
Homework
Week 1

SK1.1. �Ω�Rnþ�k.1w«�, ¼êf ∈ L2(Ω). ¡u ∈ H2
0 (Ω) �VNÚ>�¯K ∆2u = f, x ∈ Ω,

u =
∂u

∂n
= 0, x ∈ ∂Ω

�f)§XJéu∀v ∈ H2
0 (Ω), È©�ª∫

Ω

∆u∆v dx =

∫
Ω

fv dx

¤á. y²þã>�¯K3H2
0 (Ω)¥�3���f).

SK1.2. �B1�Rnþ±�:�%�ü ¥, α´���ê. y²|x|−α ∈W 1,p(B1)��=�α <
n− p
p

.

SK1.3. �n = 2�§QãÚy²½n4.2 (bi(x) = 0, di(x) = 0, i = 1, · · · , n).

SK1.4. �n ≥ 3, f ∈ L2∗(Ω) (2∗ =
2n

n+ 2
), f i ∈ L2(Ω) (i = 1, · · · , n), g ∈ H1(Ω). y²Dirichelet ¯

K {
−Dj(a

ijDiu) + cu = f −Dif
i in Ω,

u− g ∈ H0(Ω),

3H1(Ω)þ�3��f), Ù¥(aij(x))÷vk.5^�Úr�5^�§c(x) ∈ Ln
2 (Ω) ÷v�

K5^�.

SK1.5. �1 < p < +∞, q =
p

p− 1
. �Ω´Rnþ�Lipschitz «�, ¼êf ∈ Lq(Ω). y²p-Laplace�§

{
−∇ · (|∇u|p−2∇u) = f, x ∈ Ω,

u = 0, x ∈ ∂Ω,

3W 1,p
0 (Ω)þ�3��f).

Week 2

SK1.6. �¼êu ∈ H1(Rn)äk;|8�´�§

−∆u+ c(u) = f, x ∈ Rn

�f)§Ù¥f ∈ L2(Rn), c : R → R´��1w¼ê�÷vc(0) = 0, c′ ≥ 0. y²u ∈
H2(Rn).

SK1.7. �φ : R → R´��1wà¼ê, aij(x) ∈ L∞(Ω) (i, j = 1, · · · , n)÷vý�5^�. ¼

êu ∈ H1(Ω)´�§

Lu = −Dj(a
ij(x)Diu) = 0, x ∈ Ω

�k.f). Pw = φ(u). y²w´��fe), =

Lw ≤ 0, x ∈ Ω.
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ggg���KKK1. �1 < p < +∞, q =
p

p− 1
. �¼êf ∈ Lq(Rn). y²p-Laplace�§

−∇ · (|∇u|p−2∇u) = f, x ∈ Rn

f)��35.

Week 3

SK2.1. y²éu�½�¼ê

f(x) =
x2

2 − x2
1

2|x|2
[ n+ 2

(− ln |x|) 1
2

+
1

2(− ln |x|) 3
2

]
, x 6= 0

�f(0) = 0,  ³�§

−∆u = f(x), x ∈ B 1
2
⊂ Rn

Ø�3�;).

SK2.2. �0 < α < 1. y²|x|α ∈ Cα(B̄1).

SK2.3. �0 < α < 1, f, g ∈ Cα(Ω̄). y²fg ∈ Cα(Ω̄), �

‖fg‖Cα(Ω̄) ≤ ‖f‖Cα(Ω̄)‖g‖Cα(Ω̄).

SK2.4. �u ∈ C∞(Rn)3Rnþ÷v�§−∆u = f(x). y²µé∀R > 0,

|Diu(x)| ≤ n

R
oscBR(x)u+RoscBR(x)f.

Week 4

SK2.5. y²e�½n.

½½½nnn3.1. �0 < α < 1. �f ∈ Cα(B̄+
1 )Úu ∈ C2(B̄+

1 )3B+
1 þ÷v∆u = f�u|xn=0 = 0, K

[D2u]Cα(B+
1
2

) ≤ C0

(
‖f‖Cα(B̄+

1 ) + ‖u‖C(B̄+
1 )

)
, (1)

‖u‖C2,α(B̄+
1
2

) ≤ C0

(
‖f‖Cα(B̄+

1 ) + ‖u‖C(B̄+
1 )

)
. (2)

SK2.6. y²[CW]�1�Ù15!�Ún5.1.

Week 5

SK2.7. À�ëêα§�E¹¼êw(x) = ρ−α − |x− y|−α5y²½n7.2.

ggg���KKK2µµµ |^Campanato�mí�>�¯K{
−∆u = f, x ∈ B1,

u = 0, x ∈ ∂B1

�Schauder�O, Ù¥f ∈ Cα(B̄1).

Week 6
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SK3.1. (1) �f ∈ Lp(Ω) (1 ≤ p <∞). |^At(f)L«È©∫
As(f)

|f(x)|p dx,

Ù¥s ≥ 0.

