大大大奇奇奇异异异积积积分分分算算算子子子 T ∗f(x) = sup
ϵ>0

|Tϵf(x)|.

Theorem 5.11. 若T是CZO, 则T ∗弱(1, 1), 强(p, p) (1 < p <∞).

Lemma 5.12. 若T是CZO, 0 < ν ≤ 1, 则T ∗f(x) ≤ C[M(|Tf |ν)(x)]1/ν + CMf(x).

Lemma 5.13. 若S弱(1, 1), |E| <∞, 0 < ν < 1, 则
∫
E |Sf |ν ≤ C|E|1−ν∥f∥ν1.

Proof. |E| = 0时显然成立, 下设|E| > 0. 则∫
E |Sf |ν = ν

∫∞
0 λν−1|{x ∈ E : |Sf(x)| > λ}|dλ ≤ ν

∫∞
0 λν−1min(|E|, ∥Sf∥1,∞/λ)dλ =

ν
∫ ∥Sf∥1,∞/|E|
0 λν−1|E|dλ+ ν

∫∞
∥Sf∥1,∞/|E| λ

ν−2∥Sf∥1,∞dλ = 1
1−ν ∥Sf∥

ν
1,∞|E|1−ν ≤

C∥f∥ν1 |E|1−ν . 其中用到∥Sf∥1,∞ ≤ C∥f∥1. □

Proof of Lemma 5.12. 若已证0 < ν < 1时成立, 由M(|Tf |ν)(x) ≤ [M(|Tf |)(x)]ν得
T ∗f(x) ≤ C[M(|Tf |ν)(x)]1/ν + CMf(x) ≤ CM |Tf |(x) + CMf(x), i.e.结论在ν = 1时也成

立, 下设0 < ν < 1. 只需证Tϵf(x) ≤ C[M(|Tf |ν)(x)]1/ν + CMf(x), ∀ ϵ > 0, x ∈ Rn. 下面固
定ϵ > 0, x ∈ Rn. 设Q = B(x, ϵ/2), 2Q = B(x, ϵ), f1 = fχ2Q, f2 = f − f1. 则
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Tϵf(x) =
∫
{|x−y|>ϵ}K(x, y)f(y)dy, Tf2(z) =

∫
{|x−y|>ϵ}K(z, y)f(y)dy, a.e. z ∈ Q.

Claim: |Tϵf(x)− Tf2(z)| ≤ CMf(x), a.e. z ∈ Q.

Proof. 对a.e. z ∈ Q有Tϵf(x)− Tf2(z) =
∫
{|x−y|>ϵ}(K(x, y)−K(z, y))f(y)dy, 结合标准核条

件(c)得若|x− y| > ϵ, z ∈ Q则|x− z| < ϵ/2, |x− y| > 2|x− z|, |K(x, y)−K(z, y)| ≤ C|z−x|δ
|x−y|n+δ ,

|Tϵf(x) − Tf2(z)| ≤ C
∫
{|x−y|>ϵ}

|z−x|δ|f(y)|
|x−y|n+δ dy ≤ Cϵδ

∫
Rd

|f(y)|dy
[max(ϵ,|x−y|)]n+δ ≤ CMf(x), 其中用

到Proposition 2.7(取ϕ(x) = [max(1, |x|)]−n−δ ∈ V0(Rn), 则ϕϵ(x) = ϵδ[max(ϵ, |x|)]−n−δ). □

因此|Tϵf(x)| ≤ CMf(x) + ess inf
z∈Q

|Tf2(z)|,

(ess inf
z∈Q

|Tf2(z)|)ν = ess inf
z∈Q

|Tf2(z)|ν ≤ 1
|Q|
∫
Q |Tf2|ν ≤ 1

|Q|
∫
Q |Tf |ν + 1

|Q|
∫
Q |Tf1|ν ,

其中用到Tf2 = Tf − Tf1, |Tf2| ≤ |Tf |+ |Tf1|, |Tf2|ν ≤ |Tf |ν + |Tf1|ν a.e. (0 < ν < 1).
而 1

|Q|
∫
Q |Tf |ν ≤M(|Tf |ν)(x), 由Lemma 5.13(和T弱(1, 1))得

1
|Q|
∫
Q |Tf1|ν ≤ C

|Q| |Q|1−ν∥f1∥ν1 = C( 1
|Q|
∫
2Q |f |)ν ≤ C( |2Q|

|Q| Mf(x))ν = C ′Mf(x)ν , 因此

(ess inf
z∈Q

|Tf2(z)|)ν ≤ 1
|Q|
∫
Q |Tf |ν + 1

|Q|
∫
Q |Tf1|ν ≤M(|Tf |ν)(x) + CMf(x)ν ,

ess inf
z∈Q

|Tf2(z)| ≤ C[M(|Tf |ν)(x)]1/ν + CMf(x),

|Tϵf(x)| ≤ CMf(x) + ess inf
z∈Q

|Tf2(z)| ≤ C[M(|Tf |ν)(x)]1/ν + CMf(x). □

Proof of Theorem 5.11. (i) 1 < p <∞, Lemma 5.12取ν = 1得
T ∗f(x) ≤ CM |Tf |(x) + CMf(x), 结合M , T强(p, p)得T ∗强(p, p).

(ii) p = 1, Lemma 5.12取固定的0 < ν < 1得∥T ∗f∥1,∞ ≤ C∥M(|Tf |ν)1/ν∥1,∞+C∥Mf∥1,∞ =
C∥M(|Tf |ν)∥qq,∞ + C∥Mf∥1,∞ ≤ C∥|Tf |ν∥qq,∞ + C∥f∥1 = C∥Tf∥1,∞ + C∥f∥1 ≤ C∥f∥1.
其中用到∥Mg∥q,∞ ≤ C∥g∥q,∞, q = 1/ν ∈ (1,∞); M , T弱(1, 1). □

注注注: 若∥T ∗f∥p ≤ Cp∥f∥p, ∥T ∗f∥1,∞ ≤ C∥f∥1, ∀ f ∈ L∞
c , 1 < p <∞;

则∥T ∗f∥p ≤ Cp∥f∥p, ∀ f ∈ Lp, 1 < p <∞; ∥T ∗f∥1,∞ ≤ C∥f∥1, ∀ f ∈ L1.
Key point: 若∀ f ∈ Lp, 1 ≤ p <∞, 取fk = fχ{x∈Rn:|x|+|f(x)|<k}, 则fk ∈ L∞

c , fk → f in Lp,
Tϵfk(x) → Tϵf(x), T

∗f(x) ≤ lim inf
k→∞

T ∗fk(x), ∀ x ∈ Rn, ϵ > 0.

定定定义义义: 若Tf(x) = lim
ϵ→0+

Tϵf(x) a.e., 则称T为Calderon-Zygmund奇异积分.

注注注: 若Tf(x) = lim
ϵ→0+

Tϵf(x), ∀ x ∈ Rn, f ∈ S(Rn), 则由Theorem 5.11得

Tf(x) = lim
ϵ→0+

Tϵf(x), a.e. x ∈ Rn, ∀ f ∈ Lp(Rn), 1 ≤ p <∞.

6. Hardy空间与BMO空间

6.1 原原原子子子Hardy空空空间间间 定义原子A = ∪QAQ (Q取遍方体),

AQ = {a ∈ L∞(Rn)|suppa ⊆ Q, ∥a∥∞ ≤ |Q|−1,
∫
Q a = 0}.

注注注: A ⊂ Lp(Rn) ∀ 1 ≤ p ≤ ∞; 若a ∈ AQ则∥a∥p ≤ |Q|1/p−1.

Proposition 6.1. 若T满足Theorem 5.6的条件, a ∈ A则∥Ta∥1 ≤ C.

Proof. ∃方体Q s.t. a ∈ AQ, 则∥a∥2 ≤ |Q|−1/2, ∥a∥1 ≤ 1. 设Q = Q(c, r), Q∗ = B(c, 2
√
nr),

则|Q∗| = Cn|Q|.
∫
Q∗ |Ta| ≤ |Q∗|

1
2 ∥Ta∥2 ≤ C|Q∗|

1
2 |Q|−

1
2 ≤ C. ∀ x ∈ Rn \Q∗有

Ta(x) =
∫
QK(x, y)a(y)dy =

∫
Q(K(x, y)−K(x, c))a(y)dy,∫

Rn\Q∗ |Ta| ≤
∫
Rn\Q∗

∫
Q |K(x, y)−K(x, c)||a(y)|dydx ≤ C

∫
Q |a| ≤ C. □
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定义H1
at(Rn) := {

∑
j λjaj |aj ∈ A, λj ∈ C,

∑
j |λj | <∞},

∥f∥H1
at

:= inf{
∑

j |λj | : f =
∑

j λjaj (in L
1), aj ∈ A, λj ∈ C}.

注注注: H1
at是Banach空间. 若a ∈ A则∥a∥H1

at
≤ 1.

若
∑

k ∥fk∥H1
at
<∞则

∑
k fk ∈ H1

at, ∥
∑

k fk∥H1
at

≤
∑

k ∥fk∥H1
at
.

若f ∈ H1
at(Rn)则f ∈ L1(Rn), ∥f∥1 ≤ ∥f∥H1

at
,
∫
Rn f = 0.

spanA = L∞
c,0(Rn) = {f ∈ L∞

c (Rn)|
∫
Rn f = 0}在H1

at中稠密.

若T ∈ (H1
at(Rn))∗(对偶空间)则∥T∥ = sup{|⟨T, a⟩| : a ∈ A}.

Corollary 6.1. 若T满足Theorem 5.6的条件, f ∈ H1
at, 则∥Tf∥1 ≤ C∥f∥H1

at
.

Key point: ∃ fk ∈ spanA s.t. fk → f in L1, ∥Tfk∥1 ≤ C∥f∥H1
at
.

定义H1(Rn) := {f ∈ L1(Rn)|Rjf ∈ L1(Rn), ∀ 1 ≤ j ≤ n},
∥f∥H1 := ∥f∥1 +

∑n
j=1 ∥Rjf∥1.

Theorem 6.2 (*). H1(Rn) = H1
at(Rn), 且范数等价.

注注注: 由Corollary 6.1得H1
at(Rn) ⊆ H1(Rn). 另一方面需要证明f ∈ H1(Rn)

⇒ P ∗f ∈ L1(Rn) ⇒ f ∈ H1
at(Rn). 其中P ∗f(x) = sup

t>0,|y−x|<t
|Pt ∗ f(y)|.

6.2 BMO空空空间间间 ∀ f ∈ L1
loc(Rn)和方体Q, 定义fQ = 1

|Q|
∫
Q f, M

#f(x) = sup
Q∋x

1
|Q|
∫
Q |f − fQ|.

定义BMO = {f ∈ L1
loc|M#f ∈ L∞}, ∥f∥∗ = ∥M#f∥∞.

∥ · ∥∗是BMO/C的范数(M#是次线性算子), BMO/C是Banach空间.
M#f(x) ≤ CnMf(x), M#f(x) ≤ 2M ′′f(x). BMO/C应为BMO/(C+ a.e.).
注注注: (a)∥f∥∗ = sup

Q

1
|Q|
∫
Q |f − fQ|. 定义(b)∥f∥′∗ := sup

Q
inf
a∈C

1
|Q|
∫
Q |f − a|.

Proposition 6.3. (i)12∥f∥∗ ≤ ∥f∥′∗ ≤ ∥f∥∗, (ii) M#|f |(x) ≤ 2M#f(x).

Proof. ∀方体Q和a ∈ C有
∫
Q |f − fQ| ≤

∫
Q |f − a|+

∫
Q |a− fQ| ≤ 2

∫
Q |f − a|,

其中用到
∫
Q |a− fQ| = |Q||a− fQ| = ||Q|a−

∫
Q f | = |

∫
Q(a− f)| ≤

∫
Q |a− f |.

