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(3) #ag > 0. ER: || 32 fillioo < (1424 ar) 2ok [frll1oo In(1 + a;t).

(4) &L <p <2 EW: ]l po@n o -ne-mdz) < ClfllLo e dz)-
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o= (e !f (B)|dtypa—b=tdr)r < B30 ()P de)r,
(L2 | £(t)|dt)Pab " dz) <p (2 | £(t)[per+o=1dt)s.
(11) & f(x )ER”.I:\Q’J'T/D“ SOk ﬁ'—ﬁﬂ“ﬁ’ﬁ?&iiﬁf"(t) = inf{\ : ay(\) < t}, t > 0.
L) =Tf*(t =1f0f* )ds. WEHL: (M f)*(t) = f**(t).
(12) RE&EHMRBERZLAMLf(x) =supt [T |f(y)|dy. TEWA:
r>0

o € R MEf(2) > M| = § fage pony [ (@)lde, [ME £l < 52511 -

F3E DA
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(6) &Ty, Th&Calderén-Zygmund K F, /B EA AR F 694z 4. . B e c L™, 1%
B(T1 — T)f () = ale) f (). i

(1) K € 'R 0 LL(R™\ {0)), N > n/2, R(€) = m(€), # 2+ |gm(c)|
<A<oo,VO0< |af < N. EH: f‘x|>2|y‘ |K(z —y) — K(z)|de < CA.

(8) RTAR" L&A 47 MK (z,y)# Calderén-Zygmund F F. 41 n(z) =
fs<‘x7y|<N K(z,y)dy. 1E#A: f‘x w<N I v (7)]2de < ON™ %X Fe, N, 2/ — B R

(9) ®BK € S'(R") A AR\ {0} L &3 T, supf<‘x|<2a K(z)ldr < co. HHFTf =

Kxf ZL*R") LA EHA: sup ‘fa<|z\<b (x)dx| < oo.
0<a<b

(10) &1 < p < 00, s > 0. K ALIYR") = U Il = 11— A)iflp < oo},

F(1—A)sfer((1-A)2 e = + |2mE[%)2 f(§) R L. EA:
(1) Fl<p<g<oo,y—q¢=2 MLER") C LIUR™).
(2) %1 < p < o0, f € LEARM, 0 < |a| < [s], MD?f € LP(R").
(3) %1 < p < 00, sp > n, MLE(R") C L®(R"), BAE&f € L2(R"), A& f € C(RY),
%43 f(z) = f(z), ae. xR
(11) &T; mLZ’(Rn)Lé’aﬂ;%?EW% WHT, BT + 1T T ]| <~ — k),
A= V() <co. ATV = 3 Ty 9 (1) [TV fll2 < Al fll2.

Jez lil<N
2 ){TNf}N 1zaL2(Rn)=Péﬁﬂw KL e LR,

%63 A

(1) IEBAH], #BanachZ .
(2) e S(R™), §(0) # 0. EXMERFBEM f(x) =sup sup | * f(y)|. HEH:

t>0 |z—y|<t
IMZflly < Cllfllag,-
(3) &1 < p < oo, feLP(R"), ge L¥(R"), p € S(R™), $(0) # 0. TEH:
1M (fRig + gR; L < Cllfllpllglly-
4) Y PEABRIFF Lo, 0 < a <n, BR|Lof]|_o < Ol fllzn, @n):

5) &f € HL(RY). EH: [, |y|n‘dy<0||f||w Rn)-
6) &|f(x)] < >0, B[, f(z)de =0. E#A: feHL(R™).

1+|w|n+s7

7) & f € BMOR"). EH: [, H'x‘g‘ﬂdx < 00, € > 0.

)
)
)
)
; %f € BMO(R"Y). i£#: Mf € BMO(R"), &M f(x) = co
)
)

Y SRR E T, 0 < a<n, B Lfll < Cflnja-

(10) #p € [1,00), f,g € BMOR") N LP(R"). 1EHA: || fgllp < C(Ifllplglls + [ £1+llgllp)-
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(12) &f, g TM R, LHEa > 1, BEEES >0, Alhengs n%/%hmeag =0, B{z:

[f (@) > a), [g(z)] < BA} < eapl{z : [f(z)] > A} (AR(S, g)ﬁﬁuﬂx% ).
% (f, ) ABATF R, M| f, < Cllgllp, 1 < p < 0.

(13) EEFHQ C R, 4Q = {(z,t) e R : 0 < t < I(Q)}. EFTIQRQH L k.
%Riﬂléﬁ 3k 9 Borel ™ & it Eu(@) < C|Q|, E&EFHQ c R, ffu&Carlesoni|
B & f/(1 4 |z|Y) € LYR™), 12 & X% p(#£0) € S(R™), $(0) =0. iE8: f € BMO,
S HRGdu = |f * oz )]2d$dtﬂzCarlesonJ“JF
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(1) %y € SR™), $(0) = 0. RLHFS;: §(€) = (v (27¢). EH:

[(S )]
JEZ
(2) %h € S(R")# Zsupph C [—g, 3. eI {a;}, 4

o) = £ agermenge). w9 £l < O £ o) Wil 1 << e
(3) HEHA: e’ﬁa/‘f%Ll’(R”)i% 1<p<oo
(4) ¢ € CRE(R™), 0 ¢ suppC. 4G(/)(x) = sup | 3> ASf(a)|

N>0'"j<N

~

ASF(&) = F()¢2778). R (|G(H)]ly < Clfllp, 1 < p < o0,
(5) &¢ € C§°(R™), 0 ¢ supp(, {a;} & A 47, 1EH:

m(§) = %:Zajg@*j{)%Lp(R”)?ﬁ%, 1<p<o0.

j

(6) &1 <p<oo, feSR"), L =0, — 95+ 093, Lo =01+ 03 + 03. #EA:

10203 fllp < C|IL1fllp, 101 fllp < ClIL2flp-
(7) &K; € S'(R") AR\ {0} L A3 T4, i X

Sup f{z|>2|y| Z [Kj(z —y) — Kj($)|2)§d$ <A<oo, B

yER"\{O} )
% K (©)F < s —— IS 1K = Pl < ClSl.
Jje
(8) &my, € L=(R"), /ﬁ%&}s%i%R "+2\a| Z fR<‘5|<2R|6 my(€)[2dé < A% < oo,

o < [n/2]+ 1, K; € 8'(R™), K; = m;. iE%: K;£ER"\ {0} LAHFTAR, &

SUP sy Z Kj(x —y) — Kj(2)|?)2dz < C < .
yeR™\{0}

<>mr’maffaso<¢ o> e SR, §(0) = 0. XLEFg,(f)(x) = (J°|f * pula)[2 L)z,
= (J5% fiypee | ot — )P 228)z 2 R: gy (f >||p 1711y,
us < )Hp 1£1lps 1< 2 < 005 [190( )00 + 155100 < CllF I35
Lo (Al + 1S6(HIl < Cll e 5 gDl + 1S (H) < ClLF oo
(10) %1 < p < o0, m € L®R"). S#LAT=#RNA, Rjp = I; x [ £ =% HEH,
m;x(§) = m(§)xr, (&) ER: mELP(RYRT, T EREAAANS;, € LP(R?),
OS2 T, FilD) 2l < CUCS i) -
JkEL 5,kEZ
(11) REAMAFTALP(RY) LA, 0 < p < oo, HEA:
S 1T £ Y2 < ITHICS, 1122




(12) %0 < p < o0, BZEEFTHE|T f|lpoo < || fllp, HEA:
1 1T £ 2 oo < CHOZ; £l

s )

(1) &f e LXT), A lim N > |f(k)\2:0é©£%%4%%
N—=too  Nojk]<2N

lim } [y | £ (@ + ) = f(2)de = 0.

(2) 1EHA i sin(2rkz) LA S, A2 TR R AEAT LY 3 F 89 Fourier & 2.
k=2 n
. _ . SN (—1)* 2k +1
'y FTESON R=A %KX, £ Pl(z) = = 7 )
(3) ®P(x) RTLWYN R=/A %X, iE£0: P(r) kgz T2k T 12 5 P(r + N )

(4) &N € Z+ iﬂiﬂfl # g € span{sin(2wjz) : j € ZN (0, N) M& A
9(5) =52, Vi€ zZn(0,2N). Bkt
(1) (—1)J’(g(t) t—1/2) > 0 Vite (L, gk), j€ZN(0,2N];
(ii fo lg(t +t—1/2\dt g
(i) & f € C(T), f(k) =0, ¥ [k| < N, Mf(z) = [} f'(x + t)(g(t) +t — 1/2)dt.
(5) &O(2) = X ep e ™5, R O(1/2) = /20(2), ¥ z > 0.
(6) %A C LA(R"). (1) TP AL L (R")F 7] 4 09 & K AR R AT 24 R R L .
(I)JS& 1£ll2 < +o0; (if) lim sup JSiajsr(F1? + [f?)dz = 0.
(2) TEBA &R (i) 7T VA 3B A1 (H).
EAMG)TAELEIR > Ofs‘*iﬁsupﬁ =gl (If1? + 1f[*)dz < +o0.

(7) ichR"E%‘ #%,0€ B, BR—{RJ:‘ r € B} (R>0),pe[l,00. TX
SRf f f £)e?mEde v f € S(R™); p1(x) = fB e2mMTE e WE &
o1 & LP(Rn)B“ i%fif € SRMEA{R > 0|Spf & LP(R™)} =, A o € LP(R™) W]
I%i_{%OHSRf = fllp =0,V f e SER").
(8) (Hausdorff-Young % X&) R F4) X f € S(R), pe (1,2), p =p/(p—1).
F(t 2,y) = f(Vix + VT —ty)e "VI-le—Vi)’ G = F,F ie.
G(t,x,n) = [z F(t,z,y)e _QWZy"dytE[Ol]xy,neR
(1)1EBAt € (0,1), z,n € RE

o¢ +27r77G+i\/7 %+27rxG
on ox

oG 1 9%G

2\/t(1—t) a —27T7,.T7']G+%a?an
J|G? 10 [0|G]? ) 2 0G G
4 =_-_ 4 ——  Im(—==
"ot tﬁx( o TATHC =1 \dn oz

1 9 (9G] 2) 2 (aG 8G>
== +4mn|G? ) + —————Im
1—tan ( gy HAmG t1-t) \0nox

0G 0G . [1—t0|G| 8|G\+2 e
817830 N t Ox Ox e




[t 0G| (9|G|
1—1t dn <817 +2mlG] )

oGP 10 (9G] . a|Gy o2
4mp 5 __t3< o + 27pz|G| gt 2} |G|
P =D 10 (9G]
—2r—=|GP — 2 an
TG £ 9 ( o + 27p'n| G|
(2)&I(t,x) = [ |G(t,z, )P dn, (t,x) € [0,1] x R. #E#L € (0,1)8
al el ol (p—1)(2—p) |0I|? ,

(3)&J(t) = [ |I(t,x)|P~ dx, t € [0,1]. 1E#AJT € C([0,1]) N C1(0,1); t € (0,1)BF
J(t) > 05 J(0) = p 2| fI, J1) =9~ |1

(4) R flly <p¥p " | fllp f(x) = ae b+ b > 0H F 5 K.
(9) (BB Young & 3 X 89 k4 F &%) %a,B,v € (0,1), a+ B+~ =2, f,g9,h € L'(R"),

f,g,h>0 (e"o(x) = (4mt) ™% [ d(y)e” )

I(t) = fin en [e20 f(@)[2]0=1B gy — )| | 1=A p(—y) [ dwdly. 323
a)l—@ 1-8(1 1-v n

tlggo I(t) = |4=2 ;aszvw =3I £ lg N IRl 1) = 0,

V> 0; T 1(8) = o () %lg(y — 2)/°\h(—y) N ddy.

(10) *&a, = 2_51) n2- (l —27Rg(x) = ze™®, f(z) =D ey 9(2F2). TEW:
lim (a, — f(n)) =0, |[(In2)f(x) — 1] < 107°,V 2 > 0.

(11) z:l}LooRﬁ Cik %, ImV( ) >0, |V(x)=V(y)| >|lz—y|,Vz,yeR. fe Lt ﬂLQ(]R),
= Jp flz ”“V Ddt. ER:glla < Cllfll2- Jo~ lg(t)|Pdt < CfR |f(z)Pd.
(12) utﬂfl % f, g,h € S(R?)n]
| Jor (L 22 — 9L 29\ hdaydao| < C||Df||2]| Dyllz]| DRl
(13) e € L'(R"), ¢(x) = ﬁ% ()], By € L'R™); f € Ly, (R"), Mf(z) < +oo. IE
Bt @ x fx) (t>0§/§£
(14) wEH: Ep > 1M 35, fullpoo < 577 2ok 1 fkllpoc; F0 <p < 1M

152 fellpoe < 775 X e loc-
(15) 1:”Cck. > 0, /I%F/%Zk Cr = 1, Zk ck|lnck] = N < oo. kaHLOO < 1. iﬂgﬂ}]:

H Zk kal,oo S 2N+ 2. H Zzozl fchl,oo S szozl ka”l,oo(l —i—lnk).
(16) &B = {(z1,72)|0 < 21 < 1/2,0 < 29 < 22}, f(x) = 371_3|1nx1\_"‘xg, x = (z1,22),

€(1,2]. 1®E#A: Mf(x) < Cf(z),Vao e B\{(0,0)}; Mf € LY(B),%2fIn" f ¢ L}(B).

(17) ‘R Ry = (0,1)"1 x (0, N), Ry = {hARN +blh > 0,A € O(n),b € R"}. &L

Knf@)=_sup m Jrlfl. TEn=2, f € C(R?), f>0.

x N

(1) T XA, f(z) = sup ‘fOOOF (InZ) [27 f(z —r(cos§,sin 6))e™Pdhdr |, 3+
F(t) = phe m € Z. w‘:ﬂf]ICNf( ) < O mien Anf(@). (N € Zy).
(2) EXBmaf(z) = [;°r f(z —r(cos§,sin0))e™?dg) o, e B

A f(2) sz|Bm,Af( z)le” 'A'dA VmeZ\{0}, z € R%.
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ﬂ. ZAF(lm‘ 2

(3) IEAB [ () = o |s|—M “Iml(Skgym (e), v m o€ Z)\ {0}, A € R,
€= (6,&) €RZ By flls = w!m +iA Y| f o

(4) I Ay fll2 < 27lm| Y| ]2, ¥ m € Z\ {0}; Aof(2) < CMf(x);

ICn £ll2 < ClnNHsz, v N > 2.

(18) & f € C>(R?), g = [p f(z + vt t)dt. G € L'(R?) A
Jre2 [9(&m)? \77|dfd77 = fR2 |f(z, ) Plt|dzdt. #%h(w,6) = Sup 5 F I g (@, v)ldv,
ac(—

Y g |, 6)Pdr < C [ (f1 |9(x,v)|dv)d + C|nd] fo [§(&,n)[*nldédn
< Ol é| fgeo [f (2, 0)[2(1 + [t )d:ﬂdt Ve (0,1/2).
(19) BRyp = {hARN +bJA € O(n),b e R"}, n =2. LXKnpf(z) = sup |R| Jr 1.

rz€ERER

ER| Ky pfllz < OVILN|flla, ¥V N > 2, h > 0.

(20) B f(x) = Yul, axe® 2w, SER £[3 < V2| £3, Hfllz < V2| flh,
{z € (0,1): |f(@)] <Ol fll2} < [(1—6%)*+1]71, Ve (01)

(21) & f € LY(T), {k € Z|f(k) £ 0} C {2F|k € Z,}, iEHAf € L2( ).

(22) %1 < p < oo, WM HE A EFRC, ﬁif%’vaHLl ©01) SClfllp, ¥V f € S(R™), M1 <p<2
(%R fr(w) = Yoy e mm 2T

(23) ®F(z) = Y00 k~ 120 ke2mi2’e B2 pay o ik & %
()22 [ |F(2) — F(z +27™)2de > 161nm, ¥ m € Z;.
(2) & Apm = {2 : 2"|F(z) — F(z +27™)| <k}, Bi = N1 Akm,
EPE C U, By, [BrN(0,1)] <1/2, |[EN(0,1)] < 1/2.
(B)IERE=E+k/2"Vk€EZ, meZ,; |E|=0;1/9 € E(= E #0).

(24) & f(x) = 250, k1/2e 2mle 2" GEBAf € [2°(R), f € LP(R),V p > 2.

TERAT2(1 + €2)f(€) = F'(€) in S'(R). (F& LR L&) A Lt
FELL(R), fg LV (I),V 1= (a,b) CR. (BMFAEIELFLLTH)
(25) &p # 2, IEAM(E) = (-1 TRRLP(R) K F.
(26) &1 <p <2, Fp(u) = apRe(u+i)P — Cpu? +1 (u > 0), Cp = tan g,
ap = (sin ;—p)p_l/cos T R F,(C) = F)(CY) = 05
w2(Z Y = gy (p— 1)Im(1 + £)P=2 < 0, Fy(u) <0,V u > 0.

pupP~1

(27) ’f € LP(R"), 1 <p<oo, Qe LY(S" 1), e>0. EH

Q(y’ n
Jisa T2 (@ “uldy < oo ne.w CRNAFY =yl
(28) R [ coss —%zf(l—a}sm T e (0,1),

fol B8 1ds+f°° Cossds = —7. foo coss—e % g = (). iE: nyD\iL%#( (1) = —.
(29) %&p € Lq(R”) ER’L%W\%JO 1<gq < . mﬂﬂ I AR HET
T[‘P]f(x) = fooof* (pt(l')% ﬁUT[go’ fo f *Sot tELp(Rn) (1700)7 "tﬁ
SR &, € LYR™), £R"8R 940, mzﬂﬂT[ T[] = T[h], £
h=T[p, 1] + Ty, 1]e, heLq(R") AR A0.
(30) #1 < q <o, A4y ={T:Tf =af+f*p.v. lgg';x aeC, Qe LI(S™ ), [gu =0}
ERA, = {Tl¢] : ¢ € LUR"), [ 9 —0}

(31) %t e R\ {0} T Xy f(z) =722 U{ly|<1} :cw) @) gy 4 |Sn Hf( 0
+ ooy fdy), T (€) = !wél‘“f( €), f € S(R™). EH
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1Lt fllno0 < COLA+ EDE (2 + [ £l [ flly < CO+ )P 2 M2+ [¢)] £,
1<p<?2 E: CREALn,pA X FEK. ln(2—|— |t|)‘T»A%%$

(32) & f € CL([0,0)), g(t) = f1 LSO gy + LD+ [ [ dy, t € R\ {0}. 129
|[f(@) = f(y)| < & [ min(1 \t\)lg( ldt, V0 < <y < 2. \
(%)iiMﬂ@Z&mﬁgﬂﬁﬂﬁw—www@)ﬁnZZfE%WR%fzaﬁ%

Mf( )S T f( ) _|_ \S" 1| meln 1 |t|) F(" zt ’I,Ltf( )‘dt;

Mf(x) <2M f(x) + C fo(1+ [t) ™2 [Lie f ()| dt.
&n > 3, nnl <p<2, TJEH)EJHMpr < CHpr E: C&R G, pﬁftéﬁ
(34) B AM, f(x )—§1>1103 7] Jon-1pmue | (2 = ty)[dH 2 (y), w e S,

L={zeRz -u=0}, fc CR"). EAMS(x)< i 1|j:gn My f(z)d ( )-

(35) BAnp = sup{|IMfllp : f € Cc(R"), [[fllp <1}, MAn, <00, V>3, 727 <p<2
ERED > P+ 1, pe (L2), ue S, [ e CuRY), MIMufly < Anspllfl
HMpr < An—l,pr”pa An,p < An—l,p-

(36) WEPAM f(x) < Mf(x),V f € Ce(R"). BBy =sup{||Mfllp: f € Cc(R"), [[fllp <1},
n>1,1<p<2 MBy,<occ. EAB,, < App; Bop < Cp,

Cp = max({Byp|l <k <m}U{Am1,p}) < oo, m=[p].

(37) ZIM'f(z) = OEEERm fBR\BT |f(x — ty)|dy. AL F € C(R™)M
M f(z) = Mf(x). Bf(x) = |z|""In]z]|" X p0,1/2), EAS € LP(R™),
Vpe[l, 5] M f(x) =00,V eR" A, , =00,V pe [l 5], n>2

(38) ®Q € LI(S"L), £ IRAH0, > 1, Tf = f+pv. 5 ) e
Txp(o,) € L(R™) MQZAE F %L

(39) WAL f € Hy(R™), g € LN R f g € Hoy(R™), | f*gllar, < [ fllza,llgll1-
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185 WA

(1) zeR" r>0, B(z,r) ={y e R": [z —y| < r}.

(2) dz = L™ R": R™ Lebesgue M.

(3) do =H" LSl EME. S ={r eR": x| =1}.
(@) EC R, |E| = £'(B), xu(e) = { o &5

(5) a.e., a.e. x: JUFRL A L; A —ANEM &I AL L

(6) a=(ar, - ,ap,) eN" f:R*" - C, D*f = _aely \|—Z LG, % =]t aln

“1 6an7 n
x=(r1, ,2n), N=ZN[0,400).

(7) (X, p) MEZR. | fll, = ([x |fPdn)?, 0 < p < +o0, LP(X) = LP(X, ) = {f|f
X 55 C T, [[fl < +oo).
L®(X)=L>®X,p) ={flf: X > C p-"TR, 3C >0 s.t.
w{lf] > C} =0}, HfHoo = inf{C > 0|p{|f| > C} = 0}.
LP = LP(R™, 5") P(w ) L”(R”7wd$),p' =p/(p—1), p € [1,+00].

(8) & fxg(z) = [gu f(W)9(z —y)dy = [ flz —y)g(y)dy.

9) Minkowsklf’f‘f X(1<p S +oo)
(Jx [y flxy)dv(y)Pdu(z))r < [y ([x |f(zy)Pdu(x))?dv(y).

(10) CX(R") = D(R™); S(R™): Schwartzu#( .8 D,SHMABER. TeD, feDor
TesS, feS Txflx)= (T, 7o), 7 f(y) = flz—y).

(11) p: ARBorelME < ue D', {u, )] <C|flloo, ¥V f € D.
w: 3 % Borel(Radon)ME < u € D', (u, f) >0,V f €D, f >0.
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1. FOURIER% ##2 FOURIER & #

1.1 Fourier%& #. f(z) =Y ;- (ak cos(2mkx) + by, sin(2mkz)).
2™k — cos(2mka) + isin(2nkz). f(x) = Yo cpemikT
co = g, ¢k ceop = Ut v S0, FRF—HOR, b

fol e2mikT o —2mim® ], — { (1)7 :;Z’ P Cm = fol f(ﬂf)e_%rinwdl’.

_ ap—ibg
- 2

RV fe LNT) (s feL'(0,1))AMAL), f(k) = [ f(x)e 2 ode, #3530 F(k)e2mik
A f¥Fourier&4x. T = R/Z, TL & Sfe RER N A 169 &40

Bgtt, Rfwik: Syfz) = Yn_y F(k)eX™, oy f(z) = 5 Sono Sk f(2).
Question: 1. #& RK$2(1.2,1.3) 2. LPIS(1.4) 3. a.e 8L(1.5, on f)

1.2: ]\}im Sy f ()B4 89 79 & (Dini#] 3 7% Jordan ¥ %1 %).
—00
1.3: 20 €T, 3 f e C(T), s.t. Nlim SN f(xo) R AA. (£ EHE)
1.4: A}im ISNf—fllp=0V fe LT RZEH: ||Svfly, < Cpllfll, (& 1<p< oo, see

Corollary (3.4)).
*a.e.l&ﬁi:]\;im Snf(z) = f(z) a.e. z, V f € LP(T), p > 1 (Carleson-Hunt).
—00

1.5: A}im lonf—fllp=0V fe LP(T),1<p<ooor feC(T), p=oc.
—00
A}im onf(z) = f(z) ae. z,V f € LP(T), p > 1 (see section 2.4).
—00
Similar for Poisson-Abel KA P, x f.

1.2

Theorem 1.1 (Dini¥| #]%). If f1{32 |M|dt < 00, then A}im Snf(x) = f(z).
—00

Theorem 1.2 (Jordan¥|#]i%). If 36 >0 s.t. f € BV(x — 4,2+ ), then
A}im Snf(x) = 7(x+);rf( ),
— 00

B LA I 6,4 f1 = |1I1t|7aX(071/2), fo =t%sin %X(O,l/Q)? o< (O, 1)

Lemma 1.3 (Riemann-Lebesgue). If f € LY(T), then klim Flk) =
—00

Proof f fo e ik gy = — fo —27”79(964-%)6[:5 - _ fol flz— le)e—%ikxdx’
=3 fo flx = gp))e 2™k du, \f ) <3S 1f(@) = fla — &)|de — 0. O
Snf(z) = Z{L_N [y fye 2miktgre2mike — [ () Dy(x — t)dt = [} f(z — t)Dn(t)dt.
Dy(t) = Ypl _y e 2mikt = W Drichlet#.

Jo Dn(8)dt =1, |Dn(1)] < gty VO <6 < [t < 1/2,

Proof of Theorem[1.1. Sy f(z) — f(z) = f_%%(f(x —t)— f(x))%dt =

GIN) = G(=N = 1), g(t) = LG e™ ¥ [t < 1/2.

As |sin(wt)| > 2Jt| V [t| < 1/2, then |g(t)| < % Y|t < 1/2.
Thus g € LY(T), by Lemma lim Syf(z) = O
N—o00
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Proof of Theorem|[1.3. Sy f(z) = fiﬁz (x —t)Dyn(t)dt = 1/2 g(t)Dy (t)dt,

g(t) = flx —t)+ f(z + ). fEBV(m—(S:B—I—&)égEBV(O(S).

AR FiEzg € L1(0,1/2) N BY(0,6)M lim 2 gDy (t)dt = Lg(0+). FhrikgF A
Mg = g1 — go, gi#2(0,6) %%, Z:ilﬁugfi(o 5)$i)§li‘:é’

Mﬁyiﬁg(m):o. BMFE &g — g(0+). (fy2Dydt = L [15, Dy(tydt = 1) ¥ e > 0,

1
2
36 € (0,8) st g(t) < eV O <t<d [gt)Dn(t)dt = h(N) = h(=N — 1) — 0,

h(t) = 2i(s?ne(m) Xor<t<1/2 € L'(T).

Ibﬁ"’\*k FHEZEI v e (0,8) s.t. fo Dn(t)dt = g(6'— f DN t)dt.

Ii=[" Dy()dt =+ I, I := [ sin(n (2N+1) )(m—#t)dt
8’ sin(r(2N+1)t 2N+1)4" sin( 7rt

IQ _f ( (7rt+ ))dt_f((QN—i—l)) dt |I ‘ <f sin( 7rt —7rt|dt<c

L] <2 sup | et gy < o, |1] < c | T g(t) D (8)dt| = g(6'=)|T| < Ce. Thus

A= hmsup \ fo )Dn(t)dt| < Ce, Ve > 0. Then A =0. O
N—o0

1.3 £f € CT) (a € (0,1)) ie. |f(z+1) — f(z)] < C|t|*, BT ADinil 1%, T e 4
WA CO T AL A O

Theorem 1.4. 3 f € C(T) s.t. Sy f(0)F &L,

Lemma 1.5 (£%8 2 %), X,Y Banach 8. {T,}eea C L(X,Y). M (i) sup, ||T.| < oo
K (i) 3 € X s.t. sup, | Tuz| = 00

LIX,)Y)={X 5 YARGWET}. |T.|| = sup{||Tuz|ly : 2| x < 1}.
#X = C(T), Iflx = 1flloes Y =C, Ty : X = Y, Tnf = Snf(0) = fl{§2f(t)DN(t)dt
(DnRABEE), Ly = [Y7,|Dn(1)]dt. For fixed N,
(i) TN S| < L[| flloos (i) fu(t) = iy then | falloo < 1, T fo — LN
Thus [|[Tx|| = Ly. % #&1E A hm Ly = —|—oo(Lemma M & Lemma,
3 f e C(T) s.t. supy |Svf(0 )| = —|—oo (i.e. Theorem [1.4]).
Lemma 1.6. Ly = ihnN—i—O( ).