(2) �Φ : R+ → R+´��C1¼ê, �Φ(0) = 0. q�f : Ω → R´���ÿ¼ê,

Φ(|f(x)|)3Ωþ�È. |^At(f)L«È©∫
Ω

Φ(|f(x)|) dx.

SK3.2. y²: éu1 < p <∞, �3~êC = C(n, p) > 0¦�

‖Mf‖Lp(Rn) ≤ C‖f‖Lp(Rn), ∀f ∈ Lp(Rn),

Ù¥M�4��f. (J«µM´r(∞,∞)., Úf(1, 1)..)

SK3.3. y²: d(3.4)½Â�N�T�òÿ�L1(Rn)�L1
w(Rn)þ�N��

‖Tf‖L1
w(Rn) ≤ C(n)‖f‖L1(Rn).

Week 7

SK3.4. �[y²½n3.6.

SK3.5. ¦Ñq, r ∈ (1,∞)¦��bi ∈ Lq(Ω), c ∈ Lr(Ω)�, Ún4.1��OE,¤á.

SK3.6. �f ∈ Lp(Rn) (p ∈ (1,∞)), PNewton ³u = Nf . ¦Ñq, r ∈ (1,∞) ¦�u ∈ Lqloc(Rn),

∇u ∈ Lrloc(Rn).

SK3.7. y²Ún5.1¥Ûòÿ��ũ ∈W 2,p
0 (BR).

SK3.8. y²Ún5.3

SK3.9. y²½n5.4.

SK3.10. �u ∈ H1(Ω) ∩ L∞(Ω) ´�§

−∆u+ u3 − u = 0

�f). y²u ∈ C∞(Ω)

Week 9

SK4.1. y²Ún1.2 (n = 2).

SK4.2. �KÚn1.2¥u´k.�b�.

SK4.3. �1 < p <∞, u ∈W 1,p(BR)´

∇ · (a(x)|∇u|p−2∇u) = 0 in BR (0 < λ ≤ a(x) ≤ Λ)

�f)§y²�A�ÛÜ4��n.

Week 10
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SK4.4. �bi ∈ L∞(Ω), c ∈ L∞(Ω), c ≥ 0. éu�§

−Dj(a
ijDiu) + biDiu+ cu = f +Dif

i

�Ñ½n2.3��O.

SK4.5. (i) �u1(x), u2(x) ∈ H1(Ω)´�§(1.1)’�fþ), y²v(x) = min{u1(x), u2(x)}´�§(1.1)’

�fþ).

(ii)�u1(x), u2(x) ∈ H1(Ω)´�§(1.1)’�fe),y²w(x) = max{u1(x), u2(x)}´�§(1.1)’

�fe).

SK4.6. y²½n3.4.

Week 11

SK5.1. �u ∈W 1,p(BR) (1 < p <∞)´[�5�§

−Di[ai(x, u,Du)] + b(x, u,Du) = 0 in BR

�k.f)§Ù¥aiÚb÷v(�^�(0 < λ ≤ Λ)µ

ai(x, z, η)ηi ≥ λ|η|p − |g(x)|p,

|ai(x, z, η)| ≤ Λ[|η|p−1 + |g(x)|p−1],

|b(x, z, η)| ≤ Λ[|η|p + |f(x)|]

−b(x, z, η)signz ≤ Λ[|η|p−1 + |f(x)|].

�f(x) ∈ L∞(BR), g(x) ∈ L∞(BR), QãÚy²�A�ÛÜ4��n.

SK5.2. y²½n2.4.

SK5.3. �ai(x, τ, η) = aij(x)ηj , b(x, τ, η) = Λ|η|2 (Λ > 0), �aij ÷v÷v(�^�µ

|η|2 ≤ aij(x)ηiηj , ∀η ∈ Rn, x ∈ Ω,

|aij(x)|+ |Daij(x)| ≤ Λ, ∀x ∈ Ω.

­y½n3.2.

Week 12

SK5.4. �ai(x, τ, η) = aij(x)ηj , b(x, τ, η) = Λ|η|2 (Λ > 0), �aij ∈ C1,α(Ω̄) (0 < α < 1). ­y½

n5.1.

Week 13

SK6.1. �Ω = Bd(x0) ⊂ Rn, u(x) =
λ

d2
(d2 − |x− x0|2) (λ > 0)§¦Γu, χ(x)Úχ(Ω).

SK6.2. 3½n1.9¥, ef ≤ 0. Á��y²

sup
Ω
u ≤ sup

∂Ω
u+.

Week 14
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SK6.3. �K1´Rnþ�ü á�N, kü�ÿ8A ⊂ B ⊂ K1÷v

(1) |A| < δ, Ù¥δ ∈ (0, 1)¶

(2) éu?¿�?©����á�NK, XJ|A ∩K| ≥ δ|K|, KK�þ��á�NK̃ ⊂ B.

Kk

|A| ≤ δ|B|.

Week 15

SK6.4. �½n2.3¥�Lu = −aijDiju+ cu, Ù¥c = c(x) ≥ 0. �Ñ½n2.3y²�1�Ú.
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