这说明1
2

∫
Q |f − fQ| ≤ inf

a∈C

∫
Q |f − a|, 另一方面

inf
a∈C

∫
Q |f − a| ≤

∫
Q |f − fQ|(取a = fQ), 结合(a)(b)得(i)成立.

∀方体Q有1
2

∫
Q ||f | − |f |Q| ≤ inf

a∈C

∫
Q ||f | − a| ≤

∫
Q ||f | − |fQ|| ≤

∫
Q |f − fQ|,

M#|f |(x) = sup
Q∋x

1
|Q|
∫
Q ||f | − |f |Q| ≤ sup

Q∋x

2
|Q|
∫
Q |f − fQ| ≤ 2M#f(x). □

注注注: ∥f∥′∗ = sup{|⟨f, a⟩| : a ∈ A}. M#|f |ν(x) ≤ 2|M#f(x)|ν , ∀ ν ∈ (0, 1].
注注注: 若f ∈ BMO, 则|f | ∈ BMO; L∞ ⊂ BMO. 反之均不成立.
f(x) = χ{|x|<1} ln

1
|x| , f ∈ BMO(R), but f ̸∈ L∞(R). g(x) =sgn(x)f(x), |g| = f , but

g ̸∈ BMO(R) (as gQ = 0, ∀ Q = (−a, a)).

Theorem 6.4. 若T满足Theorem 5.6的条件, f ∈ L∞
c , 则∥Tf∥∗ ≤ C∥f∥∞.

Proof. 给定方体Q, 设Q = Q(c, r), Q∗ = B(c, 2
√
nr), f = f1 + f2,

f1 = fχQ∗ , f2 = fχRn\Q∗ . Tf2(x) =
∫
Rn\Q∗ K(x, y)f(y)dy, a.e. x ∈ Q.

设a =
∫
Rn\Q∗ K(c, y)f(y)dy, 则Tf2(x)− a =

∫
Rn\Q∗(K(x, y)−K(c, y))f(y)dy,

|Tf2(x)− a| ≤
∫
Rn\Q∗ |K(x, y)−K(c, y)|dy∥f∥∞ ≤ C∥f∥∞, a.e. x ∈ Q.
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∥Tf1∥2 ≤ C∥f1∥2 ≤ C|Q∗|
1
2 ∥f∥∞ ≤ C|Q|

1
2 ∥f∥∞,

∫
Q |Tf − a| ≤

∫
Q |Tf1| +

∫
Q |Tf2 − a| ≤

C|Q|
1
2 ∥Tf1∥2 +

∫
QC∥f∥∞ ≤ C|Q|∥f∥∞. ∥Tf∥′∗ ≤ C∥f∥∞, ∥Tf∥∗ ≤ 2∥Tf∥′∗ ≤ C∥f∥∞. □

注注注: 由|Tf2 − a| ≤ C∥f∥∞ a.e. in Q 得|a| ≤ C∥f∥∞ + C|Q|−
1
2 ∥Tf2∥2 ≤ C∥f∥∞ +

C|Q|−
1
2 ∥f2∥2, i.e. |

∫
Rn\Q∗ K(c, y)f(y)dy| ≤ C∥f∥∞+C|Q|−

1
2 ∥f∥2 (∥f2∥2 ≤ ∥f∥2), ∀ f ∈ L∞

c .∫
Rn\Q∗ |K(c, y)f(y)|dy ≤ C∥f∥∞ +C|Q|−

1
2 ∥f∥2, ∀ f ∈ L∞

c (取f̃ s.t. |f̃ | = |f |, K(c, y)f̃(y) =

|K(c, y)f(y)|). 进而知
∫
Rn\Q∗ |K(c, y)f(y)|dy ≤ C∥f∥∞ + C|Q|−

1
2 ∥f∥2, ∀ f ∈ L2 ∩ L∞

(取fk = fχB(0,k)令k → ∞). 特别地
∫
Rn\Q∗ |K(c, y)f(y)|dy <∞, ∀ f ∈ S(Rn).

T延拓至L∞(T满足Theorem 5.6的条件):
∀ f ∈ L∞, Q = Q(c, r), Q∗ = B(c, 2

√
nr), f = f1 + f2, f1 = fχQ∗ ∈ L2.

∀ x ∈ Q定义T[Q]f(x) = Tf1(x) +
∫
Rn(K(x, y)−K(c, y))f2(y)dy.

(i) 若Q ⊂ Q̃, 则存在常数c
Q,Q̃,f

s.t. T[Q]f(x) = T
[Q̃]
f(x) + c

Q,Q̃,f
a.e. x ∈ Q.

(ii) 若f ∈ L∞
c 则(a)T[Q]f(x) = Tf(x)−

∫
Rn\Q∗ K(c, y)f2(y)dy, a.e. x ∈ Q.

(iii) 若f ∈ L2 ∩ L∞则(a)仍成立(取fk = fχB(0,k)令k → ∞).

(iv) 若f ∈ L∞则|T[Q]f(x) − Tf1(x)| ≤
∫
Rn\Q∗ |K(x, y) − K(c, y)|dy∥f∥∞ ≤ C∥f∥∞, a.e.

x ∈ Q; ∥Tf1∥2 ≤ C|Q|
1
2 ∥f∥∞,

∫
Q |T[Q]f | ≤ C|Q|∥f∥∞.

(v) 若方体Q, Q1, Q2满足Q ⊂ Q1 ∩ Q2, 则T[Q1]f(x) + cQ,Q1,f = T[Q2]f(x) + cQ,Q2,f a.e.

x ∈ Q1 ∩Q2. (取方体Q3 s.t. Q1 ∪Q2 ⊂ Q3).
(vi) T[Q]f可以延拓至Rn: 取方体{Qk}∞k=1 s.t. ∪∞

k=1Qk = Rn, Qk−1 ⊂ Qk,

∀ k ∈ Z+ (Q0 = Q). 定义T ′
[Q]f = χQT[Q]f +

∑∞
k=1 χQk\Qk−1

(T[Qk]f + cQ,Qk,f ).

(需要验证此定义与方体序列{Qk}∞k=1选取无关).
(vii) 若Q ⊂ Q1, 则T

′
[Q]f(x) = T ′

[Q1]
f(x) + cQ,Q1,f a.e. x ∈ Rn.

(viii) 任意方体Q1, Q2, 存在常数cQ1,Q2,f s.t. T ′
[Q1]

f(x) = T ′
[Q2]

f(x) + cQ1,Q2,f a.e. x ∈ Rn.
(取方体Q3 s.t. Q1 ∪Q2 ⊂ Q3, 则cQ1,Q2,f = cQ1,Q3,f − cQ2,Q3,f ).
(ix) ∥T ′

[Q]f∥∗ ≤ C∥f∥∞, T ′
[Q]f ∈ BMO(Rn). Key point: 任意方体Q1,

由(iv)(viii)得
∫
Q1

|T ′
[Q]f − cQ,Q1,f | =

∫
Q1

|T ′
[Q1]

f | ≤ C|Q|∥f∥∞.

(x) (viii)(ix)说明T ′
[Q]f作为BMO(Rn)/C的元素不依赖于方体Q的选取,

Tf = T ′
[Q]f作为BMO(Rn)/C的元素是良定义的, 此时T : L∞(Rn) → BMO(Rn)/C 是有界线

性算子, 且由(iii)得f ∈ L2 ∩ L∞时定义不变.

Proof of (i). T[Q]f(x) = Tf1(x) +
∫
Rn(K(x, y)−K(c, y))f2(y)dy,

T
[Q̃]
f(x) = T f̃1(x) +

∫
Rn(K(x, y)−K(c′, y))f̃2(y)dy, f1 = fχQ∗ , f2 = f − f1,

f̃1 = fχ
Q̃∗ , f̃2 = f − f̃1, Q = Q(c, r), Q∗ = B(c, 2

√
nr), Q̃ = Q(c′, r′), Q̃∗ = B(c′, 2

√
nr).

Q∗ ⊂ Q̃∗, supp(f1 − f̃1) ⊆ Q̃∗ \Q∗, Q∩supp(f1 − f̃1) = ∅, f1 − f̃1 = f̃2 − f2,

T (f1 − f̃1)(x) =
∫
Rn K(x, y)(f1 − f̃1)(y)dy =

∫
Rn K(x, y)(f̃2 − f2)(y)dy, T[Q]f(x)− T

[Q̃]
f(x)

= T (f1 − f̃1)(x) +
∫
Rn(K(x, y)−K(c, y))f2(y)dy −

∫
Rn(K(x, y)−K(c′, y))f̃2(y)dy

=
∫
Rn [K(x, y)(f̃2 − f2)(y) + (K(x, y)−K(c, y))f2(y)− (K(x, y)−K(c′, y))f̃2(y)]dy

=
∫
Rn [K(c′, y)f̃2(y)−K(c, y)f2(y)]dy = −

∫
Q̃∗\Q∗ K(c, y)f(y)dy +∫

Rn\Q̃∗(K(c′, y)−K(c, y))f(y)dy := c
Q,Q̃,f

(与x无关) a.e. x ∈ Q. □
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举举举例例例: f(x) = sgn(x), 求Hf . 此时K(x, y) = 1
π(x−y) , Q = (−a/2, a/2), Q∗ = (−a, a),

若|x| < a/2则, πH[Q]f(x) = p.v.
∫ a
−a

sgn(y)
x−y dy + lim

N→∞
(
∫ −a
−N +

∫ N
a )( 1

x−y +
1
y )sgn(y)dy =

− ln |x− y|
∣∣y=a
y=0

+ ln |x− y|
∣∣y=0

y=−a + ln y
y−x
∣∣y=+∞
y=a

− ln y
y−x
∣∣y=−a
y=−∞ =

ln |x|
a−x+ln |x|

a+x−ln a
a−x−ln a

a+x = 2 ln |x|−2 ln a. 作为BMO(R)/C的元素有Hf(x) = 2
π ln |x|.

这个事实可以说明ln |x| ∈ BMO(R).

6.3 Sharp极极极大大大定定定理理理, Lp与与与BMO之之之间间间的的的插插插值值值定定定理理理

Theorem 6.5. 若T是Lp0(Rn)上的有界线性算子, 1 < p0 <∞, ∥Tf∥∗ ≤ C∥f∥∞, ∀ f ∈ L∞
c .

则∥Tf∥p ≤ C∥f∥p, ∀ p0 < p <∞, f ∈ L∞
c .

Lemma 6.6. 若1 ≤ p0 ≤ p <∞, f ∈ Lp0. 则∥Mdf∥p ≤ C∥M#f∥p.

注注注: Mdf(x) = sup
k∈Z

|Ekf(x)|, Ekf(x) =
∑

Q∈Qk

χQ

|Q|
∫
Q f, |f(x)| ≤Mdf(x) a.e.,

Qk = {
∏n
i=1[

ai
2k
, ai+1

2k
)|a1, · · · , an ∈ Z}, ∥Mdf∥1,∞ ≤ ∥f∥1.

注注注: 若M#f ∈ L1则M#f = 0, (结合f ∈ Lp0得)f = 0 a.e., 因此可设p > 1.

注注注: 定义M#
d f(x) = sup

Q∋x,Q∈Q

1
|Q|
∫
Q |f − fQ|, Q := ∪k∈ZQk. 则M

#
d f ≤M#f .

Lemma 6.7. 若1 ≤ p0 <∞, f ∈ Lp0 , f ≥ 0, γ > 0, λ > 0. 则

| {x ∈ Rn :Mdf(x) > 2λ,M#
d f(x) ≤ γλ}︸ ︷︷ ︸

A

| ≤ 2nγ| {x ∈ Rn :Mdf(x) > λ}︸ ︷︷ ︸
Ω

|.