Proof. LN—2f1/2 w\dt%—(ﬁ —2fN+1/2 Smm)\dt—i—O()
230, i ) !dt+0 =2y 1f1{§2 sl gt 1+ 0,(1) =

2 15, |sin(mt)| SopL, ppdt + Os(1)=2%In N + O3(1).
(i) 101(0)] < 2 o |ty — 1t 00 =00 1) 42 [1/2 |5t gy

sm

(ii) f 12 |sin(mt)|dt = 2, sup | Z t+k —InN| < C=103(1) —02(1)| < C. O
[t|<1/2 k=1
BBl & () = Y00 ansin(2wb,t) Yoo, %ﬁlﬁfl)t), Yo lan] < 00, |apIne,| — +oo,

by — bo1 > 2(cn + cnot + 1), bpen € Zo, Mf € C(T), Sy, f(0)] — +oo. 2 & H#

8 (an, by, cpn): an =n"2, cp = 2"3, b, = 4c,.

1.4 FJE VAT 1A

(1) lm (IS f— fll, =0, ¥feLrT),
N—o0
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(1.2) lim Snf(x) = f(x), ae. .z, V felLP(T).

Lemma 1.7. 76‘1<p<ooﬁ".ﬁi4<:>5|0 > 0(R Gph X )M

(1.3) 1SN fllp < Cpll fllp, v f € LP(T).
(T.3) %1 < p < com L (see Corollary 3.4)).

#Zp=1M|Sn|lp1op = Ly — oo = (L) FAR L.

(fn =nX0,1/n), ISNfulll = Ly asn — oo, [[fall1 = 1)
{e2mikzy & L2(T )éﬁirzfiixﬂﬂ-m%((]orollary [L1)=

113 = 32 [FGR), 1SN Fll2 < 11 -

1.5 onf(x) = N}&-l fcv o Skf (@ fo N+1 Zk 0 Dr(z fo t)En(z — t)dt
15, fl@ =) Fy(t)dt.
Fi(t) = by Sl Di(t) = b |20 i” R,

FN(t): Fejer#i. FN( ) > 0 HFNHl = fO FN dt = 1 FN( )

- W mt)|?
N+1)|sin(nt)|?°
f{6<|t|<1/2}} N (t)dt < W —0,as N = o0, V6 € (0,1/2).

Theorem 1.8. If f € LP(T), 1 <p < oo or f € C(T), p= o0, then A}im lonf— fll, =0.
—00

Proof. Key point: limy o [|f(- = ) = f(-)[, =0. [, Fy(t)dt = 0=

onf(@) = f(x) = [17,(f(x — 1) — f(x)Fi(t)dt. & MinkowskiF ¥ X 4%
lowf = fllp < JH5,1FC =) = FO)pEx @t < L2511 F( = t) = FC)lpFn(t)dt +
20 £llp Sis<picr oy ()t < sup [ £(- =) = FOllp + (ribae - Thus

[t]<d
A :=limsup|lonf — fllp < sup [|f(- —t) — f()|lp- VI €(0,1/2). 6 - 0+ = A=0. O
N—oo [t|<d

Corollary 1.1. (i)=& %A XP; := {Zg:—zv cke®™ |, € C, N € Zy M
LP(T)FAE (1< p<oo). (ii)%fecLMT), f(k)=0,VkeZllf=0a.c
Key point: as o f(z) = S0 N}:‘klf( )e*™ e then (i) on f € Py
(ii) f(k) =0,VkeZ=onf=0; (iii) Snonf=onf.
Proof of Lemma[I.7 sb®1E: 5 THE. ZoMH: Syonf=onf =
ISnf = fllp = IISN( —onf)+(onf =Pl < (Cp+Dllonf — flp = 0 as N — oo. O
Poisson#i: u(z) = 302, f(k)zF + 3520 1f k)ZE, 2 = re? | F(k)| < || fl =%
{lz] < 1}—BOKL. u(re?™®) = S f(k)r bl 2miko _ f_lﬁgf(t)Pr(H —t)dt = P, * f(0).
Po(t) = Y2 rikle2mikt — m@w
o) o0 = —|z)? T
(P ()_Zk 02k+2k 1=+ z:|11 |z=2’Z:7”62 ")
P.(t) >0, fo t)dt =1, hm f{5<|t‘<1/2} »(t)dt =0,V 6 € (0,1/2).

Theorem 1.9. If f € LP(T), 1 <p < oo or f € C(T), p = oo, then
(14) Tim [P+ £ =l =0.
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Key point: [|By+ f = fllp < [1175, b0 Pr(t)dt, h(t) = | F(- = 1) = F()]|p-
Au=0if [2[ <1;u = f if [2[ = 1 in the sense of (1.4).
(If f € C(T) then u € C(D), u= f on dD.)
T2oD=Stw e D={2eC:|z| <1}
Proof of lim onf(x) = f(x), im P, x f(z) = f(z), a.e. z, in Lemma
N—o0 r—1—

1.6 L'& & FourierE #. f ¢ L'(R"), & Lf(¢) = Jan flx)e 2@ 8dy = (Ff)(), &
P &= Z?:l xjfj. %ZF'Ti/ﬁ

(1.5) Flof + Bg) = of + 53,
(1.6) 1Flloo < ||f||17 feCRY) (dz K ®),
(1.7) |1|1m F(&) =0, (Riemann-Lebesgue, &
fie) =5 [ (@)= flo = g e tdn, i85k,
(1.8) F(f=g)= ’g\ (Fubini),
(1.9) F(nf)(©) = F(&)e*™ . F(fe*™)(&) = f(¢ - h),
(1.10) F(f(p))(€) = F(pE), (p € On, e pPp = I, Tnf(z) = fz + h)),
(1.11) if g(x) = A" f(A" 1), then G(&) = F(AE), (A >0, (LI)(T11) : #7T),
(1.12) F(O;)(€) = 2mi&; [ (€), (0;f € L', (the,f — f)/h — 0;f in LY,

(113)  F(2minf)E) = 0,7, (if < LY, ((12), (C1D) : MR,
.7-":L1—>li°°,]-":8—>8,.7-":8/—>8’, ILP CS= F:L? - S Plancherel’ X F : L? — L?,
Iflle = Iflle = F : LP — L*® + L%, (#Riesz-Thorindé 1A & ¥ Hausdorff-Young & 3 X))
= F:LP = L” (pe(1,2)).

1.7 SchwartzZ# 5L ¥ 2% fc SR") & f e C*R"E

Pa,p(f) = sup, |z*DBf| < 00, V a, B € N*. CZ(R™) C S(R™), e~lel® ¢ S(R™);
f68:>mjf,af €S;SCLP,SELPFMAE(L<p< o).

2 L fk—>01n8<:>kh_>ngopa,g(fk)—0, Va,eN"; fp > finS < fr—f—0inS.
[ fllky = sup{pa,s(f) : @, B € N, |a] +|B] < k}.

1l = Speomin(| fllx),27%). fr = 0in S & || fillgny = 0, Vm € Zy & || filly — 0.
d(f,9) = If = glls), (S, d)EEZR.

Schwartz:%viiSéﬁAFourier‘)fEﬁ: () FfeS, VfeS F:8—SHk4.

Keypoint: 1€*D flloo < CID*(@P )1 < CIA + 2" D*(@’ o < ClFlal+(8lnt1)-
1wy < CllFllgat+i81+n+1)-

(ii) [gn f9dx = [pn fdz = [pn gn f(z)e 2™ 8g(&)dédx, V f, g € L. (Fubini)

Lemma 1.10. # f(z) = e #" 1] f(£) = eI,

Proof. ©1Fubini®®, A F1EMAn = 1HT)§si,j_ @f/ + 2maf = 0F=(T12), (T13)4F
omie f +i9 = 0, BAf(€) = eI (0). = [ f(@)dz = 1, utf(g):e—wm?, 0
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E: A ILAFE f(z) = e ™VIP R F() = A—me™IEP/2 x> 0.
T 3 )\EC |Im( )| <Re( ).
(iii) & f € SHf fRn f(&)e*mimede, (REAX)
&g(r) = e “‘x' 9>\( ) = g(/\w)(/\ > O)J”’ ga(x) = (w/A) g=g. @i

A"
Jzn Ffl@)g(\x)da = fRn m/)\ fR” fAz)g(z)dr. AN — 0+
Fg( )fRnf Ydx = f fRn x)dz. /amg 0)=1, fRn dm—l.
fRn (:E)dx = ( )s f(z )—Tmf fRn Tacf §)d¢ = fRn 2mx£d§7
% = Jpn F(@)e¥™ 8 dx, o f(z) = f(z) = f(—x), Cf(x) = f(x). M
?: C’]—"C = 0.7: Fo, (111)@ FF=id, 0% =id, C? =id;
oF?=FF =id, .7-"2—0 Fl=id, F = .7:3 F-L
(iv) fan fodr = [o, fgdz,¥ f,g € S. W (i) REIEF(g) =g, i.e. FCF = C.
¥%LCFCF=FF=id, FCF=C"'=C.
B = gi%||f]12 = ||fI2, V f € S(Plancherel 2 X,).
ZHHIAS SLOEZAM I HTARIKT . S CA[T S &
(& fr = 0in SMTf, = 0] & [Bm e Zy st. |Tf] <C|fllm), ¥ f €S|
WERA: Tf=T(f)=(T,f),VT €S, feS.
VfeLP(R"), 1<p<oo, TXTp = Jgn fodx. M
Tl < Ifllplldlly < ClIA+ 2" )l < Cllgllniay, ¥ ¢ € S], Ty € S".
WCERW: N TABT, € P, Ty = [,
E: &HfeLP(R"), g€ LIR"), p,g € [1,+c]MTy =T, & f =g ae.
E: ZT €S, 1<p<coll[To| < Ald|ly, ¥ éeS|<
Brelr, |fly<Ast. T =Ty

Definition 1.11 (S'#Fourier £ #). T(f) =T(f),VT € S', f€S.

W[F:S - SELHRT €&, w(i)FT e Lot & L—%5. i.e.Z/:f:Tf,VfELl.

WERMA: FfecLP, ge L9, pgel, —i—oo]D"]f— g @7/’; =Tj.

RL: [T, > TinS) & [Tf > Tf, ¥V feS]. (BT, T€S)

[T — T in 8 = [Tk(f) = Te(F) > (/) =T(f), V f € S| =

Ty, > Tin &), ie. F:8 — 8%

FX: oT(f) =T(f) =T(f). MFT = oT, F*T = o°T =T.

ZT S, TeL'NT(f) = (.7-"]-“f) T(Ff) =

fRn T(E)(?Ji) )d§ = [gn Jpn T(E)f(x)e 2“”5d:rd€ Jen 9(@) f(x)dz, (V f €S)
= fon T()e*™ 8 dE, e, T Tg, T(x) fRn €)e2mir e,

y,(,l:lﬂa»']'b{‘vtﬂf]ﬁfelzl fert M [n f QT”xfdf f( ) ae. T; &

feL', F=0Mf=0ae F:L' — L% Mf(%f»x%comuary. (i)

1.8 LP & # ¥y Fourier & #.
Theorem 1.12. % f € L2R™") M f € L2R™), ||f]l2 = ||f]-.

Proof. ¥ ¢ € SA|(F, &) = [(£, )] < |21l = [ fllz¢ll2, &3
feL2®), [fllz < |Ifll2. RY ¢ € SA

[, o) = [, FFO) = [{F, F) < I fll2llFoll2 = || Fllll¢ll2, EHA| Fll2 < || ]2

O
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Viellpe (L,2), f = fi+ foo f1 € LY fo € LP f1 = fxqpz1 f2 = FXqp<1)s
W f=fi+fr€L>®+ L%
Theorem 1.13 (Riesz-Thorind& 14 € #). #pg, p1,q0,q1 € [1,00], 6 € (0,1),
L=Lb b 7 o4 [ — [0 L1 RELF T,
HTquo < MonHpo VfeLl | Tflg < Mllfllp, ¥V f € LRI
1T fllq < Ml 0M1 Ifll, ¥V f € LP.

Corollary 1.2 (Hausdorff-Young+3¥ X,). % f € LP(R"), p € [1,2], M
n/2

1/p

~ / n > a S, p

Fe 1/ ®), 1y <171y (Rew & 700 )

1 _1-0 4 6
P po +p1’

Proof. RHIENE f,gR 7T M HA| [, Fgdal < | £pllgll,- Normalize ||£]l, = llgll, = 1.
2) = fR" |f| flgl? gdmﬁ%#fT/(?i/?OZ =0).

Rez =p/2 = 1H|F(2)| < [[[fIF|2lllglgll2 = I £ Fll2lllgl*g]l2 =

AP lllglP/2 2 = 171 gllE® = 1.

Rez =p— 18| F(2)] < |[f1*Fllsollal*glln < £ £lslllgl*alls = NAP I lglPll

=1 £15lglf = 1.

2 21
p/2 —1 < Rez<p—18[F()| < |[|f7fll2lllgall < I F1E 21 LI N9l 2 gll%
<C(f,9) <+oco.a=Rez—p/2+1€]0,p/2].
# Lemma [L.14#p/2 — 1 <Rez < p— IM[F(z)| < 1. fp/2-1<0<p—1, Bk|F(0)] <1,

I5"I’|f]Rn fgdx\ < 1.

Lemma 1.14. #F#D = {a < Rez < b}fi##7, £ DA Rk 4,
Msup |[F(2)] < sup |F(z)].
2€D Reze{a,b}

Corollary 1.3 (8 Young~¥ X). & f € LP(R"), g € LY(R"), p,q,r € [1, 00],
pl/pql/qul/r/ n/2

L+ = L 20 fagly < [ Flllgll (Rt

Proof. fxg(z) = [pn f( — y)dy. Normalize || f, = ||gllq = 1.
Case 1: r = co. Then q = (by Holder)|f * g(z)| < || flIplloTzgllq = 1,

(0729(y) = g(z — y), ||UT:c9Hq = llgllg = 1), If * glloo < 1.
Case 2: r < c0. Then p < o0, qg< o0, 1/p=1/r+1/¢,

Vg=1/r+1/p, 1/r+1/p +1/¢ = 1 (by Hélder)
1
|f*g | < fRn |f |p‘g$x - |qdy fRn |f fRn |g T — )|qdy) vo=
(Jan [F@W)Plg(x = y)|9dy)~; (then by Fubini) fRn If *g(x)]"dx <
Jrn Jon @) Plg(z — y)|9dydz = || flipllgllg = 1, ie]lf * gl < 1. O

1.9 ¥ 5 Kf», Poisson# - Gauss¥. BC R"ZHFF L%, 0 <€ B,
Br ={Rz:z € B}. ®pr = FXBp, i-. pr = XBxMpr € L2 N L.
L Spf =pp*f. WEXEATfeLP, pe AB). £FAB) = {pe[l,oc0)¢p €L}
([ A pr(z) = R*¢1(Rx), gp € LV & ¢y € LV'). ®BSpf = xp,f, V f € L7,
pell2. %1 <p<oo, R>0.
LE&xp € M,(RM)M3I f e Ll(ie. ¥EKRLPHE) s.t. sup | xsSrfly = +oc.
R>0
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2.5 xp € My(R")Mp e A(B). ‘FixEB}i_{n ISef—fllp, =0,V feLP.

Key point: (1) 3 Cp > 0s.t. [|Sifllp < Cpllfllp, ISefllp < Cpllfllp, ¥V f € LP.

(ii) 3 n € CX(R™), s.t. n(0) =1, suppn C B. .

(it) 0 = Fn, () = R'(Ra), M € S, [ = 1, Tal€) = n(¢/R).

() R LSS = Vi £, 9 BlSeSes = Sef, ] Jim 1Saf ~ = 0.¥ J € 1.

(v) #&0O)F|Srf — fllp = ISa(f = Srf) + (Sef = Hllp < (Cp + VIISkf = fllp = 0 as
R — oo. (V f € LP). (iE: (iv) M 2| Theorem [2.1)

E: EBEL S @ERMNA(B) =[1,0), x5 € Mp(]R”) & pe (1,00).

%B = B(0,1), n > 1MA(B) = [1, 2%), xp € M, & p = 2. (Fefferman).

' n—1

li:[Rh—{r(l)o ”SRf — f”p =0,V fe S] &1 € LP.

#n=1,B=(-1,)MSpf = Drxf, Dr(x) = pr(x) = [1 e2mtdg = ME) pp g 11,
Dre L9, ¥V qg>1.
*a.e 8L || supp |SRf\Hp < Cpllfllp, ¥ f € LP, 1 < p < oo (Carleson-Hunt).

ln27l'
orf(x —Rfo Sef(w)dt = Fr* f, Fr(x —Rfo Dy(z)dt = SR(Erx})zx)'
Fre L', Fr >0, fRFR x)dx = 1. ngI;oHaRf fllp=0 (Theorem, Rll_I)I;oO'Rf(CC) = f(z)
a.e. x (Corollary , VielP, 1<p< .

Poisson#. u(z,t) = [, e~ 2mHE F (&)™ iT e de = Py x f(x),

(

n+1
P.(x) = n€—27rt\§|627rix~§d — F(nz ) t —
Hw) = o $T T e

Proof. (i) n=1. f(&) =e 2l g =FFf, g(x) = Jze e~ 2mtlE] g2mia € e — Tx?)
= =3 ie e = [ €Ty Then
e 2l = = Jr 712-7:;2&) = Jpe 2t I e —sm(142%) gg g = 2 I e _5“_% \d/sg.
€12
(as [ e 2miwtemsme? dr = =~ e Fe Sm):% — ,Vs>0.)
€12
(i) n > 1. e~ 27l = fooo e—sm— % is still true for & € R™. Then
2
—2mt|€| _j‘oo —sT— mt? \{I d 5= t )‘t t2)\7r7%@
e =/, e fo -
fR 27"t|$| 2miz- §d£ — tf]R o —t2)\71' ‘ 12 eZWiI{@dx — tfoo e—ﬁ)ﬂr—)ﬂr\xﬁ)\%@ _
(2l — e a2 oo \C VA
2 .(as}"(e_k):)\fe*”k”‘;fo e AN"T dA =T(%) /a2, Va>0) O

[m(t2-+]2]2)] "

At Pi(z) =0= Au=0in R"™ =R" x R;. tlirgl+u(x,t) = f(x) a.e. x € R™,
%
V f € LP(R"), 1 < p < oo. (Corollary [2.3)
E: If Au=0in ]R”'H, suprn lu(z,t)|Pde < +00, 1 < p < oo (or u € L¥(RTH), p = o),
then 3 f € LP(R") s.t. u(x t) = P * f(x).

Gaussth. w(x,t) = [p, e ™K (€)™ de = Wi x f(@). W Wi = Fe I
_ p—n—mlz?/t? w(z,t) = w(x, \/E) _ etAf( ), 90 — Ad in RT_I-

1 =1 — R”, LP(R™), 1 <p < o0.
t_1>1011+w(a:t) t_1>ron+w(a:,t) f(z) ae z€ VfelP(R"),1<p<o
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2. HARDY-LITTLEWOODM K & $&

218 F 8% ¢ LYR"), [o=1,t>0, ¢(z) =t "¢(z/t).
¢ —din S ast — 0+, X: (5,9) =g(0),VgeS.

Proof. %a‘g e S gbt, fRnt "o(x/t)g(x)de = [p, ¢(x)g(te)ds, w2 BDES T HE

hm ¢t7 fRn dx = g( ) <5 g> O
B {¢y : t > 0} ABFEA. Ry * g(z) = [0 0(y)g(x — ty)dy;
(2.1) /¢:A:>¢t—>A5 inS ast—0+.
B Cesarothorf: ¢ = F = Sl? i);:) Fr(r) = é1/r;
n+1
Poisson#: ¢ = P, = %, Cn = F(ﬁ); Gaussti: ¢ = Wy = el
(1+z|?) "2 T2

Theorem 2.1. &¢ € L}(R"), [¢= A, M hm lpexf—Af|l, =0,V f e LP(R"), 1 <p < o0
or f € Co(R™) (i.e. fe C(R™), lim f(x )—0) p = 00.

|z]—o0
Proof. ¢uxf(x) = Jan ¢(v)(f(x—ty)— f(x))dy. @ Minkowski T F XAF| s f—Af]|, <
S lo@IILf(- —ty) ||pdt f]Rn lp(y)|h(ty)dt, h(a) = | f(-—a)=f()]lp- 0 < h(a) < 2[[flp,
al_i)r(l;lJr h(a) = 0. @iz %J Hiﬁi/iﬁﬁ“tl_l}%i e = f— Af]lp, = 0. O

LB B A F 2] {t,} s.t. t — 0, klim b1, x [(x) = Af(x) a.e. EILH
liminf |pe * f(z) — Af(x)] =0 a.e.

Corollary 2.1. #¢ € LY(R"), [¢=A >0, f € LP(R"), 1 <p < o0, |pt x f(z)| < B < 0,
Vit>0, xeR" E"fELOO(]R”) | flleo < B/A.

2.2 LP> 55 (p,q) %, % (p, Q)™ a.e BELF| B k.
2.3 Marcmklevvlczié 18 % 32,
ﬁ,\, Cesaro#%, P01sson7f7 Gramss#}7 a.e A8y 21k,
2.5 Mdféfj(l, 1); Calderon- Zygmund R
2.6 M f4(1,1); Lebesguetk 2 £ Lebesgue&; M f: LInL — L} .
2.7 M fimAx55(1,1), A& (p, q).
2.8 Vitali& & 5] ¥, Bescovitch® % 5] 2.

lolliMf(z), ¥V ¢ € Vg ie. @ 0 42 @ & 8T

2.2 (X, p) MAEZR. ZX: ap(N) =p{|f|>A}), A >0;V0<p< oo,

[ £llpoo = Inf{C > 0:ap(X) < (C/A)P} = sup{\ > 0: A(ay(N))/P}.

FRHZRLPCEZLA{f € m(X, 1) : ||flpoo < 00}, (L2 = L®). EFm(X, p)#X —
CopTR &G &EE. FRETT  LP(X, p) — m(Y,v).

() TRH(p, )R eI C>0s.t | Tfllgoo < ClIfllp, ¥ f € LP.

(ii) TR (p,q) B I C > 05t |Tflly < C[If[p, V f € LP.

(ili) TR RAW O < [ T(f +9)| < |Tf|+|Tgql|, |[T\f)] = \AHTfy vV AeC.

e W fllpoo < |1 F173 5 (0, ) B=5 (p, ) 2] Btk R &M

Theorem 2.2. ZT =% (p, q) B RE&EEHEF, M
{fe LP(X,w)|Tf(z) =0 a.e}RLP(X, u)F 8 H%.
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Proof. % f, € LP(X, ), Tfu(z) =0 ace., fr, — fin LP, M|Tf(z)] <

I T(f = Fa) @+ T fo(2)] = [T(f = fo)(@)] ace., [T fllgeo < NT(f = fr)llgoo < ClIf = fullp = 0
asn — 00. i.e. [T fllg00=0,Tf(z) =0 a.e. O

2.3 Marcinkiewiczi& 18 & 32

Pr0p051t10n 2.3. #F¢: [ o) — [0, 00) & CL #1838 H 4, N

Jx ¢ f(@)))du = [5= ¢'(Nag(N)dA.

Proof gi) = [ ¢ (N)dX, & Fubini® 24 [ ¢(|f(x

Iy /) ‘qs’ (A)d\dp = fo & N 1oy )N = [ ¢’ ( )dA. O

Bo(N) = NR| fllp = [ pAP~tag(N)dA.
RV AMX, )& EFZR st.&fem(X,pn),geV,|f|<|gl, MfeV.
(Bl4eV = LP + L9, V = LP O L9, V = L%).

Theorem 2.4. [MarcinkiewicAGE 3|71 < pg < p < p1 < o0,
T:V = m(X, ) RREMFET, |Tfllpo,00 < Aollfllpos ¥ f € v, 1T fllpr,c0 < Atllfllpy
vV feLrnV, M|Tf|, < Allfllp; VfeLrnV.

E: &0 e (0,1), ;=104 B MTRA = 2(; L
Proof. ¥V f € LP NV, A, ¢ >0, 7ﬁl‘f = fo+ fi, FF fo = fxqssey f1 = Fxqp<eny M
foe LNV, fr e IOV [TF| < [Tfo|+[Tfil, {ITf] > A} C{|T fol > A2YU{|T f1| > A/2},
arf(A) < argy(A/2) + arg, (A/2).
Case 1 p1 = 00. Be = 5T filloo < A1l filloo < A1 X < N/2,

ars (M2) = 0, arg(N) < argy(3/2) < ZAo| Flln)™ = (0 [0 [ fdp

4+ P )1/pA9A1 0

pP—Ppo pi—p

oo - 0 —1- 'ubini
ITfllp = Jo~ pA? 1an( d)\ < JoTpAPTITPO(240)70 [ s eny |17 dpd\"E
p(2A0)P [ [ |f (= F@)l/e \p— =pod\dp = p(240)P° [5° [ 1f(2) ’p|f(1‘ = poplpodﬂ
(240)P
= 2 e HTpr = 2 (240)70 (2A1)P PO Tf|[} = AP|[Tf].

Gase 2 p1 < 0. ary,(V/2) < (BA ), i = 0,1
an(A> < arg,(M/2) +ary, 2(j/2> o)) + (3Aulfllp " <
" Juszen 717+ GO Jypcon 1 1Pd:
||Tf”p—fo P Lo ()i < AL P Jusiseny 1 Pdud +
f pAp 1-p1 2A1 f{‘f|<c/\} ’f’ Cl,U,Cl)\Fubml
p(2A40)™ [5° [y |f(@)IP f3 VNNt p(2A0P [7° [ |F @) [[7 e X077 dAdp =

p(240)P° f()oo fX |f(x |p|f P~ pop lpod,u + p(241) f() fX |f |p’f |p & pll Pd’u -
240)P0 (24;)P1 P
(p—ppo (cP 01)70 + plp p cP 1p1 )HTpr = (p—ppo + p1— p)(QAO) pl Po (2A1) pl po ”Tpr =

AP|TFIE. 2% B > 043 CA0 _ CAVML - (940 ) B (24;) 7170 O

cP—PQ cP—p1

#r: F1<py<p<p <oo, T,Tp, Ty : V — m(X, p)ith &
T(f + 9 < |Tof| + [Tagl, ¥ f,9 € V5 | Tof llpo.co < Aollfllpo, ¥V f € LPO NV
T llpy oo < Aillfllps, ¥ F € L2 OV M TF|, < Allfllp, ¥ f € LPNO V.

2 ()T RURH Aar, 1(A) < (A1l /A7
YA Collflloe, fELMNLE AV, (THEEE A A)
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24RBKBE B, ={zeR": |z|<r}.VfeL (R")ZXMf(zx)= SupﬁfBr |f(z—y)|dy.
r>0
= [Bi|"'xp, MM f(z) = Stgg@ * | f1(x).

