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The Mathematical Theory of Finite Element Methods:
e Chapter 0: 0.x.6, 0.x.11, 0.x.12, 0.x.13

e Chapter 1: 1.x.13, 1.x.20, 1.x.21, 1.x.42
Supplementary Questions:

1. Let € C R™ be a bounded domain. There exists a constant C(n)
depending only on n such that for any 0 < A < n,

max/ |z —y| Ay < C(n)(n — X)L Q=M
Q

zeQ
2. Let 2 C R™ be a bounded Lipschitz domain. Show that for any ¢ > 1,

_1 1 n
[Vl Loy < C)g = Qe [vllwrng) Yo € Wy™(Q).
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The Mathematical Theory of Finite Element Methods:
e Chapter 3: 3.x.10, 3.x.12, 3.x.13, 3.x.15, 3.x.18, 3.x.35
e Chapter 4: 4.x.6, 4.x.12, 4.x.16

Supplementary Questions:

1. Let (K,P,N) be a finite element satisfying

(a) There exists o > 0 such that chx < pr < hg;

(b) Pm-1 C P < WE(K);

(c) N C (CUK));

(d) (K,P,N) is affine-interpolation equivalent to the reference finite
element (K,P,N).

Here, m +1—n/p > 0. For 0 < j <m — 1, the constant t; satisfies

—1 . .
pgtj§% if (m—j)p <n,
p<tj<oo if (m —j)p=n,

p<tj<oo if (m —7)p > n.

Then, there exists a constant C' independent of K such that, for any
Ogjgm—landvEW;”(K)

o m—j+(n—1)/t;—n
S 1180~ )15 oy < Chi TV .
la=j
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The Mathematical Theory of Finite Element Methods:
e Chapter 5: 5.x.8, 5.x.9, 5.x.16, 5.x.17, 5.x.21
e Chapter 10: 10.x.3, 10.x.4, 10.x.7, 10.x.11, 10.x.15, 10.x.16
Supplementary Questions:
1. Conduct the duality argument for the IPDG scheme
ay, (un,vn) = (f,vn)  Yop € Vi,

where Vj, = {v € L(Q) : v|r € Py(T) VT € T }.
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. Given a triangle T with diameter hp, if r € R, show that

hT||7"HL2(T) S ||7"||H*1(T)>
where the hidden constant depends on the shape-regularity of T

. Let V,Q be Banach spaces, B : V — @’ be a bound linear operator,
Z = N(B). For any subspace S C V, define

Se:={feV'|{f,v)=0, Vve S}
For any subspace F' C V', define
‘F:={veV |(fv)=0,VfeF}

Show that S° and °F are closed.

Show that °(S°) = S if and only if S is closed in V; And (°F)° =
F if and only if F is closed in V.

Show that °R(B’) = Z.
Show that R(B’) = Z° if and only if R(B’) is closed in V.

. Let H be a Hilbert space with a norm || - ||z and inner product (-, ).
Let P: H — H be an idempotent, such that 0 # P? = P # I. Then,
the following indentity holds

IPllzee,ery = 1 — Pllca,m)-
. Define
Hi(K) :={q € Px(K) | divg=0 and ¢-nlox = 0}.

Show that in 2D, Hy(K) = curl(bgPr—2(K)). (Hint: You can directly
utilize the dimension formula for Hj (K') discussed in class.)

. Let Q C R? be a simply connected domain. For any v € (L*(Q))?,
show that there exists 1 € H}(Q) and ¢ € H(Q), such that

v = V1 + curle,

and
IVOllr2 + IVl < llullze-
(Hint: R(curl) = N(div) on simply connected domain.)



6. Let Q C R3 be the half space 23 < 0 and I be the space 3 = 0. Given a
vector X = (X1, X2 x3)? € H(curl, Q), show that divrTry = curly-n|r,
where Trx = x X n.