Proof. Ω = ∪iQi, Qi ∈ Q两两不交, 为极大元, |Ω| =
∑

i |Qi|. 因此只需证

| {x ∈ Qi :Mdf(x) > 2λ,M#
d f(x) ≤ γλ}︸ ︷︷ ︸

Ai

| ≤ 2nγ|Qi|.(6.1)

∀ i, ∃| Q′
i ∈ Q s.t. Qi ⊂ Q′

i, l(Q
′
i) = 2l(Qi). 则fQ′

i
= 1

|Q′
i|
∫
Q′

i
f ≤ λ (as Q′

i ̸⊆ Ω). 若x ∈ Qi,

Mdf(x) > 2λ则Md(fχQi)(x) > 2λ, Md((f − fQ′
i
)χQi)(x) ≥Md(fχQi)(x)− fQ′

i
> λ.

以上说明Bi := {x ∈ Qi :Mdf(x) > 2λ} ⊆ Ci := {x :Md((f − fQ′
i
)χQi)(x) > λ}.

若Ai ̸= ∅ 则 ∃ x0 ∈ Qi ⊂ Q′
i s.t. M

#
d f(x0) ≤ γλ, Ai ⊆ Bi,

|Ai| ≤ |Bi| ≤ |Ci| ≤ 1
λ

∫
Qi

|f − fQ′
i
| ≤ 1

λ

∫
Q′

i
|f − fQ′

i
| ≤ |Q′

i|
λ M#

d f(x0) ≤
2n|Qi|
λ γλ = 2nγ|Qi|,

(6.1)成立. 其中用到∥Mdφ∥1,∞ ≤ ∥φ∥1(for φ = (f − fQ′
i
)χQi).

若Ai = ∅ 则|Ai| = 0 ≤ 2nγ|Qi|, (6.1)也成立. 这说明(6.1)恒成立,

结合A ⊆ Ω = ∪iQi, |Ω| =
∑

i |Qi|, 得A = ∪i(A ∩Qi) = ∪iAi,
|A| ≤

∑
i |Ai| ≤

∑
i 2
nγ|Qi| = 2nγ|Ω|. 命题得证. □

Proof of Lemma 6.6. 设p > 1. (i) f ≥ 0. ∀ N ∈ (0,∞), 设

IN =
∫ N
0 pλp−1aMdf (λ)dλ. 首先说明IN <∞.

• 若p0 > 1, 由f ∈ Lp0得Mdf ∈ Lp0 ,

IN ≤ p
p0
Np−p0

∫ N
0 p0λ

p0−1aMdf (λ)dλ ≤ p
p0
Np−p0∥Mdf∥p0p0 <∞.

• 若p0 = 1, 由f ∈ L1得Mdf ∈ L1,∞, 结合p > 1得

IN ≤
∫ N
0 pλp−1λ−1∥Mdf∥1,∞dλ ≤ p

p−1N
p−1∥Mdf∥1,∞ <∞.

由aMdf , 的定义和Lemma 6.7得aMdf (2λ) = |{x ∈ Rn : Mdf(x) > 2λ}| ≤ |{x ∈ Rn :

Mdf(x) > 2λ,M#
d f(x) ≤ γλ}|+ |{x ∈ Rn :M#

d f(x) > γλ}| ≤ 2nγaMdf (λ) + a
M#

d f
(γλ).
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结合换元法得IN = 2p
∫ N/2
0 pλp−1aMdf (2λ)dλ ≤

2p
∫ N/2
0 pλp−1(2nγaMdf (λ) + a

M#
d f

(γλ))dλ = 2p
∫ N/2
0 pλp−12nγaMdf (λ)dλ+

(2/γ)p
∫ γN/2
0 pλp−1a

M#
d f

(λ)dλ ≤ 2p+nγIN + (2/γ)p∥M#
d f∥

p
p. 取γ = 2−n−p−1则

2p+nγ = 1/2, IN ≤ 2(2/γ)p∥M#
d f∥

p
p. 令N → ∞得

∫∞
0 pλp−1aMdf (λ)dλ ≤ 2(2/γ)p∥M#

d f∥
p
p,

i.e. ∥Mdf∥pp ≤ 2(2/γ)p∥M#
d f∥

p
p, ∥Mdf∥p ≤ C1∥M#

d f∥p, C1 = 21/p(2/γ) = 21/p+n+p+2.

结合M#
d f ≤M#f得∥Mdf∥p ≤ C1∥M#f∥p.

(ii) 一般情形. ∥Mdf∥p ≤ ∥Md|f |∥p ≤ C1∥M#|f |∥p ≤ 2C1∥M#f∥p. □

注注注: (i)若f ∈ L1, M#
d f ∈ Lp, 1 < p <∞, 则

f ∈ Lp, ∥f∥p ≤ ∥Mdf∥p ≤ C∥M#
d f∥p. (C是只与n, p有关的常数,下同)

(ii)若f ∈ L1
loc, M

#
d f ∈ Lp, 1 < p <∞, Q ∈ Q, 则

(f − fQ)χQ ∈ L1, M#
d [(f − fQ)χQ] ≤ 2M#

d f ,

∥(f − fQ)χQ∥p ≤ C∥M#
d [(f − fQ)χQ]∥p ≤ C∥M#

d f∥p.
(iii)若f ∈ L1

loc, M
#f ∈ Lp, 1 < p <∞, 则∀方体Q有

∥(f − fQ)χQ∥p ≤ C∥M#f∥p; ∃ a ∈ C s.t. ∥f − a∥p ≤ C∥M#f∥p;
进而若∃ q ∈ [1,∞) s.t. f ∈ Lq,∞, 则a = 0, ∥f∥p ≤ C∥M#f∥p.
注注注: 若f ∈ Lp ∩BMO, 1 ≤ p < q <∞, 则M#f ∈ Lp,∞ ∩ L∞ ⊂ Lq, Mdf ∈ Lq,
f ∈ Lq. ∥f∥qq ≤ C∥M#f∥qq ≤ C∥M#f∥pp,∞∥M#f∥q−p∞ ≤ C∥f∥pp∥f∥q−p∗ .

取q = 2p可得∥fg∥p ≤ ∥f∥2p∥g∥2p ≤ C(∥f∥p∥f∥∗∥g∥p∥g∥∗)1/2.

Proof of Theorem 6.5. T1f =M#(Tf)为次线性算子. (i) T1强(p0, p0).

∥T1f∥p0 = ∥M#(Tf)∥p0 ≤ 2∥M ′′(Tf)∥p0 ≤ C∥Tf∥p0 ≤ C∥f∥p0 .
(ii) T1强(∞,∞). ∥T1f∥∞ = ∥M#(Tf)∥∞ = ∥Tf∥∗ ≤ C∥f∥∞.

结合Marcinkiewicz插值定理得T1是强(p, p)型, ∀ p0 < p <∞.
∥Tf∥p ≤ C∥M#(Tf)∥p = C∥T1f∥p ≤ C∥f∥p. (用到Tf ∈ Lp0) □

注注注: 若[1 < p0 <∞, T是强(p0, p0)型]改为[p0 = 1, T是强(1, 1)型]或
[1 < p0 <∞, T是弱(p0, p0)型]. 则T1 =M# ◦ T是弱(p0, p0)型, 结论仍成立.

注注注: 若T是线性算子改为T是次线性算子结论仍成立. Key point:
若f = f0 + f1, ν ∈ (0, 1]则||Tf |ν − |Tf1|ν | ≤ |Tf0|ν ,
M#|Tf |ν −M#|Tf1|ν ≤M#(|Tf |ν − |Tf1|ν) ≤ 2M ′′(|Tf |ν − |Tf1|ν) ≤ 2M ′′|Tf0|ν . i.e.
M#(|T (f0 + f1)|ν) ≤M#(|Tf1|ν) + 2M ′′(|Tf0|ν).
注注注: Marcinkiewicz插值定理可以推广为: 若|T (f0 + f1)| ≤ |T0f0|+ |T1f1|,
1 ≤ p0 < p < p1 ≤ ∞, T0是弱(p0, p0)型, T1是弱(p1, p1)型, 则T是强(p, p)型.

注注注: Theorem 6.5可改为: 若1 ≤ p0 < p <∞, T是弱(p0, p0)型次线性算子,

∥Tf∥∗ ≤ C∥f∥∞, 则T是强(p, p)型.

取ν = 1/2, T1f = (M#|Tf |ν)2, T0f = (M ′′|Tf |ν)2, 则|T1(f0 + f1)|ν ≤ |T1f1|ν + 2|T0f0|ν ,
|T1(f0 + f1)| ≤ 5(|T1f1|+ |T0f0|). (i) T0弱(p0, p0).

∥T0f∥p0,∞ = ∥M ′′|Tf |ν∥22p0,∞ ≤ C∥|Tf |ν∥22p0,∞ = C∥Tf∥p0,∞ ≤ C∥f∥p0 .
(ii) T1强(∞,∞). ∥T1f∥∞ = ∥M#|Tf |ν∥2∞ ≤ (2∥|M#Tf |ν∥∞)2 = 4∥M#Tf∥∞ = 4∥Tf∥∗ ≤
C∥f∥∞. 因此T1强(p, p). ∥Tf∥p = ∥|Tf |ν∥22p ≤ C∥M#|Tf |ν∥22p = C∥T1f∥p ≤ C∥f∥p.

6.4 John-Nirenberg不不不等等等式式式 ln 1
|x| ∈ BMO(R), 1

2a

∫ a
−a ln

1
|x| = 1− ln a,
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|{x ∈ (−a, a) : | ln 1
|x| − (1 − ln a)| > λ}| = 2ae−λ−1, ∀ λ > 1, i.e. 分布函数有指数衰减,

John-Nirenberg不等式说明这是BMO函数的普遍现象.

Theorem 6.8 (John-Nirenberg). ∃的常数C1, C2 > 0, s.t. 若f ∈ BMO(Rn), 方体Q ⊂ Rn,
λ > 0, 则|{x ∈ Q : |f(x)− fQ| > λ}| ≤ C1e

−C2λ/∥f∥∗ |Q|. (C1, C2 > 0只与n有关)

Proof. 不妨设∥f∥∗ = 1, 否则考虑f/∥f∥∗. 由平移伸缩不变性
(i.e. ∥f(ax+ b)∥∗ = ∥f∥∗, ∀ a > 0, b ∈ Rn)不妨设Q ∈ Q.

设Iλ,Q = {x ∈ Q : |f(x)− fQ| > λ}, F (λ) = sup
Q∈Q

|Iλ,Q|
|Q| . 则只需证F (λ) ≤ C1e

−C2λ.

Claim 1: F (λ) ≤ F (λ− 2n+1)/2, ∀ λ > 2n+1.

Proof. Fix Q ∈ Q. 设f̃ = (f − fQ)χQ. 对|f̃ |作水平为2的Calderon-Zygmund分解.

∃ 不交方体{Qk} ⊂ Q s.t.
∑

k |Qk| ≤
1
2∥f̃∥1, 2 <

1
|Qk|

∫
Qk

|f̃ | ≤ 2n+1, |f̃ | ≤ 2 a.e. x ∈ Rn \ Ω,
Ω := ∪kQk. ∥f̃∥1 =

∫
Q |f − fQ| ≤ |Q|∥f∥∗ = |Q|,∑

k |Qk| ≤
1
2∥f̃∥1 ≤

1
2 |Q|. 设Z := {x ∈ Q : |f̃(x)| > 2, x ̸∈ Ω}, 则|Z| = 0.

Claim 2: Iλ,Q \ Z ⊆ ∪jIλ−2n+1,Qj
, ∀ λ > 2n+1.