12Q, = [-r,r]?, M|Q,| = (2r)". X M'f(x) = sg}gﬁf@d |f(x —y)|dy. B, C Q, C
B e, M' f(x) < M f(z) < CoM'f(z), &%
Cn = {5} = o> o0 = Boa] = ey (1) = [Bul, Br = B(O,1).
i Mf = M|f|, M'f = M'|f|; £n—=10MMf = M'f.
Z 3L M" f(x) = sup ﬁ Jolfl; EFQBFk: Q =1],lai,a; +al.

Q>
WA () < M f(2) < 200 f(2).
Lemma 2.5. #F = {B; = B(x;,r;)}}L, REEZH (X, d)q’ﬁﬁ%ﬁi mB;
= B(zj,mr;), (B(z,r)={y € X :d(z,y) <r}). MI{B}}l_, C F s.t. BiNB; =0, Vi#j,
UN.\B; C U,_,3B,.

Proof. R¥g&ry >ry> - >ry > 0. BAX LBy =0, j1 =1,

Je+1=min{j: BN Bj, =0, V1<m<k},l=sup{k:jp < N}. MB, =B, #HAEK
%k (a)Bj, , NBj, =0, V1<m<k=BNB, =0,Yi>m (b)V1<j<n,
J1<k<Ist jp<j<iju. O)Fj=jMB; =B;, =Bl C3B,. (i)&) > jiM
d1<m< kst B;jNBj, # 0. ﬁbﬂﬁBj - B(xjm,d(:):jm,xj) + 7’]‘) - B(l’jm,ST’jm) = 3B;n'
(as1<ji<---<jy<N,r <rj.,dxj,,z;) <rj+rj, <2rj..) O

Theorem 2.6. # f € L'(R"™), M| M f|1.00 < 3" f]l1-

M¥BAM', M MR, ¥ Mf(z)= sup ﬁfB |f(y—2)|dz. &
r>0,|y—z|<r "
Marcinkiewiczd& 18 A2 || M flloo < || flloc®M f7(p,p)(1 < p < 00).

Proof. V)\>0ixEA_{xeR”-]\7f( ) > AL,

F ={B(z,r) fB:L‘r |fldy > N B(z,7)|}, ME,\ =UperB.

V¥%K CE\, 3By, ,By € Fst. KCUY,B;. #44Lemmal.5f#3 By, -+ ,B] € F stt.
K CU_,3B,, B'mB’_(Z) Vz;ﬁj EbB’e]-"??r

g \fldy > AlBjl. K| < ZI3B’| = 3”ZIB’I < 5 ZfBllfldy < L flh 4 é‘l E\| =
sup{|K|: K C E,\,K%‘}H|E,\| <3 ||f||1, v A>0,ie ||M <3| fll1. feR"8E
Rd(w,y) = max |z; — yil HM”leoo < 3" fll. HO< Mf(x ) < Mf(z),

0< M'f(z) < M"f(@)F|IMfll1oe < 3" fll1s 1M fllree < 3" f]1- O
Proposition 2.7. #&¢ecVy(R"), fGLlOC(R")ﬁl'Jsupwt x f(x)] < ||| 1M f(x).

Vo = Vo(R™) := {é(x) = ¢o(|z])|¢o : (0, +00) — [0 +<>O) % #,p € L'(R")}.

Proof. [¢(x ) = 17"¢(z/t), ¢ € Vo] = [¢r € Vo, loelli = [|8ll; ¢ = f(@)] < ¢+ | f[(2)]
(Vt>0). AFIEES >0,¢¢€ Voﬁ“ ¢* f(x) < [|@lL M f(z).

(i) & 1 £ 7T M FH KM p = ZFl ajxs,, a-e., a; > 0;

0< ¢ f(x) < X105 [, [F@ = y)ldy < 354 a51Br, | M f(x) = [|6]1M f ().

(il) — A H A . Eop(x) = min(27F[28¢ ()], 2F), Moy 1 ¢, dp € Vo il 3£ 7T M

¢ f(z) = Jm. @ f(z) < Jim ¢kl M f(z) = |9l M f (). [
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Corollary 2.2. &¢ € Vi(R")M f — sup|¢; * f(x)|3(1,1) (L #E(p,p), V1 < p < o0).
>0
Vi =Vi(R") := {¢ € LYR")|3 o € Vo(R") s.t. |¢(x)] < ¥(z) a.e.}
Keypoint: [¢;+ f(x)] < ¢+ |f|(x) < [ M f(2); M35 (1,1),5%(p, p)-
Corollary 2.3. %1 <p<oo, f € LP(R"), ¢ € Vl(R”)ﬁ!‘Jtl_iglJr e * f(z) = (@) f(x) a.e.
Proof. %[ ¢ = A. (1)1 <p < c0&Qf(x) = limsup |¢; * f(z) — Af(z)], MR &M,
t—0+

1Qf(z)] < igp\qbt*f(x)]—i—]AHf(x)\, é?Corollarya—Qfﬁ%(p, D). @Theorem?@f( ) =

V f € Co(R™). % & [Theorem [2.2)[Co(R™) & LP(R™) *F 44 %]
[Qf % (p,p)|F[Qf (z) =0 ae. z,V f € LY(RY)]. sbbd 2R L.

(ii)p = oo. fr = FXpioar € L(RY). Claim: (%% ())=([22))
(2 > Jim o0+ fr(x) = Afp(x) = Af(z >, ac. v € B(O,R),
(23 615 (f = f)l(2) < 11 = x| flles ¥ @ € BO,R),
<4 Jim (1= xB)énlt =0, ¥ g€ [1,00].

Proof of (23). e e BORAIoe (- fu)le) < ol lf — fulte) =
Juizory 190G = DI @)Idy < [y, oy |60 — ) F@)]dy, % & Holder.

Proof of (2.4 @ I(1— XBR)thHl =(1- XBR/t)ﬁle —0ast— 0+ (FIRKATHE).
W (2.2), [2.3), .ﬁ- hm ¢ * f(x) = Af(2), a.e. © € B(0,R). &1 REIIEZ AT

11m¢t*f()—Af()ae x € R™. O
t—0+
E: Cesaro?fZFl(gj) = sinj(mc) POiSSOH#ZPl(x) = ﬁ, GaUSS#7W1( ) = 677”36'2%]g /lﬁi

(mz)? 7 2)"3
REMR, P, W, € Vi(RY). 5 P, W, € V(R )(10@ Fi(z) < (=),
Y(x) = min(1, |rz|72) € Vo(R).
Lemma 2.8. & f € Ll(T)ﬂ‘J]\}grlooaNf(x) = f(z), Tl_i}r{l_ P.xf(x) = f(z), ae.x. EFxk
TTF 6 %A, xR TRYF 69 &4,
Proof. 200 f(0) = i low (@) ~ S, 9af @) = Jip [Pef) ~ (@), 1A 5 o
Q1 f(x) = Qaf(z) =0 a.e. z. & Theorem 1.8 Theorem [LIYF Hp = cofF
(a) Qif(x) = Qf(z) =0,V f € C(T). 0 < Fy(t ) NH|SIn (r(VE 1)) |2 <

sin(7rt)
Propositionfgrlfffvf(w)l = [Fnxf()] < hnsr = |f!($) < |!¢N+1||1Mf($) = 2M f(z).

FIZEP.(t) = W, P(t) = Pr(t)x(~1/2,1/2)(t) € Vo(R),

|Brxef (@) = [Prxf ()| < [[Plla M f(x) = M f(z).

ALRAM f(x) < 2M f(x) + | f(@)], Qo f(z) < Mf(z) +|f(z)].

% —7 @, & Theorem [2.6/F ZAF | M f| 100 (ry < 3| fll1emy, ¥ f € LY(T).
A 30y, 9255(1,1) ééé\[Ql, Qo RE&M], [C(T)ELY(T)FHAE], (a),

Theorem [2.2] #[Q f(z) = Qa2f(z) = 0 ae. 2, V f € LY(T)]. O
Corollary 2.4. 76‘f € LlOC(R"), ﬁl'lrlir(% IBilr\ fBr flz —y)dy = f(x),

r1_1>r51+ BT I, (@ — f(z)|dy =0, a.e. x € R™.
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Proof. XQf(x) = limsupﬁfB |f(x —y) — f(z)|dy, MAFEQSf(x) = 0 a.e. x € R"™
r—0-+ " "
Of () < M)+ | f(2)], QFB(1,1), KEH; Of(2) = 0,V f € Co(R™).
% & Theorem 2.2 [Qf (x) = 0 ae. =, V f € L' (R"™)].
Ef e L (R"), Mfxp, € L'R"), Qfxpy)(z) = 0 ae. z. &EQfxp,)(z) = Qf(2),
Ve Bpit|{Qf =0} N Br| =0,V fe L. (R"), R > 0.
B {0f = 0}] < S, [{f = 0} 1 Byl =0,V f € L, (™). a
##: |f(x)] < Mf(z) ae. x € R™
Z 3L: 27 fé9Lebesgue &< Qf (1) = 0.
E: FQf(x) =0, Bj = B(xj,7rj), rj = 0, {x} = N%, By, ﬂ’]jli_{rololBLj‘fBj f=f(x).
Key point: B; C B(x,2rj) = B , |Bj| = 2"]B l,
B Ji, £ = 9) — F@)ldy < B fy £~ 9) — F(@)ldy 0, as ] .
Lemma 2.9. & f € L} _(R"), [{f #0} >0, MMf ¢ L*(R").
Proof. 3 R > 0 s.t. fBR\f] =a>0 VzeR" Mf(x) > \BR+| || fBR+\x |f(x — y)|dy =
e JB@ren WY > g Jeo.m W = mpfae
4 gt € LU(RY), 0 > 0AMS ¢ L'(R"). O
Theorem 2.10. &BAR"F AR &K, M [, Mf <2[B|+C [g.|f|Int|f], £ F
In™ ¢ = max(Int, 0).

Proof. (i) [z Mf=2["|{z € B: Mf(z) > 2\}d\ <

2|B|+2 [ |{z € B: Mf(z) > 2X\}|dA.

Claim: |{z € B: Mf(z) > 2A\} < § [r ) oay 1 (@)l da.

Proof. B fi = fX{a|f@)>rp f2 = [ — fi. M Mf SMfi4+Mfa, |falloo <A Mfy < A,

{reB:Mf(x)>2\} C{z € B: Mfi(z) >2\}. 4 /a\Mﬁ’ﬁ(ll)
{z € B: Mf(x)>2\}| < {z € B: Mfi(z) > 2} < § fpo f1(2)|dz <

%f{z:|f(x)‘>,\} |f(z)|dz. O
(i) [ {z € B: Mf(z) > 2\}dA < [°% f{m ) ()] dad <
C fen [F@)] [V R = € fo. | f1InF |f. S 8(0) R AL. -

Theorem 2.11. Fw >0, w € L, (R"), R (i) [p. [M f[Pw < Cp [ | fIPMw,
(u)f{x:Mf(x)>)\} w(z)dr < 6:\1 Jgo |f (@) [ Mw(z)dz, ZFFX>0,1<p< ooc.

Proof. A¥5%w € L°(R™), &M T Bwy, € L°(R™) s.t. wi T w.

Fw=0ae MEARL FEE{w >0} >0.

Mwlleo = Mw(z) = ¢/(1+[x])™, [ flloo = [1Fll Lo (a100):

HEMf(x) < ||flloo, V@ € RMFM fl o () < [1flloe = If oo (ar)-

¢ &-Marcinkiewicz3& 18 & 3 A F (i), i.e. $(1,1).

‘isrtE)\ = {1‘ e R": Mf( ) > )\} V%}%K C Ey, d Z_)\kél:)ﬁiBl, , B € F s.t.
K Cul_ 1?)Bl,fB |f] > AlBil. M [ w( da:<211f33w )dz.

Claim: [;5 w(z)dr < 4 fB |f(z)| Mw(x)dz.

Proof. thBi\f] > NBil, 5[5, |f (@) Mw(z)dz > 4 fB |f(2)|dz inf g, Mw
> 4"|B;|inf g, Mw, A &7 ( )4”]B |infp, Mw > ng w(x)dz.
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19&31 = B(SUZ',T‘Z'), Y € Bi, D“J3Bl = B(CCZ,?)’I“Z) C B(y, 47‘1) Mf( ) >

W}‘W\IB yary) W(@)dz > ngBw x)dx. *yRF # AT (a) &L O
%45 B; Z:)u‘%'-fK 2)dr < St [on | f(2)| Mw(z)da. 56 [, w(x)de =

sup{ [, w(z)dz : KCE,\,K%‘} F [, w dx<leRn|f (z)|Mw(z)dz O

2.5 Calderon-Zygmundﬁ‘@ Qe = {ITiz1 54 al+1)|a1,--- ,an € L},
Bef@) = 32 3 Jo > Maf () = sup B (@) () 1 Maf e < 11

(b) lim Bif(e) = f(z) e,V f € LY. B (£(0)] < Maf(a) nc

E: Q= Ukezgk%"kfﬁ—\éﬁm = . (1) YV eRY, E|| Q€ Qrst. xzeQ.

(i) VA,B€Q, AANB=(0RAC B&B C A.

(i) VA€ Q, j<k, I BeQjst. ACB.FA; € Qpi1, 1 <i<2" st A=U2 A,
(iv) o == {U52, 45 : Aj € Qp U{D}} A QA MBI oREK, o), Doy, V | > j.
Ekfﬁak?']'«ﬁ“lﬁwii, VQe O'k%f € LI(Q))H"JIQ Eyf = fQ [ Exf= E[f]ak]

Proof of (a). @1 |Myf| < My|f|F%&f > 0. RE\ = {z € R": Myf(z) > A}, M

By = UkezQ, Qp = {.%‘ eR”: Ekf((L') > A, E]f(a:) <\ Vi< ]{7}

S M0 < Bf(0) < sWPgeo iy Jo I < hgeas gl =211
kEIElOOEkf()—O ﬂQkﬂQ #0,VEk#j —FTJEQkEUk Qk—Q,\U Q.

]7 SRl
Q= {z eR": Bpf(z) > A\} = Ugeg, . |1‘fo>/\Q € op, Q; € 0j C 0.
é'é/a\a'/fk—’x!'iélj‘]'i}ﬁ’ﬁ‘gk:Q;\Uk L o € oy. ia@k:{Qer:QﬂQk;&Q}, |

Loty
Qk:UQeékQ' ﬁtMQk’ < fQ Eif = ka f,
1B\l = S0 1% < 0 % Jo, /=5 Sy £ < 3010, ¥ A> 0, e [[Maflliee < [Ifl1- O
Proof of (b). &Qf(x) =limsup|Eyf(z) — f(z)|, MAFIEQSf(x) =0 a.e. z € R
k—+o00
Sk 4

Qf(z) < Maf(z) + | f(2)], Qf (L, 1), REM; Qf (z) =
V f € C(R"). % & Theorem 2.2 [Qf( )_an x, erLl(Rn)]

V[ €L, (R"), Q€ QAxXQf € L1<R”) Qxof)(@) =0 ae. w.

BeEL(xQf) = xQExf, V k>0, Qxqf) = xoUf, FxeQf(z) =0 ae. z,

Qf(x) = > geg, XQSUf(z) =0 ae. z. O
Theorem 2.12. % f € LY(R"), f >0, A >0, MIFLX =% FHK{Q;} s.t.

(1) 325 1Q31 < xIf 1w, (i) A < gy Jo, IF1 < 27N, (i) |[fl < X ace. @ € R\ Q, Q1= UpQp.

PT’OOf. ‘i]Qk = UQE@kQ% Z:fiﬁ‘, E)\ = UkeZQk%J Z:fiﬂ’; ia%é\ukgzék%

{Qj}, ME\ = ;Q; = QAT R, Qj € QUAEIQ, C Q) C Q).

>0 Q51 = 1B < 3MIflh, te (1), Fa e R*\Q=R"\ Ey, Qf (z) =0

Erf(z) <\ f(x) = kliI-i,I-l Epf(x) <\ #46Qf(z) =0 ae. x 4F(iii) R L.

Qe O, 3z € QN st gy fo|fl = Eiflz) > 53 Q€ Qs QCQIQI=2"Ql,

L J5lfl = Beaaf(@) < Ay ol < @y Jalfl = 2 Jalil < 20 % 8Ukeali = (Q5)

A3 (i) AR oL 0
i: B = Ugea, @ = UQEA*Q, Ay = {Q € Q: f f> A} A*iEAAéﬁﬁka#@ﬁiéﬁ%

BB < 5 [, o R@H(L1): BN > gy [p, f-
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E: SfERTR, AFAE=BFTERQF, MMyf € LYQ) < fInT f e LY(Q).
—Z @& fln" fe LY Q)M [, Maf =2 [§° |E2a N QldN < 2(Q| + [ |E2x|dA
<20Q1+2 {7 5 fiyony f@)dwdh = 21Q + 2 [, fIn" f < 400, Myf € LY(Q).
A—F@EMf € LYQ), T™&|f]1 >0, Qe Qn. Ve eR"\ QA
Epf(x) =0,V k >m; 0< By f(x) < 27| f[ly <270m=D|f|l; =: A9 >0,
VE<m—1 ZHEAV 2 c R\ QA0 < Myf(z) < Xo; ExCQ,V X\ > \o.
JoMaf = J5° 1Ex 0 QIdN > [V IExldA > [3 5t fiaypony f(@)dzdX = 5 fo fint 2l >
3 Jo fInt L < 4oo. fInt f e LY(Q).
Lemma 2.13. & f3F i T, A > 0, M[{M'f > 4"\}| < 2"[{Myf > \}|.
E: AT M fll1,00 < 2" [Mafll1,00 < 2" f 1, M fll1,00 < 87| f]]1-
Vitali® & 51 #: BRR"F 697 %K%, MITHTR X F#%{B,} C B s.t.
UBEBB C Uj5Bj. 5 ”MfHLOO < 5anH1
Bescovitch %51 #: A C R"A R, F = {By}sea, By = B(z,r,), M3ITHRF#%{B,;} CF
st. ACU;B;, > xB,(x) < Cp.
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3. HILBERT % %

3.1 %4 Poisson# V f € S( ), EX(Vt>0,z€R)
u(z +it) = u(x,t) = P f(z) = [ 6_2”‘5']’(5)62””’%&, Pi(x) = %tgiﬁ. ]
= Jo© J(&)ermiztde + f_oo F(&)e*mitag. &L
= [ f(¢)e>mi=tde — [°_ f(g)emfdg. M, vZR? 89 A 3 5.
% fRFAL S My, 0 2R L8 LA HE (as [(E) = F(—)).
u+ w»ft]l-]l {x +it|lz,t € Rt > 0} BT, vk Aty 18 F & 4L
wite(z) = [ —zsgn(é)f(f)e_%t'f‘e%mfdf, z=x+it <
oa, t) = v(x +it) = Qo f(x). ¥ Qu(€) = —isgn(¢)e e,
Qi(x) = [ —isgn(§)e 2 kle2mintag = L2y #Q(x,t) = Qi)
AQ(m t) = 0. Q¢ H P89 £ 45 8 A= & 4k Pt( ) +iQi(x) = FE = L.
PEFEE. Q¢ L'(R). lim Qix) = Ll (R).

3.2 LMARSY AL (pv.i,0) = lim [ " de, VoS Mpvics.

e—0+ x

Proof. (p.v., ) = f{|x|<1} %dz + f{|x\>1} @dﬁﬁv (as f{e<|x\<1} cdz = 0).
‘<p~V-%a¢>| < f{|x\<1} 19" lcod + || 26|00 f{|x\>1} x%da: <2([¢[loo + |0 00)- U

ops . 1 1 ,
Proposition 3.1. t1_1>10n+ Qt = zp.v.y (in S'(R)).

Proof. ¥ € > 0, Ye(z) = m_lx{‘ﬂx} € L*(R) = ¢, € S'(R).

(p-v. 57¢> = €£%1+ f{lw\>e} ¢(xx)dl‘ = hm (Ve, @), ¥V ¢ €S ie. eli)%l+¢6 = fp v.; in §'(R).

A 2 mﬁ lim (Qt L) =0in S’( ). ®Qu — Lapy = hy, hy(z) =t~ 1h(x/t),

hz) = 71r1+x2 (|$\ <1), h(@) = 215 — 3) = — ey (21> D).

h e LYR), [h=0 (as h(z) = —h(z)). B‘Jﬁ* lim hi =0 in §'(R). O

5 ; — 179 flz—y)

Qu() = —isgn(§)e>™ = hm+ Qu(§) = —isgn(¢) in §'(R), &4

[F: 8 — SE&EHFF(Lpv.L) = —isgn().

vV feSR), &Xfé/JHllbertx’fﬁ'&nyJ (3/1\/'i’>L’§?1' ) R

DHSf = lim Qv x f; (W)Hf = Ipv.d s f; (i) HF(€) = —isgn(€) F(€).

B 2 L (iii), HEU&%?@LQJ—_%%TW& AT, B

[Hfll2 = |flle, HHf)=~f, [Hf -g=—[f-Hg,V f,g € LQ(R)

3.4V e>0,1<q< 00,y x(ypq € LUR), BRH f(z) =1 [, {CWaystf e 1P(R),
1<p<ooRZX FAEVt>0,1<q<o0, Q< LI(R), lﬂ:Qt*fi’TfELp( ), 1<p<ock
B HP+f)=Qexf=P+xHf ¥V fecL*R),t>0;

Quas* f=Pox Qe f,¥ fE€LP(R), t>0,5>0,1<p< 0.

ftiH*f( ) = supesg [Hef ()|, Q" f(x) = supyg |Qr x f(2)], V f € LP(R), 1 < p < oo, MH*,
QT RAM. ()H* f(x) < Q" f(x) + M[f(x).

Key pomt. Qif(x) — Hyf(x) = hy * f(x), he(x) = t~th(z/t), h(z) = %1422 (lz] < 1),
h(z) = — (Jz] > 1). |h(@)] < hul@), hale) = 57 (2] £ 1), hal@) = iy (2] > 1),

1
mz(1+x?)
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he € Vo(R), [|hsy = 22 < 1.

(Quf (@) — Hyf (2)] = |hy * F(2)] < hug 5 [ Fl(2) < [[halli MIf|(2) < Mf().

(i) |Q*fll2 < C||fll2, ¥ f € L*(R). Key point: @ Proposition 2.7/3Q* f(x)

= Supy0 |Qr % f(2)| = supgso [P+ Hf (2)] < MHf(2); |[Hfll2 = [|f]l2-

(iii) [|Q* fll1.00 < Cllfll1, ¥ f € LY(R).

(i) |1Q* fllp < Coll fllps ¥ f € LP(R), 1 < p < 2. (Marcinkiewicz 4 {8 & 32 )

(V) 1@ * fllp < Cpll fllp, ¥ ¢ >0, f & LP(R), 1 <p < oc.

Key point: %1 < p < 2[39(11)(iv)$"\Qt * f(z)| < Q*f(z). H2 < p < colt AT ik,
1Q¢  fllp = sup{| Jp(Qe* flgl: g € L°°( ) lgllyy < 1}. & f € LP(R), g € L*(R) A
Je@ix g == [x(Quxg)f, | [o(Qrx Ngl = 1Qu * gllpr [l fllp < Cyllgllpr 1 £l Z3EH
1Qe* fllp < Cyllfllp, ¥, f € LP(R), 2<P<OO

(Vi) [|Q fllp < Cpllfllp, ¥ f € LP(R), 1 < p < 0.

Key point: &Qj f(x) = supysq 4 |Qr * f(2)], MQpf(2) T Q* f(x). &t >1/k

MQs + f ()] = |Prqyp * Quy * f(2)] < M(Quype * f)(2). BIRAQLf(x) < M(Quyp, * f)(),
1Q%SNlp < IM(Quyk * F)llp < CollQuyre * fllp < Coll Fllp-

2o PRSI Q* fllp < Cyllfllp-

(vi) o (i) (i) (vi) B H*, Q*B(1,1), B (p,p), ¥V 1 < p < oc.

(vii) [ 10 < ClLf, ¥ £ € LX0 L(R): [ fllp < CpliFllps ¥ f € P A L2(R), 1 < p < oo,
Key point: @& Corollary %}il’% P+ Hf(x) = Hf(z) ae. z,V f € L3(R);

S6Q" () = suppoo | P TLF () I F()] < Q () aes B854 (vil).

HTAE—EALP(R) LA RERERE Fst. &f e LP(R), fr € S(R),

fr— finLP, MHf, — Hf in LP. (V1< p < o0).

feL'(R), fr € SR), fr — fin LY, MHf, — Hf in LV,

Ef=xpou, MfeL'NL>® Hf(x)=1In|-%|, Hf ¢ L'UL>®, ZBHAZEp = 18%p = collH
& (p,p) 9.

Proof of (iii). ¥ A > 0, #| f|#¥Calderon-Zygmund %, 3 R X R B {I;} s.t. > L] < £ £,
A< |Ik|f1k‘f| <2\ |fl<Xae 2 €R\Q, Q:=Uply. f=g+b EF

g= |T1k|flk f=apinly, g=finR\Q b=>3b;,b; = (f—a;)xq,- Msuppb; C I;, [b; =0,
laj| < 2X, |lglle < 2, [lgl = f]R\Q lg] + Zj Z;l|a;| = fR\Q lg] + Zj ‘flj f‘ < fR\Q gl +
325 J 1= Je 71 lgl3 < Nlgllsollglis < 2X0f 111 325 1Bl = [1oll < [1F1l + gl < 2[f1-
Wi+ f=Qrxg+Qrxb, Qrxb=37,Qrxb;, V1 >0FQ" f <Q"g+Q*, Qb < 3, Q*b;
Mag-r(N) < ag+4(A\/2) + age(A/2), £+ M 2|

{zeR:Q*f(z) > A} C{z e R: Q%g(z) > A2} U{xr e R: Q"b(z) > \/2}.

# (i) Fagg(\/2) < o lQ79l3 < 2 lgl3 < =@Ml = SIIf Il

&I = B(zj,ry), 2I; = Blxj,2ry), Q@ = U2L;M|Q* | < 3120 = 2357 |] < 3£l
agn(V2) = {2 € B : Qb(x) > Aj2}] < [0 4 [{o € R\ Q2 5 O°b(a) > A2 <

21+ 2 oy @, Claim :fy g, @ < 51172

Proof. ti]suppb QT Jb;=0,FFzeR\2I[;, t> 00
Qi xbj(z) = [; b;(W)Qe(x — y)dy = [} b;(y) (Qe(x — y) — Qu(x — ;) dy,

J
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Qi+ by(@)| < L [, 16y ()| sy dy, £ RS (FRa=2—y, b=2 )

yllz—z;]
la —b|
|Q¢(a) — Qu(b)] < , Vt>0, a,beR\{0}.
|ab|
$J’TLQ1§(G) — Qt(b) = 1Re(a+lt ﬁ) = 1R6W

Qi(a) — Qu(b)| < Ll bty | < 212l

B6|Qu + by(w)] < L [, by )|‘x'97%'dy, V>0,

yllz—a;]
% b; T x
Q*b;(z) = SuP’Qt #bj(2)] < 2 =i, ‘\x(i/\lﬂf xj\‘ Y- fR\QI = Txiy”ly J|‘ dydz =

L1 1bi(y un%ﬂiﬁwysm3ﬁ|b (v)ldy < § [, 1b;(y)|dy, 2 M5

ly—=;]

1
I = Blaj,ry), 205 = B(25,21), fa\or, rsieiedy = \fR\zz gt y =z, 1Yl

_ x—y |T="+00 T—y |T=T;j—21; 2r;—(y— x]) 2rj y x])
- ‘ln x— CCJ z= a:]+2rj +1In z—z; lz=—00 - { In 2r; |
2r;— y ;) 27‘ +|y—z;| 27“ —+r;
In 52 z z H<Ingl—t=m3<7/2, Vel O
| 2rj+(y—xj) { 2’I“J ly—zj| = ri— 3 / Ve

H‘ﬂ"fR\Q* Q% < Zj fR\Q* Q% < Ej fR\ﬂj Q% < Zj 1b5ll1/2 < (1 £111,
a@s(M2) < 2l + 2 g @ < 21711 + 2161 = 211511,
ag-1() < agg(M2) +ages(A/2) < Sl + 21l = SlFl, ¥ > 0. Leii). 0
B AFR lim | Hof — HS, =0, f € I(R), 1<p< o,
li | .f — Hf[ e = 0. f € LI(R). A%
en[) = 0.% J € L7, 1< p < o0, £ ,(f) = limsup | Hf— Hf], ¥ f € LP(R),1 < p < oo,
() = lmsup | Hef — Hflae, ¥ € LR

B‘JSglng f Hfl < H*f + [H f|,(viD) (vili) & op(f) < Cpll fllp, @

1f1 4 fallo0 < 201 f1ll1,00 + 1 f2ll100)s 11 + Follp < L fillp + I].f2llp%F
Mey(f) =0, (EFRE g, (f) < 205(f = fu) < COIf = full) ie.
(a) {f € LP: p(f) =0} ALPH, 1 < p < 0.

