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Consider the following second-order elliptic equation

{—V (a(z)Vu) = f in Q CR? )

u=g¢g on 08,

where the coefficient a(z) satisfies the uniform ellipticity condition, i.e., there
exist constants «g, a3 > 0 such that oy < a(z) < ay. In this lab, you are
required to implement the P3 Hermite element.

Problem 1.

Problem 2.

Problem 3

On the uniform meshes over the domain Q = [~1,1]?, consider a
smooth coefficient a(z) = 1+ 0.5sin(7wz). Choose a smooth solution u
and compute f and g accordingly based on this smooth solution. Re-
port the errors in H', L?, Wol<>7 and L norms to verify the correctness
of your code.

On a uniform mesh over the L-shaped domain [—1,1]%\ [0, 1] x [-1,0],
choose a(z) = 1 and the exact solution

u=(1-7r(r0), v(r) =risin (ge) . (2)

Report the errors in H', L?, Wolo, and L*° norms.

On a uniform mesh over the L-shaped domain, consider a given right-
hand side f = 1 and boundary condition g = 0 (in this case, the exact
solution is unknown). Freely choose some smooth functions a(x) that
meet the uniform ellipticity condition, and evaluate the accuracy of
your code in different norms. (In this case, a reference solution can be
obtained on a very fine mesh.)



Problem 4. Use adaptive meshes (please describe your algorithms for ESTIMATE,
MARK, and REFINE): Report the convergence histories for Problem
2 & 3.
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Consider the following mixed formulation of the Poisson equation

p—Vu=0 inQCR?
—divp=/f inQQ, (1)
u=g¢ on Jf.

Use the mixed finite element spaces RT; — Pk_l and BDMg 4 — Pk_l to solve
(1). Here, the source term f and boundary data g are derived from the
exact solution u. Perform the computations on quasi-uniform meshes.

Problem 1. Choose 2 = (—1,1)? and a smooth solution u. Report the errors for
p in the H(div) norm and L? norm, as well as the errors for u in the
L? norm.

Problem 2. For the aforementioned setting, implement the post-processing of u
and report the errors in the L? norm.

Problem 3. Consider a non-convex domain defined as
Q:={(z,y) € (-1,1)>:0< 0 <7/}, where % <Bg <1l
Set the exact solution to be
u = 7 sin(0). (2)

e Report the errors for p in the H(div) norm and L? norm, as well
as the errors for u in the L? norm for different values of S.

e Report the L? errors of the post-processed numerical solution.



e For the subdomain ' obtained by removing the region near the
reentrant corner, for example, ' = {(z,y) € Q\ [~co, co]?} for
some given 0 < ¢ < 1, report the L?(Q') errors of u before and
after the post-processing.

Remark: The case in which £ = 0 (RTo-P, 'and BDM;-P, 1) is required.
At least one high-order case (e.g., RT1-P; Lor BDM,-P; 1) is required.
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