Proof. 若λ > 2n+1 > 2, x ∈ Iλ,Q \ Z, 则|f̃(x)| = |f(x)− fQ| > λ > 2, x ∈ Ω, ∃ j s.t. x ∈ Qj ,

|fQj − fQ| =
∣∣ 1
|Qj |

∫
Qj

(f − fQ)
∣∣(a)= ∣∣ 1

|Qj |
∫
Qj
f̃
∣∣ ≤ 1

|Qj |
∫
Qj

|f̃ | ≤ 2n+1.

|f(x)− fQj | ≥ |f(x)− fQ| − |fQj − fQ| > λ− 2n+1 > 0, 结合x ∈ Qj得x ∈ Iλ−2n+1,Qj
, 结论成

立. 注注注: (a)用到|Qj | ≤ 1
2 |Q| < |Q| ⇒ Qj ⊂ Q. 否则Qj ∩Q = ∅,

∫
Qj

|f̃ | = 0, 矛盾. □

结合|Z| = 0, |Iλ−2n+1,Qj
| ≤ F (λ− 2n+1)|Qj |,

∑
j |Qj | ≤

1
2 |Q|得

|Iλ,Q| = |Iλ,Q \ Z| ≤
∑

j F (λ− 2n+1)|Qj | ≤ F (λ− 2n+1)(12 |Q|).
i.e.

|Iλ,Q|
|Q| ≤ F (λ− 2n+1)/2, ∀ Q ∈ Q; F (λ) ≤ F (λ− 2n+1)/2. (λ > 2n+1) □

由定义F (λ) ≤ 1, ∀ λ > 0. ∀ λ > 0, ∃ N ∈ Z, N ≥ 0 s.t. 0 < λ−N2n+1

≤ 2n+1. 取C2 = 2−n−1 ln 2则C2λ ≤ (N + 1) ln 2, e−C2λ ≥ 2−N−1. 由Claim 1
和归纳法得F (λ) ≤ F (λ−N2n+1)/2N ≤ 1/2N ≤ 2e−C2λ. 结论成立. □

Corollary 6.2. ∥f∥∗,p = sup
Q

(
1
|Q|
∫
Q |f − fQ|p

) 1
p是BMO的范数且与∥ · ∥∗等价, ∀ 1 < p <∞,.

Proof. 由Hölder不等式得∥f∥∗ ≤ ∥f∥∗,p, 只需再证∥f∥∗,p ≤ Cp∥f∥∗. 由
Theorem 6.8得

∫
Q |f − fQ|p =

∫∞
0 pλp−1|{x ∈ Q : |f(x)− fQ| > λ}|dλ ≤∫∞

0 pλp−1C1e
−C2λ/∥f∥∗ |Q|dλs=C2λ/∥f∥∗

= C1p|Q|(∥f∥∗/C2)
p
∫∞
0 sp−1e−sds =

C1p|Q|Γ(p)C−p
2 ∥f∥p∗. i.e. ∥f∥∗,p ≤ (C1pΓ(p))

1/pC−1
2 ∥f∥∗. □

Corollary 6.3. 若f ∈ BMO, 则∃ λ > 0 s.t. ∀方体Q有
∫
Q e

λ|f−fQ| <∞.

Proof. 若0 < λ < C2/∥f∥∗, 则由Theorem 6.8得∫
Q e

λ|f−fQ| = |Q|+
∫∞
0 λeλs|{x ∈ Q : |f(x)− fQ| > s}|ds ≤

|Q|+
∫∞
0 λeλsC1e

−C2s/∥f∥∗ |Q|dλ = |Q|+ λC1|Q|
C2/∥f∥∗−λ <∞. □

Corollary 6.4. 若f ∈ L1
loc, ∃ C1, C2,K > 0 s.t. ∀方体Q, λ > 0有

|{x ∈ Q : |f(x)− fQ| > λ}| ≤ C1e
−C2λ/K |Q|, 则f ∈ BMO.

Proof.
∫
Q |f − fQ| =

∫∞
0 |{x ∈ Q : |f(x)− fQ| > λ}|dλ ≤

∫∞
0 C1e

−C2λ/K |Q|dλ = C1|Q|K/C2,

i.e. ∥f∥∗ ≤ C1K/C2, f ∈ BMO. □
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7. Littewood-Paley理论与乘子

5.5 向向向量量量值值值奇奇奇异异异积积积分分分算算算子子子. 向向向量量量值值值可可可测测测函函函数数数.
B: Banach 空间. F : Rn → B 可测定义为∃ X0 ⊂ Rn, B0 ⊂ B, B0 可可可分分分, s.t.
(i) |Rn \X0| = 0, (ii) F [X0] ⊂ B0, (iii) ∀ b′ ∈ B∗, x 7→ ⟨b′, F (x)⟩ 可测.
反反反例例例: F (t) = χ(0,t), F : R → L∞(R)不可测. (条件(ii)的重要性)

注注注: 若F : Rn → B 可测则x 7→ ∥F (x)∥B 可测.
Key point: 由B0 可分得∃B1 ⊂ B0 ⊂ B1, B1 = {xi}∞i=1;
由Hahn-Banach定理得∃ bi ∈ B∗ s.t. ∥bi∥B∗ = 1, ⟨bi, xi⟩ = ∥xi∥B;
此时∥F (x)∥B = supi |⟨bi, F (x)⟩| (∀ x ∈ X0).

向向向量量量值值值Lp函函函数数数. ∀ 0 < p ≤ ∞, 定义(i) Lp(Rn, B) =
{F |F : Rn → B 可测, x 7→ ∥F (x)∥B ∈ Lp(Rn)}, ∥F∥p = ∥∥F (x)∥B∥p. (ii) Lp,∞(Rn, B) =
{F |F : Rn → B 可测, x 7→ ∥F (x)∥B ∈ Lp,∞(Rn)}, ∥F∥p,∞ = ∥∥F (x)∥B∥p,∞.
(iii) Lp ⊗B = {F =

∑m
j=1 fjuj |fj ∈ Lp(Rn), uj ∈ B,m ∈ Z+} ⊂ Lp(Rn, B).

注注注: 若1 ≤ p ≤ ∞ 则Lp(Rn, B) 是Banach 空间. 若1 ≤ p < ∞ 则Lp ⊗ B 在Lp(Rn, B)中稠密;∑∞
j=1 χEjuj 在L

∞(Rn, B)中稠密.

注注注: 可以类似定义Lploc(R
n, B), Lploc(R

n, B).

向向向量量量值值值L1函函函数数数的的的积积积分分分. 若F =
∑m

j=1 fjuj ∈ L1 ⊗B 定义∫
Rn F (x)dx =

∑m
j=1(

∫
Rn fj(x)dx)uj ∈ B. 良定义性(即不依赖于分解的选取):

⟨b′,
∫
Rn

F (x)dx⟩ =
∫
Rn

⟨b′, F (x)⟩dx, ∀ b′ ∈ B∗.(7.1)

由L1 ⊗B的稠密性, F →
∫
Rn F (x)dx可以唯一延拓至L

1(Rn, B) s.t.(7.1)成立.

注注注: 若F : Rn → B 在U上连续, U ⊂ Rn 是开集, |Rn \ U | = 0, 则F可测.
Key point: ∃紧集Kj s.t. U = ∪∞

j=1Kj ; 由F连续得F [Kj ]是紧集, 因此可分; 此时F [U ] =

∪∞
j=1F [Kj ]可分. F连续⇒ x 7→ ⟨b′, F (x)⟩在U上连续, 因此可测.

若A, B是Banach空间,则L(A,B)也是. 下面说明若K : Rn×Rn\∆ → L(A,B), F : Rn → A都
可测, 则(x, y) 7→ K(x, y) · F (y)可测.
Key point: (i) 由K可测得∀ a ∈ A, b ∈ B∗, (x, y) 7→ ⟨b,K(x, y) · a⟩可测.
(ii) 由F可测得∃ A0 ⊂ A, A0 可分 s.t. F (y) ∈ A0 ⊂ A a.e., ∃ A1 ⊂ A0 ⊂ A1,
A1 = {xi}∞i=1; 若b ∈ B∗ 则⟨b,K(x, y) · F (y)⟩ = infi(⟨b,K(x, y) · xi⟩+
∥b∥B∗∥K(x, y)∥L(A,B)∥F (y)− xi∥A) a.e., 是(x, y)的可测函数.

(iii) 下面验证像集的可分性. 由K可测得∃ L0 ⊂ L(A,B), L0 可分 s.t.
K(x, y) ∈ L0 a.e., ∃ L1 ⊂ L0 ⊂ L1, L1 = {Ti}∞i=1, 设B1 = {Tixj}∞i,j=1 则K(x, y) · F (y) ∈ B1

a.e.

Theorem 7.1. 设T : Lr(Rn, A) → Lr(Rn, B)有界线性: ∥Tf∥r ≤ A1∥f∥r, 1 < r < ∞,
K ∈ L1

loc(Rn × Rn \∆,L(A,B)). 满足
(i) ∀ f ∈ L∞

c (Rn, A), Tf(x) =
∫
Rn K(x, y)f(y)dy a.e. x ∈ Rn\suppf . (ii)Hörmander条件:∫

{|x−y|>2|y−z|} ∥K(x, y)−K(x, z)∥L(A,B)dx ≤ A2, ∀ y ∈ Rn;∫
{|x−y|>2|x−w|} ∥K(x, y)−K(w, y)∥L(A,B)dy ≤ A2, ∀ x ∈ Rn.
则∥Tf∥p ≤ Cp∥f∥p (1 < p <∞), ∥Tf∥1,∞ ≤ C1∥f∥1. (A, B是Banach空间)
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标标标准准准核核核条条条件件件:(⇒Hörmander条件) ∃ δ > 0 s.t. (a) ∥K(x, y)∥L(A,B) ≤ C
|x−y|n ,

(b) 若|x− y| > 2|y − z|则∥K(x, y)−K(x, z)∥L(A,B) ≤
C|y−z|δ
|x−y|n+δ ,

(c) 若|x− y| > 2|x− w|则∥K(x, y)−K(x, z)∥L(A,B) ≤
C|x−w|δ
|x−y|n+δ .

注注注: 标准核条件⇒ K : Rn × Rn \∆ → L(A,B)连续⇒ K可测.
注注注: 若K(x, y) = K(x− y)则Hörmander条件⇔

∫
{|x|>2|y|} ∥K(x− y)−K(x)∥L(A,B)dx ≤ A2.

注注注: 若满足(i)则定义T的积分核为K.
注注注: C1 ≤ C(A1 +A2), Cp ≤ C(A1 +A2), C是只与n, p, r有关的常数.

Proof. Step 1: 弱弱弱(1, 1). ∀ λ > 0, 对∥f(x)∥A作Calderon-Zygmund分解, ∃ 不交方体{Qk} s.t.∑
k |Qk| ≤

1
λ∥f∥1, λ <

1
|Qk|

∫
Qk

∥f(x)∥A ≤ 2nλ, ∥f(x)∥A ≤ λ a.e. x ∈ Rn \ Ω, Ω := ∪kQk.
f = g + b, 其中g = 1

|Qk|
∫
Qk
f := ak in Qk,

g = f in Rn \ Ω, b =
∑

j bj , bj = (f − aj)χQj . (
∫
E f :=

∫
Rn χEf).

则supp bj ⊆ Qj ,
∫
bj = 0, ∥g∥∞ ≤ 2nλ, ∥g∥1 ≤ ∥f∥1.

∥g∥rr ≤ ∥g∥r−1
∞ ∥g∥1 ≤ (2nλ)r−1∥f∥1.

∑
j ∥bj∥1 = ∥b∥1 ≤ 2∥f∥1.

∥Tb∥B ≤
∑

j ∥Tbj∥B, ∥Tf∥B ≤ ∥Tg∥B + ∥Tb∥B, a.e.
a∥Tf∥B ((2

nA1 +A2)λ) ≤ a∥Tg∥B (2
nA1λ) + a∥Tb∥B (A2λ).

a∥Tg∥B (2
nA1λ) ≤ 1

(2nA1λ)r
∥Tg∥rr ≤

Ar
1

(2nA1λ)r
∥g∥rr =

∥g∥rr
(2nλ)r ≤ (2nλ)r−1∥f∥1

(2nλ)r = ∥f∥1
2nλ .