#[ e CR) N'J3R>Ost suppr[ R,R] B

Hef(2) = Hf(2) = =203 [0 75 )dy_“f{\yke} == lsday,
|Hef(z) — Hf(z)| < ?Hf’lloo, Hf(x) — Hf(z) =0, V [z]| > R+,
|Hef — Hfllp < 2] loo(2(R+ €))7 — 0 as e — 0.H 2

(b) wp(f) =0,V f e CER). (FFp=1REh]100 < ||h]1.)
ZE&CX(R )ELP( VPR E R, (f) =0,V felP,1<p<c0.

a.e. 8L li_r>r(1)H€f(x) =Hf(x),ae z,V feLP(R),1<p<oo.

Proof. iy’iﬂf(x):limsumﬂ f(x) — Hf(x)|MAFEQSf(z) =0, a.e. z,

Vv f € LP(R), 1<p<oo QREM, 0< Qf(z) < H* f(z )+|Hf( ),
25 4 (vii) (vii) Q55 (1, 1), %(p,p), ¥V 1 < p < oo, W[Hcf(z) — Hf (x)] < 2| f]|oo,
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Y f € CX(R)FQSf (x) =0,V f € C®(R). % &[Theorem 2.2
[C(R) A LP(R™) F 8 %) 4F[Qf (z) = 0 ae. z, V feLP(R),1<p<oo. O
)

E: Q*f(r) <K MHf(z), H* f(z) < MH f(z) + M f(z) (Cotlar 73 X).
E: fHf c L'R) & f € H'(R)(HardyZ 1d); H : L®(R) — BMO(R).
Z: Fpec SRMHp e L'(R) & [0 =0. ([y¢=0= H(z¢) =xH9)
&: & f Hf ge L'(R), MHfxg=H(fx*g), (Hrnf = mHf)
Keypoint: (a)@ LT =span{r,|h e R}, WX oH=HoX,VX €T.

(b)Vge L'(R), 3T € T s.t. &¢ € L"(R), r € [1,00), M
lem |Tep — o * gl =0. Bl&T, = + ' Z fo (B2)dx)T )T—i/k
&0 1E€Z,|i|<k?

(c) &f € L'R), MTyf — f+xgin L', TyHf - Hf xgin L', TyHf = HTpg — H(f * g) in
LV, & RMERIRGE—RGHfxg=H(f*g). e ~

E: Ef,Hf € L'"R), NP« Hf = H(Py x f) = Q¢ x f, Hf (&) = —isgn(€) f(£)-

P, f ()| < CM(| V2 + [Hf|'?)(x), P*f e L.

~

3.5 ®F &m c L®R"), LT, : L*(R") — LQ(R")%J T f(€) = m(€)f(€). @ Plancherel 2

XAFTy RAE LA Ty fll2 = mfllz < [mlool fll2- T RL*(R™) £ 80 A RELEH T, ‘
|Tonll == [ Tmllz2—z2 < lmlloe. TE[mlloc < [T H(:‘%t‘?ﬁkA-HT = lImlleo). v 3A,
B = xa®| T f |13 = Im ]Il = [ |m[%de, (113 = 7113 = 4] =

Jalm[*de < | Tul I £115 = |1 T IF13 = Il Al
# Lebesgue 2 € A3 |m|? < ||T)n]|? a.e., m| < [Tl a.e., |mloc < |Thnl|-
% Ty, ST VAIE 3B A LP(R™) L &g A 5 25 iiﬂﬁ%wﬂ*mﬁmﬂi%(l.e.m € M,).

me My & | Tonflly < Collfllp, ¥ fel?’NLP(3C,>0) <

1T fllp <Coll 1 ers@] [Tt 09 < Collslylgls v fg e

(3.1) @‘ / mf@\]gcp, VgeS, Iflh <1 lgly <1
5% 2 (og(x) = g(—a); keypoint of B2): [ Trmfg = [ T/, § = 09)

(3.2) /mfngTmf-gg:/ng-af, Y f,g €L

@ @A) (X T f, g7 k) FM, = M,y, % & Riesz-Thorinds A THEMFM, C My, Vp<qg<p.

Z1<p<oohme M, BSELP¥HAERT,HEHEE—.

p=ocol & mMEEIR: Fmc My, Mm € My, T, TAE—3E4 4 LI (R) LA F & H

T, B TR LA G EFT 0 L°(R"™) — L®(R").

Clalm oTmf=Thof,V f e L'NL® (REE[[oTynf 9= [Tmg-of, ¥V f,g € L' N L2,
W[ oTmf-g=[Tnf cglfeB2FLE"ARL).

ST A LT, f = oThof,V f € L. (f € L' N Lo & L —2).

E: H1<p<2Mme M, [F(mf) e LP, V f € LF]. (AT E)

EZm(E) = —isgn(&)MT, f=Hf, me My(R) (V1< p<oo).

Lemma 3.2. V a,b € R, a < b, & 3Xmap(€) = X(ap)(): Sap = (M HM_q — MyHM_y),
Mo f(x) = €™ f(z), MS,pF(€) = map()F(E).
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Proof. Maf(€) = (€ — a), - )
F(MoHM-of)(€) = F(HM_of)(§ — a) = —isgn(§ — a)M_o f (€ — a) = —isgn(¢ — a) f(€),
Sunf(€) = &(—isgn(€ —a) +isgn(€ — b)) F(€) = L (sen(& — a) —sgn(€ — b)) F(€) = map(&)F(€).
(V'€ € R\ {a,0}) O
@[ Mafllp = 1158 1Sa sl oo < 1H| oo 1r, map € My, ¥ 1 < p < 0. & 1H
a = —00Kb = +0oMA 5o p = 5(5; = S5) = Sapf(€) = X(ap) (O F (), £ F
S;k = thHM_t, vVt S R, Sioo - 1, S—*i-oo =—1.

Proposition 3.3. V1 <p<oo,3C,>0,5t V —co<a<b< +ooB
[Sapfllp < Cpllfllp, ¥V f € LP(R).
BSr =S R, MSrf = Dr* [, [|SRfllp < Cpllfllp, V1< p< oo

Corollary 3.1. #1 <p < oo, f € L’(R), DT‘JRlim ISrf — fllp, =0.
—00

2 £ f € LUR), M lim [Spf — fllioc =0, Spf™Sf (ML),
#E: 1 <p<oo, feLP(R), MI R, — cos.t. Sp, f— [ ae.
Corollary 3.2. #mARL&GH R T £ K%, Mm 6 M,p(R).
(mARLEGA R T ZHRfe VS (m) = sup Z Im(a;) —m(aj—1)] < 00)

ap<--<ag j=
Lemma 3.4. &h € L}(R), m ZREH T £ K%, Jim m(t) =0, M
| g m(E)R(§)dE] < V5, (m Sup\f h(&)dg|.

Lemma 3.5. #1 <p < oo, f,g € S(R), a € R, M| [ [§] < Cp|l fllplglly-

Proof. ’faoo f§’ = ’fR Sa,OOf : Ug’ < HSa,OOfHPHUQHP’ < CprHpHng’- U
Proof of Corollary[3.3. it A = . lim m(t)# &, F&A=0, EMEEm - A
——00

# Lemma3.4] Lemmal3.5# | [, mfgl < Voo (m)Cyllf Ipllglly, ¥ f,g € S(R). Le. mi# £ (B),
EHHAm € My(R). 0
Proposition 3.6. &Hm € M,(R"), Mm(€ + a), m(AS), m(p§)e Mp(R™) (a € R™, A >0,
pcOm), ATt %, (PR RER; b (L) (L)

B @A EmMmE € Mp(R™), mpy = min S, T, fllp < CIfllp, ¥V f €S, Mm € Mpy(R™)
(53 il ) [ mi-mz Tm1Tm27 Tm1+m2 - Tm1 + Tmz] =
[ﬁml,mg e M ( ) B“]ml mo, M1 + Mo € M (Rn)] (ﬁu/’kﬂ‘%«%ﬁlﬂ'fi)
Claim: £m € MP(R)v Mm (&) =m(&) € Mp(R")-
SEep 1 "{mef(x) - Tmf('ax% T 7$n>(x1)' %HTmeP < CPHprv v f € LP(R)7 |
1T fllp < Coll fllp, ¥ f € LP(R). (p =28 THC, = [|m|o.)
Step 2 AT AU, f =Ty f, ¥V f e L2(R"). ((i)(ii)(ii)= V = L*(R"))
M(l) V.= {fELz(R”) : mf Tmf}iELz(R”)q’éﬁlﬂ%.
(ii) Vo = {e‘“|x|2+2”‘”5]£ € R"} C V. (iii) spanVp = L3(R™).
Keypoint of Step 1: HTmep = [an \Tmf z)|[Pdx =
fRn L fR |Ton f (-, 22,y xp)(21)|Pdey)day - - - day, <
Cp Jpna (Jplf(@1, - @) Pdr)das - day = Cpl| f[p.
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Keypoint of (i): T, T ®& L2(R™) L8 # R & F(Step 1 F8p = 2). Keypoint of (iii):
%f e Vit =spanvp B[ fG=0,Y g € Vo, ie. [p flax)e ™P—2mt — 0 v ¢ e R". AL
WAF (e f) = 0; el f = 0, f = 0, ae.; spanty = {0}, spanVp = L2(R™).

Keypoint of (ii): % f(z) :e*ﬂlw\%?m-a a € R, M f(z) = fi(z1)fo(a),

F(&) = L&) fa(€) € LAR™), T f(z) = T f (-, 2') (1) = mfl(xl)fz( ),

T f(€) = m(€) F(€) = m(&) Fr(1) ol ) = T f1(61) F2(€) = T f (6).

_‘E]‘_c]:rfl(xl) _ 6—7r\acﬂ2+27ri:c1a1, fQ(CL‘/) — e—7r|x’\2+27rzx’ a’
CC/:(.TQ,"‘,J?n),f/:(gQ,"',gn),a/:(CLQ,"', )

T = (xla'” )xn)v é-: (517"' 7577,)7 a = (alv'” aan)'

Bm = X(0,00) Mm € Mp(R), xgr € Mp(R"), V1 <p < ooc. HF

R" = {¢ € R"[¢; > 0}. PR S @M yp = Hle X{€-a;—b;>0p € Mp(R™),
(3 ai, -+ ,ar €R" by, ,bp € R, w1 4% 7 4% R Z—E‘Tiﬁﬂﬁéa’%ﬁlﬂ‘fi)

Corollary 3.3. #P C R"Z (F)h %@k, 0€ P, 1 <p<oo, f € LP(RY), I
)\h—>Holo |Sapf — fllp =0. £FAP = {\z|x € P}, [Sap = T, m = xap/.

3.6 T-E&Hilbert & 4 (248 %), #&r € [0,1), P.(t) = m Sope  rlkle2mikt
Q.(t) = % =y —irlFlsgn(k)e2 ik,
¥ f € L*(T) & LS[f)(x) = Ek%—wgw)(Mémm-WWﬂﬂhﬁHﬂhw%*f:f%*ﬁﬂ~
R E AT L& AR f1 *f2 = Jp filz —y) f2(y)dy, M
i Fa(k) = Fa(k) hhﬁm— Faly)e ke dzdy.
Lemma 3.7. HS[ ]Hp < ClIfllp, ¥V f € LPALAT), 1<p<oo (3C,>0).
Corollary 3.4. ||Snfll, < (Cp + )| fllp, ¥V f € LP(T), 1 <p < o0.

~ Keypoint: %S [f](z) = §[f](w)Ailf( ), MS£[flp < (Cp+ DI flps
Stlfl(z) = ZkeZ ngn(k¢1/2)f(k)62”’“- ~
Snf(z) = Zk— w F(R)emike = 557, o (sen(k + N +1/2) — sgn(k — N — 1/2)) f(k)e?ike,
Sy = §(M_nS_My — M_nS My), Myf(z) = TR f (@), [ Mifllp = 11 fllp-
1‘w(rj) Prx f(t), v(r,t) = Q% f(t) = Prx S[f](t), F(re*™) = (u +iv)(r,t), M
F(2)=f(0)+2Y20, f(k)2"ED = {z € C: |2| < 1}/##7.
Proof of Lemma[37 for p = 2k, k € Zy..
Fdi it f & AL BB M, v [0,1) x T8 5248 % 3. F2 A& DRRAT,
FO)* =55 [, F(Z)de — L 2R (reitydt = [ (u+ iv) % (r ) dt,
VOo<r<l1. (i)&FF(0)=0, ﬂuﬁM%
I o, )| 2dr < Z;g (g’;) [ e, )2 Ju(r, t)[2*~ % dr;
lo()II3E < 32520 G o) 52u) 1555 () llax < Crllu(r) |2k (3 Cr > 0)
ie. |Prx S[f]llor < CullPr s fllog, VO <7 < 1. daiXito
1Pl =1, 1P # fllak < [ £ll2k = 1P S[f)ll2x < Cllfllot, VO <7 < 1.
@ S[f] € L*(T), lim Px S[f](t) = S[f](t) ae. t € T, diFatoud] AS[f][|2r < Crll £l

(ii)# F(0) = f( )7&0 ZRf — f(0), M
ISk = I1S1F — FONllar < Crllf — FO) 12 < 2Ck £ 2 O
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Lemma 3.8. #1<p<2 u>0, veER, ap = (sin 55)P~ 1/COSQP, Cp = tan g, M
apRe(u + iv)P < ChuP — |vlP.

Proof of Lemma[3.7 for 1 < p < 2. 45 f >0, MF(0) = f(O) = [ f>0
(EMS[flp = 1l =0), u(r,t) >0,V re[0,1), Re F > 0 in D, FP& DEH.
F(O)P = o= s FEP gy = L [27 Fr(rett)dt = [ (u+ iv)P(r, t)dt,

VOo<r<l. é‘Lemma 5{17’::‘]34?

0 < apF(0)? = apRe fo u+ w) (r,t)dt < fol(Cgu(r, t)P — |u(r, t)|P)dt,

fo lv(r, t) \pdt<C’pf0 u(r, t)Pdt, ||P, * S[f lllp < Cpll By fllp, VO <7 < 1.
Sor o5 1 (B8P, x £l < | lly: Fatoud| Z)& (S]], < Gyl 7l

#: [1(S[flg+Slglf) =0,V f,g € L*(T). %4 8% k4fp > 284 Lemma 3.7 2.
E: H1 <p <2 My, (u+iv) = Re(|u| + iv)? £C L&) RFF R EL,
appp(u+iv) < C’5|u|p — |vP, pp(u) > O V u,v € R. Ef%ifﬁmii ul
¢po FRDESRAFHE, 0 < 0, (F(0)) < & [T it))dt, Fl 3T 4%
Jo o(r.t)Pdt < CB [ [u(r.t)Pdt, ||S[f nrp <C IIfIIp, <r € <o ).
e o EAHENA|S[f)p < Collfllp, (Cp=tan &, 1 <p<2).
Key point: (i)S[Ref] = ReS[f]; (ii)i&a, = [27 | cos O|PdI M ay|2|P = [ [Re(ez)[Pd6.
ap i ISIF)()Pdt =[5 [} Re(e®S[f)) (1) |Pdtdo = [ [y |S[Re(e £)] (1) |Pdtdo
< Jo7Ch Jo IRe(e® ) () Pdtdd = Chay, fy | (1) Pt
E: FRfRFMERE F(2) = (37£2)9, ‘q—>l— %Cp:tan ZREFH(1<p<2).
S XA T FAFp > 2 RAEFHAC, = Cpy = cot &

5FBT IR ET 7,f(2) = f(x + h), Thf(€) = 2 Ef (), 7, R R T

G Ty Tong = Trnymy = Doy Ty AV R FT,,, (245 Hilbert T ) &8 & F 4 T &,
ie. ol =Tynot, (VheR™).

T#&p,q € [1,00], TRLP(R")B|LY(R") 89 A FAEHF, B5FHT k.
()F1<g<p<oolT =0.

(i)F1<qg<p=occMTf=0,V f€LFR").

(111)T—’% BRI T(f+xg)=f*Tg,V f,g € S(R").

(iv)

(

) [Tf-og=[Tg-of,V f,geSR"). (o0g(x) = g(—x)).
V) ITflly < Cllfllg, V feSRY).
E: LP(R™) = {f € L*(R")| ‘xlliinoof(x) =0}, S(R") € Co(R™) C LF(R™).

Keypoint of (): [/ + /1l = 271 ¥ f € L7(R?)
—00
(ARl g + gy = 2/9lglles ¥ g € LR,
Tl = sup{ITflly : £ € L), |[flly < 1} < oo, )
I TF +Tfllg = TG + fllg < I Tlpallmf + Fllp ¥ € DP(R®), b€ R 4Jh] = oot
2V T, < 2Y2[T |l ITSlly < 22T |, ¥ F € PRT);
1T lpg < 21/p_1/q||THp,q§ fp < g, 2YP710 < 1, B3| T|p,q = 0, T = 0.
Keypoint of (ii): (i)897E 8 F LP(R™)# AL (R"). (455 & || T8 Z X F)

Keypoint of (iii): (a)& XT = span{my|h € R"}, MX oT =To X,V X €T.
(b)V feSMR"),IT, €T st. Hp e L'(R™), r € [1, 00], lllin% T —llr =0
—
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(& r <oodkr =o0, p—EES) N hm [Teo—frollp=0.BlaT, =& > f(3)T—ism
ieZn Ji|<k?

(c) #g € S(R™), Mlim g = gll, = 0, [TTg = Tglly = IT(ng = 9)llg < Cllrng = glly = 0

ash — 0. &6 O)&Tyg — fxgin LP, TyTg — f*Tgin L, )

T Tg=TTrg — T(f xg) in LI(¥ (a) 3T, Tg = TTrg), T(f * g) = f * Tg(# kA48 3F).

Keypoint of (iv): Tfxg=T(f*g) = f*Tg € C(R"); # /BA0LLIL.

Keypoint of (v):# (iv)&| [Tf -og| =| [ Tg- o f|<|[Tgllgllfllg¢ <Cllgllpl flla

V f,.9€ SR |Tflly =sup{| [Tf ogl:g9€SR),gllp <1} < C|fllq-

T®&p=gq,ie TEAL(R") L&A REMLIET, L5 -FH4T %k, sbif
TfeLPNL C L2V feSR). T@ied

(3.3) Tf+h=Tf -h=f-Th, ¥ fheSR",

(3.4 ] / faﬁ' < Clflplglly Ikl Y £,k € SR,

(3.5) / e 2mEa /P T (e)dg| < C|h1, Y b € SR™), t >0, a € R,

(3.6) IThllse < C'llhfl1, ¥ h e SR,

(3.7) Ime L®[RY), st Tf=mf, VY feSR.

Proof of 33). Tf*h="T(f*h)= fx*Th, AigtFFourier X # Fp 1%. O
Proof of BA). #|[(Tf xh)-og| <|ITf *hllpllogly < ITflIRllgly < ClIE gl 1Al
%nf(Tf*h)-ag:fo*hngfThgﬁmnﬁki. O

Proof of (3.5). Elf (x) =

g(z )—e—”t2lx\2+2m‘a B f]l, = (pt2) "% <t v,
gl = (pt2) by <t v |

Flallglly < e, Fe) = () = tmemieal/?,

’Pﬁ)\. /a‘Lb O
Proof of (3.6)). # Corollary “F' Bp(z) = e 2mlel? | f = Th, p = 2, I 4 & (3. AF e A L.
(C' = 272C) O

Proof of B.7). &M (z) = el M hy e S(RM), Thy € L?, f\hl €L2 hy=h >0 %

m =Thy/hMm € L2 (R"). Bh = RABI)HFTS =mf,V f € S(R"). Tt

m € L®(RM). ¥Vt >0 Bh(z) =t e /0| =1, h(§) = eI,

Th(€) = m(&)h(€) = e ™k m(e). RABE)Fe 1 |m(¢)] < ', ae. &,V t > 0.

At — 0+4F|m(6)| < 7 ae. & ie. m € L™, ||m|le < C. O
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4 FRBRY AT
4.1 %Q € LS, fgur Qdo = 0Rpv. 200 (6) = tim [ o) g(a)da

|z[™ e—0+4

= J{jajey TR (@) = $(0))dz + [(1y01y T2 o(x)d, £ ol = &, 6 € S(R?).
T @A [, Qdo = 08521 FRIFTS(2) = lim [y, S f(w — y)dy, F P
Qe LS,y = &, ¢ € S(RM).

Proposition 4.1. #V f € S(R"), #Rxa.e. 2B &, M [, , Qdo = 0.

Proof EleS(R”) St flx) =1,V |z| <2. MV |z| < 1A

) ow) .
Tf(@) = [yon Bied @ —y)dy+ m [, TP dy. @ [, o idy = Tn
}tq’l— fSn L Qdo. .ﬁb:&?#&l‘?ﬂﬁﬁ 5" 11%1+Ilnlf?—r/f'£ ZRAT = 0. O

B 1. En =108 = {£1}, Q) = ay/, Tf(x) = maH f(z).

y2)dy1 d .
2 Fn =2 u@,e0,00) = fo G itn e MAw=0in RY, Feliyo = —2nf.

i ou _ y1.y2)(z1—y1)dyidys _ B
m:}l_r)%_,_ TQZ —p-v. fR2 (wll yf)2+1(121 y2)1}3/22’ 1.e. Q( /) — _‘55?1' = — COS 0
3. Fn =2, u(x1,r2) = [go f(y1,y2) [(x1 — y1)* + (22 — 32)*], MAu = 4rf,
o Q 4
8%?[’532 =DPp.v. fRz ) |(Z|12)dy7 Q( ) = _%.

4.2 & L fEa/k?‘?u\uifu:) VoeeR" A>0, f(Az) = \f(x).

%fﬂza«f{ RJE, f € Lloc( "), ¢ € S(R™), (ﬁ)\( )= AT"¢(A1x), A >0, B

fRn x)dx = fRn x)p(x)dr = \* fRn Yo (x)dx.
AZ?‘/%’:’TVX/{XCLU\ %‘u\}’ X &#(ie f€ S'(R”))

Definition 4.2. #T € &', T: aRFR& T(py\) = X\T(¢), Vo €S, X >0.

)”\']p.v.glzif,i): —nRFR(Q € LHS" ), [gur Qdo = 0).

Proposition 4.3. #T € &, T: a X FK, MT: —n — akRF K.
Proof. ¥/ ¢ € S(R™), >\>07;=]‘()ﬂ§ (1) ) )
<T7 ¢>\> = <T7 ¢>\> - < a¢( )) < ¢ > = )\—n—a<T’ ¢> = )\—n—a<T, ¢> O

#0<a<n, Mz|7® € L' + L c &'. T @ KFourier £ # F(|z| 7).
Claim: [, fla)e ™ol dy = t~3% Jgn flx)e ™ tdg v f e S(R™), ¢ > 0.
Keypoint: (i) [gn f9 = [gn [G. ¥ f,g € S(R™).

(ii) Zg(x) = e ™ MGe) =t 5P/t v i > 0.
Lo = F(gg Joots el 43y € SH

(F(12]79),6) = fau lo|90(@)dr = iy [ fan t3 7 e G(2) dudt =

Farm Io” fRntz—l—%w\xl Vo)t

v - 2 5 T(%52)
T(a/2) fRn Joos El (z)dsdz = T(3) _ne
T Ar(F?)

LRI F (| ) = Tl
E: CTAA TSR EF. TS Bla e C,0 < Rea < n. TR Flq € C.

N

(x)dz

(NIl



35

Theorem 4.4. & € L1 S 1 fsn 1 Qdo =0,
m(&) = [guor Qu)[n oy — i5sgn(u - &)ldo(u) (€ = ¢/I¢]), MF(pv.55) =m. ice.

Q(l‘,)/\ _ n

(4.1) Jm [ et [ m@s@as, v oes@)
Proof. me(€) = [ieciyjerjey e 24 dy, f{e<|x|<1/e} ERC )d"“" = Jrn me©)9()de,
Ve e (0, ) }nn 1me(€) = [gn 1 Qu) fl/ﬁ —szruédrda — [anr Qu)F-(u- £)do(u) =
Jgn-1 Q(u u-&)do(u) (A2 [y, Qdo = 0). ‘1’

Fi(a) = f:/e “anirde | Fr(a) = Fy(a) + Inc. B3

Qa') ~ Q(z') ~
4.2 I dr = li d
4.2) 0+ (al>¢p |ZI" Po)de = lig, {e<lal<1/ey |Z|" (z)de
= lim [ m(©)oe)de = Jim. /. /S - - €)9(€)dor(u)de.

Lemma 4.5. 3C >0, Cy € R, s.t. (i) sup |FX(a)| < C(|In]al| + 1),
0<e<1
(i) lim F*(a) =1In % —iZsgn(a) + Co, ¥ a € R\ {0}.
e—0+ € lal 2

Proof. F¥(a) = Fl(a) —iF?(a), SE'Q-“F’Fl( ) = fl/e Mdr +1Ine,

2 _ rl/e sin(2mar) 5222‘““ 2mlal/e sin s
FE (a’) - fe r dr = f27r|a\ =5 ds.
(4.3) |F2(a)| < 2sup / 7ds < C < +o0,
b>0
(4.4) lim F2(a) = sgn(a) /0 S”slsds - gsgn(a).