7. For any w € Hy, (M stands for the homogeneous polynomial space of
order k), define
curlw T-w
77 =

~ k+1’

show that
—zXn+Vyp=uw.

8. Show that for any pi € Pk, there exists a decomposition
Pk = wik—1 + V0,

where wi_1 € Pr—1+ 2z X Pg_1, and 0 € Pj41.
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1. Let K C R™, F be a smooth mapping from R™ to R”, and K = F(K)
Assume that F' is globally inAvertible on K and its Jacobian DF is
invertible. For any ¢ € (C*°(K))", define

0@)(w) = 5

DF(#)g(#), &=F (),

where J(z) = | det DF(Z)|. Show that

1

divg = JdTVQ.

Here, div means the derivatives on Z.

2. Let v = F(0) := o(F~'(x)), and ¢ = G(¢), where F(&) = Bi + by is
an affine mapping. Show that

/ q - gradvdz = / § - gradd dz,
K~ K~
/vdiqux:/ odivgdz,
K - K -
/ q-@vds:/ q-nods.
0K~ oK~

3. Given any € > 0, let X = H(curl) N H'/2*¢, Given a Lipschitz domain
Q, show that there exists (e, Q2) > 0 so that curl X () ¢ L>T2)(Q).

Let W = H(div) N L?*+%(9). Choose one of the following to prove the
commutative diagram:

X(K) =Ly w(K) X(K) — W(K)
ny | [ mg) [
Ni(K) —"5 RT,(K) NCps1 (K) —"5 RT,(K)

Find the similar version for BD My (K) (no need to show the proof).



4. Show that the following two inequalities are equivalent

d
dp

Iplr2) S Iplla-r@) + Y ||%||H*1(Q) Vpe L*(Q), (1)
i=1 g

d
dp
Py £ D015 1o e Li©). ()
i=1 v

5. Let Q be a connected domain with a Lipschitz boundary. Assume that
I'p C 0N satisfies meas(I'p) # 0. Show that

lellgo) S le@)ll, Vo€ Hp(Q),
where H} () :={v € H'(Q): v=0o0onTp}.

6. For the Stokes pair B?R-PO_ L prove that it satisfies the following dis-
crete inf-sup condition:

(divhn, qn) >,

inf su P
|anllz2

p
nEQh v, Vi, || Vn]

1,h

where div;, denotes the piecewise divergence, and || - |1, represents
the piecewise H'-norm. For the aforementioned element, provide the
error estimate for the following numerical scheme (v = 1):

{2(611(%),6}1(%)) — (diviun, pr) = (f,vn) Vun € Vi,
—(divaun, gn) =0 Van € Qh.
7. Let V = H{(Q). Consider VO = {v € V | [, divudz = 0,VT € T3},
define Iy : V¥ — B(gradQy) by
oulr € B(gradQn)|r,

) vT' € Tp.
/ div(Iloy —v)dx =0, Vgu € Qulr,
T

Show that |[Tlov|; < ||lv]jx for v € VO.

8. Consider the Stokes problem with homogeneous Dirichlet boundary

condition:
—Au+Vp=f inQ,

—divu =0 in ©Q,
ulog = 0.

Let V = H}(Q) and Q = L3(£2). Given a stable Stokes pair V}, x Qj, C
V x @, we can obtain the following energy energy estimate

- — < inf |lu— inf ||p— .
lu — wnll g + [Ip phIIszﬂithII,@ Qh||H1+thth||p qnllr2



Assume further the approximation property of Vj, x Qp:

inf [lz—unllm Shllzlae Vze HX(Q),
vh€VR

inf |r—qnllr2 S hlrlgm, Yre HY(Q).
arEQH

Duality argument: Find appropriate regularity assumption of the dual
problem:

—Az+Vr=0 inQ,
divz=0 1in Q,
zloa = 0.

so that one can obtain the L? estimate of u:

U— U <h| inf |lu—w + inf - .
Ju = wnlze < (Whu vl + inf qh||L2>
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