设Qj = Q(xj , rj), Q
∗
j = B(xj , 2

√
nrj), Q

∗ = ∪jQ∗
j则|Q∗| ≤

∑
j |Q∗

j | = Cn
∑

j |Qj | ≤
Cn
λ ∥f∥1.

其中Cn = (
√
n)nα(n), α(n) = |B(0, 1)|.

a∥Tb∥B (A2λ) ≤ |Q∗|+ 1
A2λ

∥Tb∥L1(Rn\Q∗) ≤ Cn
λ ∥f∥1 + 1

A2λ

∑
j ∥Tbj∥L1(Rn\Q∗

j )
.

由supp bj ⊆ Qj = Q(xj , rj) ⊂ B(xj ,
√
nrj),

∫
bj = 0, Q∗

j = B(xj , 2
√
nrj)和条件(i)得

Tbj(x) =
∫
Qj
K(x, y) · bj(y)dy =

∫
Qj

(K(x, y)−K(x, xj))bj(y)dy, x ∈ Rn \Q∗.

∥Tb∥L1(Rn\Q∗) ≤
∫
R\Q∗

j

∫
Qj

∥bj(y)∥A∥K(x, y)−K(x, xj)∥L(A,B)dydx
(a)

≤A2∥bj∥1.
a∥Tb∥B (A2λ) ≤ Cn

λ ∥f∥1 + 1
A2λ

∑
j A2∥bj∥1 ≤ Cn+2

λ ∥f∥1. 以上说明
a∥Tf∥B ((2

nA1 + A2)λ) ≤ a∥Tg∥B (2
nA1λ) + a∥Tb∥B (A2λ) ≤ ∥f∥1

2nλ + Cn+2
λ ∥f∥1 ≤ Cn+3

λ ∥f∥1.
由λ > 0的任意性得∥Tf∥1,∞ ≤ (2nA1 +A2)(Cn + 3)∥f∥1.
注注注: (a)用到若y ∈ Qj , x ∈ Rn \Q∗

j , 则|x− xj | > 2
√
nrj ≥ 2|y − xj |,∫

R\Q∗
j
∥K(x, y)−K(x, xj)∥L(A,B)dx ≤

∫
{|x−xj |>2|y−xj |} ∥K(x, y)−K(x, xj)∥L(A,B)dx ≤ A2.

Step 2. 对于给定的a ∈ L∞(Rn, A), ∥a∥∞ ≤ 1, 设Taf := T (f · a). 则f → ∥Taf(x)∥B 次线
性, ∥Taf∥r = ∥T (f · a)∥r ≤ A1∥f · a∥r ≤ A1∥f · a∥r.
∥Taf∥1,∞ = ∥T (f · a)∥1,∞ ≤ C1∥f · a∥1 ≤ C1∥f∥1. 由Marcinkiewicz插值定理得,
∥Taf∥p ≤ Cp∥f∥p, ∀ f ∈ L∞

c (Rn), 1 < p ≤ r.
Step 3. 若r < p <∞, 首先证明∥∥Taf∥B∥∗ ≤ C∥f∥∞, (∥a∥∞ ≤ 1).

Proof. 给定方体Q, 设Q = Q(c, r), Q∗ = B(c, 2
√
nr), f = f1 + f2,

f1 = fχQ∗ , f2 = fχRn\Q∗ . Taf2(x) =
∫
Rn\Q∗ K(x, y) · a(y)f(y)dy, a.e. x ∈ Q.

设b =
∫
Rn\Q∗ K(c, y) · a(y)f(y)dy, 则Taf2(x)− b =

∫
Rn\Q∗(K(x, y)−K(c, y)) · a(y)f(y)dy,

∥Taf2(x)− b∥B ≤
∫
Rn\Q∗ ∥K(x, y)−K(c, y)∥L(A,B)dy∥f∥∞ ≤ C∥f∥∞, a.e. x ∈ Q.

∥Taf1∥r ≤ C∥f1∥r ≤ C|Q∗|
1
r ∥f∥∞ ≤ C|Q|

1
r ∥f∥∞, Taf = Taf1 + Taf2,

∫
Q |∥Taf∥B − ∥b∥B| ≤∫

Q ∥Taf1∥B +
∫
Q ∥Taf2 − b∥B ≤ C|Q|1−

1
r ∥Tf1∥r +

∫
QC∥f∥∞ ≤ C|Q|∥f∥∞.

因此∥∥Taf∥B∥′∗ ≤ C∥f∥∞, ∥∥Taf∥B∥∗ ≤ C∥f∥∞. □



58

结合Theorem 6.5的推广(p0 = r)得∥Taf∥p ≤ Cp∥f∥p, ∀ f ∈ L∞
c (Rn).

以上说明∥Taf∥p ≤ Cp∥f∥p, ∀ f ∈ L∞
c (Rn), 1 < p <∞, a ∈ L∞(Rn, A), ∥a∥∞ ≤ 1

(关键点: Cp与a无关). ∀ f ∈ L∞
c (Rn, A), 取a(x) = f(x)/∥f(x)∥A(若0 < ∥f(x)∥A < ∞),

a(x) = 0(若∥f(x)∥A = 0或∞), g(x) = ∥f(x)∥A. 则f = ga a.e., a ∈ L∞(Rn, A), ∥a∥∞ ≤ 1,
T f = Tag, ∥Tf∥p = ∥Tag∥p ≤ Cp∥f∥p = Cp∥g∥p. □

8.1 向向向量量量值值值不不不等等等式式式

Theorem 7.2. 设K ∈ S ′(Rn), K ∈ L1
loc(Rn \ {0}). 满足(i)∥K̂∥∞ ≤ A1.

(ii)Hörmander条件:
∫
{|x|>2|y|} |K(x− y)−K(x)|dx ≤ A2, ∀ y ∈ Rn.

T f = K ∗ f . p, r ∈ (1,∞). 则∥(
∑

j |Tfj |r)1/r∥p ≤ C∥(
∑

j |fj |r)1/r∥p,
∥(
∑

j |Tfj |r)1/r∥1,∞ ≤ C∥(
∑

j |fj |r)1/r∥1.

注注注: C ≤ C1(A+B), C1是只与n, p, r有关的常数.

Proof. (i) 由Theorem 5.2得∥Tf∥r ≤ C∥f∥r, ∀ f ∈ Lr(Rn).
(ii) 设A = B = lr, (T⃗ f⃗)j = Tfj , 其中f⃗ = (fj)

∞
j=1, 则

∥T⃗ f⃗∥rr =
∑

j ∥Tfj∥rr ≤ C
∑

j ∥fj∥rr = C∥f⃗∥rr, i.e. ∥T⃗ f⃗∥r ≤ C∥f⃗∥r.
(iii) T⃗的积分核为K⃗, K⃗(x, y) = K⃗(x− y), K⃗(x) = K(x)I, I 是lr的恒同算子∫
{|x|>2|y|} ∥K⃗(x)− K⃗(x− y)∥lr→lrdx =

∫
{|x|>2|y|} |K(x− y)−K(x)|dx ≤ A2.

i.e. K⃗满足Hörmander条件.
(iv) 由Theorem 7.1得∥T⃗ f⃗∥p ≤ C∥f⃗∥p, ∥T⃗ f⃗∥1,∞ ≤ C∥f⃗∥1, ∀ f⃗ ∈ L∞

c (Rn, lr).
对一般的f⃗ ∈ Lp(Rn, lr), 与Theorem 7.4的证明同理可得结论成立. □

推推推广广广: 若Tjf = Kj ∗ f , Kj ∈ S ′(Rn), Kj ∈ L1
loc(Rn \ {0}), ∥K̂j∥∞ ≤ A1.∫

{|x|>2|y|} supj |Kj(x− y)−Kj(x)|dx ≤ A2, ∀ y ∈ Rn. 则∀ p, r ∈ (1,∞),

∥(
∑

j |Tjfj |r)1/r∥p ≤ C∥(
∑

j |fj |r)1/r∥p.

Corollary 7.1. 若Ij = (aj , bj) ⊂ R, Ŝjf(ξ) = χIj (ξ)f̂(ξ), 则

∥(
∑

j |Sjfj |r)1/r∥p ≤ Cp,r∥(
∑

j |fj |r)1/r∥p, ∀ p, r ∈ (1,∞).

Proof. (i) 由Lemma 3.2得Sjfj =
i
2(MajHM−ajfj −MbjHM−bjfj), 其中

Maf(x) = e2πiaxf(x), |Maf | = |f |.
(ii) 对Tf = Hf, K(x) = 1

πx , 用Theorem 7.1得∥(
∑

j |Hfj |r)1/r∥p ≤ Cp,r∥(
∑

j |fj |r)1/r∥p.
(iii) 由(ii)得∥(

∑
j |MajHM−ajfj |r)1/r∥p = ∥(

∑
j |HM−ajfj |r)1/r∥p ≤

Cp,r∥(
∑

j |M−ajfj |r)1/r∥p = Cp,r∥(
∑

j |fj |r)1/r∥p. 同理
∥(
∑

j |MbjHM−bjfj |r)1/r∥p ≤ Cp,r∥(
∑

j |fj |r)1/r∥p. 结合(i)得结论成立. □

8.2 Littlewood-Paley 理理理论论论 定义

∆j = (−2j+1,−2j ] ∪ [2j , 2j+1), Ŝjf(ξ) = χ∆j (ξ)f̂(ξ), j ∈ Z. 若f ∈ L2(R)则
∥(
∑

j |Sjf |2)1/2∥2 = ∥f∥2 (as ∥f̂∥2 = ∥f∥2).

Theorem 7.3. cp∥f∥p ≤ ∥(
∑

j |Sjf |2)1/2∥p ≤ Cp∥f∥p(f ∈ Lp, 1 < p <∞).

设ψ ∈ S(R), 0 ≤ ψ ≤ 1, suppψ ⊆ {1
2 ≤ |ξ| ≤ 4}, ψ = 1 on {1 ≤ |ξ| ≤ 2}. 定义

ψj(ξ) = ψ(2−jξ), F(S̃jf)(ξ) = ψj(ξ)f̂(ξ), 则SjS̃j = Sj . 设Ψ̂ = ψ i.e. Ψ = Fψ,
Ψj(x) = 2jΨ(2jx), 则Ψ ∈ S(R), Ψ̂j = ψj , S̃jf = Ψj ∗ f.

Theorem 7.4. 若f ∈ Lp(R), 1 < p <∞, 则∥(
∑

j |S̃jf |2)1/2∥p ≤ Cp∥f∥p.
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Proof. (i) 设A = C, B = l2, T⃗ f = (S̃jf)j∈Z, 则

∥T⃗ f∥22 =
∑

j ∥S̃jf∥22 =
∑

j ∥F(S̃jf)∥22 =
∑

j

∫
R |ψj(ξ)|2|f̂(ξ)|2dξ ≤ 3∥f∥22. 其中用到

∀ ξ ∈ R, |ψj(ξ)| ≤ 1, |{j ∈ Z|ψj(ξ) ̸= 0}| ≤ 3.

(ii) T⃗的积分核为K⃗, K⃗(x, y) = K⃗(x− y), K⃗(x) = (Ψj(x))j∈Z, Claim:

(*)∥Ψ′
j(x)∥l2 ≤ C|x|−2, 因此∥K⃗(x)− K⃗(x− y)∥l2 ≤ C|y|/|x|2, ∀ |x| > 2|y|,∫

{|x|>2|y|} ∥K⃗(x)− K⃗(x− y)∥l2dx ≤ C. K⃗满足Hörmander条件. 下证(*).