1 S 2”‘““ 27lal/e€ cos
FX( f%'a'e “2ds + Ine. ’0 <e<1.

Case 1: 27|a| < eor 27r|a]e > 1, (i.e. € > min{27|al, ﬁ}) B0 <e< 1,
|Ine| < |In(27|a|)| < C + |In]all,

2mlal/e 1
(4.5) |Fl(a)| < / —ds+|Ine| = 3|Ine|] < C(1+ |In]al|) (in Case 1).
2 S

lale

Case 2: 27lale < 1 < 2m|a|/e, (i.e. € < min{27|al, ﬁ}) DA

1 1 2m|al/e
(4.6) Fla) = / S8 T L gs — In(27|ale) + / %3 is + Ine
2m|ale s 1 S
= FY(a) + F}?(a) — In(27]al).
S f%'a‘ coss=1s, FM(a) = ffﬂal/e 25ds.
1
1—
(4n  FMe) < / 1200885 <1, |EM%(a)] <3 (+),
0 S
1 1 00
(4.8) lim F1Y(a) :/ O8R5 7 gs = Ay, lim FY(a) :/ €O 1 = As.
e—0+ 0 S e—0+ 1 S
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L b ()R] [ ossgs = sins |4y (Asins gy A > 1 W (@), (@&7), EI)AF

(4.9) |Fl(a)| < 4+ |1In(2nal)] < C(1 + |In|a|) (in Case 2),
(4.10) El_1>r(1)1+F (a) = Ay + A — In(27al) = Cy — Inal.
EFCy= A1+ Ay — In(27). B’ﬂ . - . -4’r i O

@ Lemma [L.5] (1)43 (O R 5n, ¢H £60% %, |6(6)|(1 + [€[2)"F < O)
@i [ s 0 e 9o)ldo(u)de

n—1 0<e<1

< [ [ 1ewimu-€ll+ 1loldotu)ds
|In|u-&||+1

<C Sn_lfQ(U)\ W dédo(u) = CCl/Sn_IIQ(u)\dg(u) < 00.

Ly = [, nldl g (@ Amleli (bC e+
= Jee <1+\§| )T £= Jor (1+]) 2 =02 Jp Tt 46 < oo
E: (a)d A AL, X=FRAC HuR X; (b)B#RLE, Co = [po 7+1dz < 00.

(142272
# Lemma (11 VAF
4.12 lim Q(u . d d
(412) Lo dim - €)0(E)do(u)de

n—1 €0+

:/n/snl u) nyu.g| _%Sgn(“'5)+Co]¢(£)da(u)d§
= [ miolene

S R

(4.13) m(&) = /S”1 Q(u) [In ]ulﬁ\ — igsgn(u &)+ Coldo(u), (£#0).

L= (u)

Proof of [13). & Xm(£) = [gu1 Q(u) [In ’

U .15/’ - Z'gsgm(u . 5/)] do(u), PTEINE SN
Lo=I3(u,€)

T [gur Q)11 (u, ) —Iz(u, 5)]da(u) =0. &g = ¢/|¢|Fsgn(u-€) = sgn(u-€), [u-€| = [u-g'||¢],

Il_I :Co_h’l‘g’ (%Ui—x;{ fSn 1ng—04;j_gg_/aﬁki. |

W (4.2), [@.11), [1.12), 4= % st 2 2 (FeFubini & 32 ) 4% (4.1) A& 2. O

i ers<R”>,aeR" Bp(8) = f(§)e?miat w'JeZ(x):f(a—x), RA@IH
= Jgnm £)e2miat e e, Tf mf.
,i um >=< <> < >>/2 ﬂ() <Q<u>— ( ))/wm Qe+ Q,,

]:( (5) fsn 1 e g/ fsn 1 e R 5/|d‘7( u),
F(p.v m N(€) = —if fsn 19 )Sgn( £)d0( ) = —i% fsmﬂ (u)sgn(u - £')do(u).

Corollary 4.1. % [, Q(u)sgn(u - &')do(u) =0,V & € $"1, MQ, = 0.

III"
n
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Corollary 4.2. F [, 1 Q=0,Q, € L'(S"1), Q. € LI(S"1), ¢ > 1, M
F(p-v. | (|n)) € L>°(R"™).

Keypoint: (i) [sgn(u-&)| =1; (i) [gu-1 [In|u- ¢||9 do(u) = Cy < 0.
E: Q. € LIEA fsn—l Q| InT Q| < coZ AR L. (InT ¢t = max(0,Int)).
Keypoint: (i) AB< AlnA+eB,VA>1 B>0 (<:> In ej < eB)
(ii) %D ={u e S" 1 [Qe(uw)] > 1}, M| [, Qe(u) 1n| 7 do(u)] <
Jp (2182 (1) In(2] Qe (u )|)+|U §’|7%)d0( ) < C.(A=2Q(u)|, B=5Inpz)
(iid) | fgn- 1 p Se(u )ln‘ 7 (u)] < [gn- I e é,‘da( u) < C.
# Corollary 4.2 (4 ﬁ%fsn—l 0=0,9,€ LS, Qe LIS, ¢g>1, M
T:L?— L?A 5. FIET : L7 — LPH R (1 < p < oo)(Theorem [4.7)).
4.3: QAT HE, ie. Q=Q,, Q—u) = —Qu). TRHF: RieszZ#R;.
4.4: QRABRHE, ie. Q= Qc, Q(—u) = Q(u). Keypoint: R;T:LP — LPH 5.

4.3 &T : LP(R) — LP(R)RA F(RE&W)HE T, ue S L, = {Dul) € R},
Lj ={veRu-v=0} MVzeR", I €R, TE L, st. v =z1u+7.
LTy f(x) =Tf(u+7)(@1). F(Tflp < Cpllfllp ¥ f € LP(R). R
S | Tuf (x)[Pdx = fLJ- J= ITf( u+§)(x1)|pd:p1d%"71(*) <
fLi Cy Ja I f(u+ x)(x1)|pda;1d7-£” Y@) = Cf [gn | f()[Pdz, ie.
| Tufllp < Cpllfllp, ¥ f € LP(R™). Q*AMmkowsleﬁ?i\ﬁ-
Proposition 4.6. &F|Tf|lp < Cullfllp, ¥V f € LP(R); Q € LY(S™1). &
Tof(x) = [sum Uu)Tuf (@) (u). M Tofll, < CollQUllfllp. ¥ f € LP(R™).

& HQHl = 9l (sm-1) = Jgn-1 [ = [gaar [Q(u)]do(u). %4

h

M, f(z) = ili;gi f—h |f(x —tu)|dt, H,f(z) = 1 hm f{|t|>6} f(z )
E: M, H,T#u € R\ {0}& L, MMy, = Mu, HM = Hy,, ¥V A> 0.
E: Fm o€ My(R), m(&) = m(&), u = e1, MTy; = (Tn)u. Fm € My(R), u € S" L,
m(&) =m(& - u), N5 = (Tin)u-
Ve L, RUMES ) = sup m Sptom 12G1F (@ = y)ldy,

M S (2) = 50 i Sy e S = 9)1d = 9 gy S i (2 = )l
VR>07ﬁifB(OR SOl f( — >rdy—RfSn 19 \fR Herlyn=tdrdo (u)

) yln—1
R gn—1 |2(u |fo |f(z — ru)|drdo(u ) Qefsn 1 ‘Q(ulf g | f (@ —ru)|drdo(u)
< Jgnor [Q(w)| My f(x)do (u). MJ:%HHEQ%%H& L

Corollary 4.3. #Q € LY(S™ 1), MMy, MY, MQELP(R"W%N p > 1).
RO = 1M f(z) = M[(2), S = Q|1 (sn1)
1M £llp = M8 fllp < oyl Mo fllp < ?B%"1)|'|rf|rp Con fllp: ¥ p > 1.
Qe NS h&F &%, M [, Q=0.V f € S(R”VFL]‘Tf = 2 % Jon—1 Qu)Hy f(z)do(u).
Tf(x) = lim fou Q) [ f(e—ru)Fdo(u) = lim § [, 19 ) [pney £ = 1) Ldo(u)

flz—ru dr
elir&fS” L Q) gy TR dr 4 [0y f @ = ) Eldo(u) =
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T Jon1 Qu)Hy f (z)do(u). F+ 2] f{6<|r‘<1} dr — 0fe gz Hl MBS R .
B&|Hfllp < Cpllfllp, ¥V f € LP(R), 1 < p < cofF
Corollary 4.4. #Q € LY(S" HRF&HE, 1 <p < oo, MI C, >0 s.t.
1T fllp < CollQUl[fllp, ¥ f € S(R™).
E: THFHT R, TTAE—3E36 4 LP(R?) L&A R A H Fs.t.
&feLP(R"), fr € S(RY), fr — fin LP, MITf, — Tfin LP. (V1< p < o).
TEBBRTRL,, Tfrxg=f+Tg,V f,g € S(R"). TTEAE] 3| f € LP(R"),
g€ LIR"), p,g€ (l,00), 1/p+1/g>1.
i d | Hfllp < S5 fllp ¥ f € LPR), 1< p < 28| Hufllp < 5551 F s ITFlp < S22 (1£]1,.
VfelPR"),1<p<2.
BB KRAAFBR>FEFT f(x )—sup\f{mx} |y|n )tz —y)dy|, M
0 < T*f(2) < § [gos 1) | Hy f (w)do(u), 2P H f (2 )—S‘ig|ﬂf{lt|>e}f($—tu)%~ e
| H*fllp < C’*Hpr (f e LP(R), 1 < p < 0), Proposition Theorem [2.2/%F
Corollary 4.5. #Q € L} (S" )& &%, f € LP(R"), 1 <p < oo, M

1T fllp < Cpll QL1 fllp, TS (z) = 61;%1 f{|y|>e} Ty|™ f@—y)dy, a.e w.

Riesz';"éﬁ R]f( CnD.V. fRn ‘y|n+1 f( )dy, 1 SJ < n, Cp = P(HT—H)TF_NZ . 5"]

)=
R;if(€) = —ifg f€).V f e SR, X R? =
Keypoint: 5 ]:1:\1 " =(1-n)p.v. |$|gff'+1, (n>1;in&). ‘F(p'v‘mijH)(g) =
Pl (6 = B 2 T = it T e
Ry A%k — 346 LP(R") L6 A REALI T, [|R; £l < Cpl £,

Rif(z) =cp 1_1>r(§1+f{|y|>6} myT”Hf(m —y)dy, a.e. z, (V f € LP(R™), 1 < p < 00).

IR fllp < 551 fllps (V f € LP(R™), 1 <p<2). fxg=—>"_Rif+Rjg,V f,g € SR"),
TS Bl f € LP(R™),g € LYR™), p,q € (1,00), p< ¢

4.4 & € Lq(snfl)% '%( qg > 1, fS" 1 Qdo = 0, Kl({L‘) = 7§|2I(T,:)X{1<|x|<2}, [ ﬁ,

Ki(z) = 7Ky (%) = ﬂ“‘ WNNprctaj<any, t > 0. MK, € LYR™)RIBHE, [, Ki(y)dy = 0. F
0 1iE B

(4.14) Tf(x):mg/omKt*f(m)C?, vV feSRY),
(4.15) RjKt(.%') = t_nRjK1<$/t), RjK1<—x) = —RjKl(x), RjKl S Ll(Rn),
) IS5 | IR H By @)y, Y 1 € IR,

EFTrf(z) = sup [TK* f(x dt‘ Hyf(z) = Sgg|%f{ltl>e} flx — ty)%|. MHyf = Hy f,
v =y/lyl Ebf%le < s li f(2), ¥ f € SR™).

Proof of E1D. (i) Wii(z) = ‘;JX{KMKR}MO Ki(z)4 = (In2) ).
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Ky f f{\y|<1} ( )(f@ y) f(m dy+ f{|y|>1} t(y) ( )dy.

(iif) Tf = Jyieny B =) = F@)dy + [y @ = v)dy.
® (i) (i )(111)(7'F‘?Fub1n1/£32)' (4.14)) p& L. O

Proof of ([A.15). (i) V¢t >0, At"K(ty) = K1(y), L *tae. oA
tx;

—Yj o . tx;
R;Kilte) = e hm f{|t:c o} Tt K )y = en T [,y ot Kilty)dy

= cu [,y e Ki(0)dy = VR K (@), ERAR K (@) = TR K (1), e

r € R™. (i) FIE 1 Ky Z18 & FMFR; Ky &+ H4k.

(iii) @Ky € LIY(R"), R; : LY — L%%‘HR K1 € LYR™) C L'(B(0,3)).

(iv) WsuppK; C B(0,2), [p. Ki(y)dy = Of?r%m > 3

RiK1(x) = en Jp0.2) %Kl( by = en [0 (a2 — ) Ka(v)dy; 24
[||f_]y_|gil - |z\n+1’ < \x|n+17 Vx| >3, |yl <205 TR K (z)] < |gg|n+1HK1H17v 2| > 3.

ZHAR; K1 € L'(R™\ B(0,3)). %4 (iii) # R K1 € L'(R"). .

}4

E: —M#), Fpe LYR™), 1< q<oo,suppp C B(0,2), [pne =0,
IRjellr < CulllBjellg + llell1)-

Proof of (4.16]). &e > 0. (i) Ky * f = — Z;L 1R Ky *R;f.

(ii) @ R; K (x )—t "RiK(x/t)AFR; Ky« R f(x) = [gn RiK:(y)R; f
Jpn t "R, Kl(y/t)R f(:n Y)dy = [pn RiK1(y )R fz—ty)dy. %—’é\R
f RiK;xRif(z)% = [* [0, RiK1(y) R f(z — ty)dyL =

2 fRnR Ki(y f{\t|>e}R f(z—ty) td@/ ’r'7|f{|t\>e} ij(@"—ty)dT’ TH, R; i f(z), B R
\fooR Kt « Rif(2)%| < 5 [gu R K1 (y)| Hy Ry f (x)dy

(i) () () ] [ Ko » f(2) 2] < 550 oo [R5 K (0) | R £ (2)dy. =

&l <p<oo. @[Hfl, <Cllfllp, ¥V f € LP(RYE’

1H fllp < Callfllp, ¥V f € LP(R™), y € R™\ {0}. %4 (4.16), Minkowski T~ & X A»

IR; pr < CpllfIpRNTT fllp < 5 3251 Jon IR EL WG R, fllpdy <

50 251 Jen IR KW R fllpdy < 5C;CoC(E)| fllp, ¥ f € LP(R™).

%L“F'C(Kl) S IR Kl < oo(d [A15)). #&(Tf(x)| < pTt f(2),V f e SR")H
1T fllp < 1n2”T1 fllp € 355 Cr CoC (KD fllp, ¥V f € S(R™).

E: L&, Fp,qge (1,00), p € L' N LIR") ZIERE, Rjp € LIR™) (V1< j<n),
R S (@) = sup | [ or e (@) F], oulw) = £ p(aft), A S € LPRMA

T, f@)] < 5 zFl S | Ryp( >|H;ij<x>dy,

1T fllp < 3C3CoC@) I fllps 2 Clo) = T IRyl < oe.

(z —y)dy =
‘Kl(—l‘) = —RjKl(l')ﬂa

Theorem 4.7. % [, Q =0, Q, € L'(S"™!), Q. € LI(S"), ¢ > 1, MT : LP — LPA
F<p<oo).

BREFRBRIEF T f(2) =sup| [(,o0 TLf (@ — y)dy|. #RIED
e>0

[y[™

(417) [T (@)~ 5 T3 1 ()] < 2Migy f(2).
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Proof of ([4.17). #&e > 0. &1 K(x) = %X{tdeQt}ﬁ"

O’ ‘$| S €,
[ Kl % = |£| 2nf7 ', e <ol <2 it
) Q') In(|y|/€)
/{|y|>e} |y‘n f( / Kt * f f{6<\y|<26} |y?n (1 - 132 )f(ﬂf — y)dy,
T€f( ) T Ef

|T€f( ) 1n2T1 ef ’ < f{€<|y‘<2€} \y|" Hf(x - )‘dy < 1 fB 0,2¢) ‘(7?1)1‘ |f(CC - y)‘dy <
2BV () < 20y (). 418

Mg/)f(x) = ]S%li% m fB(O,R ‘yln 1| ’f( )|dy, Mﬂf( ) = [B(0, 1)|M|Q|f( ) &
T f () =Sl>118|Tef($)|, T7 f (= )—SuplTlef Wfﬁ‘w- O

wEIDFNT fll, < melTiflle + 21Mioflly < shzCiCeCEDfllp + Gl fll, =
C(p,n, Q)Hf\lp, vV feLP(R"),1<p<oo.
%& & Theorem [2 Hﬁ“Tf(x) = lirgl+ T.f(z), ae. x,V f e LP(R"), 1 < p < 0.

e—

¥ |QInt Q€ LIS (QRB &K, [, 1 Qdo = 0). LI
|K1| ln+ ‘K1| € Ll(Rn). K1 = Z:Zl Kl,m, K171 = KIX{\K1|§2}7 Kl,m = KlX{Qm—1<|K1|S2m}
(m > 1). MY ml| Kylli < 00, [Kimlloe < 27, 1K 1nllp < 1K1 u[}/72m0-1/0) =
(HKlmH1/p2 m(1=1/p)y2m(1-1/p) < (|’K17m”1_|_2—m)22m(1—1/p~)_
BK )y = Kim — c1,mXB(0,1)s C1m = m Jon Ktmy ™ [on K1 =0,
Klzz 1 Kim ( xbenKlfO)
IR Kimllt < ColllR K vmllp + 1K1 mll) < Z5 I K1 mllp + Col [ Kimlh <

=1+1/m
s I Kl < 525 (1K L mll + 2=m)p2m1=1/0) < (|| K 1+ 27,

ZIRAC(Q) = 30 C(Kim) = Yooy Sy 1R Ky mll1 < o0

KRB S EIFE o, Ky BB S, Ry Ry A 2K,

T7 f(x) = T(*Kl)f(l') < 22:1 T(*fﬁ m)f(x)a %feLP(R"),1<p< oo,

ﬂ']||T(}(1 m)f||p < FC GO (Km) | f s

17 fllp < D=1 H T f||p 5CyCp > 1 C(K1m)| fllp = FCHCoC (D flp-
%/\-ﬁfHT*pr < w375 fllp + 21 Mg fllp < C(pn, QI flp-

~

4.5 P(¢) = ¥, ba&" P(D)f = 3, baD"f, F(P(D)f)() = P(27i€) F(£).
LA = V=A: Af(8) = 2ml¢|f(€). FP(AE) = A"P(&), ¥ A € CH
P(D)f =T(A™f), Tf(€) = "™ F(©)-

Theorem 4.8. %m € C®(R"\ {0})ROK F X &%k, T,.f = mf, B 3 Q € Co(s"1),
Jon-12=0,a€C, s.t. Tf =af +p.v. |z|n),Vf€8(]R{”)

/—\

fl/\a 62 C s.t. fS" L(m(&) —a)do(&) = 0. FIE[g,_1 m(u)do(u) = 0 (TR FEm — a).
(/a Ef :0')/\ .rn’Lﬂ:_
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Proof. ¢y € C°(R) s.t. supp¢p C [1

) ,
my(€) = m(§)@1(t€) (¢t > 0), M [ m (&) = :
Wm € C(R™ \ {0} &m, € C"O(R”) my € S(R™), my(x ) =t""m (ﬂf/t)
my(Ax) = X"y (x) (5,A > 0). Fp e S(R™)M

(4.18) [wd= [ [Twtedefa= [T [ m@owad
my

BQ(z) = [P m(e) L. (1) QR -nkF RS (i) Q. € C°R™\ {0}).

()3 Q € C(S"1) st Qu(a) = TEL. (1) ()= (iii), © = Q| gu1.)

(iv)£¢ € S(R™), $(0) = 0, 1 fRn Mo = [rn Lt (v) fgur Q= 0.

(vi) B4z @ &3y € O (R™), 5.t (b):a(0) = 1, B (c): fn mpa = 0, (A): P.V. [ign Dby = 0.
(

vii)m(z) = p.v.Qu(z) = p.v.%vi)

Proof of (i). Wmy(Az) = X"y 5 (2)FQ(Ax) = A" (2). O

Proof of (ii). i € S(R™ii(2)| < 1y Corrr. &) = 1"k (/1) 4

[ ()] < MW;

o, dt o dt C

(4.19) /0 |mt(x)\7 < C’/ e < P
¥ o € N DR () = £l (D) (@), DI (x) < o
Dgfn\t(x) < W‘W’ fo |ngt( )|% < Cfooo (t+|:c|)0£f+‘°‘|+1 < |x\"+‘°‘| .
(CRRE5my, o X89F4) X B (i) A L. O
Proof of (iv). ﬁbﬂf a7 € LY(R™), %4 ({.18), (194 (iv) O
Proof of (v). (iv) ¥ B¢ = ¢ g, mér = [ *¢>1 B61(6) = do(|€]) R4 F1 I A O R 42
w1 4 (a)mAOR FREFEL, fSn71 m(u)do(u) = 04% [, mgbl =0, [gn Qo1 =0.
%— ﬁ@o_fRnQ 1 = fan P52 00(l2)da = [ fSHQ w)dor(u) 2 pn—1 gy —
202 g [ Q= [ Q. 0
Proof of (vi). 3L gy RAZ 61 %k, 454 (a)4F(c), 44 (i) (v) 43 (d). O
Proof of (vii). %ﬁb G SR™), i’dﬁs ¢ — ¢(0 )¢2, Mepz € S(R™), ¢3(0) =0 (¥ (b)),
fRn mgb(é) fRn m¢3— fR'n *¢3—pV fR" Q.. &L 1‘t.ﬂf](vu)ﬁ§§.,L O

(iii) (v) (vii)= 25 # M L. O

Theorem 4.10. A = {T,,|m € C®(R"\ {0})Z0K 7R &%} £ L% RE, T, £ AN TH
e m#0 on SPL
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ETF(E) = m BOFeMT Tk e P(E) #0 on 57!
(BLI % PR S AE & 3 M m 2182, A™ = (—A)™/2),

WHP(D)f =TA™f), A"f =T P(D)f, [A™fllp < Col P(D) f[l, (1 < p < 0).

46 % ? A7 Pz, D) =342, bal2 )D“ %f € S(Rn)w
D*f(x fRn 27i€) f(g) 27rix'§d§’ ( fRn (z, 2mi€) f(é)e%rix-gdg’
(Amf) (.1‘ D)f, Tf fR” ) 27rzac §d£

o(x,&) = P(z, 27”5)/!27T§!m = P(z, Zﬁ)/ §|m Wo(z,-) € C(S"1),
o(z,\) = o(z,£), ¥ A > 0, Theorem 4.8 A(x), Qz,-) € COO(S”A) s.t.

Fo(z,-) = A()d + p.v. ﬁs,Tf() ()f()+prRn 2 f(z — 2)dz.
i & F((i6)7 /¢ 1—ca6+p.v“\zﬁi>)m A(@) = Clajzm <>,
Qw,2) = jgjem ba(@)Q ()(M;@;MM;@;%%M)
T @4 R — K EFT () =p.v. [o Qﬁf flz — 2)dz. ( Qz,2) = Qz,2"))

Theorem 4.11. # (i)Q(z, \2) = sgn(\)Q(z,2), ¥V z € R*\ {0}, A € R\ {0};
(i3)Q* (u) = sup,, |Q(z,uw)| € LY (S ). MT: LP - LPHER, V1< p< .

Proof. Tf(z) =5 [gn-1 Qzx,u)H, f(x)do(u), ¥V f € S(R").
Tf(z) <3 fle( Hyf(2)ldo(u). E&(Hflp < Cpllfllp, ¥ f € LP(R), 1 < p < o),
Proposition LG T F]| < 3yl 1 171 .

Theorem 4.12. % Therrem |4.11#) % # (ii)# Msup, ([gn-1 ]Q(x,u)]qda(u))% = B, < oo,
l<g<oo WMT:IP 5 IPAN, V¢ <p<oo.

1
o

Proof. B‘qu < piFp’ < q. @HSlder 7 %F XAFsup, (g1 [Q(z, u)|P do(u))?” < By

< |§m- 1|p’ qB <o 11 < 55 s o f (2)|Pdo(u))F.

IT1llp < (5B} fgn-1 [ Hu fﬂgda( )< 5By )P [sn1 Cpllfllpdo(w).

ITfllp < ;er Cp\S" el flly < 51S™ 1|1_%Bq0p||f||p~ O

E: #EQ(x, 2) R 20948 3 %M Theorem [L1217 M L. e
1)z, Az) = Q(x, 2), ¥V z € R\ {0}, X € R\{O} Jgn-1 Q(z, u)do(u) = 0;

(ii)1 < ¢ < o0, sup,(fgn—1 [z, u)|%do( ))Q—B <oo. MT:LP - LPAFR V¢ <p< .
.. . 0 Qx _
T ig = p. ’KK(r,2) = %X{mzkz}, Ki(z,z) = %X{Kmdt} = T"Ki(, 7),

t > 0. MK(z,") € LYR") R0 J 4, [p. Ki(w,2)dz = 0. &K/ (z,") = RjK(z,-).
5 [@.14), (4.15), (4.16) A =T 4%

(4.20) Tf(x)= ﬁ /OO [ - Ki(z,z)f(x — z)dz d—7 v fe SR,

t
Ki(2,2),
(422)  (m)Tf(@)| < ;rg | Kl R )y, VT € SERY).

(4.21) Kl (z,z) =t "K](x z/t), K (a: —z) =

HQ
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;’:—#’fﬂ@]fRn Ki(z,2)f(x — z)dz = j =1 Jen Ki (2, 2)Rj f (2 — 2)dz.
& ([{:22) FHolder ¥ XA (g = p')
TP <0y [ [ 2+ rzD("*“(q”dz} [ [ FEREL,,
j=1 L/R"

re (142])

T@EAE(CEREn, ¢k XGFEK)

sup/ ]K{(a:,z)|q(l + |z)(nHDa=D g, < CBg.

z,j n
Key point: (i) [gn |K](x 2)|%dz < C [ | K1(x, 2)|9d2; (ii) [gn K12, 2)dz = 0,
suppK; C {|z] < 2}, |Kj(x 2)| < C(1 +|z))~ (D fRn |K1(x, 2)|dz, ¥V |z]| > 3;
(iil) fgn | K1 (2, 2)|%dz < CBY, fR" |K1(z, 2)|dz < CBy.

ERB|Tf (2)P < CBY S, fpn T ph de. %4

(L=
IRyl < CyllR Iy < Clo )l ¥ f € LR, 2 € BT\ {0}
n HIR; dz
ITFIp < CBE STy Jen Iiiilaz < CBY Y, R% CBY| £-

ie. [Tfll, < CByllfllp- (CRRAEn,¢F X¥EH, q=1p € (1,00).)

#: Theorem [L.11J9 18 & %k . F(1)Q(z,\2) = Qa,2), ¥V 2z € R*\ {0}, A € R\ {0},
Jynr O, w)dow) = 0; ()9 (2) = sup,, K] (2, )] € LI(R").

MT: [P - IPHF, V1<p<oo.
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5. HRYEFII

Theorem 5.1 (Benedek-Calderon-Panzone/® ). & T % R &M H T,
()TEH(p,p)E, 1 <p<oo: [Tflpes < Cillfllp: ¥ f € LP(R").

(ii) & & % 4 Cy > 1, C3 > 0 s.t. Fsuppf C B(zo,r), [f=0, M
Jrn\Bao.cory | Tf (@)|d2 < Cslfll1. MTf[l1,00 < C4HfH17 v f € LERM).

E: Oy < C(C1C3 P 4 C), CRR Hnk 8% %

Proof. ¥ X > 0, 2| f|#fCalderon-Zygmund % ##, 3 X Z H{Qx} s.t.
S 106l < LI A < s J, 11 < 270 1f] < A e, 7 € RM\ Q, 0 1= Uy,
f=g+b Edg= @kaf =ap in Qr, g=finR"\Q,b=73",b;, bj = (f — a;)xq,-
Msuppb; € Qj, [b; = 0, llglloe < 2"\, llglh < [Ifl1- gllp < llgli llglh < "2~ ]
225 10jlle = lblly. [T6] < 325 |T0)] ace.
Tf| < |Tg| + |Tb| ¥ A> 0% aps(240) < ary(AN) + ary(AN).

CP(2n APt (27Cy /AP

o1, (AN) < Rl TolBoe < cEfplloll < SER 17 = EEE

1‘5@@] Q(xjarj) Q (%702\/»73) = U]Q*}n'

Q| <32, 1Q5| = AnC3 32, 1Q;] < Al Hle jt“F'An = (vn/2)"a(n), a(n) = |B(0,1)|.
ars(AN) < |Q* 4+ Ax I T0] 1 @m\g+) < 1+ 7 25 1Tl (RN\QY)-

wsuppb; C Q;j = Q(zj,75) C Blzj,/nry), [bj =0, QF = B(xj, Cov/nrj)F= & (ii)
(BRao = zj, r = V/nrj, f =) RTbjll L1 mqs) < Csllbjllh,

2 1Tl rm@r) < G335 Hbj”l = Cs|bllx < C3([[fllx + [lgll1) < 2Cs]|f]1-

arp(AN) < 225 5 < 2t U7l + 2G| £

ars(24X) < ary(AN) + ary(AN) < @ SﬁiA 1+ A5G+ 252 1.

B\ > 08 AT |10 < {(24)[(2°C1/AP2™ 1 A,CF] +4Cu ] fll.

BLA = 20Cy A, P (205) 7P, MOy = (24)[(27C JAP2 + A, CB] + 4C5 =

A4AA,CH +ACs = 4C1 A~ 1/1”(20 yrn/p 4 4Cs, st || T Fll1ee < Call £l 0

Theorem 5.2 (Calderon-Zygmund). &K € §'(R"), K € L}, .(R"\{0}). #H 2 (0)| K ||oo < A.
(z'z')H()'Tmander%ﬁ":f{‘x|>2|y‘} |K(z —y) — K(z)|de < B, Vy € R" MK * f|l, < Cpllfll,
(1 <p <o) K fllie < Cullfll1-

#: C1 < C(A+ B), Cp < S (A+ B), CRR 5nH %8 %
E: &|VK(x)| < Clz|™ 1, ¥ 2 # 0, M Hérmander & 1"?‘)7&‘41 e. [ |3 < 0.

Proof. T f = Kxf, f € S(R"). MTf(¢) = K(&)F(&), @ )ATf|2 < Allf[2, ¥ f € S(R™).
T'TU\‘%X L%ﬁLQ(RN)J—_é’Jﬁ?‘%% HHEF (e TAR?22)H)st. &fc L2R"), » & suppf

MTf(x) = [zn f( y)dy; [Tf-09= [Tg-of, (cg(z) = g(—x)). 'FTJET%%(LD@-
o EbT’?&(2 2) Theorem. )xtp = 2}?2.;
e Zsuppf C B(zo,7) ff—O MTf(x) = [n f( (z —y)dy =

I () E (= y) K(z - fvo))dy7 Ve R”\B(a:o,2r). W (ii)#F &y € B(zo,r) M
(2= y=20) Jam oy 20 1K (@ =y) =K (2 =20)|dx = [gu\ p(g o) K (& —2) = K(2)|dz <
f{\m|>2|z\} |K(x — 2) — K(x)|de < B,

Jem Bao.2m | TF @2 < Jom pag2m) oo [ WK (@ = y) — K(z — z0)|dyde =



45

fB(xO, F W Joo\ oo 2y K (@ = y) = K(x — 20)|dedy < B [, v |f(W)ldy = Bl fll
R Hf] Theorem [5.1} (11)5“T02 = 2R L.
IilTheorem.'f Tﬁzﬁﬁ L) (ATA%(2,2)%). & &Marcinkiewicz 4 18 € ZAFT %2 7%
(p,p) B, V1i<p<2 é\fo og= [Tg-offmx1BF E/TARE(p,p)H,V2<p<oco. O

K(z) = Q) bt ¢ Hormander % #: 75]1 wm(t dt < coMHormander &4 2. £+

[]"
Woo () = sup{|Q(u1) — Qu2)| : |ur — uz| <t, ug,ug € S™ 1}
Proof. 3t Q € L>®(S" 1. |K(z —y) — K(z)| 7’ ‘x y|n — Ix\” \ <
B0 |- el > 2l M s — | < e, (@) —a'| < T4
Woo T C Clw x
Ko )~ K(e)| < =2 |l Cus ol
* 2 x
Wao(t) = weolt) + ¢ f{|x|>2|y|} K(x —y) = K(@)|dr < O [,y “=GH " de
= Cy|$nY [y =l gy — ¢y |sn1) [ Bt = Oy < oo, 0

Corollary 5.1. % [, Q2 =0, fl w”(t dt < oo, ﬁ“]pv |n *fE‘?'ﬁ(l )&,

E: Fw e 09" ), a € (0,1), Muws(t) < OtY, Hormander & # &, 5.
E: ¥ p € Oy (ERAER), ZXpll = sup{|u—pul : u € 5"}, wi(t) =
sup| <t Jgn-1 [Q(pu) — Qu )|da( ). MK(z) = Q(Tn) it 89 Hormander & # < fl @1l gt < oo,
#Z: Hormander % # < Sup = fB 07) f{|x|>2r} |K(z —y) — K(z)|dxdy < o0

(‘F¥Hormander & ﬁ'—). ( ) = %Tn i 89 F ¥ Hormander & # <
Jgn-1 fgn- Mda(u)da(v) < 0.

|’lL ’l)‘" 1

5.2 K € L®# 9 %8 &K e L1 (R"\ {0}),V ¢, R € (0,00) & X

Ke,R(x> = K(‘T)X{e<|m|<R} € Ll(Rn)- EX[K]I = OS<UP ‘f{a<|:c|<b} K(z)dz|,

[K]2 = S‘ilg f{a<\x|<2a} |K (z)|dw, [K]3 = Seuﬂg f{\$|>g|y\} |K(z —y) — K(x)|dz.
a y n
E: EL[K]), = Sg%%f{lmka} |z|| K (z)|dz. @

[ioteay 1K @I = S50 fig bracpco-vag B @l < T30 274a - (K)o
[Kp <3 752027 [ lo=2[K]p. A—7Z @
Jia<ta)<oay 1 E@)d2 < [ 101 <00y K (2)|dx < 2[K]y, (K] < 2[K])
Proposition 5.3. %K € Li,,(R"\ {0}), [K], + [K]z + [K; < oo, !
\KE,R( O <C,VR>e>0,£€eR". CEHE e, REX.

. e T <e
Proof. K. g € C(R"), REFIEE #£ O R, Br = €78, e< (7P < R, M

R, 7' > R.

Ker=Ker+ K ry, Key = Ke RXB(0,¢) 1) Ker ()] < K (2)|X(|2/<|e] 1}
\I&(O)] = |f{5<\x|<r} ( ) | < [ ]
‘Ke (&) — 0)| = ‘fRn z)(e —amied 1)dz| < 2m|¢] fRn |xHK67T(x)|da: <
2wrf\f{m<m | Il 300 | [t 3

ElE[1 > RMr = R, Kop = 0, Kon(€) = 0, TRIEI < R itz = by, Me2miz€ — _1,
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R > 72 lg = 2z, Kprl(€) = fuu Knn(@)e 78z = — [r, K gz — 2)e2mda,
2|KT,R(§)‘ < f]Rn ’KT,R( ) — KT,R(x - Z)’dm-

Claim: [, p(r) — Ky (i — 2)| < |K(2) = K(2 — 2) X{lafsply + [ Knar(a)] + [Kroela = 2)] +
|KRro,r(T)| + |Kpjor(x — 2)|. &: R>1r > 2|z

Proof. Case 1 |z| € (r,R), |z — 2| € (r, R). ti|z| > r > 2|2|,

Ky r(2) = K r(z = 2)| = |K(2) — K(z — 2)| = [K(2) = K(z = 2)[X{jz>2/2]}-
Case 2 |z| € (", R), |z — 2| <r. lr < |z| < |z — 2|+ |2z| <7 +7/2 < 2r,
|Kr.r(z) — Krr(z — 2)| = |K(2)| = | K20 (2)].

Case 3 |z] € (", R), |t — 2| > R. ¥R > |z| > |z —2|—|2| > R—1r/2 > R/2,
Ky r(z) — K r(z — 2)| = [K(2)] = |[KRy2,r(2)]-

Case 4 [vr — z| € (1, R), |z| <7r. by < |z —z| < |z|+ |2| < r +7/2 < 2r,
Ky r(z) = Krr(z — 2)| = |[K(x = 2)| = |Krar(z — 2)|-

Case 5 [r —z| € (r,R), || > R. ¥R > |z —2|>|z|—|z| > R—1r/2 > R/2,
Ky r(z) — K r(z — 2)| = [K(2 = 2)| = |[KRg/o p(z — 2)].

Case 6 |z| € (1, R), |x — 2| € (1, R). & |K, g(z) — K, r(z —2)| = 0. O

58 [y 1Kol — 2l = o 1K)l = [y opy K ()82 Rom(6)] <
fRn |Ky r(x) — Ky p(x — 2)|de < f{‘x|>2|z‘} |K(z) — K(xz — 2)|dx + Qf{r<|x|<2r} | K (z)|dz +
2 [ pyaeioscam | K (@I [K]s + 41K, 5 £ (58K, < 2(K]2) B Ron(©)] <
| Ker(©)] + K r(€)] < [K)r + 2 [KYy + L[K]s + 2[K]2 < [K]1 + 3[K)s + (47 + 2)[K]. O

ERER Kop=Ke, + Kpp, |[Ker(6)| < [K]y + 2n[K],. %¢|71 > R1
Knn(8) =0, Tij¢| ! < R, M2[K,n(&)|< [Kls + 4[K].
E: [Kepli < [K1, [Kerl2 < [K]2, [Kerls < [K]s + 4[K]2. Key point: #|z| > 2|y| M
slel < o=yl < 32| < 22|, |Kcr(x) = Kor(r —y)| < [K(2) = K(z = y)| + [Keze(2)] +
| Kepe(z —y)| + [Kgjo,r(z)| + [ Krjor(7 — y)l-
Corollary 5.2. #K € L] (R"\ {0}), [K]. == [K]1 + [K]2 + [K]3 < o0, M
IKer* fllp < Cpllflly (1 <p<o00), [Ker* fll1oo < Cillfll1-

i: C1 < CIK,, Cp < S2[K),, CRR S %89 % %
i B K (z) = TSI MK) < 0o & Qe LS, [q, Q=0

AKon € LMRY), Kop+ fTHS € IRMESL ETf(r) = _ lim Ko fo) RRAE,

MTE5(1,1)5%(p,p) (1 < p < co)(HFatousl ). T @it R R A £ 69 FH. &
Ke(r) = K(x )X{|ac|>5}

Lemma 5.4. #K € L} (R"\ {0}), [K]« < oo, f € LP(R"), 1 <p< o0, € >0. M
S [ Ke(x —y) f(y)|dy < 0o a.e. z € R".

Key point: K., K € LY®(R"), |K | * XB(0,e) € LI(R™), ¥V 1 < g < o0,
Lemma 54K, « fT# f € LP(R"), 1 < p < 00 Ls.t.
Kex f(2) = Jm Ko x f(z) e, [Kex Tl < Gyl fllp (1< p < o0),
T Xp.v.K(p) = Eli)I(l)’lJr f{\:v|>e} K(z)p(z)dz, ¥V ¢ € S(R™).

Proposition 5.5. #K € L} _(R"\ {0}), [K]2 < 00, (a) : pv.KA &

(b) :6£rgl+f{ <ajey K (@ )dz A5 7 .

< Colflh-



47

Proof. —7 @3 (a) : p.v.KH &, Bp € S(R?) s.t. XB(O

1) <
pVK(¢) = 61_1>%1+ f{€<|$|<1} ( d[l: + f{‘x|>1} ( ) ( J:' /a/a\

f{lw\>1} K (2)¢(z)|dz < f{l<|m|<2} |K (2)|do ¥ 1_1>%l+ f{ <Ja|<1} K(x)dz .

)
B —% @& hm f{€<|$|<1} K(z)dx B/, &L = 61_1%14_ f{€<|$|<1} K(z)dz. M

p.v.K(¢) = ¢ 0)L + f{|m|<1} K(x)(¢(x) — ¢(0))dz + f{|x\>1} K(z)p(x)dx,
V qZ) € S(R™). ;9:-‘4’ L f{|m|>6} K(z)p(x)dx =

f{e<\x|<1} K(x)dz + f{e<\x|<1} K(z)(¢(z) — ¢(0))dx + f{|m|>1} K(x)p(z)dz,

EE%IJF (0 f{6<\x|<1} K(z)dz = ¢(0)L,

[ ey K(@)(0(@) = 6(0)dz = [, 1y K(2)(6(x) — ¢(0))de, & BIie TR,

e—0+

Jrpeny IK()(0(2) — S(0))|do < Dbl fyayyy ol K (@)]de < CHET,,

f{|x\>1} K (2)¢(2)|dz < [a¢llo 272, 27" f{2k<|x\<2k+1} K ()]dz <

Co 3232 27F[K]2 = 205[K]y, ¥ C1 = ||Dg||o, Co = [0 A LI

p.v.K(¢) = lim f{m%} K(z)p(x)dz iR R A& ie. (a):pv.KHFE. O

e—0+

Corollary 5.3. #K € L} (R"\ {0}), [K]. < o0, lim Sisq K(2)dats 42, ]
e—

Tf(w) = lim Ko f(z) (f € SRY) RH(11DEp,p) (1 <p < o0)

—R&EHEK € L} (R"\ {0}), [K]« < oo, M[K]; < 00, 3 € — 0+ s.t.
klin;o f{\x|>ek} K(z)dz B, Sk Tf(x) = klin;o f{|y|>ek} K(y)f(x —y)dziR R & &
(V feSRY), ATEH(1,1)%&(p,p) B (1 <p < ).
Bl K@) = |2/~ € LL(R"\ {0}), 1 € R\ {0}, T@BIEK); < oo, j = 1,2,3.
‘f{a<\a:|<b} ‘x|n+it| ‘Sn 1Hb 7;:71 ’ < ||Sn 1’ = [K]l < 00,
Jia<tal<aa) 1o = 18" 2 = [K]z < o0, (K ()| = |21™), [VK ()| = 5= = [K]s < oo.
B[ K g+ fllp < Cpll £l (1 <p<oo). w
f{5<|z‘<1} ‘x|n+1t ’Sn 1‘ zt 7 ﬂlek _ e—27rk/|t\ghj —zt =1,

fa—y) fa—y)
plm Ko r* f(2) = Jyycn Wd“fﬂybl} et dy, BT L

<pv |m|n+zta¢ f{|x|<1} (|x)‘n+zt0)dx+f{‘z|>l} ‘xlnﬂtd:c T A XA L8y

PV £ A — iR FRE. Fz € C Rez < nMlz[™ € Li,([R"), —zKF X, Le.
(lz]7%,0a) = A~ <|$|_Z,¢> ch)eS )\>0 Ed oy () = N "o\ la). —F @

(12l 7, 0) = Jan lal *6(@)de = fiy ey © \)rllz . dl”*f{ma} Bz + [y Tde =
f{|x\<1}%dw+f{|x‘>l} |(x)d +'Sn 1200) A & p 3

z|?
n—1| 1 pn—l-z
f{|1‘\<1} Tzlz — =5 |f0 dr = .nkb

Jim (a7, 6) = <p.v.|x\n+u,¢>+ 5200y e 5, e R (o)

= @ (|| I, ) = ATt g “f+f,¢>, be— 0+
Sn,1 0 o Snfl 0 [
<p.v.wﬁ,@>+%ﬂ i (poy. b, ) + PO, e
IS" \5

p.v.W—i— & —n — itRFRE, ) V- ‘nﬂt?—i n — itRFRE.

(62(0) = A"6(0) £ A"6(0), TA> 0, ¢ € S).
T@*p.v.wﬁéﬁlﬁ‘omierﬂiiﬁ. )
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Jgn 2| ~9¢(z)dz = ﬂaiﬁfﬂw |z|* " p(z)dx, V ¢ € S(R"), 0 < a < n, 1B EIF

n/2+1t 51—\( zt+

Ha € €0 <Rea < niufit, B fo, o] " G(@)de = TS ool 0(e)do
V¢oeSR",teR\{0},0<e<n.
g n—1 n/2+ztr 1 i -
%€ — 0+4F (p.v. |z|?“1t+it , ¢> 418 —z|t¢(0) nﬂ(t ) Jen 2] o (x)de, EILH
gn—1 7Tn/2-!—ztp —it i '
F(pov- ) + 155 = T, R MEG(0) = (1.4).

5.3 dEF AR A Calderon-Zygmund F ¥ A = {(z,z)|z € R"} C R" x R™.

Theorem 5.6. ixTELQ(R")J:éﬁﬁ%Ui HHEF, Ke Ll (R"xR"\ A). #HE

(iN f e LX(R"), fR" (y)dy a.e. x € R”\suppf (M)Hormanderé}‘ﬂ'%
f{|x_y|>2‘y_z|} ]K(:c y K (z, z)]da: § B Vy,z e R

f{|$_y|>2‘z_w|} \K(x,y) — K(w,y)|dy < B,V z,w € R".

ITfllp < Cpllfllp (1 <p<o00) |Tflleo <Crllflla, V fe L.

Proof. Step 1. T&#H(1,1)%.
o BT (2, 2)4’?Theorem 1] (i) 2tp = 2ﬁu
e Z&suppf C B(zo,T) ff—O MTf(x) = [gu f()K (2, y)dy =
fB(xO’T (y)(K (z, y) K(z,x0))dy, V reR™\ B(:co,2r). ® (i) 435y € B(xo,r)M
fRn\B(wo,zr) ’K(%y) - K(%@“o)\dﬂc < f{|x_y|>2‘y_mo‘} \K(a:,y) — K(m,xo)]dx < B,
fRn\B(zO 2r) T f(z)|dz < f]Rn\B(xO 2r) fB(mOJ’) [fWIK (z,y) — K(z, z0)|dydz =
S50, W O Sy (a0 20) 1K (29) = K, wo)ldwdy < B [, 1) |/ ()ldy = Bl £l
X 3L 8 Theorem 5.1} (11)XTC'2 = 2R L.
dﬂTheorem.'f TR, DA (BTAR2 2)H).
Step 2. {:\Marcmklewmzia‘ﬂ'ﬁ ERATEZE(p,p) B, VI<p<2
Step 3. 752 < p < oo, @Theorem [6.44F(Tf||. < C| floo, %4 Theorem [6.5(py = 2)4FT 2
% (p,p)®, V2 < p< 0.

O

E: EXRAB CRY, ANB = 0, Mess sup,cp [, |K(z,y)|lde < oo, BIESf € L,
suppf € B, B [ [ K@, 3) f(@)ldud < o0, [ |K (e, )/ (0)ldy < o0, a0 € 4,
2) = [pn FW)K (z,y)dy*taex € AREX, BT f € L'(A).
i M E (= Hormander &) 36 > 0 s.t. (a) |K(z,y)| <
(b) &|x —y| > 2|y — 2| MK (z,y) — K(z,2)| < lglyy‘flré,

(c) Zlr =yl > 2w — w{M|K (2,) - K(w,y)| < Z=2
Definition 5.7. T'#& Calderon-Zygmund® ¥ (CZ0)#%
(z’)T%L2(R”)J:é’J7é‘?|U%‘L i””% (ii)ﬂ#f)ﬁ?fﬁK s.t.

V f e LX(R"), = Jan K (y)dy a.e. x € R™\suppf.

# Theorem [5.6 .ﬁ-CZO “ii*‘k%)ﬁLP(R")Lé@ﬁﬁé’i’ﬁﬁ-%(l < p < o0).
4 #T\EUF"’\ A € Lip(R;R), i.e.A =a € L*®, T = {(t,A(t)) : t €e R}V f € SR),

[z—y[™ yl"’

Crf(2) = o Jo FOGGRL Q= (= = o+ iy y > Aw)) AT,
_ [ () (A+ia(t))
hm Crf($ + Z(A( )+ )) =3f(@)+ % 61_1)%1+ f{\x t|>e} =tri(A) A 4

(cpf( —oL [ PO In(t+A(t) — 2)dt). ER
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)
Tf(x) f{|x y|>e} —y+i(A ()) A(y))

Z|A oo < 1, M |A(A) A( |k Iz — 1y, ) k
K(z, )—Z?OW Va#y, Tif (@) = i ysg %dy

Ky(z,y) = %m AR AR (S = 1)

5.4 & fE A% %ﬁ"( ):> Tf f{|z yl>el ( )f(y)dy;j-f c LP(R"), 1<p< o B 7L,
2K (z,y) = |z -y~ ”éﬁfﬂ—?mﬂﬂ lim T.f(x) R — KA.

dy, K(z,y) = — y+z(A( n%/iﬁrzfiﬁxﬁ( 1).

Proposition 5.8. & K &4z, M (a) : lixgl+ T.f(zx)B#ae x,V f SR <
€E—

(b 261_1>%l+f{5<\z y|<1} K(w,y)dyf%ﬁa.e. x.

Key point: T.f(r) = Le(@) f(2) + fieciyyjcry K@ 9) () = F(2)dy +
f{|$_y|>1} K(x7 y)f(y)dy7 LE(‘T) - f{e<|m—y|<1} K(.Z', y)dy

Proposition 5.9. &1, Ty% Calderon-Zygmund¥ ¥, AAB R 694z 4%, M3 a € L™, s.t
Ty f(x) — Tof(x) = a(x)f(x) a.e. x.

Lemma 5.10. #TAL*(R") L&A RARE T,V f e LPR"), Tf(z) =

a.e. € RM\suppf. M3 be L, s.t. Tf(x)=0b(x)f(z) a.e. x.

. CZOA &M = 1| Proposition 5.9k Lemmal[5.10] % & A 4 #
T L*(R") L &g A F & iﬁ-% M Lemma [5.10 -;fﬁi,t. BltaTf = f.

Proof of Lemma[5.10, R™ = Ugeg, @A F R+, b(x) = Ugeg,Txq(z)xq(x) € L7 (R™).
VQeQrk>0,3Q € Qyst. QCQ, T (xg — xo)( )—an. z € Q,

Txq(z) =Txq(z) ae. € Q, Txq(zr) =0ae z €R"\Q, & X B

Txo(z) = Txo (z)xo(z) = b(z)xg(z) ae. X \

V =span{xq : Q € Q, k > 0}, MVEL2RYFHE, Tf=0bf,VfeV.

JobI? = xqll3 = ITxl3 < Clixqlld = CIQUTA %), % & Lebesguefea X AZ[b* < C
a.e.,ie be L® mTf=>bfV fecV, RAALAEL>(R") LA FENLETF, VEL>(R") T

&, ZRATSF =bf,V f € L*(R"). O
BRAFBRY>FETF T f(z) =sup |T.f(z)].
e>0

Theorem 5.11. #T7% CZ0, MT*3(1,1), #&(p,p) (1 <p < o00).

Lemma 5.12. #T£CZ0, 0 <v <1, NT*f(z) < C[M(|Tf|")(x)]"/* + CM f(x).
Lemma 5.13. 5% (1,1), |E| <oo, 0<v <1, B[ [Sf|" < CIE""|f|l}.
Proof. |E| = 08 & & s, T&|E| > 0. M

Je|SFI" =v 57~ Uz € B:|Sf() > AHdx < v [ A min([EL (1S f]l1,00/A)dA
fHSle oo/ 1B yv— YEJdX + Vf||5f|| e N 2[Sfll100dX = 5 IS FI ool BI' <
CIARIEN . EFRESf |l < Cllfl1- O
Proof of Lemma[5.13, % ©1E0 < v < 1B R, M (|Tf|V)(z) < [M(|Tf])(z)]" #

T*f(z) < CIM(Tf|") (@)Y + CM f(z) < CM|Tf|(z) + CMf(z), i.e. iy = 15 4k
S, TR0 <v <1 AFETf(x) < CIM(|TF)(x)]Y" +CMf(z),V e>0, z € R*. FT@
i€>07 x € R"™ ’i&Q:B(LU?E/Q), 2Q:B(l‘,€), fl :fX2Q7 f? :f_fl Wl
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Tf f{|x y|>6} ( )f( )dya Tf2 f{‘x y|>e} ( )f(y)dy, a.e. z € Q.

Clalm |Tef(x) — T fa(z )]gCMf()ae z € Q.

Proof. ¥ae. z € QAT.f(z) — Tfa(z f{‘x y>ey K (@,y) = K(z,9)) f (y)dy, o EMF
(B E|z—y| > e 2 € QMz— 2| < 6/2 v =yl > 2o — 2|, |K(2,9) - K(2,9)] < £

Tef(2) = Tha(2)] < C [ g Wy < O fo, IO < M f(2), £ A

|z—y|n+? [max(e, |z~ yl)}"”

%| Proposition 2.7 #¢(z) = [max(1, |z])] "~ € Vo(R™), Mo (z) = ’[max(e, |z)]"?%). O
BH|T. f(z)] < CM f(x) + ess inf]ng(z)]
(s T o) = ess A < gy So [T < gy o IS+ Jo I,

ﬁ“?’ﬂ?’ I Tfo=Tf—Th, [Tl <|Tfl+|ThHl [TH <ITf"+|TfHi]" ae (0<v<1).
|Q| JoITf1” < M(ITf]")(x), #1Lemmal5.13(FT5(1,1))#

S loITh!Y <& |Q|1 Yl = Clly oo 1) < CESIM f (@) = C'Mf ()7, Bt

(ess inf|Tfa())" < g S ITHV + g Jo ITAIY < MUT ) (@) + CM f ()",

ess inf T fo(2)| < CIM(ITf1") @)V + CM [ (@),

Tef (@) < CM[(z) + ess inf T fo(2)] < CIM(T ") @)V + CM [ (2). O

Proof of Theorem[5.11. (i) 1 < p < oo, Lemma 1V = 145

T*f(x) < CM|Tf|(z) + CM f(z), &M, T3 (p, p)AFT*%(p,p).

(i) p = 1, Lemma 5. 12 Bl £ 650 < v < 13| T* f[l1.00 < CIM(ITF|")Y" l1.00 + CIM fl1.00 =
CIIM (T f") g0 + ClIM fll100 < CITf["|lg00 + CllfllL = CIT fll1.00 + Cllf I < Cl f]]1-

2 B8 Mglono < Cllgllacer 1 = 1/ € (1, 00); M, TH(L1). O

22 # T flly < Coll s 1T oo < ClAIILL ¥ f € L2, 1 < p < oo

BT fllp < Cpll fllps ¥V f € LP, 1 < p < 003 [T*fll1,00 < Ol fll1, V f € L.
Key point: &Y f € L, 1 <p < oo, B fi = fX(acrmia+|f() <k} WSk € LP, fx — f in L,
Tefr(x) = Tef(x), T*f(z) < IilgninfT*fk(x), VaeeR" e>0.
—00
EX: ETf(x) = lir(l)aJr T.f(x) a.e., MART A Calderon-Zygmund 4 #4825~
€E—
E: ETf(x) = lirglJrTef(m), Vo eR? fe SR, MdTheorem [5.11%#F
€E—
Tf(x)= lir())rl+T€f(:U), ae. x €R" VY fe LlP(R"),1<p<oo.
e—

6. HARDY %= Al 5 BMO = 4]
6.1 B FHardyZ i T LR TA=UgAg (QIB&FIK),
Ag = {a € L®(R")|suppa C Q, |lall < |Q]7, an =0}.
E: ACIPR") V1< p<oo; Fac AgM|al, < |Q|VPL.
Proposition 6.1. % Ti# % Theorem Q(J M, ae AN||Tal;, < C.