Proof. ∥Ψ′
j(x)∥l2 ≤ ∥Ψ′

j(x)∥l1
(a)
=
∑

j 2
2j |Ψ′(2jx)|

(b)

≤C
∑

j 2
2j min(1, |2jx|−3) ≤

C
∑

j≤i 2
2j + C|x|−3

∑
j>i 2

−j ≤ C22i + C|x|−32−i
(c)

≤C|x|−2.

(a): 由Ψj(x) = 2jΨ(2jx)得Ψ′
j(x) = 22jΨ′(2jx).

(b): 由Ψ ∈ S(R)得|Ψ′(x)| ≤ Cmin(1, |x|−3).
(c): 取i ∈ Z s.t. 2−i ≤ |x| < 21−i. □

(iii) 由Theorem 7.1得∥T⃗ f∥p ≤ C∥f∥p, ∀ f ∈ L∞
c . 对一般的f ∈ Lp, 取

fk = fχ{x∈Rn:|x|+|f(x)|<k}, 则fk ∈ L∞
c , fk → f in Lp, S̃jfk(x) → S̃jf(x),

∥T⃗ f(x)∥l2 ≤ lim inf
k→∞

∥T⃗ fk(x)∥l2 , ∀ x ∈ Rn, 由Fatou引理得

∥T⃗ f∥p ≤ lim inf
k→∞

∥T⃗ fk∥p ≤ lim inf
k→∞

C∥fk∥p = C∥f∥p □

Proof of Theorem 7.3. (i) 上上上界界界估估估计计计.

∥(
∑

j |Sjf |2)1/2∥p
(a)
=∥(

∑
j |SjS̃jf |2)1/2∥p

(b)

≤C∥(
∑

j |S̃jf |2)1/2∥p
(c)

≤C∥f∥p.
(a): 用到SjS̃j = Sj . (b): 对fj = S̃jf用Corollary 7.1. (c): 用到Theorem 7.4.

(ii) 下下下界界界: 对对对偶偶偶方方方法法法. 设T (f, g) =
∫
R
∑

j SjfSjg, ∀ f ∈ Lp, g ∈ Lp
′
, 则

|T (f, g)| ≤
∫
R
∑

j |SjfSjg| ≤ ∥(
∑

j |Sjf |2)1/2∥p∥(
∑

j |Sjg|2)1/2∥p′ ≤
C∥(

∑
j |Sjf |2)1/2∥p∥g∥p′ ≤ C∥f∥p∥g∥p′ . 另一方面

T (f, g) =
∫
R fg, ∀ f, g ∈ L2 (as

∫
R SjfSjg =

∫
∆j
f̂ ĝ,

∫
R fg =

∫
R f̂ ĝ).

对一般的f ∈ Lp, g ∈ Lp
′
用L∞

c 函数逼近可得T (f, g) =
∫
R fg. 因此

|
∫
R fg| = T (f, g) ≤ C∥(

∑
j |Sjf |2)1/2∥p∥g∥p′ , ∀ f ∈ Lp, g ∈ Lp

′
.

结合∥f∥p = sup
{∣∣∫

R fg
∣∣ : ∥g∥p′ ≤ 1

}
得∥f∥p ≤ C∥(

∑
j |Sjf |2)1/2∥p. □

高高高维维维推推推广广广: (i) Theorem 7.4→Theorem 7.5, ψj(ξ) = ψ(2−j |ξ|), 8.3;
(ii)Theorem 7.3→Theorem 7.6, χ∆j → χ∆j×∆k

, 8.4.

向向向量量量值值值推推推广广广I: ∥(
∑

j,k |S̃jfk|2)1/2∥p ≤ Cp∥(
∑

k |fk|2)1/2∥p (1 < p <∞).

Key point: 设A = l2(Z), B = l2(Z2), T⃗ f⃗ = (S̃jfk)j,k∈Z 其中f⃗ = (fk)k∈Z, 则∥T⃗ f⃗∥22 =∑
j,k ∥S̃jfk∥22 ≤ 3

∑
k ∥fk∥22 = 3∥f⃗∥22. T⃗ 的积分核为K⃗, K⃗(x, y) = K⃗(x − y), (K⃗(x) · a⃗)j,k =

Ψj(x)ak, 其中a⃗ = (ak)k∈Z, ∥K⃗(x) − K⃗(x − y)∥L(X,Y ) = ∥Ψj(x) − Ψj(x − y)∥l2 ≤ C|y|/|x|2,
∀ |x| > 2|y|. 由Theorem 7.1得∥T⃗ f⃗∥p ≤ C∥f⃗∥p.
向向向量量量值值值推推推广广广II: ∥(

∑
j,k |Sjfk|2)1/2∥p ≤ Cp∥(

∑
k |fk|2)1/2∥p (1 < p <∞).

Key point: ∥(
∑

j,k |Sjfk|2)1/2∥p
(a)
=∥(

∑
j,k |SjS̃jfk|2)1/2∥p

(b)

≤C∥(
∑

j,k |S̃jfk|2)1/2∥p
(c)

≤
C∥(

∑
k |fk|2)1/2∥p. (a): 用到SjS̃j = Sj . (b): 用到Corollary 7.1. (c): 用到向量值推广I.

注注注: Corollary 7.1中Ij可以相同. (b)是在用Corollary 7.1的以下形式:
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∥(
∑

J∈Λ |SJFJ |r)1/r∥p ≤ Cp,r∥(
∑

J∈Λ |FJ |r)1/r∥p, 其中Λ是可列集.

取Λ = Z2, FJ = S̃jfk, SJ = Sj , ∀ J = (j, k) ∈ Z2, r = 2 可得(b)成立.

Theorem 7.5. ψ ∈ S(Rn), ψ(0) = 0, Ŝjf(ξ) = ψ(2−jξ)f̂(ξ), ∀ j ∈ Z, 1 < p <∞, 则

(a) ∥(
∑

j |Sjf |2)1/2∥p ≤ Cp∥f∥p.
(b) 若

∑
j |ψ(2−jξ)|2 = C, ∀ ξ ̸= 0 则∥f∥p ≤ C ′

p∥(
∑

j |Sjf |2)1/2∥p.

Proof. (i) ψ ∈ S(Rn), ψ(0) = 0 ⇒ |ψ(x)| ≤ Cmin(|x|, 1/|x|),∑
j |ψ(2−jξ)|2 ≤ C. 设A = C, B = l2, T⃗ f = (Sjf)j∈Z, 则

∥T⃗ f∥22 =
∑

j ∥Sjf∥22 =
∑

j

∫
Rn |ψ(2−jξ)|2|f̂(ξ)|2dξ ≤ C∥f∥22.

(ii) 设Ψ̂ = ψ, Ψj(x) = 2njΨ(2jx), 则Ψ̂j(ξ) = ψ(2−jξ), Sjf = Ψj ∗ f, Ψ ∈ S(R).
|∇Ψ(x)| ≤ C(1 + |x|)−n−2, |∇Ψj(x)| ≤ C2(n+1)j(1 + |2jx|)−n−2,

∥∇Ψj(x)∥l2 ≤ ∥∇Ψj(x)∥l1 ≤ C
∑

j 2
(n+1)j(1 + |2jx|)−n−2 ≤ C|x|−n−1.

(iii) T⃗ 的积分核为K⃗, K⃗(x, y) = K⃗(x− y), K⃗(x) = (Ψj(x))j∈Z,

∥K⃗(x)− K⃗(x− y)∥l2 ≤ C|y|/|x|n+1, ∀ |x| > 2|y|. K⃗满足Hörmander条件.

(iv) 由Theorem 7.1得∥T⃗ f∥p ≤ C∥f∥p, i.e. (a). (参见Theorem 7.4的证明)

(v) 由
∫
Rn

∑
j SjfSjg = C

∫
Rn fg, (a)和对偶方法可得(b). □

定义Ŝ1
j f(ξ1, ξ2) = χ∆j (ξ1)f̂(ξ1, ξ2), Ŝ

2
j f(ξ1, ξ2) = χ∆j (ξ2)f̂(ξ1, ξ2), ∀ j ∈ Z. 则

S1
j f(x1, x2) = Sjf(·, x2)(x1), S2

kf(x1, x2) = Skf(x1, ·)(x2).

Theorem 7.6. cp∥f∥p ≤ ∥(
∑

j,k |S1
jS

2
kf |2)1/2∥p ≤ Cp∥f∥p (1 < p <∞).

Proof. (i) 由向量值推广II得∥(
∑

j,k |Sjfk|2)1/2∥p ≤ Cp∥(
∑

k |fk|2)1/2∥p, 其中fk ∈ Lp(R).
(ii) ∥(

∑
j,k |S1

j fk|2)1/2∥p ≤ Cp∥(
∑

k |fk|2)1/2∥p, 其中fk ∈ Lp(R2).

Proof. 由S1
j fk(x1, x2) = Sjfk(·, x2)(x1)和(i)得

∫
R(
∑

j,k |S1
j fk|2)p/2(x1, x2)dx1

≤ Cpp
∫
R(
∑

k |fk|2)p/2(x1, x2)dx1. 再对x2积分得(ii)成立. □

(iii) ∥(
∑

k |S2
kF |2)1/2∥p ≤ Cp∥F∥p, F ∈ Lp(R2).

Proof. 由S2
kF (x1, x2) = SkF (x1, ·)(x2)和Theorem 7.3(取f(x) = F (x1, x))得∫

R(
∑

k |S2
kF |2)p/2(x1, x2)dx2 ≤ Cpp

∫
R |F (x1, x2)|pdx1. 再对x1积分即可. □

(iv) ∥(
∑

j,k |S1
jS

2
kf |2)1/2∥p

(ii)

≤Cp∥(
∑

k |S2
kf |2)1/2∥p

(iii)

≤ C ′
p∥f∥p. (上界估计)

(v) 由对偶方法和
∫
R2

∑
j,k S

1
jS

2
kfS

1
jS

2
kg =

∫
R2 fg得下界成立. □

8.3 Hörmander 乘乘乘子子子定定定理理理 T̂mf(ξ) = m(ξ)f̂(ξ). 下面讨论m ∈ Mp(Rn) 的条件. i.e.

∥Tmf∥p ≤ C∥f∥p, ∀ f ∈ S(Rn). 定定定义义义 ∥f∥2L2
a
=
∫
Rn(1 + |ξ|2)a|f̂(ξ)|2dξ.

L2
a = {f ∈ S ′ : ∥f∥L2

a
< ∞} = {f ∈ S ′ : (1 + |ξ|2)a/2f̂ ∈ L2} = Ha. 若a′ < a 则L2

a ⊂ L2
a′ .

若f ∈ L2
a 则f̂ ∈ L2

loc. L
2
0 = L2. ∥f∥L2

k
∼
∑

|a|≤k ∥Daf∥2, k ∈ Z+.

Proposition 7.7. 若a > n/2, g ∈ L2
a(Rn), 则ĝ ∈ L1(⇒ g ∈ L∞ ∩ C(Rn)).

Proof.
∫
Rn |ĝ| ≤ (

∫
Rn(1 + |ξ|2)a|ĝ(ξ)|2dξ)

1
2 (
∫
Rn(1 + |ξ|2)−adξ)

1
2 ≤ Ca∥g∥L2

a
. □

若a > n/2, m ∈ L2
a(Rn), 则m ∈ Mp(Rn)(1 ≤ p ≤ ∞), 其中用到

Tmf = Fm ∗ f , Fm = σm̂ ∈ L1, σm̂(x) = m̂(−x).
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Lemma 7.8. 若a > n/2, m ∈ L2
a(Rn), λ > 0. T̂λf(ξ) = m(λξ)f̂(ξ), u ≥ 0, u ∈ L1

loc.
则
∫
Rn |Tλf |2u ≤ C∥m∥2L2

a

∫
Rn |f |2Mu. (C 是只与n, a有关的常数.)