Proof. A7 HQ s.t. a € Ag, Mllalls < |Q|7Y2, |lali < 1. &Q = Q(c,7), Q" = B(c,2/nr),
ﬁ" IQ*I =Ch |@| fQ |Tar < IQ*ILHTGIIQ <O|QPQI ™ <C.Vz e R\ QA

fQ y)dy = fQ (z,y) — K(z,c))aly)dy,
fRn\Q* Tal < fRn\Q* fQ (K () — K(z,0)la(y)ldydz < C [ |al < C. n
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ii?‘[;t(Rn) = {Z] )\jaj\aj € A, Aj € C, Zj |>\]| < o0},
fllps, = mtL3, |- £ = 35, Agay (in LY), a; € A, ) € C}.
E: H. ZBanachZ H. %a c AN lallye, < 1.
23 0  fellzg, < 00®I3Tp fi € Hap 130k frllagr, < 20 1 fllag,-
£ e HLEYHT € LR, [flh < [l fon f
span A = L3G(R") = {f € LE(R")| [gn f = OMEHL, P,
#T € (HL (RM)* (& =2 18) M || T = sup{|(T,a)| : a € A}.
Corollary 6.1. &Ti# & Theorem 5.6 .ﬁl} 8, f e HEY, MTFL < Cll fllag, -

Key point: 3 fi, € span A s.t. fr — fin LY, |Tfx]1 < C”fHH}Lt-
ZIXHYRY) == {f € LYR")|R; f € LY(R"), ¥V 1 < j < n},
[l = [1f 1l + 2250 (1R £l
Theorem 6.2 (*). HY(R") = HL,(R"), B EHFH
#: @ Corollary [6.11F#,(R") C H'(R"). % —% @& ZENAf € H'(R)
:>P*f6L1(R"):>f€H (R, BFPf(x)=  sup |P*f(y)|
t>0,ly—z|<t
6.2 BMOZH V f € LL (R)FHHQ, TXLfg = ﬁfQ f, M#f(z) = ngupﬁfQ \f — fol-
S5x
EXBMO = {f € Lj, |M*f € L=}, ||« = | M7 f||o. \
|- I« EBMO/C# &3 (M#* & RXRE&WHKF), BMO/CABanach= 4.
M#f(z) < CuM f(x), M# f(x) < 2M" f(x). BMO/CR#ABMO/(C + a.c.).
i ()| fll« = sup gy Jo If = fol- EXM)|fI = sup inf & [, |f —al
Q Q aeC

Proposition 6.3. (i)5|fll < [IfIL < IIfll+, (i) M#|f|(z) < 2M¥ f(x).

Proof. V& hQ#"a € C;ﬁfQ |f = fol < fQ |f —a +fQ la— fol < 2fQ |f —al,

AT RE [, la— fol = |Qlla = fol = IQla — [, fI = | fola =PI < fyla = fI.
BN Jo|f — fol < inf [oIf —al, =7 @

inf fo1f = al < Jo|f = fl(Ra = fq), # & (a) () () AL

VERQA S JoIf1 = Iflal < ik fo 1S = al < Jo 1= Ifell < JoIf = fal,

M#|f|(z) = Zgg@ﬂfg 1f1=1flel < Zggﬁfcg I — fol <2M%# f(z). O

E: ||fIIL = sup{|[(f,a)| : a € A}. MF|f|"(z) < 2[M¥ f(2)",V v € (0,1].
E: &f € BMO, M|f| € BMO; L™ C BMO. R X3 T m:L.
f(@) = X(uj<iyIn gy, f € BMOR), but f ¢ L™(R). g(z) =sgn(x)f(z), lg| = f, but
g¢ BMOR) (as g9 =0,V Q = (—a,a)).
Theorem 6.4. & Ti# & Theorem[5.089 %4, f € L, M|Tf|. < C|lf]loo-

Proof. %% 77 RQ, %Q = Q(c, 7“) Q* = B, Z\fr), f=f+fo
fi=fxq+ f2 = fxemo+ Thi(z fR ng- K )f( )dy,ae. r € Q.

Ba = [gug- K(e,y)f(y)dy, W'Jsz )—a= fRn y) = K(e,9))f (y)dy,
T fa(x) — al < Jgn\ g 1K (2,y) — K(c, y)ldyllflloo S C||f||oo» a.e. T € Q.
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ITAlls < CllAlls < CIQE N Flloo < CIQE oo [ ITF —al < [T+ [T f2 — al <
CIQIBIT 2 + [, Cll e < CIQUI oo 1T < Cllflloes 1Tl < 20TFIL < Cllf o T

2t |7, — | < Clf e in Q #¥la| < Clfl + CIQIHIThl2 < Cllflle +
Ol 1l - | fymge Kle.)f @)yl < Ol e +CIQIH 12 (1 falla < 1), ¥ F € L2
e 1K Ces) @)ldy < Clflloe + CIQI 1l ¥ £ € L% (B st T =171, K(e:)f(0) =

K (e, ) f)]). &% [g o [K(e,9) f(y)ldy < Ol fllo + ClQI7 2 fll2, ¥ f € L2N L™
(RS = fxpor &k — 00). HHH [o. o [K(c,y)f(y)ldy < o0,V f € S(R").

T3 36 & [°>°(Ti# & Theorem [5.69 % #):

Vfel® Q=0Q(r), Q*— B(c, 2f7’) f=h+fo fi = fxq- € L*.

Ve QR f(z) =ThH)+ [g(K(x,y) — K(c,y)) fa(y)dy

() #Q C Q, MAEF %f(cQ’QJ s.t. T[Q]f( x) = T@]f(x) +eoa ae TEQ.

(ii) &f € LM (a)Tigf () = T (%) = [gn\o- K(c:y) f2(y)dy, a.e. x € Q.

(ili) & f € L N LM (a) V3 AL (B fi, = fxpox Tk — ).

(iv) &f € L®M|Tig f(z) — THi@)] < [pmo- 1K (2,y) — K(e,y)ldyl[flloe < Cllflloo, ace.
v € Q: ITAll2 < ClQIZIFlloes fo Tig1f] < ClQINflloc-

(v) FZHQ, Q1, Q2 RQ C Q1N Qa, MTig1f(2) + cQ.a1.f = Tiouf (@) + Qs 2-c-

€ Q1NQs. (HXZ“/‘{ZI—‘Qg st. Q1 U Q2 C Q3).

(Vi) T[Q]f_ﬂ‘l’y\}é;}]6 EZR™ Hlﬁﬁi{@k}k 1 st Uk 1Qk = ", Qr—1 C Qp,

VkeZi (Qo=Q). LTy f = xqTigf + Xht1 XQi\Qx- 1(T[Qk]f +€Q.Qu.f)-

(% BRIk T L L 7 R F 7] {Qk}k JEREX).

(Vl) 7€:‘QCQ1, }”JT/ f( ) [Q ]f( )—I—CQQLf a.e. x € R".

(viii) * & 7J—4$Q1, QQ, B Z;iCQl Qo,f 8-t Q ]f( x) = T[/QQ]f(J)) +cQ,,Q.,5 a-€. T € R".
(

(

R HQs s.t. Q1UQ2 C @8, Megu @, 1 = €01.05.f ~ €Q2.05.1)-
ix) ||7; Q]fH < O flloos T f € BMO(R"). Key point: £& 7% %RQ1,

W (iv) (viii) [y, [T/ f — cQ,Ql,fr = Jou ITio 1 < CIQII flloo-

(x) (viii)(ix)i}i",ﬂf]T[’Q}f{’F%BMO(R”)/(C%7@7??11’&%5‘&?ﬁﬁ'\@ﬁﬁﬁﬂi

Tf =Ty ABMOR")/CH LK ZARZLE, KT : L¥(R") » BMO(R")/C 2 A T4
AT ﬂ.ﬁﬂ(lu)ﬁ‘f ELPNLYHEXLTE

Proof of (i). T[Q]f( T) = Tf1 ) + Jpn (K (2,y) = K(c,9)) f2(y)dy,
Tig f(x) = Tf(x )+ Jgo (K (z,9) — K(¢,9) f2(y)dy, f1 = fxq-, fa=f — f1,
fir="1Ixge =1 =11, Q=Q(e;r), Q" = Ble,2y/nr), Q = Q(¢,r), Q" = B(¢, 2v/nr).
Q" C @* supp(f1 f1> CQ*\Q*, Qnsupp(fi — /i) =0, fi — fr = fa = fo,
T(f1 — = Jpu K(z,9)(f1 = L) W)dy = [pu K(z,9)(f2 = f2)(W)dy, Tigf (x) — Tj5)f (2)
= T(f1 fl )+ Jan (K (2,9) = K(e,9)) fa(y)dy — fu (K (2,9) = K(¢,y)) f2(y)dy
= Jpa[K(2,y) f2-f2)( ) (K (z,y) — K(c ) fa(y) — (K(z,y) — K(,y)) f2(y)]dy
= Jen K (¢ 9) foly) = K (e, 9) o()ldy = = [0 K (e, y) f(y)dy +
Jemg- (K (s y) = K(e,y)) f(y)dy == cq 5 (oK) ae x€Q. O



53

BH: Ja) = senle), RS MK () = 7l Q <—a/2,a/2>, Q* = (~a,a),

x| <a/2M, nHig f(x) =pv. [%, Sin(y)dy + hm ("~ +f T %)Sgn(y)dy =
—ln|x—y|‘ya+ln|x—y|‘yo +ln z:w—lnyfxz;:i}:
In 12 410 a'_f' ~In % —ln % = 21n|xy 2Ina. A BMO(R)/C#HAKAHf(z) = 21n|z|.

z‘iﬁ\?i?ﬂxmﬂmnm eBMO( ).
6.3 Sharp® X £®E, [P 5BMOX 14 8 3614 &

Theorem 6.5. ZT&LP(R") L#)H FAEET, 1 < py < oo, |Tf]l+ <C|flloos V¥ f € L.
MITfllp < Cllfllp, ¥V po <p < oo, fe€LE.

Lemma 6.6. &1 <py <p< oo, f € L. DT‘JHMdep < C||M# fllp-
&: Maf(x) = sup |Epf(z)|, Epf(z) = G Jo £ 1f(@)] < Maf(x) ae
keZ QEQ
Qk:{H?:l[%’ai;lgl)ml’”' » A, < |[[flh-
E:EMAf e LIMMTf =0, (%4fcLPfF)f =0ae, BTEp > 1.
E: R XM f(x) = oS Q@% Jolf = fal, Q= UrezQr. MM f < M#f.
Sx,Qe

Lemma 6.7. %1 <py<oo, fELP, f>0,7v>0,A>0. M
|{z € R : Myf(x) > 2\, M¥ f(z) <yA}| < 27| {x € R™: Myf(x) > A} |.

/

A Q
Proof. Q = U;Q;, Q; € QAT A M R 7T, | = Zz Qi) A A &
(6.1) | {z € Qi : Maf(z) > 2\, M] f(z) < YA} | < 27| Qil.
A;

Vi, 3 Q)€ Qs Qi C QL Q) =20(Q). Mfgr = o f <A (as QL Q). Fu e Qi
Maf(z) > 20 My(fx@,)(z) > 2X, Ma((f — for)xQ,)(x) = Ma(fxq,)(z) — fg, > A
AEBAB,; :={z € Q; : Myf(x) > 2} C C;:={x: Mu((f — fo)xq,)(x) > A}.
%Ai 7& 0 n 3 T € Q; C Q; s.t. Mff(xo) < A, A; CB;,
il < [Bi| < |Cil < % fo If = far| < & Jor 1F = For) < SEMF Flo) < Zen = 291Q),
1)z, R B Maplheo < [lolli(for o = (f = fo1)xq,)-
A A =0 M|A;] =0<2"|Qi], I)&rz. ZRLAE.1)1E AL,
Al € 3, 1A < 32, 21Qu] = 27912, 4 E A e, m
Proof of Lemma[6.6. &p>1. (i) f>0.V N € (0,00), &
In = [ pAPYap, s (\dA. F ALy < co.
o &Zpy>1, fe LPAFM,f € LPo,
Iy < BENP7P fONpo)\po_laMdf()\)d/\ < BENPTPO| My fllpg < oo
o Epg=1, o fe LUFM;f e LV, %f/a\p > 143
In < [N pArixn- 1|]Mdf\|1ood)\< L NP My f 1,00 < 00.
Wang,p, ¥ E LA Lemma [6. 7 Fan,;(2)) = [{z € R" : Myf(z) > 2\}| < [{z € R" :
Maf(x) > 20, M f(z) <A + {2 € R" : M f(z) > yA} < 2%yanr,5(N) +ay (YA
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BB AEAF Iy =20 [N pAr—lay, ((20)dA <

0
op fON/2 PN (2% yap, f(N) + a MF f(q/)\))d)\ = 9P foN/2 PAPTI2%van f(A)dA +

(/77 Jg™2 PAP L0y (NN < 24y Iy + (2/7)P | MF £ Ty = 27 P 1R

iy = 1/2, In < 22/7)P|MEfIb. AN = cofd [7° pAP~lan, s (N < 2(2/7)P||MF £,
L. [|Maflh < 22/7)PIIME 1B, | Maflly < CilIME fllps C1 = 21/P(2/7) = 21 /pntps2,

S MEf < M#FA3|Mf|, < Ci|| M £,

(i) —RHEH. | Maflp < | Malfllp < CilIM#|f]]l, < 20| M# f]],- O

E:()EfeL!, MFfell,1<p<oo, M
Fe P I flly < IMaflly < CIMF fllp. (CRR Bn, p& %6% %, T R)
({)#Ffell, MIfell,1<p<oo,QeQ, M

(f = fa)xq € L', MY [(f — fo)xql < 2M] f,

I = f)xalls < CIMFI(f = fo)xallly < ClIMT £,

()& f € L., M#fe LP, 1 <p< oo, MYFHRQAE

I(f = fo)xallpy < CIM# fllp; 3a € Cst. |If —all, < C|IM f]|;

#mEI g€ [l,00) st. fe L™ Ma=0, ||fll, <CI|M#f|,.

E: HFf€IPNBMO,1<p<q<oo, MM#fecIP®NL>®C LI Myf € L9,
Fe Ll |Ifllg < CIMFf|G < CIIM* f[poo | M7 FlI&T < ClLLIRIIE.

Bg = 20T fallp < Ifll2pllgllze < CUF Il flgllpllgll) .

Proof of Theorem[6.8, Tif = M#(Tf)A XR&KEHEF. (1) T1 5% (po, po)-
1T fllpo = IM#(TF)llpy < 2IM"(Tf)llpo < CIT Fllpo < Cll fllpo-

(i) 71 (00, 00). [[T1.flloo = IMF(T f)lloo = ITfll+ < Ol flloo-
2 & Marcinkiewicz 4 18 € AFT) & 5% (p, p) 2, V po < p < 00.
ITfllp < CIM#(T ), = CIT1Lfllp < Ol fllp- (REITS € LP0) O

E: &1 < po < oo, TR (po,po) B A [po =1, TR, 1)E] K
[1 < po < oo, TR (po,po) . MTy = M# o TR H (po, po) B, 4547 ML,
E: FTAANFTERATARARE T 2w m L. Key point:
#f=fot fr.ve (OUMNTf]" —|THI"] < |Tfol",
MFITSIY — MATR < ME(TFY [T ) < M (T — [TA) < 2M"[Thl. ie.
M#(|T(fo+ f)l") < MP(T A7) +2M"(IT fol”).-
#&: Marcinkiewiczd& 8 & 3 AR A: & |T(fo + f1)| < |Tofol + |T1f1l,
1<pyg<p<p <0, Toi%ggl (pg,po)’,ﬂ, Tli%%% (pl,pl)a,ﬂ, m']T%‘;ﬁ(p,p)’,ﬂ.
#: Theorem ?J‘i'i?@: #1<py<p<oo, TZH(py,po) B RENETF,
7). < Cll T, MTR B prp) .
By =1/2, Tif = (M#|Tf]")?, Tof = (M"|Tf]")%, BT (fo + f)]” < ITUA + 2(Tofol”,
1T1(fo + f1)] < 5(IT1fr] + [ Tofol)- (1) To% (po, po)-
1To fllpoco = IM"IT 11359 00 < CUNITFI"[3p0,00 = CIT Fllposco < Cll fllpo-
(i) T138(00,00). [T1flloo = IMH#|TfI% < QIIMFTfI|l00)? = 4| MFT flloo = 4T f|l« <
Cllflloc- BHT1 % (p,p). |Tfllp = NTFI"[I5, < CIMFITFI"]I5, = CIT1flp < Cllfllp-

6.4 John-Nirenberg ® ¥ & In% € BMO(R), % I, Int =1-1Ina,

||
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H{z € (—a,a) : |lnﬁ — (1 —=Ina)] > A} = 2ae™" L, VA > 1, ie 2% KA KEH,
John-Nirenberg T % X 38 X £ BMO X £ 69§ 8 3, %

Theorem 6.8 (John-Nirenberg). 38 % #%C1,Cy > 0, s.t. &f € BMO(R"), Z#%Q C R",
A>0, M{z eQ:|f(z)— fol > A} < Cie” . (C1,02 > 0R 5nA X)

Proof. R45%| fll« =1, EMFEES/||f]|.. & -FHfh%ERTHE

(i.e. ||[f(az+b)|l« = ||fll+, ¥V a>0,beR")T4ERQ € Q.

&g ={z€Q:|f(x) - fo| > A}, F(\) = sup | ‘%Q?'. M REIEF(N) < Cre 2,
QeQ

Claim 1: F(A) < F(A —2"1) /2, v A > 27+l

Proof. Fix Q € Q. %&f = (f — fo)xo- iﬂfH/Fﬂ(‘T‘}fJZélJCalderon—Zygmund >

I FRLFH(QL} C Qs Xy @kl < 3l 2 < g S, T <2 I <2 ae z € R\ Q,
Q= UQk. |l = [ If = fal < 1QIIfI- =1Q),

Sx @kl < 21fh < 31QL #Z :={z € Q: |f(x)] > 2,2 ¢ Q}, M|Z] =0.

Claim 2: I o \ Z C UjI\_gni1 g, V A > ontl,

Proof. &\ > 2"t > 2, xe[,\Q\Z M| f(z)| = |f(x) - fol >A>2,2€Q,Tjst ze€Q;

fo, = fol = 151 Jo, (F = 1) 21 Jo, 71 < 37 Jo, 1T < 27+,
|f(x) = fo,| > |f(z) — fol = |fq, — fol > A —2"T1 >0, Béx e Qifte € I gniiq,, B AR
E.E: (a)H1Q; < 3101 <1QI=Q; cQ FMQNQ=0, [y [f|=0, T 0

BEIZ| =0, [ _gn1 o)) < F(AN=2N|Q;1, 32;1Q51 < 51QI#
1Dl =1\ 2] < 35, F(A = 2"T[Q5] < F(A —2")(51Q)).

ie. ol < F(X—27t1)/2, ¥ Q € @ F(A) < F(A—27+1)/2. (A > 2+) 0

MEXFA)<1L,YVA>0.YVA>0,INE€Z N>0st 0<\— N2F!
<2mH BCy = 27" In 2O\ < (N +1)In2, e~ A > 27V=1 & Claim 1
Foa R B F(N) < F(A— N2t /2N < 172N < 2e7C2A Lk . O

Corollary 6.2. |f]. = sup (b Jolf — fal?)? = BMO® &8 A 5 |- L F4, V1 <p < oo,.

Proof. ¥ Holder 7 X A3 HfH < [ fllepy AFRAEE|fllp < Cpllf]ls-
Theorem [6.80% [, [f — folP = [~ pW "' [{z € Q : |f(2) — fo >A}|dAs

S22 pAr10ye=CaM I QLN T N 0yl QU1 £/ Coyp 2 P~ Temsds =
CiplQIT(P)C5 P I 112 ie. 1fllnp < (C1pT(p))/PC5 1 £l 0
Corollary 6.3. %= f € BMO, M3 X\ >0 s.t. Vﬁﬁ‘@ﬁfQ eMf—fol < .

Proof. %0 < X < Cy/||fll+, ™ & Theorem %‘
JoeM el = Q| + [7° XM [{z € Q : | f(x) — fql > s}|ds <

QI + J5° A Cre=Cs /I QldA = |Q] + A THEL; < oc. O

Corollary 6.4. & f ¢ Lloc’ 30,0y, K >0 s.t. VZHQ, N >0H
{z € Q:|f(x) — fol > M} < Cre=@NE|Q|, %I f € BMO.

Proof. [o|f = fol = Jo~ Hz € Q: |f(x) — fol > AYdA < [° Cre @M E|QldN = C1|Q|K/Ca,
ie. ||fll« < CLK/Cy, f € BMO. O
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7. LITTEWOOD-PALEY® & 5 & F

55 MEMATARYTET. @M TR KK,
B: Banach 1. F:R" - B TMEZ XL A3 Xg CR", By C B, By T4, s.t.
(i) IR™\ Xo| =0, (ii) F[Xo] C By, (iii) V &' € B*, x — (V/, F(z)) T M,
BBl F(t) = x40, F: R— LOR)RTM. (FH(ii)8 & R IH)

E: EF:R"— B TNz — ||F(x)||p TH.

Key point: W By 7T 9 4%3By C By C By, By = {z;}3°;

# Hahn-Banach & ¥ 33 b; € B* s.t. Hbz’ B = 1, <bl,:L'Z> = H:L’ZHB,
|| F(x)|| g = sup; [{b;, F(2))| (V x € Xp).

FEBLPEHE. V0 <p< oo, £L(I) LP(R", B) =

{FIF:R" - B M,z |F(z)llp € LFRM}, [|F[l, = [[[|1F()]slp () LP<R",B) =
{FIF:R" = B TWl, 2~ [|F(z)||p € LP(R")}, | Fllp,oo = 1 F ()] Bllp,oc-

(iii) L ® B = {F = Y7", fjujlf; € LP(R"),u; € B,m € Z.} C LP(R", B). ‘
E: &1 <p<oo MLP(R, B) £Banach . #1 < p < oo MLP® B #LP(R", B) ¥ #%;
D501 XE; U ﬁLOO(R”,B)MH%

E: TAEMELLY (R, B), LY

loc

(R", B).

ﬁg{ﬁLléﬁé’mé} EF =", fjuje L'©B EX
Jgn F S (o fil dac)uj € B. RT S (BP AR T 2 AR89 B

(7.1) W, [ F@)ds) = / W Fla))dr, Y € B

Rn

WL @ BOREME, F— [, F(z)deT AE—&4 £LY(R", B) s.t.(7.1) L.

#: FF:R"—» B AUL®ES UCR® &A%, [R"\U|=0, RFTA.
Key point: 3% % K; s.t. U — Uz, Kj; P 4 BRFK;= %%, BT o bl FlU] =
U FIK]T 5. Fifs= o (M, F(a )>EUJ:3% , BT,

% A, B&Banach % 1, M L(A, B)tw 2. TEEAZK : RV xR™NA — L(A,B), F : R" — A%
TR W (2, y) — K(z,y) - F(y)™T R,

Key point: (i) W KTMFY a € A, be B*, (z,y) — (b, K(z,y) - a) T M.

(ii) & F =T M 433 Ay C A, Ap Ta s.t. F(y) €AgCAae,dA CAyC E,

Ay ={x;}°; &b e B* N{(b,K(z,y) - F(y)) = inf;({b, K(z,y) - z;) +

1Bl K ) a1 F () — il a) e, 7 () T M i,

(iii) —I‘—@%lﬂif?%éﬁ—f M. KR4I Lo C L(A,B), Ly T st

K(z,y) € Lo a.e., 3 L1 C Lo C Ly, Ly = {T;}2), By = {Ti;}55-, MK (z,y)- F(y) € By
a.e.

Theorem 7.1. %7 : L"(R", A) — L"(R",B)A F&M%: |Tfll, < A1l fl- 1 < 7r < oo,
KelLl (R"xR"\ A E(A B)). /E%/i

(i) ¥ f e LPR" A), = Jpn K (y)dy a.e. x € R™\suppf. (ii)Hormander#:
Jia—yi>2py—sy 1K (2, ?J) K(x Z)Hﬁ (A,B) dl‘ < Ay, VyeRY;

Jio—yis2pe—wp 1K@ y) = K(w,9) | c(a,p)dy < Az, V 2z € R™.

MITlp < Colflly (1< p < 00), ITflioo < Cillfli. (A, B Banach )
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AR M KA (= Hormander &) 36 > 0s.t. (a) |[K(2,9)|zea,m) < ﬁ,
Ak _25
(b) &z =yl > 2ly — 2| M| K(2,9) - K (2. 2) | cam < 5 loribs,
(c) #lz =yl > 2z — w|M|K (2,9) - K(2.2)llcap < Sl

E: AREH A RS KR xR\ A s £(A,B)# %= KT,

E: HK(z,y) = K(x — y) MHormander & # < f{|w‘>2|y|} K (z —y) — K(v)|[za,p)dr < As.
E: HEAHRA()NTXLTORIBAK.

E: C) <C(A1+ Ay), Cpy <C(A1 + Ay), CRR Sn,p,rA X6 % 4

Proof. Step 1: % (1,1). V A > 0, 3| f(z)||atFCalderon-Zygmund %~ #, 3 X H HK{Qy} s.t.
Sk lQxl < 31fll A < gy Jo, 1F @)l < 270, 1f(@)]la < X ae. € RPN\ Q, Q= UpQy.
=g+, ;‘I‘“Fg:ﬁf%f::ak in Qz,

g=finR"\Qb=>3"b;,b; = (f —aj)xq;- (Jp [ = JanxES)

Msuppb; € Qj, [bj =0, [|glloc < 27N, llglls < [If]]1-

lgll7 < llglles 1||9||1 (2”)\)7" YAl Z (0511 = llbllx <21 f]1-

|Tolls <32 1Tl ITflls < | T9lls +[|T0|B, a-e.

ajrss (2" A1 + AM) < ajrg)5 (2" A1) + @)y 5 (A2)).

A7 _ _lall7 (AN || Ea [V
ayrgl5 (2" A1) < Ay 1Tl < a9l = g < oy = s

#wQ; = Qay,rj), @ = B(%ﬁfﬁ) Q* = U;QIM(Q*| <35 1Q5] = Cn 225 1Q51 < Sl -
£FC, = (V) a(n), 04( ) =1B(0,1)].
airy (A2A) < 1Q*| + 3 170l amygey < SEIFI + iy 325 1050 L2 ey @)-
wsuppb; C Q; = Q(zj,7;) C B(xj,frj) [b; =0, Q; = (xj,erj)ﬁ"xﬁ'(i)f
v) = Jo, K(x,y) - 0i(y)dy = [, (K(2,y) — K(z,2;))bj(y)dy, © € R" \ Q"

(a)
170t @me) < s Jo, Hb WallK (2, y) — K(z, %))l c(a,8)dydz < As|bj 1.
ayry) 5 (A2A) < C”Hf”l + oix 2; Aollbjlh < 2| fll. A LA

@ (2" + A2)N) < ajrg, (2"AIN) + ajry, (A2)) < R+ O < OB .
WA > 081 EHATf100 < (2" A1 + A2)(Cr + 3)| fI1-

E: ()3 Fy € Qj, x € R\ Q, Mz — ;] > 2v/nrj > 2]y — a5,

fR\Q; 1K (z,y) — K(z, %)l c(a,5)de < f{|x—xj|>2|y—xj|} 1K (z,y) — K(z, 7))l c(a,5)de < As.
Step 2. ¥ T4 T a € LR, A), |lallee < 1, BRT,f :=T(f -a). Mf = [|[Tuf(2)|p R
AN Tafllr = |T(f - a)llr < Aillf - allr < Aslf - al|r- ‘

”TafHI,oo = HT(f . CL)Hl,oo S Cle . aH1 S CleH1 @Marcinkiewicziﬁﬂﬁz’iﬁa‘%,

1T fllp Sfp”f”pa VfeLr[R"), 1<p<r.