Proof. (i) 设K(x) = m̂(−x)则K̂ = m, (1 + |x|2)a/2K(x) := R(x) ∈ L2,

Tλf = Kλ ∗ f, Kλ(x) = λ−nK(λ−1x) = λ−nR(xλ)(1 + |xλ |
2)−a/2.

(ii) |Tλf(x)|2 =
∣∣∣ ∫Rn Kλ(x− y)f(y)dy

∣∣∣2 = ∣∣∣ ∫Rn

λ−nR(x−y
λ

)f(y)

(1+|x−y
λ

|2)a/2 dy
∣∣∣2 ≤( ∫

Rn λ
−n|R(x−yλ )|2dy

)( ∫
Rn

λ−n|f(y)|2

(1+|x−y
λ

|2)ady
)
≤ ∥m∥2L2

a

( ∫
Rn

λ−n|f(y)|2

(1+|x−y
λ

|2)ady
)
,

其中用到
∫
Rn λ

−n|R(x−yλ )|2dy =
∫
Rn |R(y)|2dy = ∥m∥2L2

a
.

(iii) 由Proposition 2.7得
∫
Rn

λ−nu(x)

(1+|x−y
λ

|2)adx = ϕλ ∗ u(y)≤CaMu(y), 其中

ϕλ(x) = λ−nϕ(xλ), ϕ(x) = (1 + |x|2)−a ∈ V0(Rn), Ca = ∥ϕ∥1.

(iv)
∫
Rn |Tλf |2u

(ii)

≤∥m∥2L2
a

∫
Rn

∫
Rn

λ−n|f(y)|2

(1+|x−y
λ

|2)au(x)dydx
Fubini
=

∥m∥2L2
a

∫
Rn

∫
Rn

λ−nu(x)

(1+|x−y
λ

|2)adx|f(y)|
2dy

(iii)

≤ Ca∥m∥2L2
a

∫
Rn |f(y)|2Mu(y)dy. □

取径向函数ψ ∈ C∞
c (Rn) s.t. suppψ ⊆ {1

2 ≤ |ξ| ≤ 2} := D,
∑

j |ψ(2−jξ)|2 = 1, ∀ ξ ̸= 0. (例

如ψ(ξ) = (1+e
1

1−|ξ|+
1

2−|ξ| )−1/2, ∀ 1 < |ξ| < 2; ψ(ξ) = (1+e
1

2|ξ|−1
+ 1

2|ξ|−2 )−1/2, ∀ 1/2 < |ξ| < 1.)

Theorem 7.9. 若supj ∥m(2j ·)ψ∥L2
a
<∞, a > n

2 , 则m ∈ Mp(1 < p <∞).

Proof. 由Mp = Mp′ ⊆ M2, 只需证明m ∈ Mp(Rn), ∀ 2 < p <∞.
i.e. ∥Tf∥p ≤ C∥f∥p, ∀ 2 < p <∞, 其中T = Tm.

(i) 设Ŝjf(ξ) = ψ(2−jξ)f̂(ξ), 由Theorem 7.5(b)得∥f∥p ≤ C∥(
∑

j |Sjf |2)1/2∥p.
(ii) 设ψ̃ ∈ C∞

c (Rn), suppψ̃ ⊆ {1
4 ≤ |ξ| ≤ 4}, ψ̃ = 1 on {1

2 ≤ |ξ| ≤ 2},
定义S̃jf s.t. F S̃jf(ξ) = ψ̃(2−jξ)f̂(ξ), 则[1]SjS̃j = Sj , (由ψψ̃ = ψ).

由Theorem 7.5(a)得∥(
∑

j |S̃jf |2)1/2∥p ≤ C∥f∥p.

(iii) ∥Tf∥p
(i)

≤C∥(
∑

j |SjTf |2)1/2∥p
[1]
=C∥(

∑
j |SjT S̃jf |2)1/2∥p.

(iv) F(SjTg)(ξ) = ψ(2−jξ)m(ξ)ĝ(ξ) = mj(2
−jξ)ĝ(ξ), mj(ξ) = m(2jξ)ψ(ξ), supj ∥mj∥L2

a
<

∞. 由Lemma 7.8得,
∫
Rn |SjTg|2u ≤ C∥mj∥2L2

a

∫
Rn |g|2Mu ≤ C

∫
Rn |g|2Mu, (u ≥ 0, u ∈ L1

loc).

对j求和得, [2]
∫
Rn(
∑

j |SjTgj |2)u ≤ C
∫
Rn(
∑

j |gj |2)Mu, (u ≥ 0, u ∈ L1
loc).

Claim: (v)∥(
∑

j |SjTgj |2)1/2∥p ≤ C∥(
∑

j |gj |2)1/2∥p, ∀ 2 < p <∞.

Proof. 设F1 :=
∑

j |SjTgj |2, F2 :=
∑

j |gj |2, 则[2]⇔
∫
Rn F1u ≤ C

∫
Rn F2Mu,

∀ u ≥ 0, u ∈ L1
loc; (v)⇔ ∥F 1/2

1 ∥p ≤ C∥F 1/2
2 ∥p ⇔ ∥F1∥p/2 ≤ C∥F2∥p/2, (2 < p <∞).

设q = (p/2)′ i.e. q = p/(p− 2) ∈ (1,∞), 则∫
Rn F1u ≤ C

∫
Rn F2Mu ≤ C∥F2∥p/2∥Mu∥q ≤ C∥F2∥p/2∥u∥q,

∥F1∥p/2 = sup{
∫
Rn F1u|u ≥ 0, ∥u∥q ≤ 1} ≤ C∥F2∥p/2. □

因此∥Tf∥p
(iii)

≤ C∥(
∑

j |SjT S̃jf |2)1/2∥p
(v)

≤C∥(
∑

j |S̃jf |2)1/2∥p
(ii)

≤C∥f∥p. □

Corollary 7.2. 设k = [n2 ] + 1, m ∈ Ck(Rn \ {0}), 1 < p <∞.

若(a) supRR
|β|( 1

Rn

∫
{R/2<|ξ|<2R} |D

βm(ξ)|2dξ)1/2 <∞, ∀ |β| ≤ k, 则m ∈ Mp.

若(b) |Dβm(ξ)| ≤ C|ξ|−|β|, ∀ |β| ≤ k, 则m ∈ Mp.
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Proof. (i) 设mR(ξ) = m(Rξ), 则DβmR(ξ) = R|β|(Dβm)(Rξ), 由D := {1
2 ≤ |ξ| ≤ 2}得,

(b)⇒(a)⇔ R|β|( 1
Rn

∫
{R/2<|ξ|<2R} |D

βm(ξ)|2dξ)1/2 ⇔ supR(
∫
D |DβmR(ξ)|2dξ)1/2 <∞.

(ii) Dβ(mRψ) =
∑
γ≤β

Cγ,βD
γmRD

β−γψ, |Dαψ| ≤ C, suppψ ⊆ D,

∥mRψ∥L2
k
≤ C1

∑
|β|≤k

∥Dβ(mRψ)∥2 ≤ C2
∑

|γ|≤k
∥DγmR∥L2(D) ≤ C3.

(iii) 在(ii)中取R = 2j得supj∈Z ∥m(2j ·)ψ∥L2
k
≤ C3 <∞, 结合Theorem 7.9得结论成立. □

举举举例例例: 设1 < p <∞. (i) m(ξ) = |ξ|it, t ∈ R, |Dβm(ξ)| ≤ Ct,β|ξ|−|β|, m ∈ Mp.

(ii) m(ξ) = m0(ξ
′), m0 ∈ Ck(Sn−1), k = [n2 ] + 1, m ∈ Mp, 其中ξ

′ = ξ
|ξ| .

(iii) 若ψ ∈ S(Rn), ψ(0) = 0, |aj | ≤ 1 则
∑

j ajψ(2
−jξ) ∈ Mp.

8.4 Marcinkiewicz 乘乘乘子子子定定定理理理 Corollary 3.2: V∞
−∞m <∞ ⇒ m ∈ Mp(R), (1 < p <∞).

可推广如下: (R上有界变差减弱为在∆j上的变差一致有界)

Theorem 7.10. 若m ∈ L∞(R), V 2j+1

2j
m ≤ A, V −2j

−2j+1m ≤ A, ∀ j ∈ Z, (A <∞) 则

m ∈ Mp(R), ∀ 1 < p <∞.

Lemma 7.11. 若aj ∈ (2j , 2j+1), ∆′
j = [2j , aj), 定义S

′
j = S

(aj)
j+ 为Ŝ

′
jf = χ∆′

j
(ξ)f̂(ξ), 则

∥(
∑

j |S′
jf |2)1/2∥p ≤ Cp∥f∥p, ∀ f ∈ Lp(R), 1 < p <∞.

注注注: 同理若aj ∈ (−2j+1,−2j), ∆′
j = (−2j+1, aj), 定义S

′
j = S

(aj)
j− 为Ŝ

′
jf = χ∆′

j
(ξ)f̂(ξ),

则∥(
∑

j |S′
jf |2)1/2∥p ≤ Cp∥f∥p, ∀ f ∈ Lp(R), 1 < p <∞.

Proof. (i) 由Corollary 7.1得∥(
∑

j |S′
jfj |2)1/2∥p ≤ C∥(

∑
j |fj |2)1/2∥p.

(ii) 由Theorem 7.3得∥(
∑

j |Sjf |2)1/2∥p ≤ C∥f∥p.
(iii) ∆j = (−2j+1,−2j ] ∪ [2j , 2j+1) ⇒ ∆′

j ⊂ ∆j ⇒ S′
jSj = S′

j .

(iv) ∥(
∑

j |S′
jfj |2)1/2∥p

(iii)
= C∥(

∑
j |S′

jSjfj |2)1/2∥p
(i)

≤C∥(
∑

j |Sjf |2)1/2∥p
(ii)

≤C∥f∥p. □

Lemma 7.12. |
∫ b
a fg| ≤ (V b

a f + ∥f∥∞) supc∈(a,b) |
∫ c
a g|.

Proof of Theorem 7.10. (i) ∀ f, g ∈ S(R),
∫
R f̂mĝ =

∑
j∈Z
( ∫

∆+
j
f̂mĝ +

∫
∆−

j
f̂mĝ

)
,

其中∆+
j = [2j , 2j+1), ∆−

j = (−2j+1,−2j ], ∆j = ∆+
j ∪∆−

j .

(ii) 由Lemma 7.12得
∣∣ ∫

∆+
j
f̂mĝ

∣∣ ≤ A1 sup
aj∈(2j ,2j+1)

∣∣ ∫ aj
2j
f̂ ĝ
∣∣, A1 = A+ ∥m∥∞.∫ aj

2j
f̂ ĝ =

∫
R S

(aj)
j+ fSjg,

∣∣ ∫
∆+

j
f̂mĝ

∣∣ ≤ A1 sup
aj∈(2j ,2j+1)

∣∣ ∫
R S

(aj)
j+ fSjg

∣∣.∑
j

∣∣ ∫
∆+

j
f̂mĝ

∣∣ ≤ A1 sup
{∑

j

∣∣ ∫
R S

(aj)
j+ fSjg

∣∣ : aj ∈ (2j , 2j+1),∀ j
}
.

(iii) 对f用Lemma 7.11, 对g用Theorem 7.3 得
∑

j

∣∣ ∫
R S

(aj)
j+ fSjg

∣∣ ≤
∥(
∑

j |S
(aj)
j+ f |2)1/2∥p∥(

∑
j |Sjg|2)1/2∥p′ ≤ C∥f∥p∥g∥p′ , ∀ aj ∈ (2j , 2j+1). (1 < p <∞)

(iv) 由(ii)(iii)得
∑

j

∣∣ ∫
∆+

j
f̂mĝ

∣∣ ≤ CA1∥f∥p∥g∥p′ . 同理
∑

j

∣∣ ∫
∆−

j
f̂mĝ

∣∣ ≤ CA1∥f∥p∥g∥p′ .

(vi) 由(i)(iv)得|
∫
R f̂mĝ| ≤ CA1∥f∥p∥g∥p′ . 因此m ∈ Mp(R). □

Theorem 7.13. 若m ∈ L∞(R2),
∫
I |
∂m
∂t1

(t1, t2)|dt1 ≤ A1,
∫
I |
∂m
∂t2

(t1, t2)|dt2 ≤ A2,∫
I×I′ |

∂2m
∂t1∂t2

(t1, t2)|dt1dt2 ≤ A3, ∀ I, I ′ ∈ {±[2j , 2j+1)|j ∈ Z}
(m ∈ C2(I × I ′), Ak <∞). 则m ∈ Mp(R2), ∀ 1 < p <∞.
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Proof. (a) 设Ŝka,bf(ξ1, ξ2) = χ(a,b)(ξk)f̂(ξ1, ξ2), ∀ k ∈ {1, 2}, a < b;

Ij = [2j , 2j+1),∀ j ∈ Z; T̂i,jf = mχIi×Ij f̂ , A = A1 +A2 +A3 + ∥m∥∞. 则∣∣ ∫
Ii×Ij f̂mĝ

∣∣ ≤ A sup
t1∈Ii,t2∈Ij

∣∣ ∫
R2 S

1
t1,2i+1S

2
t2,2j+1fS

1
i S

2
j g
∣∣ , ∀ i, j ∈ Z.

Proof. (i) 对于给定的(ξ1, ξ2) ∈ Ii × Ij = [2i, 2i+1)× [2j , 2j+1)有

m(ξ1, ξ2) =
∫ ξ1
2i

∫ ξ2
2j

∂2m
∂t1∂t2

(t1, t2)dt1dt2 +
∫ ξ1
2i

∂m
∂t1

(t1, 2
j)dt1 +

∫ ξ2
2j

∂m
∂t2

(2i, t2)dt2 +m(2i, 2j).

(ii) 由(i)和Fubini定理得
∫
Ii×Ij f̂mĝ =

∫
Ii×Ij

∂2m
∂t1∂t2

(t1, t2)J1dt1dt2 +
∫
Ii
∂m
∂t1

(t1, 2
j)J2dt1 +∫

Ij
∂m
∂t2

(2i, t2)J3dt2 +m(2i, 2j)J4, J1 =
∫
(t1,2i+1)×(t2,2j+1) f̂ ĝ, J2 =

∫
(t1,2i+1)×Ij f̂ ĝ,

J3 =
∫
I1×(t2,2j+1) f̂ ĝ, J4 =

∫
Ii×Ij f̂ ĝ. 则|Jk| ≤ Bi,j := sup

t1∈Ii,t2∈Ij

∣∣ ∫
(t1,2i+1)×(t2,2j+1) f̂ ĝ

∣∣, (k =

1, 2, 3, 4). 结合
∫
Ii×Ij |

∂2m
∂t1∂t2

(t1, t2)|dt1dt2+
∫
Ii
|∂m∂t1 (t1, 2

j)|dt1+
∫
Ij
|∂m∂t2 (2

i, t2)|dt2+|m(2i, 2j)| ≤
A3 +A1 +A2 + ∥m∥∞ = A, 得|

∫
Ii×Ij f̂mĝ| ≤ ABi,j .

(iii) 由Ŝka,bf(ξ1, ξ2) = χ(a,b)(ξk)f̂(ξ1, ξ2), Ŝ
k
j f(ξ1, ξ2) = χ∆j (ξk)f̂(ξ1, ξ2), (k = 1, 2),

∆j = (−2j+1,−2j ] ∪ [2j , 2j+1)得F(S1
i S

2
j g)(ξ) = χ∆i(ξ1)χ∆j (ξ2)f̂(ξ) = χ∆i×∆j (ξ)f̂(ξ),

F(S1
a,bS

2
c,df)(ξ) = χ(a,b)(ξ1)χ(c,d)(ξ2)f̂(ξ) = χ(a,b)×(c,d)(ξ)f̂(ξ), 其中ξ = (ξ1, ξ2).

若t1 ∈ Ii, t2 ∈ Ij则(t1, 2
i+1)× (t2, 2

j+1) ⊂ Ii × Ij ⊂ ∆i ×∆j ,∫
(t1,2i+1)×(t2,2j+1) f̂ ĝ=

∫
R2 χ(t1,2i+1)×(t2,2j+1)f̂χ∆i×∆j ĝ =∫

R2 F(S1
t1,2i+1S

2
t2,2j+1f)F(S1

i S
2
j g) =

∫
R2 S

1
t1,2i+1S

2
t2,2j+1fS

1
i S

2
j g. 这说明

Bi,j = sup
t1∈Ii,t2∈Ij

∣∣ ∫
R2 S

1
t1,2i+1S

2
t2,2j+1fS

1
i S

2
j g
∣∣. 结合(ii)得结论成立. □

(b)若1 < p <∞, f, g ∈ S(R2),由(a)得
∣∣ ∫

R+×R+
f̂mĝ

∣∣ = ∣∣∑i,j

∫
Ii×Ij f̂mĝ

∣∣
≤
∑

i,j

∣∣ ∫
Ii×Ij f̂mĝ

∣∣ ≤∑i,j A sup
t1∈Ii,t2∈Ij

∣∣ ∫
R2 S

1
t1,2i+1S

2
t2,2j+1fS

1
i S

2
j g
∣∣ ≤

A sup
{∑
i,j

∣∣ ∫
R2 S

1
ti,j,1,2i+1S

2
ti,j,2,2j+1fS

1
i S

2
j g
∣∣ : ti,j,1 ∈ Ii, ti,j,2 ∈ Ij

}
≤

A sup
{∥∥∥(∑i,j

∣∣∣S1
ti,j,1,2i+1S

2
ti,j,2,2j+1f

∣∣∣2) 1
2
∥∥∥
p

∥∥(∑
i,j

∣∣S1
i S

2
j g
∣∣2) 1

2
∥∥
p′
:

ti,j,1 ∈ Ii, ti,j,2 ∈ Ij , ∀ i, j ∈ Z
}
. 其中Ii = [2i, 2i+1), Ij = [2j , 2j+1).

(c)
∥∥∥(∑i,j

∣∣∣S1
ti,j,1,2i+1S

2
ti,j,2,2j+1f

∣∣∣2) 1
2
∥∥∥
p
≤ C∥f∥p. ∀ ti,j,1 ∈ Ii, ti,j,2 ∈ Ij , i, j ∈ Z.

Proof. 由Ŝa,bf(ξ) = χ(a,b)(ξ)f̂(ξ), Ŝ
j
a,bf(ξ1, ξ2) = χ(a,b)(ξj)f̂(ξ1, ξ2), 得

S1
a,bf(x1, x2) = Sa,bf(·, x2)(x1), S2

a,bf(x1, x2) = Sa,bf(x1, ·)(x2).
(i) 由Corollary 7.1得∥(

∑
i,j |Sti,j,1,2i+1fi,j |2)1/2∥p ≤ C∥(

∑
i,j |fi,j |2)1/2∥p,

∀ ti,j,1 ∈ Ii, fi,j ∈ Lp(R), i, j ∈ Z. 与Theorem 7.6同理由Fubini定理得

∥(
∑

i,j |S1
ti,j,1,2i+1fi,j |2)1/2∥p ≤ C∥(

∑
i,j |fi,j |2)1/2∥p. ∀ ti,j,1 ∈ Ii, fi,j ∈ Lp(R2).

∥(
∑

i,j |S2
ti,j,2,2j+1fi,j |2)1/2∥p ≤ C∥(

∑
i,j |fi,j |2)1/2∥p. ∀ ti,j,2 ∈ Ij , fi,j ∈ Lp(R2). 其中i, j ∈ Z.

这两个结论相结合得∥(
∑

i,j |S1
ti,j,1,2i+1S

2
ti,j,2,2j+1fi,j |2)1/2∥p ≤ C∥(

∑
i,j |fi,j |2)1/2∥p.

∀ ti,j,1 ∈ Ii, ti,j,2 ∈ Ij , fi,j ∈ Lp(R2), i, j ∈ Z.
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(ii) 由Theorem 7.6得∥(
∑

i,j |fi,j |2)1/2∥p ≤ C∥f∥p, 其中fi,j = S1
i S

2
j f ,

S1
ti,j,1,2i+1S

2
ti,j,2,2j+1fi,j = S1

ti,j,1,2i+1S
2
ti,j,2,2j+1f. 结合(i)得结论成立. □

若1 < p <∞, f, g ∈ S(R2), 由(b)(c), Theorem 7.6得
∣∣ ∫

R+×R+
f̂mĝ

∣∣ ≤
CA∥f∥p

∥∥(∑
i,j

∣∣S1
i S

2
j g
∣∣2) 1

2
∥∥
p′
≤ CA∥f∥p∥g∥p′ . 同理∀ I, J ∈ {R+,R−}有∣∣ ∫

I×J f̂mĝ
∣∣ ≤ CA∥f∥p∥g∥p′ .

∣∣ ∫
R2 f̂mĝ

∣∣ ≤ CA∥f∥p∥g∥p′ , m ∈ Mp(R2). □

高高高维维维推推推广广广: 若1 < p <∞, m ∈ L∞(Rn),
∀ I1, · · · , Ik ∈ {±[2j , 2j+1)|j ∈ Z}, {j1, · · · , jk} ⊆ {1, · · · , n}, 有∫
I1×···×Ik |

∂km
∂ξj1 ···∂ξjk

(ξ)|dξj1 · · · dξjk ≤ A <∞, 则m ∈ Mp.

举举举例例例: (i)| ∂km
∂ξj1 ···∂ξjk

(ξ)| ≤ C
|ξj1 ···ξjk |

, ∀ {j1, · · · , jk} ⊆ {1, · · · , n}, ξ ∈ (R \ {0})n.
(ii) m(ta1ξ1, · · · , tanξn) = tiλm(ξ1, · · · , ξn), ∀ ξ ∈ Rn \ {0}, m ∈ C∞(Rn \ {0}).
(iii) m(ξ) = iξ1

iξ1+ξ22+ξ
2
3
, m(ξ) =

ξ2ξ23
iξ1+ξ22+ξ

4
3
, m(ξ) = |ξ1|iτ1 · · · |ξn|iτn ,

m(ξ) = (|ξ1|ρ1 + · · ·+ |ξn|ρn)iτ , m(ξ) = (|ξ1|−ρ1 + |ξ2|−ρ2)iτ .
若1 < p <∞, f ∈ S(R3), L1 = ∂1 − ∂22 + ∂43 , L2 = ∂1 + ∂22 + ∂23 , 则
∥∂2∂23f∥p ≤ C∥L1f∥p, ∥∂1f∥p ≤ C∥L2f∥p.
(iv) m(ξ) = φ(ξ1/ξ2), |φ(x)|+ |xφ′(x)|+ |x2φ′′(x)| ≤ C.
(v) ψ ∈ S(R), ψ(0) = 0, |aj | ≤ 1, m(ξ) =

∑
j ajψ(2

−jξ1/ξ2).

其中ai > 0, λ, τi, ρi, τ ∈ R. 以上例子都满足m ∈ Mp, ∀ 1 < p <∞.

Summary: Thm 7.1⇒(cor 7.1, Thm 7.4)⇒Thm 7.3(1D)⇒Thm 7.6(2D).
(cor 7.1, Thm 7.3)⇒Lem 7.11⇒Thm 7.10. (cor 7.1, Thm 7.6)⇒Thm 7.13.
Thm 7.1⇒Thm 7.5. (Thm 7.5, Lem 7.8)⇒Thm 7.9⇒Cor 7.2.
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