Step 3. &1 < p < oo, BAENA|Tefllsls < Cllfllos, (lafloo < 1).

P’I"OOf 7]—{4—\@’ 11@ Q(C T) Q* = ( 2\/’7”")7 f = fl + f?v
fi= fXQ* f2 = fxem\@+- Tafa(z fRn \Q* K(%y) ~a(y)f(y)dy, ae. v € Q.

b = f]Rn\Q* K(C7 y) ( )f( )dy, T, f2( ) b= fR”\Q* (K(IE,y) - K(Cay)) : a(y)f(y)dy7
1 Taf2(x) = bl < fmgr 1K (2,5) = K(e,y)lleamyllflloc < Cllflleo, ae. z€Q.
T frllr < CllAll < CLQ |7 [ flloe < CIQIT flloc Taf = Tafr + Tafo. JolITaf |5 — IIb]5] <

_1
JoITafills + Jo I Tafz = 0ls < CIRIFIT fillr + fo Cllfllse < CIQIIflloo-
B Taf |8l < Clliflloos I TafllBllx < Cllflloo- O
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% & Theorem 6.5 4 7 (po = )& || Tufllp < Cpl| fllp, ¥ f € LE(R™).

ALRANTofllp < Coll fllp, ¥ f € LE(R?), 1 <p <00, a € LR, A), |lalloc <1

(RER: CphakX). V f € LE[R" A), Ra(z) = f(2)/]f(@)[|a(F0 < [[f(z)]a < o0),

a(z) = 0(F | f(x)]a = 0%oo), g(z) = [[f(2)][a. Mf = ga ae., a € L2(R", A), [laf < 1,

Tf="Tug, ITfllp = Tagllp < Cpllfllp = Cpllgllp- [
8.1 MEMLF X

Theorem 7.2. %K € 8'(R"), K € L} (R™\ {0}). # & ()| K|l < A1

(z’z’)Hé'rmander%#:f{‘x|>2|y|} |K(x —y) — K(z)|de < A, V y € R™

Tf=Kxf. pre(l00). M THNY < OIS LAY b,

125 1T £ oo < CUCZ LMY
Z: C<Ci(A+B), C1 A Bn,p,rA %6 % 4k

Proof. (i) ¥ Theorem 5.2/ ||Tf|, < C| f|-, ¥ f € L"(R").

(i) ®A=B=1", (Tf); =Tfj, £Ff=(f)52, M

ITfI7 = 22 ITfill7 < C 325 A1l = ClUFIE ie [Tl < Clifllr-

(iii) Té'ﬁ"’\ﬁ%K, K(x,y) = K(x —vy), K(z) = K(z)I, I ZI"81EF X, F

f{|x\>2\y|} ||K( ) — K(z —y)llir srda = f{|x|>2|y|} |K(z —y) — K(x)|dr < As.

i.e. Ki#% 2 Hormander 5 1. . o . .

(iv) @ Theorem [ 1|71l < Ol fllp, |Tll1.00 < CIIfI1, ¥ [ € L@, 1),

xt—# 84 f e LP(R™,1"), & Theorem [7.4/89 7 9 Fl 32 T 43 4 6 A& 2. O
5 ETf = K+ f, Kj € §'(RY), K € L (R \ {0}), | Kjfl < A

f{|m\>2\y|} Sup, |Kj(x - y) - K]($)|d$ < A2a v Y€ R™. }n‘ljvpar S (1700)7

IS 1T 551 e < CHCS; LTl

Corollary 7.1. #1I; = (a;,b;) C R, 5;f(€) = xr,(€) F(£), M

1G5 185551y < Corll (5 157 s ¥ 2y € (1, 00).

Proof. (i) WLemma B.2f3S,f; = §(Mo,HM o, f; — My, HM_,, f;), 3 ¥

M, f(z) = 2™ f(x), |Mq fl /1.

(i) ATf = Hf, K(x) = &, A Theorem [T UR|(; [H f;") /[l < Corll (S L5177 -

(iii) ‘f(ii)ﬁ‘H(Zj\MaJHM—anJ! Yy = H(E [HM g, fiI")""|lp <

CPJ“H(Z]‘ ’M—ajfj‘T)l/THp = CPJ”H(Z]' |fj‘r)1/THp- EE

(2 [ Mo, HM g, f517) 7l < Cop |5 [F517) Tl 258 () A 5 AR 22, O
8.2 Littlewood-Paley ﬁﬁ/gx R

Aj = (=27, —PJU[, 24, 8 f(§) = xa,(§)f(§), j € Z. & f € L*(R)

12, 1S5 1) 2 2 = 11£ 112 (as | fll2 = I fll2)-

Theorem 7.3. ¢ fll, < I(3; 155132y < Coll fllp(f € LP, 1 < p < o0).

iﬁf¢€$(R),0§¢§1,snpp¢C{2<\§|§4}7¢:10n{1§\§|§2}- 3L

V;(€) = $(277), F(Sif)(€) = () F(€), MS;8; = §j. #Y = ie. W =T,
U,(z) = 2W(20z), MU € S(R), U; =1y, S;f = U; * f.

Theorem 7.4. % f € L/(R), 1 < p < o0, M[[(X, |S,£) 2, < Gyl £l
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Proof. (i) A =C, B=1%Tf = (S;f)jez, M

ITFII3 = 325 185513 = 5 IF(SiNI3 = 35 Ju los (OPIF€)2dE < 3] £1I3. o+ R 5
VeEeR (€)1, 1{j € ZIvy(6) # 0} < 5
(i) TORIBAK, K(z,y) = K(z —vy), K(z) = (¥j(x))jez, Claim:

—

(NWs(@)]le < Cla 2, B[ K (2) — K(z = y)lli2 < Clyl/|al?, V|| > 2]y,
f{|r‘>2‘y|} |K(z) — K (z — y)|pde < C. K# ZHormander & 4. TFE(*).

a , NG, A .
Proof. [[Wj(z)l2 < H‘I’Q(ﬂf)llzl(:)Zj 29|10 (272)|<C 325 2% min(1, [22]?) <

. . . (c)
CYici2% + C|x'\_3 Y5270 < C2% + Cya;|—32—1§cya;\—2.
(a): W0 (x) = 290 (22)FV)(x) = 22V (2 ).
(b): B € S(R)AF| V()] <Cmm( J2]72).
(c): Bi€Zst 270 <|z| <210 O

(iii) @ Theorem [.IJF| T, < C||fllp, V f € L. s —#k8 f € [P, B
e = IXqaemnpolt £y <hys M i € L fi = f i LP, Sjfi(z) = 55 f(x),
T f(z)];2 < likminf T fr(z)|2, ¥V € R", diFatou’s| 2 A%

—00

IT fllp < Niminf [|T e[|, < liminf C|| fill, = C| £, O
k—o0 k—o0

Proof of Theorem[7.3 (i) £5+4&7t.

12251551 21721, ) > \SijfP)l/?Hp(QCH(Zj !gjf\Q)l/QHp(gCHpr-

(a): M21S;S; =S;. (b): ﬁf] —gf)ﬂCorollary )ﬂi'JTheoremﬂ

(ii) T 5“”%7]‘/1’: KT (f,9) = Jg 2, Sijg,erLp ge LY m

IT(f9)| < Jo 3251855859l < N5 1S F Y211 (325 18591%) 2l <

Ol 15511 )1/2HPHQHP’ < Clflplglly- 7 —7 @

T(f _fRf§7vf79€L2 aszSf@:fA %’fngszE

2t — Hxé’Jf E LP, ge LV AL HFHBATHRT(f,9) = [ f7. Bk

| Jx £l = T(f,9) < CIZ; 1SiF 1) 2 lpllgllys ¥ f € LP, g € LY.

e fllp = Sup{\fR fal gl < L3R Fllp < OIS 155£17) 2 1. O

#4472 (i) Theorem [7.4Theorem [7.5] ¥;(€) = ¥ (277]¢]), 8.3

(11)Theorem ETheorem XA; — XA jxA,» 8. 4

ABMEHS T (|, 15555 2llp < Coll (S [fe) 2]l (1< p < 00).

Key point: %A = (Z), B = I*(Z%), Tf = (Sjfi)jhez % ¥ f = (fidrez. MITS]3 =
> IS5 full3 < 34 1wl = 31713, T 9BRIBAK, K(z,y) = K(z —y), (K(x) - @)% =
U (2)ag, £ @ = (ap)rez, |K(2) = K@ —y)leexy) = 195(@) = Tz —y)l < Clyl/|2f,
V |z| > 2|y|. @ Theorem L:"r||T‘pr < C’Hﬂ|p.

@EEAE I (3,515 F*) 21l < Copll (i 16l (1 < p < 00).

, - (b) - (©
Key point: (3,4 5/c)/],% II(ngISijfk|2)1/2IIpSCH(Zj,k\ijkIQ)l/QHpS
Ol )Y (a): M EIS;S; = S;. (b): AE Corollary [7.1} (c): M2l & 4/ 1.
#: Corollary [7.1|F 'TM?FEIH ( )& 4 H Corollary .517 VX'Fﬁ/i\
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1 sen 1S EN) Ny < Corll (X 5ea [Fy )Y, F P ART 2] 4.
WA =72 Fy=8fy Sy=8;,VJ=(j,k) €72 r=2 THDb)ARL.

Theorem 7.5. ) € S(R™), 1(0) =0, 8, f(£) = (279 f(£),V j € Z, 1 < p < o0, Ml
(@) (185121l < Cpll fllp-
(b) &5 WP = C, ¥V €40 M| Fllp, < ColIZ; 155 1) 2lp-
Proof. (i) ¢ € S(R"), ¥(0) = 0 = [¢ ()| < Cmin(|z|,1/]x]),
Y@ IEP <0 RA=C, B=1?Tf=(S;f)jez, M
HffHéj S ISifIE =225 Jan \w(TJfA)P\f(é)Pdf < C|IfII3-
(ii) &Y = o, ¥j(z) = 27U (), MW, (&) =(279), Sjf =¥, « f, ¥ € S(R).
[VO(2)] < C(1+ [a]) "2, [V¥;(2)| < C20FDI (1 [202)) "2,
IVO;(@) [l < [V¥(@)|pn < C 35 20T (1 + [272)) 72 < Cla| 71
(ili) T $9RAIBAK, K (x,y) = K(z —y), K(z) = (,(2)) ez,
K (z) — K (z —y)|;2 < Clyl/|z|"™, ¥V || > 2|y|. K#% & Hormander % #.
(1V) # Theorem |7 —?:“Hff”p < C||fllp, i-e. (a). (% L Theorem éﬁijfﬂf])
V) # fon Y SfS]ngfRnfg, Ve 2448 77 % 7T 43 (b).

~

Eis;f(&,&) = xa,(&)f(61,&), S f(&,fz) X4, (&) f(61,6), Vj€Z. M
Sif(x1,2) = S f(, 22) (1), Skf(ﬂfhm) Skf(z1,-)(z2).

Theorem 7.6. ¢ fllp < (3, 41512722, < Cyllflly (1 < p < o0).

Proof. (i) ¥ & FAALS T (31,155 £l*) 2y < Coll (i 1 fs) 2 1lpy ¥ fi € LP(R).

(1) (10255 157 ol 21l < Coll 0k 1 f1l*) 211, £ fr € LP(R?).
PTOOf @Slfk(xl,xg) S fk( .%'2 .’L‘l ﬁ" l)ﬁ"f jk\Slfklz)p/Q(a:l,xg)dxl
< Cp fR Zk ’fk| )p/Q(l‘l,.CCQ)dZCl ﬁ-XTxQﬁ /71\/9 (II)EX‘QA

(iii) (g 1SEF )2, < Gyl F|lp, F € LP(R?).

Proof. ®1S2F(21,12) = SyF(21,")(z2)# Theorem [T.3( ¥ f (z) = F(x1,2))#
fR(Zk \S,%F|2)p/2(x1,x2)dx2 <Cch fR |F(z1, z2)Pdx;. —ﬁﬁxlﬁ“ BT,

(i) (d44) .
(V) 12 18} SEFIP) 21l < Coll (g ISR A1) 2l < Coll fllp- (EIRAET)
(v) éliﬂ%ffi%ﬁﬂfw > SlSszlS,%g = ng fo#F T R L

J.k =g

8.3 Hormander ®F Z® T, f(¢) = m(&)f(€). FT@itibm € My(R") # % .

T fllp < ClFllps ¥ f € SR™). R I35 = fin (1+ [€12)21F(E) P,

0

l.e.

L2={fe8 :|fll;z<oc}={fe8:(1+ €2)¢/2f € L2} = H*. #d < a WL2 C L2,

Efe 2 Mfe Ll 13 =TI |l ~ Sue 1D e k€ 2,
Proposition 7.7. #&a >n/2, g € LQ(]R”) MgeLl(=geL>®nCIRY)).

Proof. [ |91 < (Jgn (14 [€2)%G(E)PdE)2 (Jgn (1 + [€17)79dE)2 < Cullgllzz.

Fa>n/2, me LER"), Mm e M,R")(1 <p<oo), £+ A2
Tmf =Fmx* f, Fm=om € L, om(x) = m(—x).



Lemma 7.8. %a > n/2, m € L2(R"), A > 0. 7/7,\?(5) _
R fn [ T3 fPu < CHmHLz Jgo |fPMu. (C ZA Sn, ok X8 % %)

Proof. (i) %K (z) = m(—z) MK = m, (1 + |2[2)¥2K(z) := R(z) € L?,
Tnf =Ky*f, Kx(z) = A_"K()\_ z) = AT"R($)(1+ [§1) /2.
.. nR(EY)
(11) |T>\f($)|2 = ‘fRn K/\ T — dy’ = ‘ fRn Wdy‘
| R(Z= y 2 AT Sy ATy
(fRn ‘R ‘ dy)(fRn 1+‘x yl ) dy) < HmH (fR’ﬂ 1+‘x y|2)ady)
LA E fon AR(5FY) Py = [ [R(y)Pdy = [Jm]|75.
(iii) ® Proposition [2. i‘fRn ﬁdw = ¢ x u(y)<CyMu(y), £+

oa(@) = A7"0(5), o(x) = (L +]2*)~* € W(R™), Ca = [|¢]]1-

; (u) AT 2 Fubini
(IV) fRn |T)\f|2u S ||m”%2 fRn fRn %U(w)dydx =

(i4)
I35 o o el dal () Py < Callml3y fio 1£(0) PMu(y)dy. 0

iz @kt € CR(RY) s.b. suppy C {3 <IE1<2} =D, >, (279> =1,V E#0. (#
S (€) = (14 P T) V2 ¥ 1 < o] < % p(6) — (1438 T2 172 < €] < 1)
Theorem 7.9. &sup; [m(27)¢| 2 < oo, a>%, Mme My(1<p<oo)
Proof. 1M, = My C My, AEFEIEAM € My(R"), V2 < p < oo.
ie. [Tl < Cllfllp ¥2<p<oo, £F¥T =T,
(i) S, £(6) = w299 F(8), @Theoreml V1l < CICS, 1801
(if) e € CZ(R™), suppy € {3 < [¢] <4}, ¥ =1 on {} <|¢] <2},
RLS;f st FSf() = $2TI9)F(€), M1S;S; = Sy, (96 = ).
@Theoreml V(185 £12) 21y < C|l £llp-

(i) ITF1, SO, ST LN, 1 TS 220,

(iv) F(5;Tg)(§) = ¥(2778)m(&)g(§) = m;(277€)g(§), m;(§) = m(278)P(§), sup; [myl[r2 <
co. ®WLemma 51", Jgn 15T g|?u < CHijig Jan 19PPMu < C o |9*Mu, (u>0,u e L}Oc)
xtjRAAE, [2]fRn(Zj ‘Sjng|2)U < CfRn(Zj |gj|2)Mu, (u>0,ue Llloc)-

Claim: (v)[[(32;18;T9;1)" 21, < CII(; 1951 lp, ¥ 2 < p < o0

P?"OOf ’b%Fl = Zj |Sjng|2, Fy = Z |g]‘2 )TIJ <:> fR" Fiu < Cf]R" FoMu,
1/2 1/2
Vu>0ueLl;(v)e|F/ ||psch2/ lp < [Filly2 < CllFallpja, (2 < p < o0).

loc?
g = (p/2) i.e. ¢q=p/(p—2) € (1,00), M
Jgn Fiu < C [pn FoMu < C|| Byl 0| Mullq < C||Fallp)2llullg,

1F1llp/2 = sup{ fpu Frufu = 0, Jully < 1} < C[|Fal,2. O
(i) ~ (v) ~ (i2)
BT S, < CICZ; 1578 f1P) 21, < OIS 195£17) 21l < ClLf Nl D

Corollary 7.2. %k = [2]+1, m € C*(R"\ {0}), 1 <p < .
% (a) supg RN (gx [ jociejcany 1D m(QPdE)Y? < o0, ¥ |B] <k, Mm € M,
#(b) [DPm(&) < CIE[VL V18] <k, Mim € M,
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Proof. (i) #&mp(¢) = m(RE), MDPmp(¢) = RP(DPm)(RE), vD = {} < |¢| < 2}4F,
(b)=(a)e R (= f{R/2<|§\<2R} | DPm(€)[2d€)'? & supg(fp | D'BmR(g) 2deY1/? < .
(11) Dﬁ(me) = Z C,y,ﬁnymRD’B_ﬂyw, |DO"¢}| < C, suppy C D,

[mrill2 < Ch Z ||D5(mR¢)||2 <C2 > [D"mg| 2y < Cs.
1BI<k [v|<k

(i) 4 (if) % R = 2/ #Fsupjez [m(27 )¢ 12 < Cs < oo, %8 Theorem [7 .4—? S AR L. O
Al &1 < p<oo. (i) m&) = ¢ t €R, |Dm(E)] < Cyplé| 1P, m € M,.

(il) m(&) = mo(&'), mo € CH(S" 1), k=[3]+ 1, me My, £FE =&

(iif) #¢ € S(R™), ¥(0) =0, aj| <1 M35, a;9(277¢) € M,

8.4 Marcinkiewicz ¥ & Corollary [3.2; Vo9 m < 0o = m € M,(R), (1 < p < o0).

TS T REAREEZRFALAN; LE T BA R )

Theorem 7.10. #m € L®(R), V2 'm <A, V-2, m <AV jeZ, (A< oc) M

m e My(R), V1<p<oo.

Lemma 7.11. #a; € (27, 271), A = (27 a;), LS, = “ﬂ /Js'f Xar () Fle), m
125 18512 21l < Coll fllp ¥ f € LP(R), 1 < p < oo.
#: A% € (-7, -20), A} = (-2, 05), RLS) = SHSIF = xar ()9,
B2, 1S5/ 2 < Coll fllps ¥ f € LP(R), 1 < p < o0
Proof. (i) ® Corollary [T.1f# (X, [57£5*)"/2[l, < CII(Z; L5221l
(ii Mheorem EFL )12, < O
(ili) Ay = (=271, 29U [27,27T1) = Al € A; = S}S; = 5.
. 1i1) (4) (47)
(iv) 10325 !ngjlg)l/Ql\p Ol 18781 filP) 2l <C I, 155 1) 2l < Ol f - O
Lemma 7.12. | [ fg| < (VEf + || flloo) SWPecap) | [ 9l-
Proof of Theorem[7.10. (i) ¥ f,g € S(R), [z fmg = > ez (fA;r fmg + fAJ_— fm?),
H P AT =20, 21 AT = (=27F1 20|, A; = A+ U A—

(ii) liJLemma 7.124% | fA%r fm?‘ < A1 sup | [y = A+ ||m| .
2J 2]+1)
;jj fa=Jx ]aj)fSng fA+ fmg‘ < Al (Séulg) 1) ’ Jr ]aj)fSJ ‘
J

Z }fA+fmg‘<Alsup{Z }fR ik fS € (27,2711 Vj}

(iii) 2 f M Lemma (7.11 X]Lg)ﬂTheorem. Z !fR fS]g‘ <

15 185 FR 211,15 195912 2l < ClFlpllglly. ¥ aj € (27,2741, (1 < p < o0)

(iv) (i )(111 Y, \fy fmg| < CAi| fllpllglly- FEY, UA fmg| < CAL | £llpllglly-

(vi) (1) (i) #| [ fmgl < CALfllpllglly- B3tm € Mp(R). O
Theorem 7.13. &m € L*(R?), [, ’atl t,t2)|dty < Ay, f; |at2 (t1,t)|dts < As,

f[x[’ ’(91518152 tl;tQ)‘dtldtQ < A3; v [7 r € {i[2J72J+1)’J € Z}
(meC*IxI), A, < ). Mm e My(R?),V 1<p< oo.




Proof. (a) uskbﬂa,@) Xat) () F(€1,60), V k€ {1,2}, a < b;
I = (29,200 Y j € Z; Ty ;F = mxpxr, fr A= A1 + Ag + Az + [|ml|oo. B
Ulixl- fm?‘ <A sup ‘f]{@ Stll 2i+152 21+1f515 9| Vi, j €2
J t1€1;,t2€1; ’

Proof. (i) s@% Eéﬁ(&,{g) € x I; = [20,277) x [27, 27t 1) &

(§1a§2 f2J 8t13t2 tl,tQ)dtldtQ—i-f& 8m t1,2] dtl —l—f£2 9m 21 tg)dtQ —i—m(2i 2j)
( ) ()ﬁ"Fublm/Lﬁﬂ fI xI; fmg f[ X1 8t18t2 (tl,tg)JldtldtQ—i-fI tl,QJ)Jthl +
I 8t (21 t2)J3dt2 —l-Tn(QZ 23)J4, J1 = f(t1,21+1 X (£2,20+1) fg, Jy = f(t1,21+1 )xI fg,
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= fle(t2,2j+1)fg7 Ji = 1, 3. M|Ji| < Bij = sup | S 21 x (10 201y F9], (R =

tlell,tgel

1,2,3, 4 2§é\fl X1 ‘8t18t2 t17t2)|dt1dt2—|—f1 ’31%1 t1,2] ’dtl—l—fl ‘8152 QZ tg)‘dtg—i—’m(T 21)‘

Az + AL+ Ag + [Imlloe = A, 8| [}, fmgl < AB; ;.

(i) #SF, F(€1,€2) = X(an) (€6 F (€1, &2), SEF(Er, €2) = xa, (€0 F (61, &), (k= 1,2),

Aj = (=27 VU [, 28D RF(S] S79)(6) = xa (&)xa, (£2)F(€) = xaxa, (£)(©),
F(Sg 552 4)(E) = X(ap) (€)X () (62) F (€) = X(abyx (e.) (E) F (€), £ FE = (&1, ).

Fty € I ta € LM (8, 271) x (82, 271) C I x I; C Ay x Ay,

Ja, 2@-+1)X(t2 ai+1y FI= Jr2 X(t 2041) x (02,2741) [ XA x 2, T = -

fR2 t1 21+1S2 23+1f) (5152 = fR2 tll 22+1St22 2;+1fS'IS]29- Z LY

Bl,] — Sup ‘fRQ t1 2i+1 2]+1fS152 { -a Q 11)4’? ’L/a)&i.
tléli,tgélj ’

(b)%l <p< 00, f7g ES(RQ)"h(a)/H- .]/C\m?‘ = ’Z,j f[ xI; fmg\‘

<3 f[ixlj fmg| <3, ;A IJUEGI | Jr2 Stll,ziﬂ t0,20+1
19

ASHP{Z ’ fRz 21+1S 2]+1fSZ Sjg‘ tij1 € Li, tij2 € Ij} <

PN
1 2 2

Asup{ (Z” ‘Sti,j,lﬁ”lsti’jzv?”lf‘ )

ti,jl S Ii, ti,j,g S Ij, Y i,j c Z}. j\-qul = [2i,2i+1), Ij = [2j,2j+1).

(S5t 5 )

PmOf- W80 F(€) = X(at) () F(E), S, F(€1,62) = X(an) (&) (&1, &), B

Sapf (@1, 22) = Sapf (-, xa) (1), Ly f(21,22) = Sapf (x1,-)(22).
(i) # Corollary [T URH|(3, ; IS, , 201 fig D)2 lp < CIE i s fig )2 s
Vitiji1€ IZ, fij € LP(R), i,j € Z. 5 Theorem [7.6F 2 & Fubini & ¥ 1%
13255 tl g figl 212, < CINZij figP) 2 llpe ¥ tiga € Ly fij € LP(R?).
13255 )Y
B AL A %/o‘ﬁ“ll(zzj ‘Stliyjyl’zi-&-lsi’jggj-kl FigP)2p < Clli; [ fid
Y ti7j71 c IZ', ti7j72 c Ij, f@j S LP(RQ), i,j € 7.

Zi,j |Si18]29|2)§

< CHpr A tij1 €1;, tijo €15, 1,7 € Z.
p

Y2 lp.

”2 w1 fig )2 < CINCS 1 i) Py Y tige € Iy fij € LP(R?). i, j € Z.
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(i) rbTheorem:ru i il ) 2lp < ClIfllpy ¥ fij = SES2S,

2
22+1St1 22J+1fw S 21+1St 2J+1f "’"() &K ﬁk

Fl<p<oo, f,gc S(RQ), @ (b)(c), Theorem '5'-
CAFlo|| (i, 1SES20]) o < CAlfllpllglly P22V I, € {Ry,R_}A
| [1ws fma| < CA|fllpllgllp- Fmg| < CA||fllpllglly, m € My(R?).
BB F1 <p<oo,me L®R"),
v _[1,"' 7Ik € {:l:[2] 2J+1)’j € Z}7 {jla"‘ 7.7k} C {17 7”}7 Z]-
k
f[1><..-><[k |W( )&, - -+ d€j, < A< oo, Mlm € M,,.
ek (l)lm( )| — Tcgjkh v {jl?"' 7jk} - {17"‘ 7n}7 é € (R\ {O})n
(i) m(E &, 1 8n) = (&, -+ &), V € € R\ {0}, m € C2(R™\ {0}).
(i) m(€) = ehrer (&) = giepren MO =l Jal ™,
m(§) = (|G + -+ + [&al™)'T, m(&) = (&)™ + [&2772)".
Hl<p<oo, fESMR3), L1 =0 — 03+ 03, Ly =01 + 02 + 03, M
10203 fllp < CllLafllp, [01f]lp < CllLa2f]lp-
(iv) m(€) = p(&1/&), lp(a)| + |z¢ ()| + 220" (2)| < C.
(v) ¥ € S(R), ¥(0) =0, |a;| <1, m(§) =3, a;9(277&1/&2).
HEFa; >0, N7, pi,7 €R. PXL{?‘J%ﬁI‘%Em EM,, V1<p<oo.

Summary Thm [7.1}=(cor [7.]] :T hm |7 - 1D)=Thm [7.6(2D).

(cor 7. Thm -| :Lem 7.1 Thm (cor Thm 7.6)=Thm -
Thm [7.1=Thm [7.5| (Thm 7.5, Lem |7.§] :>Thm =Cor [7.2
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